
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Planar thermal Hall effect in Weyl semimetals
S. Nandy, A. Taraphder, and Sumanta Tewari

Phys. Rev. B 100, 115139 — Published 17 September 2019
DOI: 10.1103/PhysRevB.100.115139

http://dx.doi.org/10.1103/PhysRevB.100.115139


Planar Thermal Hall Effect in Weyl Semimetals

S. Nandy,1 A. Taraphder,1, 2, 3 and Sumanta Tewari4
1Department of Physics, Indian Institute of Technology Kharagpur, W.B. 721302, India

2Centre for Theoretical Studies, Indian Institute of Technology Kharagpur, W.B. 721302, India
3School of Basic Sciences, Indian Institute of Technology Mandi, Kamand 175005, India
4Department of Physics and Astronomy, Clemson University, Clemson, SC 29634,U.S.A

Weyl semimetals (WSMs) are intriguing topological states of matter that support various anomalous magneto-
transport phenomena. One such phenomenon is a positive longitudinal magneto-conductivity and the associated
planar Hall effect, which arise due to an effect known as chiral anomaly which is non-zero in the presence of
electric and magnetic fields (E 6= 0, B 6= 0 and E·B 6= 0). In this paper we show that another fascinating effect
is the planar thermal Hall effect (PTHE), associated with positive longitudinal magneto-thermal conductivity
(LMTC), which arise even in the absence of chiral anomaly (E = 0, B 6= 0). This effect is a result of chiral
magnetic effect (CME) and involves the appearance of an in-plane transverse temperature gradient when the
current due to a non-zero temperature gradiant (∇T ) and the magnetic field (B) are not aligned with each other.
Using semiclassical Boltzmann transport formalism in the relaxation time approximation we compute both
longitudinal magneto-thermal conductivity and planar thermal Hall conductivity (PTHC) for a time reversal
symmetry breaking WSM. We find that both LMTC and PTHC are quadratic in B in type-I WSM whereas each
follows a linear-B dependence in type-II WSM in a configuration where ∇T and B are applied along the tilt
direction. In addition, we investigate the Wiedemann-Franz law for an inversion symmetry broken WSM (e.g.,
WTe2) and find that this law is violated in these systems due to both chiral anomaly and CME.

I. INTRODUCTION

Dirac and Weyl semimetals (WSMs) have drawn tremen-
dous attention of late due to their intriguing topological prop-
erties and anomalous response functions. In these systems,
the celebrated Dirac and Weyl equations, originally intro-
duced for describing fundamental particles in high energy
physics, become relevant for describing emergent, linearly
dispersing, low energy excitations near gapless bulk nodes
protected by topological invariants1–9. Weyl semimetals ap-
pear as topologically-nontrivial conductors where the spin-
non-degenerate valence and conduction bands touch at iso-
lated points in momentum space, the so called “Weyl nodes”.
In WSMs, the Weyl nodes are separated in momentum space
and always come in pairs of positive and negative monopole
charges (also called chirality). The net monopole charge
summed over all the Weyl points in the Brillouin zone van-
ishes10,11. The Weyl nodes act as the source and sink of
Abelian Berry curvature, an analog of magnetic field but de-
fined in the momentum space with quantized Berry flux12. In
contrast to Dirac semimetals (DSMs) which are topologically
protected in the presence of time reversal, space inversion, and
additional spatial symmetries of the underlying crystal lattice,
WSMs can be topologically protected in the absence of time-
reversal (TR) and/or space inversion (SI) symmetries2,5–9,13–18

via the quantization of a topological invariant known as Chern
number, defined as the non-zero quantized flux of the Berry
curvature across any surface enclosing the bulk Weyl nodes.

Several experimental groups have found evidence of the
Weyl semimetal phase in inversion broken systems such as,
TaAs19–21, WTe222, MoTe223, and also in a 3D double gy-
roid photonic crystal24, in the presence of TRS. There is
another possible route to realize Weyl semimetal from a
Dirac semimetal by breaking TRS externally using a magnetic
field25. The external magnetic field splits the Dirac cone of a
DSM into a pair of Weyl cones even in the presence of inver-

sion symmetry (IS). The TRS broken WSM contains a mini-
mum of 2 Weyl nodes whereas the minimum number of Weyl
nodes allowed in an inversion broken WSM is 4. For example,
Bi1−xSbx for x ∼ 3 − 4% is a Dirac semimetal26–28 which
turns into a TR broken WSM in the presence of a magnetic
field29.

