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The braiding is a key for topological quantum computations. Such a proposal has been made based on
Majorana fermions. In this paper, it is shown that the braiding behavior is simulated in electric circuits by
constructing Majorana-like corner states. First, we simulate the Kitaev model by an LC electric circuit and
the p, + i¢p, model by an LC circuit together with operational amplifiers. Zero-energy edge states emerge in
the topological phase, which are detectable by measuring impedance. Next, we simulate the Bernevig-Hughes-
Zhang model by including an effective magnetic field without breaking the particle-hole symmetry, where zero-
energy corner states emerge in the topological phase. It is demonstrated that they are Ising anyons subject to

the braiding. Namely we derive o>

= —1 for them, where o denotes the single-exchange operation. We also

study non-Hermitian generalizations of these models by requiring the particle-hole symmetry. It is shown that
the braiding holds also in certain reciprocal non-Hermitian generalizations.

I. INTRODUCTION

A Majorana fermion will be a key for future topologi-
cal quantum computations' owing to the braiding. Majo-
rana fermions are realized in topological superconductors®™
and Kitaev spin liquids>®. In these systems, the particle-hole
symmetry (PHS) plays an essential role since the zero-energy
states becomes Majorana fermions’. Recently, Majorana
fermions are realized as corner states in various systems'%-10,
for some of which the braiding has already been shown!>16.
Furthermore, Majorana fermions in non-Hermitian systems
have been studied in various contexts!’°, It is an interest-
ing problem to seek other systems exhibiting Majorana-like
braiding behavior. Especially, it is fascinating if such states
can be simulated by electric circuits.

Needless to say, electric circuits are classical systems and
they cannot describe fermions. In general, the Hamiltonian
density is of the form H (k) = Wf(k)H(k)¥(k) in con-
densed matter physics, where W(k) is the electron annihila-
tion operator. It is customary to refer to H (k) also as the
Hamiltonian. Topological properties of the system is actu-
ally determined by the property of H(k). It is intriguing
that?”?8, when the system parameters are appropriately cho-
sen, the circuit Laplacian has the same expression as the
Hamiltonian H (k), although this Hamiltonian does not give
the time evolution of the circuit. A topological phase tran-
sition is induced by tuning variable capacitors and induc-
tors, where the topological and trivial phases are distinguish-
able by the bulk-edge correspondence as in the case of con-
densed matter physics. The edge and corner states are ob-
served by measuring the impedance?’3*. In this way, vari-
ous topological phases have been simulated by electric cir-
cuits, such as the Su-Schrieffer-Heeger model (SSH) model®,
graphene?®3°, Weyl semimetal?®3> nodal-line semimetal®®37,
higher-order topological phases®”->*32, Chern insulators?! and
non-Hermitian topological phases?334.

In this paper, we make a first step to simulate the braiding
behavior of Majorana fermions in electric circuits by using
Majorana-like corner states. First, we construct the Kitaev
model either by a pure LC circuit or by an LC circuit together
with operational amplifiers. Next, the p, + ip, model is con-
structed by aligning these two circuits along the orthogonal

directions. Then, using these circuits as building blocks, we
simulate the Bernevig-Hughes-Zhang (BHZ) model together
with an effective Zeeman field by an electric circuit. The
model corresponds to a second-order topological supercon-
ductor with the emergence of a pair of Majorana corner states.
Zero-energy edge or corner states are well observed by mea-
suring the impedance in these models. Although the braiding
is predicted in the Kitaev model®, it is not easy to simulate it
in electric circuits. Here, we demonstrate explicitly that the
braiding behavior is found between a pair of corner states in
the BHZ model by calculating the Berry phase in an electric
circuit.

The introduction of resistance makes the electric circuit
non-Hermitian due to the Joule loss**. There are two types
of non-Hermitian models, i.e., reciprocal models and nonre-
ciprocal models, where nonreciprocity indicates that the for-
ward and backward hopping amplitudes are different between
two nodes. As far as the PHS is respected, it is shown that
the braiding holds for the two corner states also in a recipro-
cal non-Hermitian extension of the BHZ model. The braiding
becomes meaningless in the nonreciprocal extension.

