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We identify and investigate two classes of non-Hermitian systems, i.e., one resulting from Lorentz-symmetry
violation (LSV) and the other from a complex mass (CM) with Lorentz invariance. The mechanisms to break,
and approaches to restore, the bulk-boundary correspondence in these two types of non-Hermitian systems are
clarified. The non-Hermitian system with LSV shows a non-Hermitian skin effect, and its topological phase
can be characterized by mapping it to the Hermitian system via a non-compact U(1) gauge transformation.
In contrast, there exists no non-Hermitian skin effect for the non-Hermitian system with CM. Moreover, the
conventional bulk-boundary correspondence holds in this (CM) system. We also consider a general non-
Hermitian system in the presence of both LSV and CM, and we generalize its bulk-boundary correspondence.

I. INTRODUCTION

Topological band theory for Hermitian systems,
such as topological insulators and topological
superconductors1–14, has made remarkable progress
in the past two decades. Recently, topological phases
of non-Hermitian systems have been theoretically
studied in topological insulators15–28, topological
superconductors29–34, Weyl semimetals35–37, etc.38–55,
and have been experimentally observed in Refs.56–61.
Non-Hermitian Hamiltonians can describe open systems
with gain and/or loss62, interacting and disordered
systems with finite lifetimes of quasiparticles63–66,
and have many unique features, e.g., the existence
of exceptional points causing eigenstates to coalesce
and making Hamiltonians non-diagonalizable67–72.
Non-Hermitian Hamiltonians have been successfully
applied to explain experiments in various platforms
including, photonic73–85 and mechanical systems86–88.
The introduction of non-Hermiticity into band theory
induces many novel topological properties, which are
significantly different from their Hermitian counterparts,
e.g., Weyl exceptional rings89, bulk Fermi arcs90

and breakdown of conventional bulk-boundary
correspondence91–94. In contrast to the Hermitian
case, the bulk spectra of non-Hermitian systems strongly
rely on the boundary conditions92–95. Therefore,
topological invariants, defined by non-Hermitian Bloch
Hamiltonians, usually fail to characterize topological
phases in non-Hermitian systems, which leads to
the breakdown of the conventional bulk-boundary
correspondence. Although many efforts have been
made to propose new topological invariants, e.g. non-
Bloch winding and Chern numbers93,94, to restore

the bulk-boundary correspondence of non-Hermitian
Hamiltonians93–97, it remains a challenge to understand
and characterize the topological phases of non-Hermitian
systems. For example, for a non-Hermitian Hamiltonian,
should its topological phase follow the Block-wave or
non-Bloch-wave behavior? This is not uncovered in
Refs.93,94.

In this paper, we investigate the topological phases of
non-Hermitian systems. According to both Dirac and
current-conservation equations, non-Hermitian systems
can mainly be classified into two classes: one resulting
from Lorentz symmetry violation (LSV), and the other
from a complex mass (CM) with Lorentz invariance.
We clarify the mechanisms to break the conventional
bulk-boundary correspondence in these two types of
non-Hermitian systems, and develop approaches to
generalize the bulk-boundary correspondence. In
particular, the topological phases of non-Hermitian
Hamiltonians with LSV can be described by non-Bloch
topological invariants, while those with CM follow the
Bloch-wave behavior. The non-Hermitian Su-Schrieffer-
Heeger (SSH)98, Qi-Wu-Zhang (QWZ)99 models and
the disordered Kitaev chain3 exemplify our approaches.
Remarkably, our approach can unperturbatively predict
the topological phases of 2D non-Hermitian systems. We
also discuss a general non-Hermitian system containing
both LSV and CM non-Hermiticities.

The remaining of this paper is organized as follows.
In Sec. II, we give a short review of Hermitian Dirac
equation. In Sec. III, the LSV non-Hermitian systems
are studied. In Sec. IV, we discuss the non-Hermitian
systems with CM. Non-Hermiticity with mixed LSV and
CM is discussed in Sec. V. Finally, we summarize the
results of this paper in Sec. VI.
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II. HERMITIAN DIRAC EQUATION

Generally, topological band systems can be described
by the Dirac equation12,100. The Dirac Hamiltonian reads

H = ψ̄(i∇⃗ ⋅ γ⃗ +m)ψ, (1)

wherem is the mass of the fermion, ψ is the field operator
of spinors, ψ̄ = ψ†γ0, and γµs satisfy the Clifford algebra
{γµ, γν} = 2ηµν , with ηµν = diag{1,−1,−1,−1} being
the Minkowski metric tensor. In addition, we have the
conserved current equation

∂tρ − ∇⃗ ⋅ j⃗ = 0, (2)

where ρ = ψ̄γ0ψ and j⃗ = ψ̄γ⃗ψ. In k space, the spectrum
of Eq. (1) is

EDE
±

(k) = ±
√
k2 +m2. (3)

For m = 0, there exists zero-energy states, representing
the critical points of the topological quantum phase
transition. If we consider a domain-wall defect
sandwiched by two regions with opposite signs of the
mass, there exist gapless boundary modes localized at
the interface. In the following sections, we generalize
the Hermitian Dirac and current equations to the non-
Hermitian cases.