From k · p theory, the low energy effective Hamiltonian
near an isolated Weyl point situated at momentum space point
K can be written as

Hk =

3∑
i=1

vi(ki)σi, (1)

where ~ = c = 1, the crystal momenta ki are measured
from the band degeneracy point K, and σi’s are the three
Pauli matrices. The chirality of the Weyl point is defined
by the sign of the product of the velocity components χ =
sgn(v1v2v3) = ±1. A fascinating transport signature due to
non-trivial Berry curvature associated with Weyl nodes is the
anomalous Hall effect in TR broken WSMs, where it depends
linearly on the distance between the Weyl nodes in the mo-
mentum space7. In the presence of in-plane electric and mag-
netic fields, two other interesting topological effects, namely,
negative longitudinal magneto-resistance (LMR) and planar
Hall effect (PHE) appear due to non-conservation of separate
electron numbers of opposite chirality for relativistic massless
fermions, an effect known as the chiral or Adler-Bell-Jackiw
anomaly2,8–11,13,30–35. A number of theoretical36–42,46–48 and
experimental20,43–45,49–54 studies have been reported on chiral
anomaly induced LMR and PHE. Replacing the electric field
by a thermal gradient (∇T), and for a parallel configuration
between ∇T and an applied field (B), WSMs host another
anomalous transport phenomenon known as positive longitu-
dinal magneto-thermal conductivity (LMTC) which has re-
cently been observed in experiments55,56. This effect arises
from the so-called chiral magnetic effect (CME)57–61 - the
generation of electric current along the direction of an exter-
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nal magnetic field triggered by chirality imbalance. The chi-
ral electronics, an interesting application of the CME, refers
to circuits with elements that have been proposed as quantum
amplifiers of magnetic fields62. In the present work, we pro-
pose another intriguing consequence of chiral magnetic effect
in WSMs, the planar thermal-Hall conductivity (PTHC), i.e.,
the appearance of an in-plane transverse temperature gradient
(Vxy) when the co-planar∇T and B are not perfectly aligned
to each other, precisely in a configuration in which the con-
ventional and Berry-phase-mediated anomalous thermal Hall
effect vanishes as shown in Fig. 1.
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Vxx

T

FIG. 1. (Color online) Schematic illustration for the planar magneto-
thermal transport measurement geometry. < 100 > and < 010 >
denote the x and y directions respectively. Here, the temperature
gradiant (∇T ) is applied along the < 100 > direction and the ap-
plied magnetic field is rotated in the x− y plane by making an angle
θ with the x axis. Vxx and Vxy are the in-plane thermal gradiants
across the ∇T and perpendicular to the ∇T , respectively, which re-
veal the LMTC and PTHC in experiments.

In this paper we investigate the electronic contribution to
LMTC and PTHC of type-I and type-II Weyl semimetals. It
has been suggested earlier that the semiclassical Boltzmann
equation approach is in good agreement with other theoret-
ical approaches such as the Kubo formula and the quantum
Boltzmann equation for thermal transport in WSMs6,63. Fur-
thermore, the Boltzmann equation gives exactly the same rate
of change of the number of particles of a given chirality as rel-
ativistic quantum field theories37. Therefore, starting from the
phenomenological Boltzmann transport equation in relaxation
time approximation we derive the analytical expressions for
LMTC and PTHC valid in the low field regime. In the present
case, we study LMTC and PTHC for a lattice model of TRS
broken WSM. We investigate the magnetic field dependence
and angular dependence of LMTC and PTHC for two pos-
sible experimental set-ups. In the parallel set-up where both
∇T and B are applied parallel to the tilt direction, LMTC and
PTHC show different B-dependence and angular dependence
for type-I and type-II WSMs. On the other hand LMTC and
PTHC have similar dependence on B in the perpendicular set-
up, i.e. with both ∇T and B applied perpendicular to the tilt
direction.

The rest of the paper is organized as follows. In Sec. II, We

introduce the lattice model of Weyl semimetal with broken
TRS and explain the emergence of type-II WSM phase from
type-I WSM phase. In Sec. III, we solve the Boltzmann trans-
port equation to obtain the analytical expression of PTHC in
the presence of in-plane E and B. In Sec. IV, we show our
numerical results on LMTC and discuss the results in the con-
text of two above mentioned possible experimental set-ups.
In Sec. V, we compute the PTHC for type-I and type-II Weyl
semimetal. We discuss the magnetic field dependence and an-
gular dependence of PTHC in both cases for two possible ex-
perimental set-ups. In Sec. VI, we investigate the validity of
Wiedemann-Franz law for an IS breaking type-II WSM WTe2.
Finally in Sec. VII, we discuss the experimental aspects of the
phenomena observed in our study and end with a conclusion.

II. MODEL HAMILTONIAN

We now discuss a prototype lattice model for a Weyl
semimetal that breaks TRS but remains invariant under space
inversion. Such a model, which possesses two Weyl nodes of
opposite chirality tilted along kx direction, can be written as

H(k) = H0(k) +HT (k), (2)

where H0 produces a pair of Weyl nodes of type-I at
(±k0,0,0)64.

H0(k) = [m(cos(kyb) + cos(kzc)− 2) + 2t(cos(kxa)

− cos k0)]σ1 − 2t sin(kyb)σ2 − 2t sin(kzc)σ3.