II. THE KITAEV MODEL AND ELECTRIC-CIRCUIT
SIMULATION

The Kitaev p-wave topological superconductor model is the
fundamental model hosting Majorana zero-energy edge states
in one dimensional (1D) space. The model is represented in
the two forms, i.e., by the Hamiltonian HY with the imaginary
superconducting pairing, and H? with the real superconduct-
ing pairing. They are given by

Hi(k) =0t (k)H (k)T (k), (1)
with the Nambu operator
{e(k), e (k)}, )
and

H'(k) = Hy(k)o. + Hp (k) 3)
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FIG. 1: Energy spectra of a finite chain of the Hermitian and non-
Hermitian Kitaev models with length N = 40, where the red lines
represent topological edge states. They emerge only in the topolog-
ical phase (u— < p < p4) with pt = £|2¢| in the Hermitian and
reciprocal non-Hermitian models. The horizontal axis is the chem-
ical potential p. The parameters are as follows: We have chosen
t* =t =1, A = Af = 0.5and u = 0 for the original Ki-
taev model (a). We have chosen the same parameters as (a) except
t* = t¥ = 1 + 0.2i for the reciprocal non-Hermitian Kitaev model
(b). We have chosen the same parameters as (a) except A’ = 0.3 for
the nonreciprocal non-Hermitian Kitaev model (c).

in terms of the hopping term H, and the interaction term HY,

H,(k) = —tcosk — p, )
HY{ (k) = Ayoysink, H§ = Ayogsink, (5)

where ¢, 1 and A; represent the hopping amplitude, the chem-
ical potential and the superconducting gap parameter. It is a
two-band model, and the Hamiltonian is a 2 x 2 matrix. It is
well known that the system is topological for || < |2t| and
trivial for |u| > |2t| irrespective of A; provided A; # 0, as is
demonstrated in Fig.1 based on the bulk-edge correspondence.

We simulate the Kitaev Hamiltonian (3) by electric cir-
cuits. There are two types of circuits corresponding to the
two Hamiltonians HY and H?, as illustrated in Fig.2(a) and
(b).

Let us explain how to construct electric circuits for them:
See Fig.2. We use two main wires to represent a two-band
model: One wire consists of capacitors C' in series, imple-
menting the electron band, while the other wire consists of in-
ductors L in series, implementing the hole band. The hopping
parameters are opposite between the electron and hole bands,
which are represented by capacitors and inductors. Indeed,
they contribute the terms proportional to iwC and 1/(iwL) to
the circuit Laplacian Ju,(w) in (7), respectively, where w is
the frequency of the AC' current.

In the wire with capacitors (inductors), each node a is con-
nected to the ground via an inductor Lg (Cp), as in Fig.2(a)-
(b). This setting is made to make the system topological.

We then introduce pairing interactions between them. In
order to construct the model HY, we cross bridge two wires
by capacitors C'x and inductors Lx as shown in Fig.2(a).

(@) HY model

(c) Operational amplifier

unit circuit =

FIG. 2: Minimal electronic circuits simulating the Kitaev model.
Each circuit consists of two main wires colored in red and blue, sim-
ulating electron and hole bands, respectively. The unit cell is shown
by a dotted cyan box, and contains two nodes colored in red and
blue. (a) The HY model is realized by a pure LC circuit. (b) The
H? model is realized by an additional use of operational amplifiers.
(c) Structure of an operational amplifier. (d) The p, + ¢p, model is
constructed so that the 1D circuits (a) and (b) are aligned in the x and
y directions, respectively. Green and purple links represent pairing
interactions of the types (a) and (b), respectively.

On the other hand, in order to construct the model H*, we
cross bridge two wires by operational amplifiers, which act
as negative impedance converters with current inversion3!. In
the operational amplifier, the resistance depends on the cur-
rent flowing direction; Ry for the forward flow and —R; for
the backward flow with the convention that R, > 0. We set
Rx = R; = Rj to make the system reciprocal. A generaliza-
tion to the nonreciprocal theory with Ry # R, is discussed in
Section V.
The unit cell indicated by a dotted cyan box contains two
sites in Fig.2. Accordingly, we set
I, =I5 19, Vv, =

a’ a

(V. V), ©)

L() and the ground
L(C) .

where I, f (©) is the current between node a

via the inductance L (conductance C'), and V, is the volt-
age at node a%(©).
When we apply an AC voltage V (t) = V (0)e™?, the