III. NON-HERMITICITY WITH LSV

In this section, we introduce the first class of non-
Hermitian systems, i.e, non-Hermiticity with LSV. We
begin with the LSV Dirac equation and then generalize it
to the lattice models. We find that the conventional bulk-
boundary correspondence of these LSV systems breaks
down due to the intrinsic currents, and the non-Hermitian
skin effect emerges93,94.

A. Lorentz-symmetry-violation Dirac equation

As H is U(1) gauge invariant, we only need to
consider a compact U(1) gauge group in the Hermitian
case. With a specific non-compact U(1) gauge
transformation onH, then

HLV = ψ̄[γ⃗ ⋅ (i∇⃗ + A⃗) +m]ψ, (4)

where A⃗ = ∇χ = A⃗r + iA⃗i is a complex vector potential,
with real vectors A⃗r and A⃗i. Here, the non-compact U(1)
gauge transformation eS on spinors satisfies

ψ → eSψ, ψ̄ → ψ̄e−S . (5)

In this case, HLV becomes non-Hermitian for A⃗i ≠ 0.
Here, the Lorentz symmetry is broken, the compact

part of U(1) gauge symmetry is not broken101, and
we label this type of non-Hermiticity as LSV102. The
eigenenergies of HLV are real, and have the same values
as those of the Hermitian Hamiltonian H in spite of
the non-Hermitian terms. However, in contrast to the
eigenstates of H, the real-space right (left) eigenstates
of the continuum non-Hermitian Hamiltonian HLV have
an extra phase e−iχ (eiχ) with complex χ. Therefore, the
states of HLV become exponentially localized, which is
exactly the non-Hermitian skin effect93,94. Furthermore,
becauseH andHLV can be transformed to each other by a
gauge transformation, they are topologically equivalent.

For non-Hermitian systems, the real-space bands can
be considerably different from those in k space. The
eigenenergies ofHLV with a constant A⃗ in k space are

ELSV
±

(k) = ±
√

(k⃗ + A⃗r + iA⃗i)2 +m2, (6)

and can be complex, while they are real in real space.
Therefore, the energy spectra of non-Hermitian systems
strongly depend on its boundary conditions. Moreover,
the bulk-boundary correspondence in this non-Hermitian
system with LSV is correspondingly broken.

To uncover the nature of such breakdown, we consider
the current equation forHLV

102:

∂tρ − ∇⃗ ⋅ j⃗ = −2A⃗i ⋅ j⃗. (7)

The right hand of Eq. (7) is a source term, making
the solutions of ρ and j⃗ exponentially localized at
the edge with the form e−iχ (eiχ). In addition, this
source is a classical vector field A⃗i resulted from non-
Hermiticity. To distinguish it with the one in CM case
discussed in Sec. IV, we call it an intrinsic current. The
intrinsic current suffers from an ambiguity on orientation,
when going from open to periodic boundary conditions.
This leads to the breakdown of the conventional bulk-
boundary correspondence in non-Hermitian system with
LSV. To preserve the current conservation and overcome
this ambiguity, we replace k⃗ with (k⃗ − A⃗) to cancel the
effect of the gauge transformation. Then, after applying
the Fourier transformation to have a real-space form,
the conserved current equation is restored. Moreover,
according to topological band theory, the topology relies
on the topological properties of the wave function. Thus,
the non-compactU(1) transformation, a local continuous
mapping of the wave function, does not change the
topology of the system. Therefore, the topological
invariant, defined by the k space Hamiltonian after
replacing k⃗ with (k⃗ − A⃗), reflects the topological phases
of HLV in real space, which restores the bulk-boundary
correspondence.
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B. Lorentz-symmetry-violation lattice models

As in the case for the above continuum model, the
topological phases of the lattice model in the presence of
the non-Hermiticity with LSV can be also investigated
from the perspective of the non-compact U(1) gauge
transformation. To clarify this, we begin with a
Hermitian lattice Hamiltonian

H0 = ∑
αβij

c†
α,ih

αβ
ij cβ,j , (8)

with lattice sites i, j and band indices α,β. By a non-
compact U(1) gauge transformation103,H0 becomes

H̃ = e−SH0e
S = ∑

αβij

c†
α,ih

αβ
ij exp(iAij)cβ,j , (9)

where Aij is a lattice vector potential. If eS is unitary
with a real Aij , H̃ remains Hermitian. However, for
the non-unitary transformation eS with a complex Aij ,
H̃ becomes non-Hermitian with LSV. Moreover, as in
the case of the continuum model, H̃ exhibits the non-
Hermitian skin effect, and breaks the conventional bulk-
boundary correspondence. Because H̃ and H0 are
topologically equivalent, the topological phases of the
Hamiltonian H̃ in the presence of non-Hermiticity with
LSV can be characterized by mapping it to the Hermitian
form with a non-compact U(1) gauge transformation.