(3)

Here, m is the mass and t is hopping parameter. The second
term of the Hamiltonian in Eq. (2) which tilts the nodes along
kx direction can be written as,

HT (k) = γ(cos(kxa)− cos k0)σ0, (4)

where γ is the tilt parameter which bends both the bands. The
3D dispersion of the energy bands for different values of γ are
shown in Fig. 2. When the anisotropy is zero (i.e γ = 0), this
Hamiltonian hosts nodes of type-I. It is clear from Fig. 2(b)
that since the anisotropy along kx is small (|γ| < |2t|) the
Fermi surface is still point-like; hence the Weyl nodes are still
type-I. With further increase of the tilt parameter, a non-zero
density of electron and hole states appear near the node energy
for γ > |2t|. Thus, for γ > |2t|, the system is a type-II WSM
as depicted in Fig. 2(c). For this system, γ = |2t| is the critical
point between type-I and type-II WSM phases.

III. BOLTZMANN FORMALISM FOR PLANAR
THERMAL HALL CONDUCTIVITY

In this section, we focus on one specific response, namely,
the planar thermal Hall effect that should be observed in all
the Dirac and Weyl semimetals supporting negative longitu-
dinal magneto-thermal conductivity. The planar thermal Hall
effect is defined as an in-plane transverse temperature gradi-
ant when the coplanar thermal gradiant and magnetic field are
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FIG. 2. (Color online) 3D band dispersions of the lattice model of Weyl fermions (kz is suppressed) obtained by diagonalizing Hamiltonian
Eq. (2) for (a) γ = 0, (b) γ = 0.05 and (c) γ = 0.15 respectively. The chemical potential is set at zero energy (indicated by dash line). The
Weyl cones are at (k0,0,0) and (-k0,0,0). The parameters used are t = −0.05 eV, m = 0.15 eV, and k0 = π

2
.

not perfectly aligned with each other. Now we investigate the
formulation of PTHC in the low field regime starting from the
quasi-classical Boltzmann transport equation.

In the presence of an electric field (E) and temperature gra-
diant (∇T), the charge current (J) and thermal current (Q)
can be written as

Jα = L11
αβEβ + L12

αβ(−∇βT ), (5)

Qα = L21
αβEβ + L22

αβ(−∇βT ), (6)

where α and β are spatial indices running over x, y, z, and L
represents different transport coefficients. In the presence of
impurity scattering the phenomenological Boltzmann trans-
port equation can be written as65(

∂

∂t
+ ṙ · ∇r + k̇ · ∇k

)
fk,r,t = Icoll[fk,r,t], (7)

where fk,r,t is the electron distribution function. The right
hand side Icoll[fk,r,t] implies the collision integral incorpo-
rating electron correlations and impurity scattering effects. In
the relaxation time approximation, the collision integral takes
the following form Icoll[fk] = f0−fk

τ(k) , where τ(k) is the intra-
node relaxation time and f0 is the equilibrium Fermi-Dirac
distribution function in the absence of any external fields.
Here, we assume the inter-node scattering time (τs) is much
greater than intra-node scattering time (τ ), so that we only
consider the intra-node scattering time in the current work.
We have also ignored momentum dependence of τ in the
present work for simplifying the calculations. We treat intra-
node scattering as a phenomenological parameter and assume
τ+ = τ− for simplicity. Here, τ+ and τ− are the scattering
times appropriate for the two nodes. Dropping the r depen-
dence of fk,r,t, valid for spatially uniform fields, and assum-
ing steady state, the Boltzmann equation described by Eq. (7)
takes the following form

(ṙ · ∇r + k̇ · ∇k)fk =
f0 − fk
τ

. (8)

It has been shown that in the presence of electric field and
magnetic field, transport properties get substantially modified
due to presence of non-trivial Berry curvature which acts as a
fictitious magnetic field in the momentum space12. In addition
to the band energy, the Berry curvature of the Bloch bands is
required for a complete description of the electron dynamics
in topological semimetals. The Berry curvature is defined by
Ω(k) = ∇k× < v|i∇k|v > where |v > is the periodic am-
plitude of the Bloch wave.

Using symmetry analysis, the general form of the Berry
curvature can be obtained. Under time reversal symmetry,
the Berry curvature follows Ω(−k) = −Ω(k). On the other
hand if the system has spatial inversion symmetry, then it fol-
lows that Ω(−k) = Ω(k). Therefore, for a system with both
time reversal and spatial inversion symmetries the Berry cur-
vature vanishes identically throughout the Brillouin zone12.
Conversely, if either time reversal symmetry or inversion sym-
metry is broken, the Berry curvature has non-zero values.