Kirchhoff current law leads to the following formula®’8,
= T (@) Vi (W), (7
b

where the sum is taken over all adjacent nodes b, and Jgp, (w)
is called the circuit Laplacian.
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FIG. 3: (al)—(c1) LDOS of a finite chain of the Hermitian and non-
Hermitian Kitaev models with length N = 40 in the topological
phase, where the red peaks at the edges represent zero-energy edge
states. Skin states are observed in the nonreciprocal system (cl).
The energy of the state is represented by a color subject to the color
palette in the inset of (al). (a2)—(c2) Two-point impedance of the cor-
responding LC circuit with operational amplifiers, where the peaks
at the edges are due to zero-energy edge states. The horizontal axis is
the site index. Magenta (cyan) curves indicate the impedance when
one node is fixed at the left (right) edge. The parameters are as
follows: ¢t = 1, A = 0.5 and u = 0 for the Kitaev model (a);
t =1+ 0.2i, A = 0.5 and p = 0 for the reciprocal non-Hermitian
Kitaev model (b); t = 1, A¥ = 0.5, A® = 0.3 and u = 0 for the
nonreciprocal non-Hermitian Kitaev model (c).

(i) In the case of the circuit in Fig.2(a) we explicitly obtain
f1 g1

J= , 8

< 92 2 ®

fi = —2Ccosk +2C — (w?Ly) 1,

fo =2(w?*L) "t cosk — 2(w*L) ™! + Oy,

g1 = —Cxe® 1 (W2Ly) le ™,

g2 = (&2 Lx)"le* — Oxe ™, )

where

describing the HY model.
(ii) In the case of the circuit in Fig.2(b) we explicitly obtain
(8), where f1 and f5 are given by (9) but

g1 = g2 = (iwRy) et — (inf)_le_ik7 (10)

describing the H* model.

The key procedure in simulation is to equate the circuit
Laplacian (8) with the Hamiltonian (3). In so doing, it is nec-
essary to require the PHS for the circuit, which requires us to
tune the parameters to satisfy

wo=1/VLC =1/\/LoCy =1/\/LxCx, (1)

and set the AC frequency as w = wy. At this frequency, we
may set

Jap (W) = iwH?, (W), (12)
which leads to
1
t=-C, p=-20+C), Ay=0Cx, A= ,
woRX
(13)
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FIG. 4: Energy spectra of a nanoribbon of the Hermitian and non-
Hermitian p, + ¢p, models with width 40 in the topological phase,
where red curves represent chiral edge states, while cyan disks rep-
resent the topological edge states. The parameters are as follows:
We have chosen t* = ¢t/ = 1 and A® = Af = 0.5 for the orig-
inal p, + i¢p, model (a). We have chosen the same parameters as
(a) except t° = tf = 1 + 0.2 for the reciprocal non-Hermitian
Pz + ipy model (b). We have chosen the same parameters as (a) ex-
cept A’ = 0.25 for the nonreciprocal non-Hermitian p, + ip, model
(c). We have set p = 1.
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FIG. 5: LDOS of the topological edge states in the p, + ip, model.
The size of a ball represents the magnitude of LDOS. (a) The original
Da + ipy model with A=A = AZ = A{j = 0.5. (b) Nonrecip-
rocal non-Hermitian p, + ip, model with A] = AZ = A{, =0.5
and AY = 0.25. Skin edge states are realized. (c) Nonrecipro-
cal non-Hermitian p, 4 ip, model with Af = A£ = 0.5 and
Ad = Ag = 0.25. Second-order corner states are realized. We
have set t% = tf = tz = tﬁ = land p = 1 for all cases.

dictating the correspondence between the Hamiltonian model
and the circuit.

The system is precisely at the topological phase-transition
point |u| = |2¢| without the capacitors Cjy and the inductors
Ly, since the condition 1 = —2¢ is satisfied. It is topological
in the presence of Cyy and Ly. The system turns into a trivial
phase when we exchange the capacitors Cjy and inductors L
connected to ground.

By calculating the LDOS as in Fig.3(al), we find the emer-
gence of the zero-energy edge states in the topological phase.
They are observable by measuring the impedance between the
a and b nodes, which is given by*® Z,, = V, /I, = Gu,
where G is the Green function defined by the inverse of the
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FIG. 6: Electric-circuit realization of the BHZ model together with
effective field B. The B field is simulated by parts involving
(Cp, Rp) and (L, Rp) colored in cyan. (a) 2D view into the x
direction. (b) 2D view into the y direction. (c) Each node is con-
nected to the ground by an inductor or a capacitor in (a) and (b). We
havesett =1,u=1,A=1and B =1/2.