C. Two examples

We now consider two concrete 1D and 2D non-
Hermitian models with LSV. For the 1D SSH model with
an asymmetric intercell hopping:

H1 =∑
n

t1c
†
A,ncB,n + t1c†

B,ncA,n + (t2 + Γ)c†
A,n+1cB,n

+ (t2 − Γ)c†
B,ncA,n+1 ≡ ∑

αβij

c†
α,ih

αβ
ij cβ,j , (10)

where α,β are orbital indices representing the A,B sub-
lattices, respectively. We rewrite H1 as

H1 = ∑
αβij

c†
α,ih̃

αβ
ij exp(iAij)cβ,j , (11)

where h̃αβij is the standard Hermitian SSH model.
Substituting it into Eq. (10), we can obtain

Aij=−i ln
√

(t2 − Γ)/(t2 + Γ). (12)

The modified intracell and intercell hopping strengths
appearing in h̃αβij are

t̃1 = t1 and t̃2 =
√

(t2 − Γ)(t2 + Γ), (13)

FIG. 1. Phase diagram of the 2D non-Hermitian QWZ model
H2, with the corresponding Chern numbers Cs. (a) For the
general case, there are four topological phase boundaries with
m = ±(

√
1 + δ2x +

√
1 + δ2y), and m = ±(

√
1 + δ2x −

√
1 + δ2y).

In the vicinity of m = 0, topologically trivial regions exist.
Here, δx = 1/2. (b) When δx = δy = δ, there exist three phase
boundaries with m = ±2

√
1 + δ2 and m = 0.

respectively. According to the above discussions, the
non-Hermitian Hamiltonian H1 and the transformed
Hermitian Hamiltonian

H̃1 = ∑
αβij

c†
α,ih̃

αβ
ij cβ,j (14)

are topologically equivalent. Therefore, H1 is topolog-
ically nontrivial for −t̃2 < t1 < t̃2. Note that this
generalized bulk-boundary correspondence is the same as
the one derived by the non-Bloch-wave method in Ref.93.

We then consider the 2D non-Hermitian QWZ
model94,99, which describes a Chern insulator:

H2(k⃗) =(sinkx + iδx)σx + (sinky + iδy)σy
+ (m − coskx − cosky)σz. (15)

To restore the bulk-boundary correspondence, the non-
Bloch-wave method in perturbation theory was used in94;
while we can solve it exactly. We map H2(k⃗) to the
corresponding Hermitian Hamiltonian by a non-compact
U(1) gauge transformation by replacing (kx, ky) with
(kx + iAx, ky + iAy). Here, both Ax and Ay are real
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FIG. 2. (Color online).Spatial distribution of the zero-energy
modes along the lattice with t1 = 0.4. The zero-energy modes
are localized at both edges, indicating there is no non-Hermitian
effect.

and k⃗-independent, and they can be solved by letting the
spectrum of the corresponding Hamiltonian to be real
(see Appendix A). Generally, there exist four topological
phase boundaries:

m = ±(
√

1 + δ2x +
√

1 + δ2y),

m = ±(
√

1 + δ2x −
√

1 + δ2y), (16)

as shown in Fig. 1(a). For the specific case δx = δy = δ,
three topological phase boundaries can be found as

m = 0, and ± 2
√

1 + δ2,

as shown in Fig. 1(b). In particular, for a small
δ, the topological phase boundaries to first-order
approximation are

m = ±(2 + δ2), (17)

which are consistent with the perturbation results in
Ref.94.

IV. NON-HERMITICITY WITH CM

In addition to the non-Hermiticity induced by LSV, the
non-Hermiticity can also result from generalizing some
parameters from real to complex. One typical example
is the non-Hermitian system whose mass term becomes
complex, i.e., m = mr + imi, with real mr and mi.
In this section, we investigate the topological properties
of the non-Hermitian systems with CM. We find that
there exists no non-Hermitian skin effect, and the bulk-
boundary correspondence holds.

A. Complex-mass Dirac equation

The Dirac Hamiltonian of CM system reads

HCM = ψ̄(i∇⃗ ⋅ γ⃗ +mr + imi)ψ, (18)

which is with Lorentz invariance and compact U(1)
gauge invariance. In contrast to the non-Hermitian
Hamiltonian with LSV, it cannot be mapped to the
Hermitian form by a non-compact U(1) gauge transfor-
mation. The current equation is calculated as

∂tρ − ∇⃗ ⋅ j⃗ = 2miγ0ρ. (19)

As in the case of LSV, the right hand of Eq. (19) is
also a source term resulted from non-Hermiticity, making
the solution of ρ exponentially decay or enhance in the
time domain. However, this source term in Eq. (19) is a
classical scalar field and not orientable, thus there exists
no intrinsic current. Instead, the system decays, and thus
behaves like a finite-lifetime particles due to this source.
Note that the Hamiltonian Eq. (18) is different from the
ones in Refs.104,105, where non-Hermitian mass matrices
with different symmetries are discussed.

According to the zero-mode domain wall solution of
HCM, mr contributes to edge localization, while mi leads
to oscillations. Therefore, mr = 0 is the critical point. In
k space, the dispersion relation ofHCM is

ECM
±

(k) = ±
√
k2 + (mr + imi)2, (20)

where the upper and lower bands coalesce at the
exceptional points kEP = ±∣mi∣ for mr = 0, and the
topological phase boundaries are determined by ∣ECM∣ =
0. In contrast to the system with LSV, since the source
of non-Hermitian system with CM is not orientable,
i.e., there is no intrinsic current, it will not suffer from
any ambiguity on orientation, when going from open to
periodic boundary conditions. Thus, the energy spectrum
is not sensitive to the boundary condition. Therefore, the
conventional bulk-boundary correspondence holds for
the system in the presence of non-Hermiticity with CM.
In Appendix B, we give a detailed geometric description
of the topological phase transition for this kind of non-
Hermitian system. Note that the above discussion for
the non-Hermitian continuum model can be directly
generalized to the non-Hermitian lattice model with CM,
where there exists no non-Hermitian skin effect, and the
conventional bulk-boundary correspondence holds.