Incorporating the Berry curvature effects, the semi-classical
equations of motion for an electron take the following
form66,67

ṙ =
1

~
∂εk
∂k

+
Ṗ

~
×Ωk, (9)

Ṗ = eE + eṙ×B, (10)

where the second term of Eq. (9) implies the anomalous ve-
locity due to Ωk. The Berry curvature carries an opposite sign
for Weyl nodes of opposite chirality. After solving two cou-
pled equations for ṙ and Ṗ, we obtain the following modified
semiclassical equations of motion58,68

ṙ =
1

D(B,Ωk)
[vk +

e

~
(E×Ωk) +

e

~
(vk ·Ωk)B], (11)

~k̇ =
1

D(B,Ωk)
[eE +

e

~
(vk ×B) +

e2

~
(E ·B)Ωk], (12)
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where D(B,Ωk) =
[
1 + e

~ (B ·Ωk)
]
, and vk = 1

~
∂εk
∂k

is the group velocity. The factor D(B,Ωk) modifies
the invariant phase space volume according to dkdx →
D−1(B,Ωk)dkdx, giving rise to a noncommutative mechan-
ical model, because the Poisson brackets of these co-ordinates
is non-zero68. So from hereon, we use D = D(B,Ωk) in the
rest of the paper for simplicity.

The third term in Eq. (11) gives rise to chiral magnetic ef-
fect. The chiral magnetic effect, an interesting signature of
transport phenomena in Weyl semimetals, appears for E =
058–61. It has been shown that electric currents (∝ B) flow
along the direction of the magnetic field in Weyl semimetals
without any electric field in the presence of finite chiral chemi-
cal potential (µ+−µ−) where µ+ and µ− imply the chemical
potentials of the two Weyl nodes respectively39. It has been
discussed that the chiral magnetic effect depends on the limit-
ing procedure for the transferred momentum and frequency38.
In the dc limit i.e. when the frequency is set to zero first, the
system is in equilibrium and the chiral magnetic effect van-
ishes. On the other hand, when the momentum q is set to zero
first, the system is away from equilibrium and the chiral mag-
netic effect does not vanish60. The second term on the right
hand side of the Eq. (12) gives the usual Lorentz force, and
the third term arises from chiral anomaly.

In order to compute the PTHC, we applied a temperature
gradiant (∇T ) along the x axis and the magnetic field (B) is
rotated in the x − y plane in the absence of electric field i.e.
B = B cos θx̂ + B sin θŷ, ∇T = ∇T x̂, E = 0. Here, θ
is the angle between applied ∇T and B as shown in Fig. 1.
After substituting ṙ and k̇ described in Eq. (11) and Eq. (12)
into Eq. (8), the quasi-classical Boltzmann equation takes the
following form[

vk +
e

~
(vk ·Ωk)B

]
· ∇rfk +

eB

~2
[(vx sin θ − vy cos θ)

∂

∂kz

+ vz cos θ
∂

∂ky
− vz sin θ

∂

∂kx
]fk =

D(f0 − fk)

τ
. (13)

Using the relation ∂f0
∂T = (ε−µ)

T (−∂f0∂ε ) (µ is the chemical po-
tential) and assuming linear response, the above equation be-
comes

(ε− µ)∇T
DT

[
vx +

eB cos θ

~
(vk ·Ωk)

](
−∂f0
∂ε

)
+
eB

~2
[(vx sin θ

− vy cos θ)
∂

∂kz
+ vz cos θ

∂

∂ky
− vz sin θ

∂

∂kx
]fk =

(f0 − fk)

τ
.

(14)

Now we attempt to solve the above equation by assuming the
following ansatz for the electron distribution function devia-
tion δfk = fk − f0

δfk =
τ(ε− µ)

D

∇T
T

[
vx +

eB cos θ

~
(vk ·Ωk)− v · ζ

](
∂f0
∂ε

)
,

(15)

where ζ is the correction factor to account magnetic field.

Plugging fk into Eq. (14), we have

eB

~2

[
(vx sin θ − vy cos θ)

∂

∂kz
+ vz cos θ

∂

∂ky
− vz sin θ

∂

∂kx

]
[
τ(ε− µ)

D

∇T
T

(vx +
eB cos θ

~
(vk ·Ωk))− v.ζ

]
=
D(v · ζ)

τ
.

(16)

We will now calculate the correction factor ζ which vanishes
in the absence of magnetic field B. This can be evaluated
by expanding the inverse band-mass tensor which arises in
Eq. (16), and noting the fact that the above equation is valid
for all values of velocity. Substituting the expression of band-
mass tensor m∗αβ = 1

~2
∂2εk

∂kα∂kβ
, the above equation takes the

following form

eB
(ε− µ)

DT
∇T [vz(

sin θ

m∗xx
− cos θ

m∗xy
)− (vx sin θ − vy cos θ)

m∗xz
+

eB cos θ

~
(vzC1 sin θ − vzC2 cos θ − (vx sin θ − vy cos θ)C3)]

+ eB[−vz sin θ(
ζx
m∗xx

+
ζy
m∗xy

+
ζz
m∗xz

) + vz(
ζx
m∗xy

+
ζy
m∗yy

+
ζz
m∗yz

) cos θ + (vx sin θ − vy cos θ)(
ζx
m∗xz

+
ζy
m∗yz

+
ζz
m∗zz

)]

= −D
τ

(vxζx + vyζy + vzζz), (17)

where we have identified C1, C2, and C3 as

C1 =
Ωx
m∗xx

+
Ωy
m∗xy

+
Ωz
m∗xz

,

C2 =
Ωx
m∗xy

+
Ωy
m∗yy

+
Ωz
m∗yz

;C3 =
Ωx
m∗xz

+
Ωy
m∗yz

+
Ωz
m∗zz

.

