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Abstract

Metallic non-local spin valves (NLSVs) are important in modern spintronics due to their ability

to separate pure spin current from charge current. These metallic nanostructures, often constructed

from features with widths in the deep sub-micron regime, generate significant thermal gradients in

operation, and the heat generated has important consequences for spin injection and transport. We

use e-beam nanolithography to manufacture NLSVs with Ni-Fe alloy ferromagnetic nanowires and

aluminum spin channels on 500 nm silicon nitride (Si-N) membranes in order to lower the thermal

conductance of the substrate dramatically. While this extreme example of thermal engineering in

a spintronic system increases the background non-local signals in ways expected based on earlier

work, it also enhances thermoelectric effects, including the anomalous Nernst effect and reveals a

previously unknown thermally-assisted electrical spin injection that results from a purely in-plane

thermal gradient. We examine these effects as a function of temperature and, by careful compar-

ison with 2D finite element models of the thermal gradients calculated at a single temperature,

demonstrate that the anomalous Nernst coefficient of the 35 nm thick Ni-Fe alloy, RN = 0.17 at

T = 200 K, is in line with the few previous measurements of this effect for thin films.
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I. INTRODUCTION

Non-local spin valves (NLSVs), also known as lateral spin valves or spin accumulation

sensors, have emerged as an important part of modern spintronics thanks to their ability to

separate pure spin current from charge current.1–5 Industrial applications of NLSVs, such

as hard-disk read heads, are rapidly approaching reality.6–10 Therefore, it is important to

quantify the effects of circuit size and material choice, as well as the nature of the injection

mechanisms in order to produce sensors with sufficient signal-to-noise ratio for demanding

applications.11–18 Included in that list of materials is the substrate; for example, increas-

ing the thermal conductance of the substrate reduces the background non-local resistance,

which in turn affects the sensitivity of the NLSV sensor.19 This is only one indication of the

importance of thermal gradients in these nanoscale metallic circuits, as thermal and thermo-

electric effects including the Seebeck, Peltier, and anomalous Nernst effects (ANE) are now

understood to dominate the background non-local resistance,20–23 and contribute at least to

the shape of switching signals. As shown in Fig. 1a), the ANE is often interpreted as the

thermoelectric analog to the anomalous Hall effect, where spin polarization of the electrons

in a metallic ferromagnet combine with spin-dependent scattering and/or intrinsic Berry

phase effects to produce a transverse electric field in response to a thermal gradient.24–29

The electric field produced by the ANE, ∇VN, is given by the equation

∇VN = −SNm̂×∇T (1)

where SN = RNSFM is the transverse Seebeck coefficient dependent on the absolute Seebeck

coefficient SFM and the anomalous Nernst coefficient RN of the ferromagnetic material, m̂

is the unit vector in the direction of the magnetization of the FM detector, and ∇T is the

thermal gradient. Note that other representations for anomalous transverse thermoelectric

effects are possible, and may be used to emphasize particular relationships with other trans-

port coefficients.29 We chose the equation above for simple connection to the applied thermal

gradient and relationship to the longitudinal Seebeck coefficient. Enhanced thermal gradi-

ents in the NLSV near the detector can generate voltage contributions that strongly affect

the NLSV switching characteristics and, with the proper choice of magnetization orienta-

tion and current operating points, can increase the signal size in an NLSV sensor, though

further study of how the thermal gradients can be engineered is required to take advantage

of this effect. Thermal gradients at the crucial ferromagnet/non-magnetic metal interface
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FIG. 1. a) Cartoon illustration of the anomalous Nernst effect (ANE). A thermal gradient ~∇T

applied to a metallic ferromagnet with magnetization ~m drives motion of spin-polarized electrons

which experience either spin-dependent transverse scattering due to spin-orbit coupling or a trans-

verse force generated by a spin-dependent Berry phase, generating an electric field ~∇VN. b) A

schematic view of the two FM nanowires bridged by a NM channel that form an NLSV with a

cutaway cartoon showing the direction of the heat flow ~Q (and resulting thermal gradient), mag-

netization m2, and resulting ANE electric field ~∇V . c-d) Schematic view of NLSVs supported by

a bulk substrate (c) and suspended on a 500 nm thick Si-N membrane (d). Suspending the NLSV

leads to dramatically different thermal gradients in and near the NLSV, since heat cannot escape

directly to the bulk substrate.

can also drive spin injection in the structure in what is often termed the spin-dependent

Seebeck effect (SDSE).30–39 The dramatic consequences of the interaction of heat and spin

place NLSVs firmly in the growing field of spin caloritronics40–42 that examines coupling

between heat and spin in materials and devices.

As shown in Fig. 2(a), the basic structure of the NLSV is two ferromagnetic (FM)

nanowires connected by a non-magnetic (NM) channel, with the separation L between the

FM wires on the order of the spin diffusion length λNM . Producing a spin accumulation in
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the channel is possible via two distinct methods. In the typical use of the NLSV, which we

term electrical injection, we drive charge current from one FM through the interface and

out the branch of the NM channel, away from the second FM. Spins that accumulate at the

injection contact diffuse in the NM channel, and the resulting difference in spin-dependent

chemical potential contributes a spin-dependent component to the voltage, Vnl, measured

at the opposite end of the NLSV, where no charge current flows. In what we term thermal

injection, one FM is heated by the applied charge current, without explicitly driving current

into the NM channel. This creates a thermal gradient at the FM/NM interface, which

drives spin injection via the SDSE and similar spin diffusion and detection at the distant

FM contact. Even in the electrical injection case, thermal effects play a significant role,

since the often large charge current density flowing through the FM nanowire, across the

interface, and then into the NM nanowire produces Joule heating of the nanoscale structure.

The charge flow through these features also leads to heat flow through the Peltier effect.

The thermal energy generated flows to the electrically insulating substrate, but must first

be converted to vibrational, or phonon, energy. The flow of this heat energy from nanoscale

metallic features to phonons in the substrate involves complicated physical processes that

are not well understood for every combination of material constituents and feature size.43–47

The combination of these effects creates potentially large and non-trivial thermal gradients

in the NLSV structure. As a rough first step to discuss the consequences of this thermal

profile, we assign labels to the average equilibrium spin injection and spin detection junction

temperatures in the NLSV, Tinj and Tdet, as indicated in Figs. 2(b,c). Note also that the

NLSV is usually produced with some degree of asymmetry in the size of the FM contacts,

which can lead to different area and volume of the contact regions and different thermal

profiles when the role of the contacts is switched, as shown in Figs. 2(g-j). Even in cases

where NLSVs are designed with symmetric junction areas,14 the additional volume of the

FM required to assure distinct switching fields could introduce asymmetry in the thermal

profile since the electron-phonon coupling in nanoscale features scales with the total volume

of the system,48,49 and coupling to ballistic phonons varies with the area of a nanoscale

metallic wire.45

Thermoelectric and thermomagnetic effects convert this thermal profile into measurable

signals in the NLSV that are independent of pure spin flow effects. Such non-spin signals are

typically referred to as “background” non-local voltage or non-local resistance. For example,
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FIG. 2. a) Top-view schematic of electrical (solid, dashed) and thermal (solid, dotted) spin injection

and spin diffusion for NLSV in Orientation A. Magnetizations m1 and m2, as well as separation

length L are indicated. b,c) Schematic depiction of the heating of the NLSV in Orientation A (b)

and Orientation B (c) The areas where we consider the average FM/NM junction temperatures

Tinj and Tdet are shown with dashed lines. d) False-color scanning electron micrograph of a NLSV.

Nominal channel widths and film thicknesses are given. e) Optical micrograph of electrical leads

surrounding a Si-N membrane (green). f-i) Schematics of Orientation A electrical (f) and thermal

(g) injection, and Orientation B electrical (h) and thermal (i) injection.

the NM and FM materials have absolute Seebeck coefficients SNM and SFM, respectively. The

relative Seebeck coefficient relevant to the effective thermocouple of these two wires is then

Srel = SNM − SFM, and the elevated temperature of the detector junction leads to a voltage

contribution to the NLSV signal, ∆V = Srel(Tdet − T0), where T0 is the bath temperature

(typically assumed to be the temperature of the substrate far from the junction). The

choice of the substrate material affects the phonon thermal conductance from the NLSV to

the thermal bath and strongly affects Tdet and the contribution to the background signal via

∆V . In addition to the Seebeck contribution that is determined ultimately by the average

temperature differences in the NLSV, the ANE can contribute measurable voltages that

depend on the thermal gradient near the detecting FM.21,23,38

In this paper, we use micro- and nanofabrication techniques to alter the thermal profile in

a typical NLSV dramatically. We fabricate the nanoscale metallic features on a suspended

silicon-nitride (Si-N) membrane, which has very low thermal conductance. Aspects of the

5



results provide clear confirmation of previous understanding of thermal and thermoelectric

effects in NLSVs, chiefly a dramatic increase in the NLSV background signal compared to

devices fabricated on the same chip but supported by a bulk Si substrate. However, the

dramatic change in thermal gradients reveals two effects not previously reported; an increase

in the ANE portion of the signal that can enhance spin detection in the NLSV for properly

chosen field conditions, and an enhancement of the spin transport following electrical spin

injection due to the presence of a thermal gradient in the plane of the channel. Furthermore,

the essentially 2D nature of the membrane greatly simplifies the heat flow in these NLSVs,

allowing a higher degree of confidence in calculation of the thermal profile via finite element

modeling. Use of such calculations allows us to determine a value for the ANE coefficient

in the permalloy used for the FM contacts in these devices, which is in line with the few

existing measurements of this quantity for thin-film and nanoscale FM features.