Alternatively, as disscussed in Ref.106, we can consider
a minimal coupling to a two-level environment to
describe the non-Hermitian systems with CM. The
coupled Hamiltonian can be written as

Hcp =HCM ⊗ σ+ +H†
CM ⊗ σ−, (21)
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FIG. 3. (a) Real part, (b) imaginary part, (c) absolute values, and (d) singular values of the energy spectra of the effective
Hamiltonian Heff(k) as a function of µ̄ with open boundary conditions. For ∣µ̄∣ <

√
1 − Γ2 = 0.87, the system is topologically

nontrivial supporting Majorana zero modes (see red curves). According to the (c,d), the singular values of Heff(k) directly reflect
the topological phase of the non-Hermitian systems with CM. Here, the number of unit cells is 80, with Γ = 0.5, t = ∆ = 1/2, and
V0 = 2.

where σ± ≡ (σx ± iσy)/2. It is shown that the
eigenvalues and eigenvectors of Hcp are the singular
values and singular matrices of HCM (see Appendix C).
Therefore, the minimal coupling is equivalent to solving
the singular value decomposition (SVD) of HCM, where
∣ECM∣ = 0 represents zero-value singular values of HCM.
Therefore, we can also use the SVD to explore the
topological properties of the non-Hermitian systems with
CM, and overcome the precision problem of numerical
diagonalization of non-Hermitian Hamiltonians.

B. Complex-mass SSH model

For a non-Hermitian system with a complex mass,
there exists no non-Hermitian skin effect, and the
conventional bulk-boundary correspondence holds. To
exemplify this, we consider a non-Hermitian SSH model
with complex mass. The real-space Hamiltonian reads

H3 =∑
n

(t1 + iκ)c†
A,ncB,n + (t1 + iκ)c†

B,ncA,n

+t2c†
A,n+1cB,n + t2c†

B,ncA,n+1, (22)

whose eigenenergies are complex. It cannot be mapped
to a Hermitian model with a non-compact U(1) gauge

transformation. In addition, according to the real-space
eigenstates, there exists no non-Hermitian skin effect.
Applying the Fourier transformation, we have the k-
space Hamiltonian as

H3(k)= (t1 + iκ + t2 cosk)σx + t2 sinkσy

= ( 0 t1 + iκ + t2e−ik
t1 + iκ + t2eik 0

)

= ( 0 h1(k)
h2(k) 0

) . (23)

The dispersion relation is

E±(k) = ±
√
t21 + t22 − κ2 + 2t1t2 cosk + 2iκ(t1 + t2 cosk).

(24)

Letting ∣E±(k)∣ = 0, we can obtain the topological phase
transition points as t21 = t22 − κ2. The winding numbers
of h1(k) and h2(k) that have either opposite values
or simultaneously zero values. For t21 < t22 − κ2, the
winding numbers are non-zero, indicating that the system
is topologically nontrivial. Moreover, the zero-energy
boundary modes are localized at both edges (see Fig. 2).
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FIG. 4. (a) Real part and (b) absolute value of the energy spectra of H5 with open boundary conditions. For ∣t1∣ <√
Γ2 − κ2 + (t42 − 4Γ2κ2)1/2 = 0.83, the system is topologically nontrivial, supporting zero-energy boundary modes (red curves).

The number of unit cells is 80 with t2 = 1, κ = 0.6, and Γ = 0.5. (c) Absolute value of the energy spectrum of H5 with periodic
boundary conditions, where there exists four topological phase transitions. The energy spectrum is distinct from that with open
boundary conditions, indicating that the mixed non-Hermitian Hamiltonian is sensitive to its boundary conditions. (d) The singular
values of H5 with the open boundary conditions. According to (b,d), the singular values cannot directly reflect the topological
phases of mixed non-Hermitian systems.

C. Disordered Kitaev chain

As an another concrete non-Hermitian model with
CM, we consider a disordered Kitaev chain. The
Hamiltonian is H4 =H0 +Hdis, where

H0 =∑
n

[(−tc†
n+1cn +∆c†

n+1c
†
n + h.c.) + µc†

ncn],

Hdis =∑
n

Unc
†
ncn, (25)

where Hdis denotes diagonal disorder. Here, t and
∆ are real numbers representing the hopping strength
and the superconducting gap, respectively, and Un ∈
[−V0/2, V0/2] is the disorder satisfying an uniform
distribution. As shown in Refs.64–66, we can construct
an effective non-Hermitian Hamiltonian by considering
the retarded Green’s function

Gret(k,ω) = [ω −Heff(k)]−1, (26)

where

Heff(k) ≡H0(k) +Σret(k,ω), (27)

and Σret(k,ω) is the retarded self-energy of the disorder
scattering. The effective Hamiltonian has the form

