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With the discovery of strong coupling physics and superconductivity in Moiré superlattices, it’s
essential to have an understanding of strong coupling driven superconductivity in systems with
trigonal symmetry. The simplest lattice model with trigonal symmetry is the triangular lattice
Hubbard model. Although the triangular lattice spin model is a heavily studied model in the
context of frustration, studies of the hole-doped triangular lattice Hubbard model are rare. Here
we use density matrix renormalization group (DMRG) to investigate the dominant superconducting
channels in the hole-doped triangular lattice Hubbard model over a range of repulsive interaction
strengths. We find a clear transition from p-wave superconductivity at moderate on-site repulsion
strength (U/t = 2) at filling above 1/4 (n ∼ 0.65) to d-wave superconductivity at strong on-site
repulsion strength (U/t = 10) at filling below 1/4 (n ∼ 0.4). The unusual tunability that Moiré
superlattices offer in controlling U/t would open up the opportunity to realize this transition between
d-wave and p-wave superconductivity.

INTRODUCTION

The discovery of superconductivity in van der Waals
materials [1] with an (effective) triangular lattice struc-
ture has expanded the scope of correlation physics in tri-
angular lattice models. Nevertheless, recent literature
motivated by the experiments[1–3] have for the most part
been limited to mean-field theories[4–6] and perturbative
renormalization group studies[7, 8]. Such approxima-
tions are unavoidable when one tries to capture the full
band structure of Moiré superlattices such as magic angle
twisted bilayer graphene, which require several bands and
large unit-cells to accommodate the characteristic Moiré
patterns that ultimately drive their correlated behavior.

However, there is increasing awareness that the ef-
fective band structure of a wider class of Moiré su-
perlattice systems is much simpler[9, 10]. In partic-
ular, Ref. [9] showed a simple triangular lattice Hub-
bard model adequately captures hetero-transition metal
dichalcogenide (TMD) bilayers. The observation of su-
perconductivity and other strong coupling phenomena
in these systems[11] motivates studying simple effective
models with strong coupling approaches. In fact, Guo
et al. [12] have already studied a three-band triangu-
lar lattice Hubbard model with modulated hopping us-
ing determinant quantum Monte Carlo in the context of
Moiré superlattices. Similarly, Zheng et al. [13], studied
a 2-orbital model on the honeycomb lattice with density
matrix renormalization group (DMRG) in the insulating
state. In this work, we study strong coupling driven su-
perconductivity and investigate how the strength of the
repulsive interaction affects the pairing symmetry in the
triangular lattice Hubbard model.

Even before the discovery of superconductivity in
twisted bilayer graphene, superconductivity in the or-
ganic salts [14, 15] and cobaltates[16] had generated
interest in strong interaction driven superconductivity
in triangular lattice systems. Here, enhancement of

superconducting pair correlations by Hubbard repul-
sion, has been found in triangular lattices at quarter-
filling, thought to be appropriate for organics by some
authors[17]. Gutzwiller projected t-J models with
smaller Hilbert space predicted d + id pairing for light
to moderate hole-dopings away from half-filling[18–20].
For the Hubbard model, Chen et al. [21] used dynamical
cluster quantum Monte Carlo to study strong repulsion
with moderate hole-doping to find the dominant pairing
susceptibility in the d+id channel. These 2D irreps are of
theoretical interest because of the non-zero Chern num-
ber associated with their quasi-particle spectra and the
corresponding ability to support Majorana bound states.
In particular, the Majorana’s are expected to be better
protected in the (p±ip) paired state.

Here we use DMRG to study superconducting tenden-
cies driven by moderate and strong repulsive interactions.
DMRG has been used with great success to explore a di-
verse selection of strongly correlated phenomena high-
lighted by stripes, spin-liquids, and superconductivity
[22–33]. However, since DMRG is quasi-1D in nature,
no true long-range order can be seen in the correlations.
Thus in order to access our system’s superconducting ten-
dencies we implement a pair-edge-field motivated by the
field-pinning approach first introduced in [34] and em-
ployed similarly in [35]. By studying how the system
responds to the pair-edge field comparing responses in
different superconducting channels, one can assess the
model’s propensity for superconducting instabilities in
different channels.

MODEL AND METHOD

The full model hamiltonian is Htot = H+Hedge, where
H is the standard Hubbard model on a triangular lattice:

H = −t
∑
〈i,j〉σ

c†iσcjσ − µ
∑
iσ

niσ + U
∑
i

ni↑ni↓, (1)
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and Hedge is the pair-edge field. The non-interacting
component of our base Hamiltonian H has the spin-
degenerate band structure shown in Fig. 1. As evi-
denced by the figure, this model has a D6 lattice sym-
metry and T -reversal symmetry. At half-filling, earlier
studies found a metal - spin-ordered Mott insulator tran-
sition with increasing U/t where the intermediate regime,
U/t ≈ 8.3 − 10.6 is a gapped spin-liquid [36, 37]. Here
we set the chemical potential µ such that the system is
hole-doped away from half-filling.