II. EXPERIMENT

Fabrication of the NLSV structures begins with a 500 µm thick Si-N coated silicon wafer

with pre-patterned platinum electrical contacts for making contact with structures created

by e-beam lithography. On the back side of the wafer, we use photolithography and plasma

etching to pattern cleave marks for 1-cm square chips and windows in the Si-N that will form

membranes. We then submerge the wafer into 60% TMAH held at 95◦ C for 10 hours to

etch through the entire Si wafer. Each chip’s design features six 90 µm ×90 µm square Si-N

membrane windows and three substrate-supported areas, each with contacts and alignment

features for e-beam lithography. This allows us to produce membrane and substrate devices

on the same chip using the same deposition steps to minimize variations between devices.

An example of the Pt electrical contacts surrounding a membrane structure is shown in Fig.

2(e).

On these chips, we fabricate NLSVs using permalloy (the Ni-Fe alloy with ∼ 80% Ni,

abbreviated Py) FM and aluminum NM via a two-step e-beam lithography lift-off process

similar to that presented in earlier work.37 The two FM nanowires are patterned with dif-

ferent shapes to create different switching fields. A scanning electron micrograph of this

NLSV is shown in Fig. 2(d) with annotations detailing nominal geometries. As with the

devices in our earlier work,37 these NLSVs are produced in a two-step fabrication process,
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and thus the FM layer forms a native oxide from exposure to atmosphere. We performed

an Ar RF-cleaning step immediately prior to the deposition of the NM layer, but we do not

believe this to be sufficient to remove the oxide. Our previous work shows that while this

layer reduces observed signal size under electrical spin injection by loss of interfacial spin

current polarization, it does not inhibit thermal spin injection.37

We produced two pairs of devices of two intended separations, L = 500 nm and L =

800 nm, on both membranes and substrates, on two different chips. Devices of different L

are on different chips, but both chips had both the FM and NM layers deposited at the same

time. The two separations use somewhat different shapes for FM2, with the L = 800 nm

NLSVs using a shape with a narrow mid-section (as shown in Fig. 2d)), while the L = 500 nm

NLSVs use a simpler wide rectangle with designed width of 400 nm as shown in our previous

work.37 Both metal layers are produced via e-beam evaporation, the Py layer at ≈ 0.1 nm/s

in a load-locked UHV chamber with typical base pressure � 10−8 Torr, and the Al layer in

a high vacuum chamber at a higher rate ≈ 0.5− 1 nm/s.

FM 1 FM 2 Channel Separation L

500 nm Membrane 203± 12 413± 13 296± 10 481± 9

Substrate 252± 39 391± 22 344± 21 459± 15

800 nm Membrane 240± 30 240± 30 245± 30 760± 30

Substrate 235± 30 235± 30 285± 30 770± 30

TABLE I. Measured lateral geometries for all 4 devices described here, including widths of FM

and NM channels and the separation distance between the injector and detector FM strips. All

measurements are given in nm.

The Si-N membranes are not only insulating, but also electrically and optically transpar-

ent. This has advantages and challenges for e-beam lithography. One resulting challenge is

a difficulty in focusing the SEM onto the membrane structure itself for e-beam lithography.

However, the membranes are small enough that they do not buckle, allowing for lithography

optimization performed on the substrate to be sufficient for our needs. An advantage of the

electron transparency of the membrane is that no secondary electrons can be generated in

7



the bulk substrate, and this reduces a source of broadening of the exposed line in the e-beam

resist. This potentially allows narrower features in the resulting lift-off on the membrane.

In any given NLSV, these competing effects of improved intrinsic resolution and quality of

beam optimization can cause unpredictable lateral size of the final structures. In order to

understand any resulting variations in signal size, we measured the completed NLSVs after

fabrication and testing using an SEM and present the results in Table I. For the L = 500 nm

membrane NLSV the width of FM1 and the channel are closer to the intended design width

than seen in the corresponding NLSVs on the substrate, with smaller standard errors in the

geometry measurements. The wider FM2 does not show this clear advantage from lithog-

raphy on the membrane, and this drives a variation in the separation length, L. For the

L = 800 nm membrane NLSV, the FM widths are similar and near the designed width for

both substrate and membrane devices, but the channel width is much closer to the design

in the membrane device.

Measurements of the channel and contact resistance for the L = 500 nm NLSVs also

suggest possibly helpful effects of growth and fabrication of the membrane. Measurements

on these two NLSVs at 78 K show extremely linear channel IV curves that, together with

the geometric variations shown above, give charge resistivities ρAl = 6.6 µΩ cm for the mem-

brane NLSV and ρAl = 10.9 µΩ cm for the substrate NLSV. Three-wire contact resistance

measurements, described in more detail elsewhere,37 are both negative values for low bias

currents, but lower for the membrane than the substrate (Rcont = −5 mΩ for the membrane

and −30 mΩ for the substrate, both measured at 78 K). These values suggest that during

the RF cleaning of the FM and subsequent growth of the Al channel, higher temperatures

develop because of the thermal isolation from the membrane, and that this could lead to

cleaner interfaces and somewhat larger Al grains.

All transport measurements use the same experimental apparatus and methodology de-

tailed in previous work, using the “delta mode” feature of the Keithley 2128a nanovoltmeter

for resistance measurements and numerically integrated differential conductance curves for

measurements of IV characteristics.37 In the following we denote the “delta mode” non-local

resistance measurements, which functionally integrate the non-local resistance contributions

that are odd in applied I, as R with no subscript to distinguish from the fit coefficients of

the IV curve.
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FIG. 3. a) Schematic illustration of a typical R vs. H sweep demonstrating ANE. The rel-

ative locations of the parallel-positive (Pp), parallel-negative (Pn), antiparallel-positive (APp)

and antiparallel-negative (APn) are labeled for Orientation A. b-c) R vs. H sweeps for 500-nm

membrane-supported devices in Orientation A (b)) and Orientation B (c)) at 300 K. The slightly

different heating conditions have a small difference in background non-local R, indicated here by

the different shifts of the y-axis applied to each (given above each plot). Insets illustrate the

direction of heat flow across the device for each orientation.
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III. RESULTS

Fig. 1(a) and (b) illustrate how the ANE generates voltages in an NLSV. Heat, Q,

generated by the charge current through the injector FM produces an in-plane thermal

gradient, ∇T , perpendicular to the magnetization, m. This generates a voltage at the

detector due to the spin polarization of the FM. To first order, no charge current flows near

the detector junction, so the voltages we observe arise only from the ANE and do not have

components from transverse Peltier effects. The resulting ANE signal can be seen in the R

vs. H switching characteristic of the NLSV, where R = V/I is the non-local resistance. Fig.

3(a) is a schematic view of an NLSV with ANE contributions, which add the typical shape

of the FM hysteresis loop to the usual pattern that is even in H. As a result, the maximum

H points, where the FM strips are aligned in parallel, have different electric potential as

the direction of ∇T is set by the location of the heated charge current injection site. The

difference between these positive H and negative H points with parallel FM strips, labeled

Pp and Pn respectively, is then 2VN. The intermediate field points where only one FM has

switched to align with the reversing H, APp and APn, are also modified. Depending on

the choice of operating points that are compared, the non-local voltage difference will either

represent the typical pure spin current effects or add 2VN, as clarified in Fig. 4. Note that

these patterns depend on the direction of the in-plane thermal gradient that drives the ANE,

which reverses when the detector and injector FM are reversed. This is demonstrated in Fig.

3(d), using R vs. H measured at 300 K for a membrane-supported NLSV with L = 500 nm.

Since VN ∝ SN ∝ SFM, and since the Seebeck coefficient for metals is roughly proportional

to T , the ANE should be larger at higher temperatures, and is very likely to contribute to

practical NLSV sensors.

Fig. 4 clarifies the expected pattern of switching seen in the NLSV when the traditional

spin current signal is added to the ANE developed in response to an in-plane thermal gradi-

ent present at the detector. Panels a) and c) schematically show the two signal components

separately for Orientations A and B, and panels b) and d) the resulting total non-local resis-

tance. Switching the role of the FM strips from injector to detector has two consequences.