Heff(k) = −2∆ sinkσy + (µ̄ + iΓ − 2t cosk)σz, (28)

where µ̄ is a renormalized chemical potential (see Ap-
pendix D). This non-Hermitian Hamiltonian effectively
describes the disordered Kitaev chain, where the disorder
scattering makes the particles possess a finite lifetime,
and thus broadens the bands and shrinks the gap64. It
is thus inferred that the non-Hermiticity in Heff(k) is
attributed to the CM. The conventional bulk-boundary
correspondence holds for Heff(k). The energy spectra
of Heff(k) is shown in Fig. 3(a-c). When

µ̄2 < t2[4 − (Γ/∆)2], (29)

the system is topologically nontrivial supporting Majo-
rana zero modes (see red curves). In particular, according
to Ref.107 and Appendix D, for µ = 0 and t = 1, the self-
energy is iV 2

0 (11 + σz)/48. The disordered Kitaev chain
is topologically nontrivial for

∆∣ > V 2
0 /96, (30)
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which agrees with the results in Refs.107–109. In addition,
according to Fig. 3(c,d), the singular values of Heff(k)
directly reflect the topological phase of non-Hermitian
systems with CM.

V. NON-HERMITICITY WITH MIXED LSV AND CM

As discussed above, the non-Hermiticity can mainly
result from LSV or CM. However, for a general non-
Hermitian system, there exists both LSV and CM,
dubbed here as mixed non-Hermiticity. In this case, due
to LSV, the non-Hermitian system with mixed LSV and
CM is sensitive to boundary conditions. Therefore, we
need to utilize the non-compact U(1) gauge transforma-
tion to map such mixed non-Hermitian Hamiltonian to
the one containing only a CM. Its topological phases are
then determined by this transformed Hamiltonian.

We now consider a mixed non-Hermitian SSH model:

H5 =∑
n

[(t1 + iκ + Γ)c†
A,ncB,n + (t1 + iκ − Γ)c†

B,ncA,n

+t2c†
A,n+1cB,n + t2c†

B,ncA,n+1] . (31)

By a non-compact U(1) gauge transformation, we can
map it to a non-Hermitian Hamiltonian with the only CM
term left as

H̃5 = e−SH5e
S =∑

n

t̃1(c†
A,ncB,n + c

†
B,ncA,n)

+ t̃2(c†
A,n+1cB,n + c

†
B,ncA,n+1), (32)

where93

eS = diag(1, r, r, r2, r2, ..., rL−1, rL−1, rL), (33)

and

r =
√

(t1 + iκ − Γ)/(t1 + iκ + Γ), (34)

Note that the Hamiltonians H̃5 and H5 are topologically
equivalent. The effective intracell and intercell hopping
strengths for the transformed Hamiltonian H̃5 is obtained
as

t̃1 =
√

(t1 + iκ − Γ)(t1 + iκ + Γ) and t̃2 = t2,
(35)

respectively. Therefore, for

t21 ⩽ Γ2 − κ2 +
√
t42 − 4Γ2κ2, (36)

H5 is topologically nontrivial supporting zero-energy
boundary modes, as shown in Fig. 4(a,b). The energy
spectrum of the mixed non-Hermitian SSH model is
sensitive to its boundary conditions [see Fig. 4(b,c)]. In
addition, by comparing Fig. 4(c) with 4(d), the singular
values of the SVD cannot directly reflect the topological
phase of the mixed non-Hermitian systems.

VI. CONCLUSION

The topological phases of non-Hermitian systems are
studied from the Dirac equation. Using both Dirac
and current-conservation equations, we identified and
investigated two classes of non-Hermiticities due to
LSV and CM. We also addressed the mechanisms to
break the conventional bulk-boundary correspondence
in these two types of non-Hermitian systems. There
exists intrinsic current and non-Hermitian skin effects
in the non-Hermitian system with LSV. The bulk-
boundary correspondence can be restored by mapping
it to the Hermitian case via a non-compact U(1) gauge
transformation. In contrast, the non-Hermitian system
with CM shows no intrinsic current, while the particles
in this system have a finite lifetime. Moreover, there
exists no non-Hermitian skin effect, and the conventional
bulk-boundary correspondence holds in this system.
In addition, the singular values of the SVD can be
utilized to directly reflect the topological phase of this
system. We also studied a general non-Hermitian system
containing both LSV and CM non-Hermiticities, and
suggested the approaches to generalize its bulk-boundary
correspondence.
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Appendix A: Non-Hermitian Qi-Wu-Zhang model with
Lorentz symmetry violation

The Qi-Wu-Zhang (QWZ) model is an example of a
2D model describing a Chern insulator. The topological
phases of the non-Hermitian QWZ model have been
investigated using the non-Bloch-wave method in the
framwork of perturbation theory in Ref.94. However,
we can solve it exactly via a non-compact U(1) gauge
transformation. Here, we present the details to obtain the

phase diagram of the non-Hermitian QWZ model with
the Hamiltonian shown in Eq.(15). By replacing k⃗ with
(k⃗ + iA⃗), we have