FIG. 1. Contour plot of the band structure. The Brillouin
zone is marked by the dashed line. A typical Fermi surface
for our hole-doped calculations is marked by the thick, black
line, here n = 0.65. The color legend indicates the energy of
the band at a given k-point (for t=1).

The edge field we apply, Hedge, takes the form of

Hedge =
∑

〈i,j〉∈Edge,σ 6=σ′

V σσ
′

ij ciσcjσ′ + h.c. (2)

This edge field is depicted in Fig. 2 as red lines connect-
ing sites adjacent to the left edge of our lattice. As is
standard for DMRG, our calculation is performed on a
cylinder where we use L=18,24 along the open direction
and W=3 for the periodic direction. The introduction
of a pair-field breaks the U(1) gauge symmetry and the
associated particle number conservation as well as the
D6 lattice symmetry of the Hubbard model in Eq. (1).
Nevertheless, we can determine the susceptibility of the
system to different pairing symmetries by observing the
pairing response of the system under changes of the angu-
lar and spin dependence of V σσ

′

ij . The notable irreducible
representations of D6 include two 2-dimensional irreps E1

and E2 corresponding to linear combinations of triplet p-
wave (p±ip) and singlet d-wave (d±id) basis functions
respectively. We will look into the amplitude and phase
of singlet and triplet pair fields.

FIG. 2. A portion of our lattice with the location of the pair
edge-fields marked in red.

For our DMRG simulations we utilize the ITensor li-
brary developed by Miles Stoudenmire and Steve White
[38]. We perform 14 sweeps with the final sweep con-
taining up to 2500 states. The system is initialized by
randomly sampling the even particle states, picking 10
states from each even particle sector and constructing a
superposition of these states with coefficients randomly
sampled from the interval [-1,1]. Proper implementation
is ensured by double checking with exact diagonalization
on small systems.

Note that since our calculation does not conserve par-
ticle number, the filling in the converged system has a
non-trivial dependence on the interaction strength. Con-
sequently, working at a specified filling is difficult as it is
not directly set by the chemical potential. Thus for sim-
plicity we set µ = 0 for all simulations which corresponds
to fillings n ∼ 0.65 for U/t = 2 and n ∼ 0.4 for U/t = 10
where n here is defined so that n ∈ [0, 2] and half-filling
corresponds to n = 1.

RESULTS

We assess the superconducting tendency in a particu-
lar channel by measuring the bond pair order parameter
∆ij = 〈c†i↑c

†
j↓〉, defined below for the singlet and triplet

channels:

∆singlet
ij = 〈c†i↑c

†
j↓ − c

†
i↓c
†
j↑〉

∆triplet
ij = 〈c†i↑c

†
j↓ + c†i↓c

†
j↑〉.

(3)

In order to let inherent pairing symmetry emerge, we
study the phase structure of the bond pair order param-
eters in response to a random phase singlet and triplet
edge-field with constant amplitudes. This allows the
dominant pairing symmetry (assuming one exists) to de-
velop naturally from the RG flow of DMRG. We look
for phase coherence over the extent of the system and
discern the symmetry of the phase coherent channel. In
this context, phase coherence refers to the existence of
extended superconducting domains with the same pair-
ing symmetry i.e. an absence of domain walls or random
phase perturbations. We then assess the strength of pair-
ing tendency in each channel through the amplitude of
the bond pair order parameter in response to the pair
fields of p-wave and d-wave symmetries. We compare
these responses in a system with moderately repulsive
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interaction of U/t = 2 and n ∼ 0.65 to those in a sys-
tem with strong repulsive interaction of U/t = 10 and
n ∼ 0.4.

For moderate repulsion of U/t = 2 and n ∼ 0.65, we
find a strong superconducting response with p-wave sym-
metry in the triplet channel and much weaker and phase
incoherent superconducting response in the singlet chan-
nel. The dominance of p-wave pairing response for this
moderate repulsion is evident from the phase structure
established for the much of the system in response to the
random edge field. We show the phase of the triplet chan-
nel pair order parameter for U/t = 2 from the segment
of the system in the bulk in Fig. 3(a).

(a)

(b)

FIG. 3. (a) SC phase plots for random edge-field, triplet

channel, U/t = 2 and n ∼ 0.65. The phase for each ∆triplet
ij is

represented by the color of the bond ij. (b) Amplitude of the
SC response with p-wave edge-field (black) and d-wave edge-
field (red) for U/t = 2. Only the parity channel corresponding
to the parity of the edge field is shown. Reported amplitudes
are normalized by the applied field (V = 0.1).