First, the reversed thermal gradient switches the sign of the ANE voltage component as

demanded by the symmetry of Eq. 1. Second, the coercive field of the ANE component

changes since this is physically tied to the switching field of the detector FM, which is the
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<latexit sha1_base64="WOYz0LvpYtCNuz/KFreV6X6kuE4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5RsOm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0RwY33/21tZXVvf2CxsFbd3dvf2SweHDaNSzbDOlFC6FVGDgkusW24FthKNNI4ENqPR7bTefEJtuJIPdpxgGNOB5H3OqHVW47rWzZJJt1T2K/5MZBmCHMqQq9YtfXV6iqUxSssENaYd+IkNM6otZwInxU5qMKFsRAfYdihpjCbMZttOyKlzeqSvtHvSkpn7eyKjsTHjOHKdMbVDs1ibmv/V2qntX4UZl0lqUbL5R/1UEKvI9HTS4xqZFWMHlGnudiVsSDVl1gVUdCEEiycvQ+O8Eji+vyhXb/I4CnAMJ3AGAVxCFe6gBnVg8AjP8ApvnvJevHfvY9664uUzR/BH3ucPe4ePDg==</latexit><latexit sha1_base64="WOYz0LvpYtCNuz/KFreV6X6kuE4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5RsOm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0RwY33/21tZXVvf2CxsFbd3dvf2SweHDaNSzbDOlFC6FVGDgkusW24FthKNNI4ENqPR7bTefEJtuJIPdpxgGNOB5H3OqHVW47rWzZJJt1T2K/5MZBmCHMqQq9YtfXV6iqUxSssENaYd+IkNM6otZwInxU5qMKFsRAfYdihpjCbMZttOyKlzeqSvtHvSkpn7eyKjsTHjOHKdMbVDs1ibmv/V2qntX4UZl0lqUbL5R/1UEKvI9HTS4xqZFWMHlGnudiVsSDVl1gVUdCEEiycvQ+O8Eji+vyhXb/I4CnAMJ3AGAVxCFe6gBnVg8AjP8ApvnvJevHfvY9664uUzR/BH3ucPe4ePDg==</latexit><latexit sha1_base64="WOYz0LvpYtCNuz/KFreV6X6kuE4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5RsOm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0RwY33/21tZXVvf2CxsFbd3dvf2SweHDaNSzbDOlFC6FVGDgkusW24FthKNNI4ENqPR7bTefEJtuJIPdpxgGNOB5H3OqHVW47rWzZJJt1T2K/5MZBmCHMqQq9YtfXV6iqUxSssENaYd+IkNM6otZwInxU5qMKFsRAfYdihpjCbMZttOyKlzeqSvtHvSkpn7eyKjsTHjOHKdMbVDs1ibmv/V2qntX4UZl0lqUbL5R/1UEKvI9HTS4xqZFWMHlGnudiVsSDVl1gVUdCEEiycvQ+O8Eji+vyhXb/I4CnAMJ3AGAVxCFe6gBnVg8AjP8ApvnvJevHfvY9664uUzR/BH3ucPe4ePDg==</latexit><latexit sha1_base64="WOYz0LvpYtCNuz/KFreV6X6kuE4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5RsOm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0RwY33/21tZXVvf2CxsFbd3dvf2SweHDaNSzbDOlFC6FVGDgkusW24FthKNNI4ENqPR7bTefEJtuJIPdpxgGNOB5H3OqHVW47rWzZJJt1T2K/5MZBmCHMqQq9YtfXV6iqUxSssENaYd+IkNM6otZwInxU5qMKFsRAfYdihpjCbMZttOyKlzeqSvtHvSkpn7eyKjsTHjOHKdMbVDs1ibmv/V2qntX4UZl0lqUbL5R/1UEKvI9HTS4xqZFWMHlGnudiVsSDVl1gVUdCEEiycvQ+O8Eji+vyhXb/I4CnAMJ3AGAVxCFe6gBnVg8AjP8ApvnvJevHfvY9664uUzR/BH3ucPe4ePDg==</latexit>

APn
<latexit sha1_base64="X61xxNjmcsRJsihAdeQR79wGIF4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmrax2WRJZoWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0QKi77/7a2srq1vbBa2its7u3v7pYPDhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbqf15hM3Vmj1gOOEhzEdKNEXjKKzGte1bqYm3VLZr/gzkWUIcihDrlq39NXpaZbGXCGT1Np24CcYZtSgYJJPip3U8oSyER3wtkNFY27DbLbthJw6p0f62rinkMzc3xMZja0dx5HrjCkO7WJtav5Xa6fYvwozoZIUuWLzj/qpJKjJ9HTSE4YzlGMHlBnhdiVsSA1l6AIquhCCxZOXoXFeCRzfX5SrN3kcBTiGEziDAC6hCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gj7/MHeH2PDA==</latexit><latexit sha1_base64="X61xxNjmcsRJsihAdeQR79wGIF4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmrax2WRJZoWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0QKi77/7a2srq1vbBa2its7u3v7pYPDhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbqf15hM3Vmj1gOOEhzEdKNEXjKKzGte1bqYm3VLZr/gzkWUIcihDrlq39NXpaZbGXCGT1Np24CcYZtSgYJJPip3U8oSyER3wtkNFY27DbLbthJw6p0f62rinkMzc3xMZja0dx5HrjCkO7WJtav5Xa6fYvwozoZIUuWLzj/qpJKjJ9HTSE4YzlGMHlBnhdiVsSA1l6AIquhCCxZOXoXFeCRzfX5SrN3kcBTiGEziDAC6hCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gj7/MHeH2PDA==</latexit><latexit sha1_base64="X61xxNjmcsRJsihAdeQR79wGIF4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmrax2WRJZoWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0QKi77/7a2srq1vbBa2its7u3v7pYPDhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbqf15hM3Vmj1gOOEhzEdKNEXjKKzGte1bqYm3VLZr/gzkWUIcihDrlq39NXpaZbGXCGT1Np24CcYZtSgYJJPip3U8oSyER3wtkNFY27DbLbthJw6p0f62rinkMzc3xMZja0dx5HrjCkO7WJtav5Xa6fYvwozoZIUuWLzj/qpJKjJ9HTSE4YzlGMHlBnhdiVsSA1l6AIquhCCxZOXoXFeCRzfX5SrN3kcBTiGEziDAC6hCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gj7/MHeH2PDA==</latexit><latexit sha1_base64="X61xxNjmcsRJsihAdeQR79wGIF4=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmrax2WRJZoWy9D948aCIV/+PN/+NabsHbX0h8PDODJl5o0QKi77/7a2srq1vbBa2its7u3v7pYPDhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbqf15hM3Vmj1gOOEhzEdKNEXjKKzGte1bqYm3VLZr/gzkWUIcihDrlq39NXpaZbGXCGT1Np24CcYZtSgYJJPip3U8oSyER3wtkNFY27DbLbthJw6p0f62rinkMzc3xMZja0dx5HrjCkO7WJtav5Xa6fYvwozoZIUuWLzj/qpJKjJ9HTSE4YzlGMHlBnhdiVsSA1l6AIquhCCxZOXoXFeCRzfX5SrN3kcBTiGEziDAC6hCndQgzoweIRneIU3T3sv3rv3MW9d8fKZI/gj7/MHeH2PDA==</latexit>

Pn
<latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit><latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit><latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit><latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit>
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Orientation B

Pp
<latexit sha1_base64="ITJ4++ZNIgKpPJzer+y13SCiAXk=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28N8nQ2qNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0L6qe5YfrmvN2yKOMpzBOVyCBw1owj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8EfO5w/yw47D</latexit><latexit sha1_base64="ITJ4++ZNIgKpPJzer+y13SCiAXk=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28N8nQ2qNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0L6qe5YfrmvN2yKOMpzBOVyCBw1owj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8EfO5w/yw47D</latexit><latexit sha1_base64="ITJ4++ZNIgKpPJzer+y13SCiAXk=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28N8nQ2qNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0L6qe5YfrmvN2yKOMpzBOVyCBw1owj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8EfO5w/yw47D</latexit><latexit sha1_base64="ITJ4++ZNIgKpPJzer+y13SCiAXk=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28N8nQ2qNbcursQWQevgBoUag2qX/1hwrIYpWGCat3z3NQEOVWGM4GzSj/TmFI2oSPsWZQ0Rh3ki2Vn5MI6QxIlyj5pyML9PZHTWOtpHNrOmJqxXq3Nzf9qvcxEN0HOZZoZlGz5UZQJYhIyv5wMuUJmxNQCZYrbXQkbU0WZsflUbAje6snr0L6qe5YfrmvN2yKOMpzBOVyCBw1owj20wAcGHJ7hFd4c6bw4787HsrXkFDOn8EfO5w/yw47D</latexit>

Pn
<latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit><latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit><latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit><latexit sha1_base64="lQvJp7HoAgdsQZ3KdRcvsCePeqE=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjBdMW2lA220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2UNja3tnfKu5W9/YPDo+rxSVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5G5e7zyh0jyRj2aaYhDTkeQRZ9RYy28NcjkbVGtu3V2IrINXQA0KtQbVr/4wYVmM0jBBte55bmqCnCrDmcBZpZ9pTCmb0BH2LEoaow7yxbIzcmGdIYkSZZ80ZOH+nshprPU0Dm1nTM1Yr9bm5n+1XmaimyDnMs0MSrb8KMoEMQmZX06GXCEzYmqBMsXtroSNqaLM2HwqNgRv9eR1aF/VPcsP17XmbRFHGc7gHC7BgwY04R5a4AMDDs/wCm+OdF6cd+dj2VpyiplT+CPn8wfvuY7B</latexit>

APp
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FIG. 4. a) and c) Examples of pure spin (top) and ANE (bottom) R vs. H for Orientation A (a))

and Orientation B (c). b) and d) The resulting expected total R vs. H for Orientation A (b))

and Orientation B (d). The table at bottom lists the IV curve subtractions used to isolate the

signals with and without ANE for both orientations.

lower (higher) Hc strip in Orientation A (B). The contributions of the two different signal

components can be isolated from the total response using the comparisons listed in the tables

below each pattern in Fig. 4.