(18)

Now imposing the condition that the Eq. (17) is valid for all
values of vx, vy , and vz , the correction factors ζx, ζy , and
ζz can be calculated by evaluating the equation. After some
straightforward algebra, we can write down the correction fac-
tors as given below.

ζz =
N0(α1α2 − α3α4)

D2

τ2 − ( eB cos θ
myz

− eB sin θ
m∗
xz

)2 − eB
m∗
zz
α4

,

ζy =
cos θ

[
N0( 1

m∗
xz

+ eBC3 cos θ
~ )− ζz eB

m∗
zz

]
( eB cos θ

m∗
yz
− D

τ −
eB sin θ
m∗
xz

)
,

ζx = − tan θζy, (19)
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where N0, α1, α2, α3 and α4 can be written as

N0 = eBτ∇T (εk − µ)

DT
,

α1 =
sin θ

m∗xx
− cos θ

m∗xy
+
eB cos θ

~
(C1 sin θ − C2 cos θ)

α2 =
eB cos θ

m∗yz
− D

τ
− eB sin θ

m∗xz
;α3 =

eB cos θ

~
C3 +

1

mxz
,

α4 =
eB sin 2θ

m∗xy
− eB cos2 θ

m∗yy
− eB sin2 θ

m∗xx
.

(20)

With all the correction factors in hand, we can now write
the Boltzmann distribution function fk explicitly by using the
Eq. (15)

fk = f0 + τ∇T (εk − µ)

DT

[
vx +

eB cos θ

~
(vk.Ωk)

](
∂f0
∂ε

)
− τ∇T (εk − µ)

DT
(vxdx sin θ + vydy cos θ + vzdz)

(
∂f0
∂ε

)
,

(21)

where dx, dy , and dz , incorporating Berry phase effects, are
related to correction factors ζ by the following relation.

ζx = τ∇T (εk − µ)

DT
dx sin θ,

ζy = τ∇T (εk − µ)

DT
dy cos θ; ζz = τ∇T (εk − µ)

DT
dz. (22)

Now in the presence of thermal gradiant and applied mag-
netic field, the thermal current takes the following form
after accounting for both normal and anomalous contribu-
tions67,69–71

Q =

∫
d3k

(2π)3
(εk − µ)D−1

[
vk +

eB

~
(vk ·Ωk)

]
fk +

kB∇T

β~

×
∫

d3k

(2π)3
Ωk

[
π2

3
f0 + β2(ε− µ)2f0

]
− kB∇T

β~

×
∫

d3k

(2π)3
Ωk

[
ln2(1 + e−β(εk−µ)

2

) + 2Li2(1− f0)
]
,

(23)

where the first term of the above equation represents the stan-
dard contribution to the heat current in the absence of Berry
curvature. Here, Li2(z) is the polylogarithmic function of or-
der 2, defined as

Lin(z) =

∞∑
k=1

zk

kn
(24)

for an arbitrary complex order n, for a complex argument
|z| < 1. The other terms of Eq. (23) implies the anoma-
lous response of the heat current. In the application of ther-
mal gradiant, the anomalous response of Q can be written as

Qx = lxy∇yT . The quantity lxy can be calculated using the

relation lxy = −k
2
BTc2
~ where c2 can be written as70

cm =

∫
[dk]Ωz

∫ ∞
ε−µ

dε(βε)m
∂f0
∂ε

. (25)

For m = 2, the energy integral described in Eq. (25) reduces
to following form70,71∫ ∞
ε−µ

dε(βε)2
∂f0
∂ε

=
π2

3
f0 + β2(ε− µ)2f0

− ln2(1 + e−β(εk−µ)
2

)− 2Li2(1− f0).
(26)

Substituting fk in Eq. (23) and comparing with the linear
response Eq. (6), we now arrive at the expression for longitu-
dinal magneto-thermal conductivity

lxx =

∫
d3k

(2π)3
D−1τ

(εk − µ)2

T
[(vx +

eB cos θ

~
(vk ·Ωk))2

− (sin θdxvx + cos θdyvy + dzvz)(vx +
eB cos θ

~

(vk ·Ωk))]

(
−∂f0
∂ε

)
= L22

xx. (27)

In the limit of θ = 0, we get back to the same equation as
discussed in earlier works39–42. In similar way, we can write
down the thermal Hall conductivity as

lyx =

∫
d3k

(2π)3
τ

(εk − µ)2

DT

(
∂f0
∂ε

)
{
[
vy +

eB sin θ

~
(vk ·Ωk)

]
[
vx +

eB cos θ

~
(vk ·Ωk)

]
}+

∫
d3k

(2π)3
τ

(εk − µ)2

T
[sin θdxvx

+ cos θdyvy + dzvz]

[
vy +

eB sin θ

~
(vk ·Ωk))

](
−∂f0
∂ε

)
+
kB
β~

∫
d3k

(2π)3
Ωz

[
ln2(1 + e−β(εk−µ)

2

) + 2Li2(1− f0)
]

− kB
β~

∫
d3k

(2π)3
f0Ωz

[
π2

3
+ β2(εk − µ)2

]
= L22

yx.