Laplacian J, G = J~!. We show numerical results in
Fig.3(a2) for typical values of parameters, where we have
set one node at the left or right edge. The behavior of the
impedance is very similar to that of the LDOS. We may ex-
plicitly check that the impedance peaks are absent in the trivial
phase, showing that the bulk-edge correspondence holds also
in electric circuits.

III. THE p, + ¢p, MODEL AND ELECTRIC-CIRCUIT
SIMULATION

We next consider the p,, + ip, model, whose Hamiltonian
is given by (3) with

H; =t(cosky + cosky) — p, (14)
Hsc = Aoz sink, + oy sinky). (15)

The model is simulated by layering the circuit for HY in the z
direction and the circuit for H” in the y direction as shown in
Fig.2(d). The relations between the parameters are given by

t=-C, p=-20+Cy), A=Cx=(wRx) ' (16)
It is topological for |u| < |2t|, where the zero-energy edge
states emerge along all four edges, as is demonstrated in Fig.4.

We show the LDOS of the topological corner states in Fig.5.
In the original p, + ip, model, the chiral edge states emerge
as shown in Fig.5(a). When there is nonreciprocity along the
x axis but reciprocal along the y axis, 1D skin edge states
emerge as shown in Fig.5(b). On the other hand, when both
the x and y axes are nonreciprocal, the second-order skin-edge
states®3+38 emerge as shown in Fig.5(c), where the LDOS
has a strong peak at one corner.

IV. MAJORANA-LIKE CORNER STATES AND BRAIDING
BEHAVIOR

It is not easy to simulate the braiding of the zero-energy
edge states of the Kitaev model* in the electric-circuit formal-
ism. On the other hand, the zero-energy edge states are 1D
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FIG. 7: LDOS of the corner states (a) at ¢ = /4 and (b) at § =
57 /4. These two are related by a single-exchange operation. Cyan
arrows show the direction of the B field. (c) Impendence is the same
at @ = /4 and 57 /4. (d) LDOS of the corner states for 7/4 < 6 <
97 /4, and their braiding. (e) Evolution of the Berry phase towards
a double-exchange operation. (f) Energy spectrum evolution during
the braiding. The corner states in red remains to be separated from
the bulk spectrum in blue.

objects in the p, + ip, model. We proceed to investigate a
2D model possessing a pair of zero-energy corner states to
explore the braiding.

Such a model is given by the Bernevig-Hughes-Zhang
(BHZ) Hamiltonian®,

H" = Hyt, 4+ HsoTa, )

where H; and Hgg are given by (14) and (15), respectively.
Although it is proposed for a topological insulator, it has the
PHS, = 'H (k) E = —H (—k) with £ = 7,0, K, where K
represents complex conjugation. When the Zeeman term

Hyz = B (0, cos + Boysinf) (18)

is applied, it becomes a second-order topological supercon-
ductor with the emergence of zero-energy topological corner
states'>*0. However, it breaks the PHS'3. Here we propose
the term

H,z = B, (0, cos6 + oy sinf) , (19)

which respects the PHS. Such a term does not exist in con-
densed matter, but it is allowed in electric circuits: See cyan
parts in Fig.6.

We simulate the BHZ model with the B field by an electric
circuit,

HBY2(0) = H®WZ 1 [, 5. (20)
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FIG. 8: LDOS for various 0. The system is a SOTSC for § = /4, 3w /4,57 /4 and 77 /4. Itis a TCSC for 6 = 7 /2, 7, 3w /2 and 2.

‘We may use the circuits for the Kitaev model (Fig.2) as build-
ing blocks to construct the circuits for the BHZ model as in
Fig.6. Since it is a four-band model, we use four main wires.
By analyzing the Kirchhoff current law, we may derive the cir-
cuit Laplacian J, (w), which is now a 4 x 4 matrix. Solving

Jap (W) = iwHBY?, 1)
we obtain the correspondence between the system parameters.
They are given by (16) supplemented by B, = Cp or Lp
and B, = Rp for the B field. We show the LDOS and the
impedance at § = 7 /4, 57/4 in Fig.7(a)—(c), where the zero-
energy corner states are clearly observed. See the LDOS at
other values of ¢ in Fig.8.

The zero-energy corner states subject to the PHS are Majo-
rana states in condensed matter physics. Majorana fermions
are known to be Ising anyons possessing the property o2 =
—1, where o denotes the single-exchange operation!”. It is
well known that only fermions and bosons are possible in 3D,
for which 02 = 1. On the other hand, anyons are possible
only in 2D. We recognize that this anyonic property is most
important as a characteristics of Majorana fermions for future
application to topological quantum computers.