As in our earlier and other work,37,38 we use the non-local resistance R vs. H measure-

ments to identify the four switching locations of the NLSV, then measure the non-local

voltage as a function of applied current at values of H given at the bottom of Fig. 4. This

allows us to isolate contributions from the various thermal effects. For background (raw)

data, we examine the IV curves at full saturation (±400 Oe; Pp or Pn respectively); spin and

ANE data is isolated by subtracting IV curves. Through appropriate choice of IV -curve

subtractions, we may choose to isolate spin signals without including ANE, or include the

ANE component as part of the overall spin signal.

An example of the raw IV curves taken at the parallel-negative point (Pn = −400 Oe)

and the subtracted IV curves excluding ANE is shown for Orientation A in Fig. 5. Here,

subtracted (Vnl,spin) IV curves (Pn − APn) remove both the background signal and the
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FIG. 5. Raw (Vnl,tot) and subtracted (Vnl,spin) IV curves for the 800-nm membrane and substrate

devices in Orientation A at a bath temperature of 78 K for both electrical (a,b) and thermal (c,d)

spin injection. Subtracted IV curves (Pn − APn) isolate the spin signal from the background as

well as from ANE that is included in the raw IV curves. The membrane devices show consistently

larger signals.

ANE signal and isolate the other spin effects. Although the spin signals are on the same

order of magnitude, the membrane-supported devices show much larger raw IV signals than

the substrate-supported devices. Since background effects have large contributions from

thermoelectric effects, the larger background suggests a larger Tdet − T0, which is a very

reasonable result of thermally isolating the NLSV on the membrane. The strongly parabolic

non-local voltages, even in the nominally electrically-driven spin injection configuration, are

clear evidence of thermal effects caused by Joule heating and have been observed by several

groups on substrate-supported NLSVs.19,22,23,37 When the NLSV is more thermally isolated

using the membrane, the background becomes much larger, and higher-order nonlinearities

become obvious whether the NLSV is operated in electrical injection configuration, Fig. 5(a),

or in thermal injection configuration, Fig. 5(c).

Since Vnl is overwhelmingly nonlinear, especially in the membrane devices, we use a poly-

nomial expansion Vnl = R1I +R2I
2 + ... to fit the IV curves. Peltier heating is proportional

to I, while Joule heating is proportional to I2; thus for the background signal R1 and R2

are the fit coefficients corresponding to Peltier and Joule heating, respectively. Higher-order

terms most likely arise due to the temperature dependence of the resistivity, Seebeck and/or
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FIG. 6. R vs. H for 500-nm (a,b) and 800-nm (c,d) membrane-supported (a,c) and substrate-

supported (b,d) devices in Orientation B at bath temperatures of 78 K and 100 K respectively.

Here, ∆R corresponds to the R1 fit coefficient value. The top plot shows a closer view of the

highlighted region in a) with clear ANE compared to the 800-nm membrane-supported device and

to both substrate-supported devices.

Peltier coefficients of the metals forming the NLSV.

Fig. 6 plots the non-local resistance, R, vs. applied magnetic field H for four NLSVs in

Orientation B: two fabricated on Si-N membranes (panels a) and c)) and two with the same

designed FM separation fabricated at the same time but supported by a bulk Si substrate

beneath the Si-N layer (panels b) and d)). At the moderately low temperatures used here

(100 K or below), a signal component with the symmetry of the ANE is visible only in the

membrane-supported device with L = 500 nm, where there is a difference in R between

the up- and down-sweeps between H = −100 Oe and H = 100 Oe. This ANE signal is

notably absent in the substrate-supported device with the same separation. The reduction

in the spin signal component with increasing L for the two membrane-supported devices,

from ∆R ' 70 µΩ at L = 500 nm to ∆R ' 30 µΩ at L = 800 nm, is consistent with

the single-exponential drop we observed on substrate-supported NLSVs fabricated using the

same deposition techniques reported earlier.37 Here we observe that the substrate-supported
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L = 800 nm device has very similar ∆R to the membrane-supported device, while for

the L = 500 nm devices, the substrate-supported NLSV has roughly half the spin signal.

Though we cannot definitively rule out that the thermal isolation plays a role, calculation

of the expected signal based on the full 1D model of spin transport presented by Takahashi

and Maekawa,50 taking into account the measured geometry and ρAl of each device, predicts

nearly exactly such a drop in spin signal for the L = 500 nm substrate-supported device.

In the case of the membrane device, the small, negative three-terminal contact resistance

suggests that the simplified model of transparent FM/NM contacts is appropriate. Assuming

values for the bulk spin polarization of the permalloy, α = 0.35; the spin diffusion length of

the Py, λFM = 3.5 nm; and of the NM, λAl = 760 nm; which were observed in our previous

work on similar NLSVs and are well within typical ranges, gives a predicted spin signal of

R1 ≈ 75 µΩ. The larger negative contact resistance of the L = 500 nm substrate device

suggests the full model with no simplifications is the best description, though the difference

between the full model and the transparent model is minimal for the likely parameters of this

device. Both models predict a spin signal of R1 ≈ 25 µΩ at 78 K. These model predictions

are very much in line with the observed results.

Fig. 7 compares the spin signal components for the two L = 500 nm devices as a function

of the bath temperature of the NLSV for Orientation A under electrical spin injection. These

are determined from subtracted IV curves for selected applied field. The signal proportional

to I, R1, is shown in panels a) and b), and that proportional to I2, R2, in panels c) and d).

Typically, the R1 term is interpreted as an electrically-driven spin component, and the R2

term is interpreted as a thermally-driven spin component since Joule heating is ∝ I2. We

have chosen subtractions in order to isolate the spin signal (using field points Pp−APp and

Pn − APn) and ANE component (Pp − Pn) for this orientation. The R1 component of the

spin signal shows the drop between the membrane and substrate devices driven by geometry

and channel resistivity explained above, along with the typical drop of R1 with increasing

temperature seen in NLSVs. R1 also shows a small ANE component prominent only at

larger temperatures, where the Seebeck and Nernst coefficients become large. We clarify

that this represents the appearance of the ANE, which requires generation of a thermal

gradient, in the term purely linear with applied I, rather than the I2 term tied to Joule

heating. The thermal gradient that drives this ANE term is therefore odd with respect

to I, and we believe is generated by the Peltier heating/cooling that occurs at the FM

14



FIG. 7. R1 (a,b) and R2 (c,d) vs. bath temperature for 500-nm membrane and substrate devices

in Orientation A, electrical injection. Here, Pp − APp and Pn − APn represent simultaneous de-

terminations of the isolated spin resistance without ANE; the Pp − Pn curve represents twice the

ANE signal produced by the devices. Note that both the ANE and the spin resistance signals

are significantly larger in the membrane devices than the substrate devices, particularly at low

temperatures.

injector/NM channel interface. The extreme thermal isolation of the Si-N membrane allows

this additional Peltier power term to generate a thermal gradient at the distant detector

contact.

The spin signal components when thermally-driven (panels c) and d)) show trends that

are distictly different from the electrical case. The ANE component in the membrane device

(the purple symbols in Fig. 7c)) is large, and also increases with T as expected for the ANE.

The spin component of R2 also becomes large for the membrane device. In a typical NLSV

this would be viewed as evidence of the SDSE, though here we note that the membrane allows

a large in-plane thermal gradient, but does not support the out-of-plane thermal gradient

required for the SDSE. For the substrate-supported NLSV, both R2 terms are dramatically

smaller. We explore this unique form of thermally-assisted spin transport further in Section

IV A below.

The trends in the ANE signal component are borne out by the data in Fig. 8. Here we plot

R2,ANE = [R2(Pp)−R2(Pn)] /2 vs. T , in order to give the clearest view of ANE contributions
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FIG. 8. R2,ANE vs. T for L = 500 nm and L = 800 nm membrane- and substrate-supported devices

in electrical (a,c) and thermal (b,d) spin injections for Orientation A (a,b) and Orientation B (c,d).

for all four NLSVs in both electrical and thermal spin injection. In all panels, orange symbols

represent data on membrane-supported NLSVs and purple symbols represent substrate-

supported NLSVs. The L = 800 nm membrane-supported device failed before reliable data

could be collected at all 6 temperatures. Panel a) shows ANE contributions to electrical

spin injection in Orientation A, where the membrane-supported NLSVs have ∼ 10× higher

ANE signals throughout the temperature range due to the large in-plane thermal gradients.