H̃2(k⃗) =[sin(kx + iAx) + iδx]σx + [sin(ky + iAy) + iδy]σy

+[m − cos(kx + iAx) − cos(ky + iAy)]σz. (A1)

The spectrum of H̃2(k⃗) can be written as

E2 = [sin(kx + iAx) + iδx]2 + [sin(ky + iAy) + iδy]2 + [m − cos(kx + iAx) − cos(ky + iAy)]2

=m2 + 2 − δ2x − δ2y + 2iγx(coshAx ⋅ sinkx + i sinhAx ⋅ coskx) + 2iδy(coshAy ⋅ sinky + i sinhAy ⋅ cosky)
−2m(coshAx ⋅ coskx − i sinhAx ⋅ sinkx) − 2m(coshAy ⋅ cosky − i sinhAy ⋅ sinky)
+2(coshAx ⋅ coskx − i sinhAx ⋅ sinkx)(coshAy ⋅ cosky − i sinhAy ⋅ sinky). (A2)

Now we consider the real and imaginary parts of E2 as

ReE2 = m2 + 2 − δ2x − γ2y − 2δx sinhAx ⋅ coskx − 2δy sinhAy ⋅ cosky − 2m coshAx ⋅ coskx − 2m coshAy ⋅ cosky

+ 2 coshAx ⋅ coshAy ⋅ coskx ⋅ cosky − 2 sinhAx ⋅ sinhAy ⋅ sinkx ⋅ sinky, (A3)

ImE2 = 2γx coshAx ⋅ sinkx + 2δy coshAy ⋅ sinky + 2m sinhAx ⋅ sinkx + 2m sinhAy ⋅ sinky
− 2 coshAx ⋅ sinhAy ⋅ coskx ⋅ sinky − 2 sinhAx ⋅ coshAy ⋅ sinkx ⋅ cosky. (A4)

By letting ImE2 = 0, we have

δx coshAx +m sinhAx − sinhAx ⋅ coshAy ⋅ cosky = 0, (A5)

δy coshAy +m sinhAy − coshAx ⋅ sinhAy ⋅ coskx = 0. (A6)

Firstly, we consider the special case, i.e., δx = δy = δ.
According to Ref.94, we know that the gappless bands
only appear at high-symmetry points of the Brillouin
zone, i.e., (kx, ky) = (0,0), (0, π), (π,0) and (π,π).
For (kx, ky) = (0,0), according to the symmetry of
Eq. (A5) and (A6), we can obtain Ax = Ay = A, and
A satisfies

δ coshA +m sinhA = sinhA ⋅ coshA. (A7)

The real part of E2 can be simplified as

ReE2 =m2 + 2 − 2δ2 − 4δ sinhA − 4m coshA + 2 cosh2A.

(A8)

Given ReE2 = 0, we can solve the Eqs. (A7) and (A8),
and the critical point is obtained as

m = 2
√
δ2 + 1. (A9)

Similarly, for (kx, ky) = (0, π) = (π,0), the
corresponding critical point is m = 0, while for
(kx, ky) = (π,π), the critical point is

m = −2
√
δ2 + 1. (A10)

For the general case δx ≠ δy , we can apply the same
procedures at the high-symmetry points (kx, ky) =
(0,0), (0, π), (π,0) and (π,π). For (kx, ky) =
(0,0), (π,π), the critical points can be solved as

m = ±(
√

1 + δ2x +
√

1 + δ2y), (A11)

and other two critical points are

m = ±(
√

1 + δ2x −
√

1 + δ2y). (A12)
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Appendix B: Geometric description of topological phase
transitions of non-Hermitian systems with complex mass

Here, based on quantum field theory, we give a
geometric description of topological phase transitions in
Hermitian systems, and then generalize it to the non-
Hermitian case with complex mass. This provides a
new viewpoint to understand the topological properties
of non-Hermitian systems.

In quantum field theory, the 4D Dirac spinor is a
representation of the 4D Clifford algebra. The generators
of the algebra are γµ matrices, which satisfy

{γµ, γν} = 2ηµν . (B1)

It mathematically turns out that the 4D Dirac represen-
tation of the Lorentz group is reducible due to SO(4) ≃
SUL(2) × SUR(2). Hence we can define the chirality
with the operator PL,R = (1 ∓ γ∗)/2, and ψL,R = PL,Rψ.
This forms a 2D representation by writing the Dirac
spinor as

ψ = ( ψL
ψR

) . (B2)

Here, ψL,R transform under SUL,R(2), respectively, and
is named as left- and right-handed Weyl spinor. Note
that γ∗ is defined as γ∗ = iγ0γ1γ2γ3, and ψL,R are
the eigenstates of γ∗. Then let us accordingly consider
a global transformation generated by γ∗, i.e., the chiral
transformation ψ → eiθγ∗ψ. Analyzing its infinitesimal
transformation, we can obtain the corresponding Noether
current jµ∗ = ψ̄γµγ∗ψ, which satisfies

∂µj
µ
∗
= 2imψ̄γ∗ψ. (B3)

Note that jµ∗ is conserved only if m = 0, indicating that a
chiral phase transition occurs at m = 0.