Note that in this phase plot, the phase undergoes a
π-phase shift in between the drawn bonds since ∆triplet

ij

is odd parity i.e. ∆triplet
ij = −∆triplet

ji . Here, the induced
pairing symmetry about any given lattice point is clearly
p-wave. We suspect that nodal SC occurs as a result
of finite size effects and that its chiral counterpart p±ip

should emerge in the two-dimensional limit on the ba-
sis of Ginzburg-Landau theory in which nodeless pairing
symmetries are energetically favorable since they fully
gap the excitation spectrum and consequently maximize
the condensation energy. Note that since a priori, the
basis functions within a given irreducible representation
are degenerate, the linear combination that maximizes
the condensation energy should be preferred. However,
this degeneracy does not strictly hold in the presence of
finite size effects and the the edge field. Consequently,
these small effects can bias the phase towards a different
linear combination of eigenstates within this irreducible
representation other than that which is expected for the
2D limit. However, in this context, the important result
is the specific irreducible representation chosen by the
ground state, not the specific linear combination of basis
functions within that irrep. For the phase map of entire
system, see the appendix [39]. In the appendix we also
show the phase disordered response in the singlet chan-
nel for U/t = 2 and discuss the DMRG convergence and
truncation error.

Superconducting responses change qualitatively for
strong repulsive interaction of U/t = 10 and n ∼ 0.4.
Here we see a response that is symmetry distinct from the
above moderate U/t regime in response to the random
phase edge fields. Namely, the induced superconductiv-
ity in the triplet channel is weak and phase incoherent
while that in the singlet channel is dominant with d -wave
symmetry. The truncated SC phase plot is given in Fig.
4(a). Again, we expect d±id in the 2D limit. The full
phase map for both the singlet and triplet channel under
random phase edge fields are given in the appendix as is
a discussion of the DMRG convergence and truncation
error, see [39].
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(a)

(b)

FIG. 4. (a) SC phase plots for random edge-field, singlet

channel, U/t = 10 and n ∼ 0.4. The phase for each ∆singlet
ij

is represented by the color of the bond connecting site i and
j. (b) Amplitude of the SC response with p-wave edge-field
(black) and d-wave edge-field (red) for U/t = 10. Only the
parity channel corresponding to the parity of the edge field is
shown. Reported amplitudes are normalized by the applied
field (V = 0.1).

In order to determine the strength of the response, we
now turn away from the random edge-fields and instead
employ pair-fields with p-wave and d -wave symmetries.
Consistent with previous results, we find that for U/t = 2
and n ∼ 0.65 the response in the p-wave channel is much
stronger that the d -wave channel, see Fig. 3(b) while the
opposite is true for U/t = 10 and n ∼ 0.4 as seen in Fig.
4(b). This is reinforced by log-linear plots provided in
the appendix.[39] Note that the slightly stronger response
of p-wave near the pinning field is curious, but we are
ultimately interested in the induced bulk response where
the approximate local crystal symmetry holds. Since the
crystal symmetry is broken by the edge of our cylinder,
a quantitative comparison of amplitudes along the edge
is not meaningful. Thus the fact that p-wave is stronger
near the edge in this case (and only slightly so) is likely
due to edge effects.

CONCLUSION

Several recent works on this model at half-filling have
focused on the realization of a chiral spin-liquid state at
between the low U/t metal and the high U/t 120◦Néel
state[36, 37, 40]. In light of these spin-liquid works, in-
vestigating superconductivity in this model under hole-
doping is especially interesting since the hole-doping of a
spin-liquid, particularly a chiral one, is thought to yield
exotic superconductivity [41–43]. Our results are consis-
tent with this picture, though the study of the doping
dependence is warranted. [44] [45]

The results discussed in this paper are particularly in-
teresting in the context of on-going experimental efforts
in twisted TMD bilayers. Not only the hetero-TMD bi-
layers are well-described by the triangular lattice Hub-
bard model[9] the key parameter U/t is highly tunable
in these systems through the twist angle. Our results
suggest that the strength of the repulsion and filling in
these systems would play an integral role in determining
the pairing symmetry. Specifically, weak to moderate
repulsion will likely facilitate p ± ip SC while stronger
repulsion will tend towards d± id.

Note, that previous work by the authors [35] also ex-
plored superconductivity on the triangular lattice Hub-
bard model where they considered an effective model for
hole-doped MoS2. This material notably has spin-valley
locking that was implemented through the incorpora-
tion of imaginary hoppings and some triangular warping.
Here, we considered a model with conventional, real hop-
pings and find a transition between p-wave and d-wave
order as opposed to the PDW order found previously. To-
gether these works reinforce the picture that the under-
lying frustration of the triangular lattice offers a complex
landscape for hosting superconductivity through strongly
correlated physics.
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