The narrower 500-nm separation between the FM contacts also increases the magnitude

of the thermal gradient compared to the 800-nm separation, which in turn increases the

magnitude of the ANE. The result of reversing the thermal gradient by using Orientation B

shown in panel b) gives approximately the same magnitude of signal with a reversed sign,

again in agreement with the symmetry of the ANE. The magnitudes are slightly different in

this orientation, which we attribute to the difference in geometry of the FM contacts. Figs.

8b) and d) show ANE contributions under thermal spin injection in Orientation A and B,

respectively. These show not only the same patterns as in electrical injection, with large

signals on membrane-supported NLSVs where a larger in-plane thermal gradient develops,

but nearly the same magnitude of the ANE components. This very reasonably supports the

view that the ANE component depends on the presence, size, and direction of the thermal

gradient at the detector, and is independent of the nature of the injection that caused the

heat flow.
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FIG. 9. Vnl (Pp)− Vnl (APn) vs. I for NLSVs in Orientation B using electrical spin injection at 78

K. a) Direct comparison of spin-isolated (ANE removed) IV curves for the L = 800 nm substrate

(blue symbols) and membrane (orange symbols) NLSVs. The large in-plane thermal gradient

in the membrane device drives an additional spin signal ∝ I2. b) A similar plot compares the

membrane-supported L = 500 nm NLSV to the predicted linear term for a more closely matched

substrate-supported NLSV (blue dotted line). (Inset) A schematic view of the charge current, ±I,

spin current ±Js (with direction in the channel dependent on the polarity of I), thermal gradient

∆T and the average phonon momentum, ~p.

IV. DISCUSSION

A. Thermally-assisted Spin Transport on Membranes

In Fig. 9 we more closely examine the thermally-assisted spin transport effect seen in

Figs. 5b) and 7c). Here, we show Vnl (Pp)− Vnl (APn) vs. bias current I for the membrane-

and substrate-supported NLSVs in Orientation B using electrical spin injection at 78 K.

This subtraction isolates effects due to spin current flow and explicitly excludes ANE. For

both the L = 800 nm (panel a)) and L = 500 nm (panel b)) NLSVs, this IV curve shows

a very strong term ∝ I2, which is typically attributed to Joule heating. For the case of

the L = 800 nm NLSV, we compare this IV curve directly to its analog for the substrate-

supported device, which shows only the linear dependence normally dominant in electrical

injection. The reduction in the electrical spin signal driven by the different geometry and

ρAl for the L = 500 nm substrate-supported NLSV prevents the direct comparison; so in
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Fig. 9b), we compare the membrane NLSV curve to the curve that would be generated

in an NLSV with the same R1 term but no thermal term. The red dashed line shows the

curve fit to terms linear and quadratic in I used to determine R1. Following the example

of the L = 800 nm pair, we assume that a better-matched NLSV would have no significant

R2 term, though this comparison is only for illustration. In both curves, the I2 heat-driven

term is large and opposite in sign to the typical electrical spin injection signal, such that at a

moderate positive current, the sign of the spin-isolated non-local voltage reverses, indicating

that the spin current flow in the NM channel has reversed direction.

We propose that this reversal of the spin current flow is driven by a direct interaction

between the spin current flow and the phonon flux in the NM channel driven by the in-

plane gradient set up in the membrane-supported NLSV. The relevant charge, spin, heat,

and phonon momentum flow directions are indicated schematically in the inset to Fig. 9b).

Here, ∇T points at the charge injector site, which is predominantly where heat is generated

in the structure. The resulting flow of phonons away from this site generates a transfer

of momentum ~p that exists throughout the NM channel. When this momentum opposes

the flow of spin current Js, the spin current is first reduced in magnitude, stopped (near

I = 0.85 mA for the L = 500 nm NLSV), and eventually reversed in direction. For the

opposite sign of applied charge current, the spin current and phonon momentum point in

the same direction, such that the generation of the in-plane thermal gradient always assists

the spin current flow.

To our knowledge, this direct interaction of a pure spin current with the phonon flow

associated with an in-plane thermal gradient in a non-magnetic metal has not been previously

considered or observed. We clarify that this signal cannot arise due to the SDSE, as the tiny

thermal mass of the Si-N membrane reduces any ability of the structure to support significant

heat flow in the direction perpendicular to the FM/NM interface as occurs when the interface

is supported by the comparably huge bulk substrate. We also note that the magnitude of the

R2 terms seen here are very large compared to those we explained via the SDSE in similar

NLSVs,37 which showed R2 ' −16 nV/mA2. Thermally-assisted electrical spin injection

has been reported,51,52 albeit in substrate-supported NLSVs where this effect is most likely

driven by the same physics as the SDSE, which relies on presence of a thermal gradient in

the FM near the FM/NM interface. A potentially similar mechanism for thermally-driven

spin current in a non-magnetic channel of a non-local spin valve was recently proposed for
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experiments on graphene,53 which though not suspended, could develop a significant in-

plane thermal gradient due to the extreme difference in thermal conductance between the

2D graphene layer and the supporting substrate.

B. Thermal Modeling and Determination of ANE Coefficient

In order to provide context for both the thermally-driven NM channel spin transport and

the generation of signals by the ANE in these devices, we now consider the temperature

profile generated in the membrane-supported NLSV devices in greater detail. Before ap-

plying more complicated computational methods, we first make a rough estimation of the

temperatures generated in the membrane-supported NLSVs. Since the background Vnl is

dominated by a Seebeck voltage, we estimate the maximum ∆T simply by assuming that

Vnl,tot = Srel∆T , where Srel = SPy − SAl ∼ 3 µV/K as we reported previously for similar

NLSVs.37 The substrate-supported L = 500 nm device shows Vnl,tot ∼ −3 µV at I = 1 mA,

which suggests ∆T = Tdet − T0 ∼ 1 K. The much larger Vnl,tot in the membrane-supported

case suggests much higher temperatures are generated, with the same simple estimate sug-

gesting ∆T = Tdet− T0 more than 30× higher at T0 = 78 K, though there are two problems

with this approach. First, ignoring the higher-order nonlinearity in the background Vnl at

large I potentially overestimates the temperature generated. Second, as discussed in greater

detail below, much more of the electrical path of the detector branch of the NLSV circuit is

heated. This introduces additional thermoelectric voltages that are important to consider

not only for determining T , but also for correct estimation of the ANE coefficient.

For a more accurate estimate of the thermal gradients generated in the membrane-

supported NLSV, we perform 2D finite element calculations of the heat flow in the de-

vice. The removal of the bulk substrate and resulting near-2D confinement of the thermal

gradient in the membrane structure allows us to use this simple approach to characterize

temperature gradients in membrane-supported NLSVs. Calculations of this sort have been

previously used to model temperature profiles in micro- and nanocalorimeters supported on

Si-N membranes that are very similar to the suspended NLSV.54–57 Using a commercially

available software package,58 we solved the 2D heat flow equation in steady state:

∂

∂x

(
k2D (x, y)

∂T (x, y)

∂x

)
+

∂

∂y

(
k2D (x, y)

∂T (x, y)

∂y

)
= P2D (x, y) , (2)

19



Tdet,b
<latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit><latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit><latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit><latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit>

Tdet,t
<latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit><latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit><latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit><latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit>