Alternatively, there exists a geometric interpretation
of the topological or chiral phase transition in fermionic
systems. The phase transition could be identified as
a Dirac field defined in a space-time with different
topologies. Without loss of generality, let us investigate
the dynamics of a massless spinor ψ(X) in D + 1 di-
mensional Minkowskian spacetime RD+1 parameterized
by X ≡ {XM} = {xµ, xD+1 ≡ y}, and the index µ runs
from 0,1,⋯,D − 1. The Dirac equation for the spinor is
given as

γM∂Mψ(X) = 0, (B4)

where the matrices γM ≡ {γµ,Γ} satisfy the (D +
1) dimensional Clifford algebra {γM , γN} = 2ηMN .
In order to take into account a mass term, we could
compactify one spatial direction, denoted by y, of the
space-time on a circle S1 with radius L so that τ(y) =

τ(y + 2πL). Here τ denotes the line element on S1 and
the topology of the spacetime now becomes RD × S1.
Then, we expand the spinor by its Fourier modes as

ψ(X) =∑
n

eikyΨn(x), (B5)

where k is the momentum on the y direction. Note that
the boundary condition could be either periodic or anti-
periodic, i.e., ψ(x, τ) = ±ψ(x, τ + 2π) for a spinor,
and we consider the anti-periodic condition here, since
a fermionic field is not observable. Therefore, k has to
satisfy the quantization condition

k = l

2L
, l ∈ Z. (B6)

By plugging (B5) into (B4), we obtain

γM∂Mψ(X) =∑
n

(γµ∂µ + Γ∂y)eikyΨn(x) = 0, (B7)

which leads to

(iγµ∂µ − kΓ)Ψn(x) = 0. (B8)

Hence we can define the effective mass

m2
l ≡ ∣lΓ/(2L)∣2 = l2/(4L2) (B9)

to obtain the massive Dirac equation in D dimension. As
discussed here, the Dirac equation is chirally symmetric
only for the massless spinor, so the chiral transition can
be geometrically interpreted as going from L → ∞ to
a finite L. The former corresponds to a space-time with
topology RD+1, and the latter corresponds to its topology
RD × S1. Thus the chiral transition could be understood
as a topological transition of the (D + 1) dimensional
spacetime from RD+1 to RD × S1. Furthermore, the
equation (B8) also leads to an effective vertex kΨ̄ΓΨ
in the associated action. If we accordingly compare
Eq. (B8) with the coupling term in the gauge theory
involving fermions, i.e., Ψ̄γµAµΨ, the effective vertex
kΨ̄ΓΨ can be obtained by treating Aµ as an external
field. In this sense, by taking into account the massive
Dirac equation

(iγµ∂µ −m)Ψ(x) = 0, (B10)

we can define an imaginary mass,

(mi)2 ≡ [lΓ/(2L)]2 = −l2/(4L2), (B11)

in order to describe such an effective interaction in D-
dimensional space-time.
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Appendix C: Minimal coupling and singular value
decomposition

The minimal coupling106 and the singular value
decomposition (SVD) can be used to explore the
topological properties of the non-Hermitian systems with
complex mass. In addition, the SVD can overcome the
precision problem of numerically diagonalizing a non-
Hermitian Hamiltonian. In this section, we demonstrate
that the minimal coupling is equivalent to calculating
the singular value decomposition for the non-Hermitian
Hamiltonian with complex mass. We write the minimal
coupling Hamiltonian

Hcp =HCM ⊗ σ+ +H†
CM ⊗ σ− (C1)

as

Hcp = ( 0 HCM

H†
CM 0

) . (C2)

HCM satisfies the singular value decomposition as

HCM = UΣV †,

H†
CM = V ΣU †, (C3)

where Σ is a positive diagonal matrix. Thus, we have

Hcp = ( 0 U
V 0

)( 0 Σ
Σ 0

)( 0 V †

U † 0
) , (C4)

with

( 0 Σ
Σ 0

) = 1√
2
( 1 1
−1 1

) ⋅ (−Σ 0
0 Σ

) ⋅ 1√
2
(1 −1
1 1

) .

(C5)

The Hermitian Hamiltonian Hcp can be diagonalized as

Hcp = Λ(−Σ 0
0 Σ

)Λ†, (C6)

with

Λ = ( 0 U
V 0

) ⋅ 1√
2
( 1 1
−1 1

) ⋅ (C7)

It is clear that the eigenvalues and eigenvectors of
H are the singular values and singular matrix of
HCM, respectively. Therefore, the minimal coupling is
equivalent to solving the singular value decomposition of
the non-Hermitian system with complex mass.

Appendix D: Self-energy of disorder Kitaev chain

To obtain the effective Hamiltonian of the disordered
Kitaev chain, we need to calculate the self-energy of the
disorder scattering. Here, we derive the form of the self-
energy using Feynman diagrams. The Hamiltonian of the
disordered Kitaev chain has the form

H4=∑
k

[ψ†
k[−2∆ sinkσy + (µ − 2t cosk)σz]ψk

+∑
q

V (q)ψ†
k+qΛψk], (D1)

where ψk = (ck, c†
−k)T , V (q) = ∑nUne−inq , and Λ =

(11 + σz)/2. In addition, V (q) satisfies

⟨V (q)⟩ = 0, ⟨V (q1)V (q2)⟩ =
V 2
0

12
δ(q1 + q2),

(D2)

where ⟨...⟩ means the average over disorder, and δ(⋅) is
the Dirac delta function.