Since the electric circuits are classical system, the cor-
ner states obtained in electric circuits cannot be Majorana
fermions. Furthermore, we cannot discuss half quantization
of the corner states. Nevertheless, as we now show, the same
braiding behavior as the Majorana fermions is found for the
corner states based on the adiabatic evolution of the wave
functions. In this sense we may call the corner states the
Majorana-like corner states.

We investigate the braiding for a pair of corner states. By
increasing 6 continuously from 7 /4 to 57 /4 (97/4), we can
exchange the position of two corner states once (twice) as in
Fig.7(d). The corner states remain to be zero-energy states
with a finite gap during the process, as shown in Fig.7(f).
Thus, they remain well separated from the bulk bands dur-
ing the exchange of the two corner states. The key property is
how the wave function changes as 6 increases. Note that the
phase of the wave function is observable by the phase shift in
the electric circuit.

We start with an eigenstate |15 (/4)) of HBH%(0) at =
/4, which describes a pair of corner states as in Fig.8(a).
Such corner states are selectively excited at the resonant fre-
quency w, as can be demonstrated by the emergence of the

impedance resonance. We then increase ¢ adiabatically. The
wave function |1/, (#)) develops as'>*#!

Vo (0)) = Y (O Jyg (/1)) (22)
B=1,2
where © = 0 — /4, and I', 5 (©) is the Berry phase,
w/4+0
Lus@ =i T @a@lds@) a0 @3

There are two-fold degenerate zero-energy corner states at
0 = m/4. Since these two states are well separated as in
Fig.7(a), we may label them by o = 1,2. Furthermore, we
may construct the eigenfunctions continuous in 6 such that
(a(0)]9s(0)) = dqp for any value of 6. Then, it follows
that T'n 5 (©) is diagonal; T' (©) = I'1; (0) = I'y2 (©). We
show a numerical result for I' (©) in Fig.7(e). In particular,
we obtain I'(27) = 7.

We have investigated the BHZ model together with the B
field. In condensed matter physics, the role of the B field
is to turn a topological superconductor with the zero-energy
edge states into a second order topological superconductor
(TOTSC) with the zero-energy corner states'>*°. We have
used the magnetic field B in the previous work*’. Now in
the present work we may control it by tuning the values of
capacitors and so on in electric circuits. We show the LDOS
at various values of the angle § in Fig.8. It is found that the
system corresponds to a SOTSC for § = 7 /4, 3n/4, 5n /4,
77 /4, and to a topological crystalline superconductor (TCSC)
for = /2, 7, 3w /2, 27 in condensed matter physics.

The single and double exchanges correspond to the rota-
tions © = 7 and ® = 2m, respectively. After the dou-
ble exchange we obtain I',5(27) = mdap, which yields
|1) — — 1) and [1hg) — — |aba), or 02 = —1. Conse-
quently, the braiding is satisfied by the corner states in electric
circuits.

We can check that the braiding is robust against disorders.
We first study the effect of disorders on the braiding in the
BHZ model together with the B field. We introduce random-
ness into capacitors and inductors which uniformly distribut-
ing from —V to V. We show that the Majorana-like corner
states are robust in the presence of disorders as long as the
PHS is preserved in Fig.9(a). The Majorana-like corner states
are found to persist for V' < ¢. In Fig.9(b), we show the angle
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FIG. 9: (a) Energy spectrum as a function of the disorder strength. The zero-energy states are robust for |[V| < t. (b) Angle dependence of
the energy spectrum with disorder strength V' = 0.2¢. The zero-energy corner states are well separated from the bulk spectrum. (c) The Berry
phase evolution with disorder strength V' = 0.2¢. It is quantized even in the presence of the disorder.
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FIG. 10: Energy spectrum as a function of the system size /N. The
degenerate zero-energy states emerge for N > 4.

dependence of the energy spectrum in the presence of disor-
ders. As a result, the Berry phase remains to be quantized
even in the presence of disorders as shown in Fig.9(c).

We next study the effect of the system size in the BHZ
model together with the B field. In Fig.10 we show the en-
ergy spectrum as a function of the system size /N. The corner
states are not degenerate at ¥ = 0 for N = 1,2,3. The
energy decreases exponentially first, and they are degenerate
at £ = 0 for N > 4. Consequently, the braiding holds for
the corner states in electric circuits whose size is as small as
N = 4.