Vnl
<latexit sha1_base64="xLdFsSP5fKPp4JXkXXR+b9Lon30=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51dJIpQtsk4YnqRVhTziRtG2Y47aWKYhFx2o0mt4XffaRKs0Q+mGlKA4FHksWMYGOl0K11wnwgsBkrkUs+m4Vu3Wt4c6BV4pekDiVaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYdZJqmmEzwiPYtlVhQHeTz4DN0ZpUhihNlnzRorv7eyLHQeioiO1lk1MteIf7n9TMTXwc5k2lmqCSLQ3HGkUlQ0QIaMkWJ4VNLMFHMZkVkjBUmxnZVtSX4y19eJZ2Lhm/5/WW9eVPWUYETOIVz8OEKmnAHLWgDgQye4RXenCfnxXl3Phaja065cwx/4Hz+AIg8k6U=</latexit><latexit sha1_base64="xLdFsSP5fKPp4JXkXXR+b9Lon30=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51dJIpQtsk4YnqRVhTziRtG2Y47aWKYhFx2o0mt4XffaRKs0Q+mGlKA4FHksWMYGOl0K11wnwgsBkrkUs+m4Vu3Wt4c6BV4pekDiVaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYdZJqmmEzwiPYtlVhQHeTz4DN0ZpUhihNlnzRorv7eyLHQeioiO1lk1MteIf7n9TMTXwc5k2lmqCSLQ3HGkUlQ0QIaMkWJ4VNLMFHMZkVkjBUmxnZVtSX4y19eJZ2Lhm/5/WW9eVPWUYETOIVz8OEKmnAHLWgDgQye4RXenCfnxXl3Phaja065cwx/4Hz+AIg8k6U=</latexit><latexit sha1_base64="xLdFsSP5fKPp4JXkXXR+b9Lon30=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51dJIpQtsk4YnqRVhTziRtG2Y47aWKYhFx2o0mt4XffaRKs0Q+mGlKA4FHksWMYGOl0K11wnwgsBkrkUs+m4Vu3Wt4c6BV4pekDiVaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYdZJqmmEzwiPYtlVhQHeTz4DN0ZpUhihNlnzRorv7eyLHQeioiO1lk1MteIf7n9TMTXwc5k2lmqCSLQ3HGkUlQ0QIaMkWJ4VNLMFHMZkVkjBUmxnZVtSX4y19eJZ2Lhm/5/WW9eVPWUYETOIVz8OEKmnAHLWgDgQye4RXenCfnxXl3Phaja065cwx/4Hz+AIg8k6U=</latexit><latexit sha1_base64="xLdFsSP5fKPp4JXkXXR+b9Lon30=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZdFNy4r2Ae0w5BJM21okhmSjFCHfokbF4q49VPc+Tdm2llo64HA4Zx7uScnSjnTxvO+nbX1jc2t7cpOdXdv/6DmHh51dJIpQtsk4YnqRVhTziRtG2Y47aWKYhFx2o0mt4XffaRKs0Q+mGlKA4FHksWMYGOl0K11wnwgsBkrkUs+m4Vu3Wt4c6BV4pekDiVaofs1GCYkE1QawrHWfd9LTZBjZRjhdFYdZJqmmEzwiPYtlVhQHeTz4DN0ZpUhihNlnzRorv7eyLHQeioiO1lk1MteIf7n9TMTXwc5k2lmqCSLQ3HGkUlQ0QIaMkWJ4VNLMFHMZkVkjBUmxnZVtSX4y19eJZ2Lhm/5/WW9eVPWUYETOIVz8OEKmnAHLWgDgQye4RXenCfnxXl3Phaja065cwx/4Hz+AIg8k6U=</latexit>

Tdet,t
<latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit><latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit><latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit><latexit sha1_base64="iwpNGj/tDb/Hzfs0LNgKZFs+56s=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwTnkuVdv2i17DrxKnJI0UYmOV/8aBTFNIyaBCqL10LETcDOigFPB8too1SwhdErGbGioJBHTbjbPnuNTowQ4jJV5EvBc/b2RkUjrWeSbySKmXvYK8T9vmEJ47WZcJikwSReHwlRgiHFRBA64YhTEzBBCFTdZMZ0QRSiYumqmBGf5y6ukf9FyDL+/bLZvyjqq6BidoDPkoCvURneog3qIoif0jF7Rm5VbL9a79bEYrVjlzhH6A+vzB5A6lMQ=</latexit>

Tdet,b
<latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit><latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit><latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit><latexit sha1_base64="bHEhbUCFjzn3BnNHFtic22kxKKE=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCBymJCHosevFYoa2FNoTNZtMu3WzC7otYQv6KFw+KePWPePPfuGlz0NaBhWHmPd7s+IngGmz726qsrW9sblW3azu7e/sH9cNGX8epoqxHYxGrgU80E1yyHnAQbJAoRiJfsAd/elv4D49MaR7LLswS5kZkLHnIKQEjefVG18tGEYGJirKAwbmf5169abfsOfAqcUrSRCU6Xv1rFMQ0jZgEKojWQ8dOwM2IAk4Fy2ujVLOE0CkZs6GhkkRMu9k8e45PjRLgMFbmScBz9fdGRiKtZ5FvJouYetkrxP+8YQrhtZtxmaTAJF0cClOBIcZFETjgilEQM0MIVdxkxXRCFKFg6qqZEpzlL6+S/kXLMfz+stm+KeuoomN0gs6Qg65QG92hDuohip7QM3pFb1ZuvVjv1sditGKVO0foD6zPH3TOlLI=</latexit>

m̂
<latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit><latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit><latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit><latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

~rTdet,t
<latexit sha1_base64="oFFa26AA45PpbaGnYZTPB1JZSZc=">AAACCHicbZA9SwNBEIb34leMX1FLCxeDYCHhTgQtgzaWEZIYyIWwt5kkS/b2jt25QDiutPGv2FgoYutPsPPfuPkoNPGFhYd3ZtiZN4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaA51HslINwNmQAoFdRQooRlrYGEg4SEY3k7qDyPQRkSqhuMY2iHrK9ETnKG1OsVjfwQ89RULJMtorZP6IcOBDtMu4DlmWadYcsvuVHQZvDmUyFzVTvHL70Y8CUEhl8yYlufG2E6ZRsElZAU/MRAzPmR9aFlULATTTqeHZPTUOl3ai7R9CunU/T2RstCYcRjYzsmaZrE2Mf+rtRLsXbdToeIEQfHZR71EUozoJBXaFRo4yrEFxrWwu1I+YJpxtNkVbAje4snL0Lgoe5bvL0uVm3kceXJETsgZ8cgVqZA7UiV1wskjeSav5M15cl6cd+dj1ppz5jOH5I+czx+VBJpS</latexit><latexit sha1_base64="oFFa26AA45PpbaGnYZTPB1JZSZc=">AAACCHicbZA9SwNBEIb34leMX1FLCxeDYCHhTgQtgzaWEZIYyIWwt5kkS/b2jt25QDiutPGv2FgoYutPsPPfuPkoNPGFhYd3ZtiZN4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaA51HslINwNmQAoFdRQooRlrYGEg4SEY3k7qDyPQRkSqhuMY2iHrK9ETnKG1OsVjfwQ89RULJMtorZP6IcOBDtMu4DlmWadYcsvuVHQZvDmUyFzVTvHL70Y8CUEhl8yYlufG2E6ZRsElZAU/MRAzPmR9aFlULATTTqeHZPTUOl3ai7R9CunU/T2RstCYcRjYzsmaZrE2Mf+rtRLsXbdToeIEQfHZR71EUozoJBXaFRo4yrEFxrWwu1I+YJpxtNkVbAje4snL0Lgoe5bvL0uVm3kceXJETsgZ8cgVqZA7UiV1wskjeSav5M15cl6cd+dj1ppz5jOH5I+czx+VBJpS</latexit><latexit sha1_base64="oFFa26AA45PpbaGnYZTPB1JZSZc=">AAACCHicbZA9SwNBEIb34leMX1FLCxeDYCHhTgQtgzaWEZIYyIWwt5kkS/b2jt25QDiutPGv2FgoYutPsPPfuPkoNPGFhYd3ZtiZN4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaA51HslINwNmQAoFdRQooRlrYGEg4SEY3k7qDyPQRkSqhuMY2iHrK9ETnKG1OsVjfwQ89RULJMtorZP6IcOBDtMu4DlmWadYcsvuVHQZvDmUyFzVTvHL70Y8CUEhl8yYlufG2E6ZRsElZAU/MRAzPmR9aFlULATTTqeHZPTUOl3ai7R9CunU/T2RstCYcRjYzsmaZrE2Mf+rtRLsXbdToeIEQfHZR71EUozoJBXaFRo4yrEFxrWwu1I+YJpxtNkVbAje4snL0Lgoe5bvL0uVm3kceXJETsgZ8cgVqZA7UiV1wskjeSav5M15cl6cd+dj1ppz5jOH5I+czx+VBJpS</latexit><latexit sha1_base64="oFFa26AA45PpbaGnYZTPB1JZSZc=">AAACCHicbZA9SwNBEIb34leMX1FLCxeDYCHhTgQtgzaWEZIYyIWwt5kkS/b2jt25QDiutPGv2FgoYutPsPPfuPkoNPGFhYd3ZtiZN4ilMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaA51HslINwNmQAoFdRQooRlrYGEg4SEY3k7qDyPQRkSqhuMY2iHrK9ETnKG1OsVjfwQ89RULJMtorZP6IcOBDtMu4DlmWadYcsvuVHQZvDmUyFzVTvHL70Y8CUEhl8yYlufG2E6ZRsElZAU/MRAzPmR9aFlULATTTqeHZPTUOl3ai7R9CunU/T2RstCYcRjYzsmaZrE2Mf+rtRLsXbdToeIEQfHZR71EUozoJBXaFRo4yrEFxrWwu1I+YJpxtNkVbAje4snL0Lgoe5bvL0uVm3kceXJETsgZ8cgVqZA7UiV1wskjeSav5M15cl6cd+dj1ppz5jOH5I+czx+VBJpS</latexit>

rVN,t
<latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit><latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit><latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit><latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit>