(28)

In the present work we are only interested in the chiral mag-
netic effect induced contribution to the planar thermal Hall
conductivity. Therefore, we do not consider the last two terms
of the above equation any further because these terms leads to
the Berry curvature induced anomalous thermal Hall contri-
bution in the absence of magnetic field which vanish in inver-
sion symmetry breaking WSM. Neglecting the terms which
are of a much smaller order of magnitude compared to oth-
ers in typical Weyl metals, the final simplified expression of
chiral magnetic effect induced longitudinal magneto-thermal
conductivity (lxx) and planar thermal Hall conductivity (lpth

yx)
can be written as

lxx = −
∫

d3k

(2π)3
τ

(εk − µ)2

DT

[
vx +

eB cos θ

~
(vk ·Ωk)

]2
∂f0
∂ε

,

(29)
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lpth
yx =

∫
d3k

(2π)3
D−1τ

(εk − µ)2

T

(
−∂f0
∂ε

)
[
eB sin θ

~
(vk ·Ωk)

(vx +
eB cos θ

~
(vk ·Ωk))]. (30)

Similarly, when the temperature gradiant is along the z axis
and the magnetic field is rotated in the z−y plane, the expres-
sion of the LMTC takes the form

lzz = −
∫

d3k

(2π)3
τ

(εk − µ)2

DT

[
vz +

eB cos θ

~
(vk ·Ωk)

]2
∂f0
∂ε

.

(31)

It is clear from Eq. (29), Eq. (30) and Eq. (31) that both
LMTC and planar thermal Hall conductivity (PTHC) are
Fermi-Surface quantities. In this work, we set the chemical
potential µ > 0. Therefore we use Eqs. (29, 31) only with
respect to the conduction band to calculate these quantities.

IV. LONGITUDINAL MAGNETO-THERMAL
CONDUCTIVITY

In this section, we compute the longitudinal magneto-
thermal conductivity for a lattice model of type-I and type-
II WSMs and discuss the B dependence and angular depen-
dence of LMTC. The longitudinal magneto-thermal conduc-
tivity (lxx and lzz) for lattice model of Weyl fermions is shown
in Fig. 3 for three different tilt parameters. The lattice model
provides itself a physical ultra-violet energy cut-off to the low
energy spectrum.

Fig. 3 depicts lxx as a function of magnetic field at T = 12
K for a TRS breaking type-I WSM (γ = 0). In the absence
of any tilt, LMTC follows quadratic B dependence as shown
in figure. Using Eq. (29) we can now express lxx in terms
of the diagonal components of the conductivity tensor, l‖ and
l⊥, corresponding to the cases when the thermal current flows
along and perpendicular to the magnetic field. Substituting
θ = 0 and θ = π/2 into Eq. (29), we have

l‖ = l0 + e2
∫

d3k

(2π)3
τ

(εk − µ)2

DT

(
−∂f0
∂ε

)
B2

~2
(vk ·Ωk)2,

l⊥ = l0. (32)

Eq. (29) thus take the form

lxx = l⊥ + ∆l cos2 θ, (33)

where ∆l = l‖− l⊥, gives the anisotropy in magneto-thermal
conductivity due to chiral magnetic effect. The longitudinal
magneto-thermal conductivity has the angular dependence of
cos2 θ which is shown in Fig. 4(a), leading to the anisotropic
thermal resistance. It is clear from the expression that LMTC
has the finite contribution for all field directions.

In type-II WSM, we have calculated the LMTC for two
different configurations; lxx appears in a configuration where
both ∇T and B are parallel to tilt direction (i.e. along x axis
in present case) whereas lzz comes into play when both ∇T
and B act perpendicular to tilt direction.
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1
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γ=0

FIG. 3. (Color online) First row (a)-(c): Longitudinal magneto-
thermal conductivity lxx (normalized by lxx forB = 3 T) calculated
at T = 12 K and µ = 0.04 eV as a function of magnetic field (B)
applied along the tilt direction (x axis), for a lattice model of WSM
for (a) γ = 0, (b) γ = 0.05, and (c) γ = 0.15 respectively. (d)-(f)
depict the lzz (normalized) as a function of B applied perpendicular
to the tilt direction (z axis) for the same set of parameters mentioned
above.