We consider the Matsubara self-energy of non-
crossing diagrams, and the nth-order Matsubara self-
energy Σn(k, iω) has the form

Σ1(k, iω) = ⟨V (0)⟩ = 0,

Σ2(k, iω) =∑
q

⟨V (k − q)V (q − k)⟩ΛG0(q, iω)Λ

... (D3)

with

G0(q, iω) =
1

iω −H0(q)
, (D4)

where H0(q) is the free part of H4. Thus, the total
Matsubara self-energy reads

Σ(k, iω) = g(k, iω) ⋅Λ = g(k, iω)/2 + g(k, iω)/2 ⋅ σz,
(D5)

where g(k, iω) is a (k,ω)-dependent function. By
analytic continuation iω → ω + i0+, we can obtain the
retarded self-energy

Σret(k,ω)= Σ(k,ω + i0+)
= g(k,ω + i0+)/2 + g(k,ω + i0+)/2 ⋅ σz.

(D6)

The real part of g(k,ω + i0+) renormalizes the chemical
potential, while the imaginary part gives the finite
lifetimes of the particles. Therefore, the effective
Hamiltonian of H4 reads

Heff(k) = −2∆ sinkσy + (µ̄ + iΓ − 2t cosk)σz, (D7)

where

µ̄= µ + 1

2
Re[g(k,ω + i0+)],

Γ= 1

2
Im[g(k,ω + i0+)]/2. (D8)



11

∗ yrzhang@csrc.ac.cn
† tao.liu@riken.jp
‡ hfan@iphy.ac.cn
1 D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M.

den Nijs, Quantized Hall conductance in a two-dimensional
periodic potential, Phys. Rev. Lett. 49, 405 (1982).

2 N. Read and D. Green, Paired states of fermions in
two dimensions with breaking of parity and time-reversal
symmetries and the fractional quantum Hall effect, Phys.
Rev. B 61, 10267 (2000).

3 A. Y. Kitaev, Unpaired Majorana fermions in quantum
wires, Phys. Usp. 44, 131 (2001).

4 C. L. Kane and E. J. Mele, Quantum spin Hall effect in
Graphene, Phys. Rev. Lett. 95, 226801 (2005).

5 C. L. Kane and E. J. Mele, Z2 Topological order and
the quantum spin Hall effect, Phys. Rev. Lett. 95, 146802
(2005).

6 J. E. Moore and L. Balents, Topological invariants of time-
reversal-invariant band structures, Phys. Rev. B 75, 121306
(2007).

7 L. Fu, C. L. Kane, and E. J. Mele, Topological insulators in
three dimensions, Phys. Rev. Lett. 98, 106803 (2007).

8 L. Fu and C. L. Kane, Topological insulators with inversion
symmetry, Phys. Rev. B 76, 045302 (2007).

9 A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig,
Classification of topological insulators and superconductors
in three spatial dimensions, Phys. Rev. B 78, 195125 (2008).

10 A. Y. Kitaev, Periodic table for topological insulators and
superconductors, AIP Conf. Proc. 22, 22 (2009).

11 M. Z. Hasan and C. L. Kane, Colloquium: topological
insulators, Rev. Mod. Phys. 82, 3045 (2010).

12 X. L. Qi and S. C. Zhang, Topological insulators and
superconductors, Rev. Mod. Phys. 83, 1057 (2011).

13 A. Bansil, H. Lin, and T. Das, Colloquium: topological
band theory, Rev. Mod. Phys. 88, 021004 (2016).

14 C. K. Chiu, J. C. Y. Teo, A. P. Schnyder, and S.
Ryu, Classification of topological quantum matter with
symmetries, Rev. Mod. Phys. 88, 035005 (2016).

15 K. Esaki, M. Sato, K. Hasebe, and M. Kohmoto, Edge states
and topological phases in non-Hermitian systems, Phys.
Rev. B 84, 205128 (2011).

16 Y. C. Hu and T. L. Hughes, Absence of topological insulator
phases in non-Hermitian PT -symmetric Hamiltonians,
Phys. Rev. B 84, 153101 (2011).

17 C. Yuce, Topological phase in a non-Hermitin PT
symmetric system, Phys. Lett. A 379, 1213 (2015).

18 M. Klett, H. Cartarius, D. Dast, J. Main, and G.
Wunner, Relation between PT -symmetry breaking and
topologically nontrivial phases in the Su-Schrieffer-Heeger
and Kitaev models, Phys. Rev. A 95, 053626 (2017).

19 S. Lieu, Topological phases in the non-Hermitian Su-
Schrieffer-Heeger model, Phys. Rev. B 97, 045106 (2018).

20 C. Yin, H. Jiang, L. Li, R. Lü, and S. Chen, Geometrical
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85 J. Zhang, B. Peng, Ş. K. Özdemir, K. Pichler, D. O. Krimer,
G. Zhao, F. Nori, Y. X. Liu, S. Rotter, and L. Yang, A
phonon laser operating at an exceptional point, Nat. Photon.
12, 479 (2018).
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