�<latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit>

m̂
<latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit><latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit><latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit><latexit sha1_base64="wkMkLTL4zx3XoJUfy/BHUFEhvGU=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5Rsmm1Dk+ySzApl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7tlHf39g8OK0fHLZtkhvEmS2RiOhG1XArNmyhQ8k5qOFWR5O1ofDert5+4sSLRjzhJeajoUItYMIrOavdGFHM17Veqfs2fi6xCUEAVCjX6la/eIGGZ4hqZpNZ2Az/FMKcGBZN8Wu5llqeUjemQdx1qqrgN8/m6U3LunAGJE+OeRjJ3f0/kVFk7UZHrVBRHdrk2M/+rdTOMb8Jc6DRDrtnioziTBBMyu50MhOEM5cQBZUa4XQkbUUMZuoTKLoRg+eRVaF3WAscPV9X6bRFHCU7hDC4ggGuowz00oAkMxvAMr/Dmpd6L9+59LFrXvGLmBP7I+/wBn4ePvg==</latexit>

~rTdet,b
<latexit sha1_base64="rCe7JKWDHS5rAN7wC2BI/0ExKuU=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuJAyI4Iui25cVmhroVOGTOa0DU0yQ5IplGGWbnwVNy4UcesjuPNtTC8Lbf0h8PGfc8g5f5hwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqig0acxj1Q6JBs4kNA0zHNqJAiJCDg/h8HZSfxiB0iyWDTNOoCtIX7Ieo8RYKygf+yOgmS9JyEmOG0HmC2IGSmQRmPMwz4Nyxa26U+Fl8OZQQXPVg/KXH8U0FSAN5UTrjucmppsRZRjlkJf8VENC6JD0oWNREgG6m00PyfGpdSLci5V90uCp+3siI0LrsQht52RNvVibmP/VOqnpXXczJpPUgKSzj3opxybGk1RwxBRQw8cWCFXM7orpgChCjc2uZEPwFk9ehtZF1bN8f1mp3czjKKIjdILOkIeuUA3doTpqIooe0TN6RW/Ok/PivDsfs9aCM585RH/kfP4AeZiaQA==</latexit><latexit sha1_base64="rCe7JKWDHS5rAN7wC2BI/0ExKuU=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuJAyI4Iui25cVmhroVOGTOa0DU0yQ5IplGGWbnwVNy4UcesjuPNtTC8Lbf0h8PGfc8g5f5hwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqig0acxj1Q6JBs4kNA0zHNqJAiJCDg/h8HZSfxiB0iyWDTNOoCtIX7Ieo8RYKygf+yOgmS9JyEmOG0HmC2IGSmQRmPMwz4Nyxa26U+Fl8OZQQXPVg/KXH8U0FSAN5UTrjucmppsRZRjlkJf8VENC6JD0oWNREgG6m00PyfGpdSLci5V90uCp+3siI0LrsQht52RNvVibmP/VOqnpXXczJpPUgKSzj3opxybGk1RwxBRQw8cWCFXM7orpgChCjc2uZEPwFk9ehtZF1bN8f1mp3czjKKIjdILOkIeuUA3doTpqIooe0TN6RW/Ok/PivDsfs9aCM585RH/kfP4AeZiaQA==</latexit><latexit sha1_base64="rCe7JKWDHS5rAN7wC2BI/0ExKuU=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuJAyI4Iui25cVmhroVOGTOa0DU0yQ5IplGGWbnwVNy4UcesjuPNtTC8Lbf0h8PGfc8g5f5hwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqig0acxj1Q6JBs4kNA0zHNqJAiJCDg/h8HZSfxiB0iyWDTNOoCtIX7Ieo8RYKygf+yOgmS9JyEmOG0HmC2IGSmQRmPMwz4Nyxa26U+Fl8OZQQXPVg/KXH8U0FSAN5UTrjucmppsRZRjlkJf8VENC6JD0oWNREgG6m00PyfGpdSLci5V90uCp+3siI0LrsQht52RNvVibmP/VOqnpXXczJpPUgKSzj3opxybGk1RwxBRQw8cWCFXM7orpgChCjc2uZEPwFk9ehtZF1bN8f1mp3czjKKIjdILOkIeuUA3doTpqIooe0TN6RW/Ok/PivDsfs9aCM585RH/kfP4AeZiaQA==</latexit><latexit sha1_base64="rCe7JKWDHS5rAN7wC2BI/0ExKuU=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuJAyI4Iui25cVmhroVOGTOa0DU0yQ5IplGGWbnwVNy4UcesjuPNtTC8Lbf0h8PGfc8g5f5hwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqig0acxj1Q6JBs4kNA0zHNqJAiJCDg/h8HZSfxiB0iyWDTNOoCtIX7Ieo8RYKygf+yOgmS9JyEmOG0HmC2IGSmQRmPMwz4Nyxa26U+Fl8OZQQXPVg/KXH8U0FSAN5UTrjucmppsRZRjlkJf8VENC6JD0oWNREgG6m00PyfGpdSLci5V90uCp+3siI0LrsQht52RNvVibmP/VOqnpXXczJpPUgKSzj3opxybGk1RwxBRQw8cWCFXM7orpgChCjc2uZEPwFk9ehtZF1bN8f1mp3czjKKIjdILOkIeuUA3doTpqIooe0TN6RW/Ok/PivDsfs9aCM585RH/kfP4AeZiaQA==</latexit>

rVN,b
<latexit sha1_base64="8vd2o33IoeivU9YpQ1Qx76Kb4S8=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhnEyn7dDJJMxMhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0w4U9pxvq2l5ZXVtfXKRnVza3tn197bb6s4lYS2SMxj2Q1BUc4EbWmmOe0mkkIUctoJxzdFvfNIpWKxeNCThPoRDAUbMALaWIF96AkIOeB2kHkR6JGMsruzMM8Du+bUnanwIrgl1FCpZmB/ef2YpBEVmnBQquc6ifYzkJoRTvOqlyqaABnDkPYMCoio8rPpATk+MU4fD2JpntB46v6eyCBSahKFprNYUs3XCvO/Wi/Vgys/YyJJNRVk9tEg5VjHuEgD95mkRPOJASCSmV0xGYEEok1mVROCO3/yIrTP667h+4ta47qMo4KO0DE6RS66RA10i5qohQjK0TN6RW/Wk/VivVsfs9Ylq5w5QH9kff4AqmaWcQ==</latexit><latexit sha1_base64="8vd2o33IoeivU9YpQ1Qx76Kb4S8=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhnEyn7dDJJMxMhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0w4U9pxvq2l5ZXVtfXKRnVza3tn197bb6s4lYS2SMxj2Q1BUc4EbWmmOe0mkkIUctoJxzdFvfNIpWKxeNCThPoRDAUbMALaWIF96AkIOeB2kHkR6JGMsruzMM8Du+bUnanwIrgl1FCpZmB/ef2YpBEVmnBQquc6ifYzkJoRTvOqlyqaABnDkPYMCoio8rPpATk+MU4fD2JpntB46v6eyCBSahKFprNYUs3XCvO/Wi/Vgys/YyJJNRVk9tEg5VjHuEgD95mkRPOJASCSmV0xGYEEok1mVROCO3/yIrTP667h+4ta47qMo4KO0DE6RS66RA10i5qohQjK0TN6RW/Wk/VivVsfs9Ylq5w5QH9kff4AqmaWcQ==</latexit><latexit sha1_base64="8vd2o33IoeivU9YpQ1Qx76Kb4S8=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhnEyn7dDJJMxMhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0w4U9pxvq2l5ZXVtfXKRnVza3tn197bb6s4lYS2SMxj2Q1BUc4EbWmmOe0mkkIUctoJxzdFvfNIpWKxeNCThPoRDAUbMALaWIF96AkIOeB2kHkR6JGMsruzMM8Du+bUnanwIrgl1FCpZmB/ef2YpBEVmnBQquc6ifYzkJoRTvOqlyqaABnDkPYMCoio8rPpATk+MU4fD2JpntB46v6eyCBSahKFprNYUs3XCvO/Wi/Vgys/YyJJNRVk9tEg5VjHuEgD95mkRPOJASCSmV0xGYEEok1mVROCO3/yIrTP667h+4ta47qMo4KO0DE6RS66RA10i5qohQjK0TN6RW/Wk/VivVsfs9Ylq5w5QH9kff4AqmaWcQ==</latexit><latexit sha1_base64="8vd2o33IoeivU9YpQ1Qx76Kb4S8=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhnEyn7dDJJMxMhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0w4U9pxvq2l5ZXVtfXKRnVza3tn197bb6s4lYS2SMxj2Q1BUc4EbWmmOe0mkkIUctoJxzdFvfNIpWKxeNCThPoRDAUbMALaWIF96AkIOeB2kHkR6JGMsruzMM8Du+bUnanwIrgl1FCpZmB/ef2YpBEVmnBQquc6ifYzkJoRTvOqlyqaABnDkPYMCoio8rPpATk+MU4fD2JpntB46v6eyCBSahKFprNYUs3XCvO/Wi/Vgys/YyJJNRVk9tEg5VjHuEgD95mkRPOJASCSmV0xGYEEok1mVROCO3/yIrTP667h+4ta47qMo4KO0DE6RS66RA10i5qohQjK0TN6RW/Wk/VivVsfs9Ylq5w5QH9kff4AqmaWcQ==</latexit>