Fig. 3 depicts lxx and lzz as a function of the magnetic field
at T = 12 K for a TRS breaking type-II WSM described by
Eq. (2) for γ = 0.15. Our calculation reveals that longitudinal
magneto-thermal conductivity (lxx) follows linear in B for the
parallel set-up as shown in Fig. 3(c). On the other hand, B2

dependence of LMTC has been found when B is applied per-
pendicular to the tilt direction (lzz) as depicted in Fig. 3(f). It
is clearly seen from the Eq. (29) that both types of B depen-
dence in LMTC arise due to chiral magnetic term. There is no
qualitative difference in results for type-I and type-II WSM
phases in the presence of anisotropy.
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1
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l xx

(c)
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0.995
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l xx
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∝  cos θ

∝  cos2 θ

a b

FIG. 4. (Color online) (a)-(b) depict the angular dependence of longi-
tudinal magneto-thermal conductivity at B = 3T for type-I (γ = 0)
and type-II (γ = 0.15) WSMs respectively. Here, we have taken
T = 12 K and µ = 0.04 eV. (We have normalized the y-axes of (a)
and (b) by lxx(θ = 0))

In the type-II WSM, the B-linear term in lxx becomes dom-
inant due to the anisotropy which leads the computed longi-
tudinal magneto-thermal conductivity to follow the cos θ an-
gular dependence at finite magnetic field for parallel set-up as
shown in Fig. 4(b).
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V. PLANAR THERMAL HALL EFFECT

In this section, we discuss the numerical results of the novel
effect PTHC for type-I and type-II WSMs. We have com-
puted the B dependence and angular dependence of lpth

yx using
Eq. (30) for a TRS breaking WSM.

We first examine the behavior of lpth
yx for the case γ = 0,

type-I WSM phase. Using Eqs. (32), we can now express lpth
yx

as

lpth
yx = ∆l sin θ cos θ. (34)

The amplitude (∆l) of planar thermal Hall conductivity shows
B2-dependence for any angle except for θ = 0 and θ = π/2
as shown in Fig. 5(a). The planar thermal Hall conductivity
follows the cos θ sin θ dependence as depicted in Fig. 5(c).
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l yxpt
h
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h
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∝  B2
∝  B

∝  sin θ cos θ

∝  sin θ

FIG. 5. (Color online) shows the normalized amplitude of planar
thermal Hall conductivity at θ = π

4
(normalized by lpthyx at B = 3

T) computed numerically for a Weyl semimetal with two Weyl nodes
and tilt parameter (a) γ = 0 (type-I WSM) and (b) γ = 0.15 (type-II
WSM) as a function of the magnetic field B applied along the tilt
direction (x-axis). (c)-(d) depict the angular dependence of planar
thermal Hall conductivity for B = 3 T for type-I (γ = 0) and type-
II (γ = 0.15) WSM phases respectively (B applied parallel to tilt
direction). (y axis is normalized by lpthyx at θ = π

4
and θ = π

2
for

figure (c) and (d) respectively.) We have taken µ = 0.04 eV.

If we increase the γ value then Weyl cones start to be tilted
along the kx direction and the system stabilizes in type-II
WSM phase after a critical value of γ = 0.1. In Fig. 5(b)
we have plotted the numerically calculated PTHC (lpthxy at
θ = π/4) for a type-II WSM as a function of B. Our cal-
culations reveal that the PTHC follows a B-linear dependence
when B and ∇T are parallel to the tilt axis. For non-zero
magnetic field, PTHC shows sin θ dependence for the same
configuration of the applied∇T and B as shown in Fig. 5(d).
On the other hand, the B-dependence PTHC is quadratic when
the ∇T and B are applied perpendicular to the tilt direction.
In this configuration, PTHC follows the same angular depen-
dence as in the case for type-I WSM with no tilt. We have
also investigated the behavior of PTHC for type-I WSM with

finite tilt. We find that PTHC shows similar angular and B
dependence as in the case of type-II WSM.

0 1 2 3 4 5
0

0.05

0.1
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0.2

0.25

B (T)

L
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/L
0
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0

2

4

6
x 10

−4

B (T)

L
′ xx

/L
0

 

 (b)(a)

FIG. 6. (Color online) Plot of L′/L0 = L(B)−L0
L0

(L0 is the Lorentz
number) at T = 12 K as a function of magnetic field (B) applied
(a) perpendicular to the tilt direction (z axis) and (b) along the tilt
direction (x axis) for an inversion broken Weyl semimetal WTe2.
The parameters are given in Table. 1. We have taken µ = 0.065 eV.