�<latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit>

+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>

rVN,t
<latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit><latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit><latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit><latexit sha1_base64="KVMVpHbZ1lD621gE1I5Sf1t0ZmM=">AAACAHicbZDLSsNAFIYnXmu9RV24cDNYBBdSEhF0WXTjSirYCzQhTKbTduhkEmZOhBKy8VXcuFDErY/hzrdx0mahrT8MfPznHOacP0wE1+A439bS8srq2nplo7q5tb2za+/tt3WcKspaNBax6oZEM8ElawEHwbqJYiQKBeuE45ui3nlkSvNYPsAkYX5EhpIPOCVgrMA+9CQJBcHtIPMiAiMVZXdnkOeBXXPqzlR4EdwSaqhUM7C/vH5M04hJoIJo3XOdBPyMKOBUsLzqpZolhI7JkPUMShIx7WfTA3J8Ypw+HsTKPAl46v6eyEik9SQKTWexpJ6vFeZ/tV4Kgys/4zJJgUk6+2iQCgwxLtLAfa4YBTExQKjiZldMR0QRCiazqgnBnT95Edrnddfw/UWtcV3GUUFH6BidIhddoga6RU3UQhTl6Bm9ojfryXqx3q2PWeuSVc4coD+yPn8AxdKWgw==</latexit>

rVN,b
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FIG. 10. 2D finite element modeling of the L = 500 nm membrane-supported NLSV in Orientation

A, thermal injection, shows the local temperature as a function of position across the entire mem-

brane (a)) and near the two injection siites (b)). We detect Vnl through the NM channel and the

patterned AL near the top of the detector FM. Thermal gradients at these two junctions, shown

schematically in panel c), reach temperatures Tdet,t and Tdet,b each generate electric field ∇VN due

to the ANE. However, the overall detected VN is the difference of these contributions due to the

definition of the current path. e and f) show calculated values of Tdet,t and Tdet,b, with linear fits

used to determine the local gradient.

where k2D = k · t with k the thermal conductivity (in W/mK) of the NLSV components and

t the thickness of the films. As for our previous work,37 values of the thermal conductivities

were calculated from the Wiedemann-Franz law with values of L informed by measurements

of the thermal conductivity of similar films made with micromachined thermal isolation

platforms. At T = 200 K this gives kAl = 47 W/mK and kPy = 20 W/mK.59 We take

values for Si-N from our previous measurements of thermal conductivity,60,61 which indicate

k ∼ 3W/mK near 200 K. We focus on the thermal injection geometry, as this avoids the

complication of adding Peltier heating and cooling to the injector FM/NM junction, and also

keep the modeled current in the regime that avoids higher-order non-linearity. We set P2D
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dissipated in the FM for thermal spin injection based on the applied current I = 0.274 mA

and the resistance of the structure.

We present results of this model for the membrane-supported NLSV at a base tem-

perature of 200 K in Fig. 10. The temperature profile, shown for the entire NLSV (a))

indicates a roughly symmetric heated region at the center of the NLSV membrane that

rises by 14 K even for this relatively modest applied current. A closer view of the active

region of the NLSV shown in panel b) indicates the hot-spot remains largely symmetric

in the y-direction, though is not uniform near the more highly conductive NM channel, as

expected. Though the thermal gradients are highest in the membrane due to its very low

thermal conductivity, significant gradients still exist in the various metallic structures of the

NLSV. We also note that elevated T exists across the entire detector FM. In the membrane-

supported case, this has the important consequence that the background response is formed

from two thermocouples, rather than a simple single thermocouple raised to an elevated

temperature at the FM/NM detector junction. This makes the background dependent on

the temperature difference between the typical detector junction (where the R-hand FM

contacts the NM channel), and the intersection of the larger Al lead with the FM near the

top of the detector strip. The thermoelectric circuit path for the detector is shown by the

dotted line in Fig. 10c), with the two local temperatures, Tdet,t and Tdet,b, indicated. The

total thermoelectric background voltage generated across the detector is then:

Vnl = SAl (Tdet,b − T0) + SPy (Tdet,t − Tdet,b) + SAl (T0 − Tdet,t) , (3)

such that

Vnl = (SAl − SPy)(Tdet,b − Tdet,t) = Srel(Tdet,b − Tdet,t). (4)

Using the calculated T values as shown in Fig. 10 and Srel ∼ −12 µV/K, we estimate a

background Vnl for the membrane NLSV at 200 K of ≈ 5 µV for I = 0.274 mA, which is

very much in line with the measured background Vnl as shown in Fig. 5c).

We determine the in-plane thermal gradient across the detector, ∇Tx, from the simula-

tion results by plotting the temperature profile vs. the x-coordinate in the region near the

detector at the y-coordinate location of the center of the NM channel. We show plots of

this temperature profile in Fig. 10e) and f) for the bottom and top contacts, respectively.
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Though there is some slight nonlinearity in this profile, we estimate the thermal gradient

with a linear fit to the T vs. x data in this region, as indicated by the dark green line. The

resulting thermal gradients are shown in the relevant figures.

For a typical substrate-supported NLSV, integrating Eq. 1 for the geometry of the NLSV

gives an expression for the ANE coefficient, RN :

RN,substrate = − VANE

SPy∇TxtPy

, (5)

where SPy is the absolute Seebeck coefficient of the permalloy FM detector strip, tPy is its

thickness, and VANE is the voltage generated by the ANE. However, the significant heating

of the entire detector branch shown in Fig. 10b) demands more careful consideration. Since

the ANE does not involve spin current effects, which we expect only near the NM channel,

any location where an in-plane thermal gradient exists across the detector FM and the

overlapping Al contact allows the resulting out-of-plane electric field to drive current along

the Al lead and contribute a voltage that will be detected in Vnl. As shown schematically

in Fig. 10d), this occurs at two locations in the detector voltage measurement path in our

experiments. As was the case with the thermoelectric voltage, the Nernst signal becomes

dependent on the difference in the in-plane gradients at these two locations, rather than

the total gradient generated at only one junction. Although ∇Tdet,b, ∇Tdet,t, m̂ and the

resulting Nernst electric fields all point in the same direction, the two electric fields point in

opposite sense with respect to the measurement circuit, since (for the choice of m̂ shown in

Fig. 10d)) ~∇Vdet,t points in the direction toward the defined positive contact while ~∇Vdet,b
points toward the negative contact. In the membrane geometry then

RN,membrane = − VANE

SPytPy(∇Tdet,b −∇Tdet,t)
, (6)

For the modeled conditions we use R2,ANE from Fig. 8 and calculate

VANE = [R2,ANE(200 K)] (0.274 mA)2.

From previous work with thermal isolation platforms developed by our lab for measuring

thermopower,62 we find SPy = −12 µV/K at a bath temperature of 200 K. The resulting

estimate for thermal spin injection at 200 K is RN = 0.17, which is in good agreement with

other values reported for permalloy (RN = 0.1321 and RN = 0.225). As is true for the Seebeck

coefficient, the value of RN is likely somewhat dependent on the nature of the scattering

mechanisms present in a given sample, so some spread in reported values is sensible.
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Finally, we note that the effects we have observed, including increased backgrounds, large

ANE components and potentially thermally-assisted spin transport in the spin channel, are

not unique to NLSVs fabricated on membranes, but could arise in any case where the balance

of the thermal gradients generated in the nanoscale device tips from predominantly out-of-

plane to more significant in-plane components. We expect the results presented here could

inform other structures with more unusual thermal properties. These could range from all-

epitaxial metallic NLSVs where the high degree of order could place a stronger emphasis on

heat conduction across interfaces that could alter thermal profiles, to graphene and other

2D systems with exceptionally high thermal conductivity and potentially poor coupling to

supporting substrates.53,63

V. CONCLUSION

In summary, we presented results of electrical and thermal spin injection as a function

of temperature for both thermally isolated metallic non-local spin valves and similar struc-

tures supported by bulk substrates. The dramatically different heat sinking of the nanoscale

devices between the two constructions leads to several observations that clarify the ther-

mal physics of spin generation and transport in metallic structures. The thermal isolation

generates larger temperatures in the NLSVs, which lead to larger backgrounds via thermo-

electric effects that are largely understood. The generation of larger in-plane gradients in the

membrane-supported NLSVs leads to larger signal components from the anomalous Nernst

effect, which exemplifies the role these magnetothermoelectric effects play in NLSVs.

Anomalous Nernst effects are enhanced by the near-2D geometry, as demonstrated by

the consistent increase in R2 fit coefficients to the isolated ANE IV curves for membrane-

supported devices over substrate-supported devices at the same separation and orientation.

Thermally-assisted electrical spin injection also appears in the membrane-supported devices,

as demonstrated through the nonlinearity of the isolated spin IV curves. This effect is

independent of the ANE, since we have excluded the ANE from these IV curves with our

choice of subtractions. Additionally, these thin 500-nm Si-N membranes can be treated as

nearly 2D, as shown by the good agreement of our calculated RN values for the 500-nm

membrane-supported device with values from previous works.
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