VI. WIEDEMANN-FRANZ LAW OF AN INVERSION
SYMMETRY BREAKING WEYL SEMIMETAL

The Wiedemann-Franz law states that the ratio of electronic
contribution of thermal conductivity and electrical conductiv-
ity for a metallic state is proportional to temperature. This law
which holds for Landau Fermi Liquid, can be written as

κij
σijT

= L0, (35)

where L0 =
π2k2B
3e2 is the Lorentz number. The Wiedemann-

Franz law has been studied theoretically in the context of
time reversal symmetry broken Weyl semimetals using vari-
ous model Hamiltonians72,73. It has also been studied experi-
mentally on the Dirac semimetal system Cd3As2 in the pres-
ence of a magnetic field74. Since all of these studies are on
TRS broken Weyl semimetals, below we study the violation of
the Wiedemann Franz law for an inversion broken WSM such
as WTe2. Recently, WTe2 has been classified as an inversion
broken type-II Weyl semimetal both theoretically75 and ex-
perimentally22. It has been found that WTe2 contains 8 Weyl
points in the kz = 0 plane and form a pair of quartets located at
0.052 eV and 0.058 eV above the Fermi level (EF )75. There-
fore, the linearized Hamiltonian for WTe2 can be written as

H(k) = ∆ +Akx +Bkx + (akx + cky)σy + (bkx + dky)σz

+ fkzσx. (36)

The parameter values for WTe2 obtainied by fitting the Hamil-
tonian to the ab inito band structure calculation75, are given in
Table I.

We have computed both longitudinal thermal conductivity
and longitudinal electrical conductivity for WTe2. The longi-
tudinal electrical conductivity (σjj) is given by

σjj = e2
∫

d3k

(2π)3
τD−1[(vj +

eBj
~

(vk ·Ωk))2]

(
−∂f0
∂ε

)
.

(37)
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TABLE I. First-principles fitted parameter values in eV-Å as given in
Reference75. Here, the energy of the WPs corresponds to the energy
above EF.

Energy of the WPs A B a b c d f

0.052 eV -2.739 0.612 0.987 1.107 0.0 0.270 0.184
0.058 eV 1.204 0.686 -1.159 1.046 0.0 0.055 0.237

In order to calculate the Lzz and Lxx, we set the chemi-
cal potential 0.065 eV which is just above the second Weyl
node (0.058 eV). First we calculate these quantities for each
node separately and then add the contributions for the dif-
ferent nodes. Interestingly, it turns out that the Wiedemann-
Franz law is violated and becomes B dependent for this mate-
rial due to both the chiral magnetic effect and chiral anomaly.
In Fig. 6 we have plotted the deviation of Lorentz number
from its standard value L0 (L′/L0 = L(B)−L0

L0
) as a func-

tion of applied magnetic field. Our calculation reveals that the
deviation of Lorentz number (L′) follows quadratic B depen-
dence when the external fields are applied perpendicular to the
tilt direction (z axis) as shown in Fig. 6(a). On the other hand,
linear B-dependence of L′ has been found when applied fields
are parallel to the tilt direction (x axis) as depicted in Fig. 6(b).
In both cases, the sign of L′ becomes positive which indicates
that the ratio of thermal to electrical conductivity will increase
from its standard value with the applied field. Our results on
the violation of the Wiedemann-Franz law in WTe2, which
is an inversion broken WSM, agree with the previous studies
where the case of time reversal broken WSM was considered
both theoretically73 and in experiments74.

VII. CONCLUSIONS

We present a quasi-classical theory of chiral magnetic ef-
fect induced planar thermal Hall effect in Weyl semimetals.
We show that when the thermal gradiant and magnetic field
are applied in-plane but not aligned parallel to each other, a

non-zero planar thermal Hall response arises strictly out of
the chiral magnetic effect. This Hall effect is of a different
nature from the usual Lorentz force mediated thermal Hall re-
sponse and even the Berry phase mediated anomalous thermal
Hall response. We derive an analytical expression for planar
thermal Hall conductivity and investigate its generic behav-
ior for type-I and type-II WSMs. Interestingly, we find that
PTHC follows the B2 dependence in type-I Weyl semimetal
(anisotropy parameter γ = 0, see Eq. 4) whereas it is linear
in B in type-II Weyl semimetal when B and ∇T are applied
along the tilt direction. The angular dependence of PTHC also
changes from ∼ cos θ sin θ to ∼ sin θ as we go from type-I
WSM (γ = 0) to type-II WSM. In type-II WSM, when both
B and ∇T are applied perpendicular to the tilt direction, the
PTHC shows the conventional B2-dependence as in the case
of type-I WSM (γ = 0). Although the behavior of planar
thermal Hall conductivity and longitudinal magneto-thermal
conductivity are similar to the behavior of their electric field
counterparts47 it is important to emphasize that the origin of
PTHC is chiral magnetic effect (third term on the right hand
side of Eq. (11)) while the planar Hall effect in Ref. 47 is
due to the chiral anomaly term in Eq. (12) (third term on the
right hand side of Eq. (12)). The measurement of PTHC also
involves a different experimental geometry than that of PHE.
The current work is expected to stimulate experimental efforts
to uncover PTHC which can be taken as an experimental sig-
nature of chiral magnetic effect in WSMs.

Additionally, we also investigate the longitudinal magneto
thermal conductivity in Weyl semimetals and the violation of
the Wiedemann-Franz law in inversion broken type-II Weyl
semimetal such as WTe2. We find that Wiedemann-Franz Law
is violated in WSMs due to both chiral magnetic effect and
chiral anomaly.
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