V. NON-HERMITIAN MAJORANA-LIKE STATES

A non-Hermitian model is either reciprocal or nonrecipro-
cal. To make the analysis concrete, we explicitly consider a
non-Hermitian Kitaev model respecting the PHS. The Hamil-
tonian (3) together with (4) and (5) is generalized as

. bt k) g(AY AT E)
" “”‘”“(y(Ab*,Af*;m Sy ) @9

with
f, k) = thet® 4 tfem* — (25)
g(Ab AT k) = —i (AP — ATem ™) (26)

and + representing dissipation, where t* (t/) is a backward
(forward) hopping amplitude, A? (A') is a backward (for-

ward) superconducting pairing amplitude, and w is the chem-
ical potential. Parameters t°, ¢/, A? and A/ take complex
values, while p and ~ take real values. It satisfies the PHS,
E'H (k)= = —H (—k), withE = 0, K.

As derived in (A23) in Appendix, by diagonalizing (24),
the bulk gap is found to close at

= [Re (1) £1a0 AT @)

Gap-closing points are not phase-transition points when skin
edge states are present in non-Hermitian theory33-384247,

We seek for topological phases. The system remains to
be in the class Zs even for the non-Hermitian system48, and
hence, the topological number is given by the Zy invariant v
in the original Kitaev model as

(=1)" = —sgn[H_ (0) H (7)], (28)

where H., is the coefficient of o, by expanding H as H (k) =
> 0=0.y,.Ha (k) oo, and k = 0, 7 are the PHS invari-
ant momenta. The formula (28) is valid also for the non-
Hermitian system because of the PHS. Calculating it explicitly
we find that

(—1)” = sgn “Re (t" + tf)]2 - ,uﬂ , (29)

where we have used the fact that H, (k) is real at the PHS in-
variant momenta because of the condition H, (k) = H} (—k)
required by the PHS?®,

It follows from (29) that there are two phases with the
phase-transition points z+ = =+ [Re (t* + ¢/)|. The system
has a line gap*® separating the valence and conduction bands.
The system is topological (v = 1) for |u| < |Re (t* + t/)]
and trivial (v = 0) for [u| > |Re (t* + t/)|. The justification
of (29) as the topological number is made by confirming nu-
merically the non-Hermitian bulk-edge correspondence’3+3—+7
inherent to nonreciprocal systems. The gap-closing points
(27) become identical to the topological phase-transition
points z14 when the system is reciprocal, A = A/f.

We study two characteristic cases of non-Hermitian mod-
els: (i) Topological edge states with pure imaginary energy
emerge in a reciprocal non-Hermitian model [Fig.1(b)], when
we assume a complex value for the hopping amplitude t* = ¢/
and a real value for the pairing amplitude A® = A7, (i)
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FIG. 11: LDOS for the BHZ model. (al) LDOS for all states in
reciprocal system. (a2) LDOS for the Majorana-like corner states in
reciprocal system. (b1) LDOS for all states in nonreciprocal system.
(b2) LDOS for the zero-energy corner states in nonreciprocal system.
We have set Rx = Ra = 0.2. Skin states are observed for the
nonreciprocal system.

Topological edge states with zero energy emerge in a non-
reciprocal non-Hermitian model [Fig.1(c)], when we assume
areal value for the hopping amplitudes t* = ¢/ and real values
for the pairing amplitudes but with A? £ Af

The LDOS is shown for all eigen-energies in Fig.3(al)-
(cl) by taking typical values of sample parameters in the
Hermitian, reciprocal non-Hermitian and nonreciprocal non-
Hermitian cases. The characteristic feature of the nonrecipro-
cal non-Hermitian model is the emergence of skin edge states
as in [Fig.3(c1)], where all the eigen states are localized at
one edge, as was first found in the non-Hermitian SSH*,
Namely, two topological edge states are mixed between them-
selves and furthermore they are mixed with the bulk states in
the vicinity of one edge. This is also the case for the topo-
logical corner states in the nonreciprocal non-Hermitian BHZ
model as in Fig.11. The braiding becomes meaningless in
the nonreciprocal non-Hermitian models because there are no
separated corner states.

We may construct a reciprocal non-Hermitian model re-
specting the PHS, by inserting a resistor R to a capacitance
C and an inductor L in series in Fig.6. The circuit Laplacian
is obtained just by replacing

1 1 1

C — — .
1/C +iwR’ w2 L w?L —iwR

(30)

As we show in (AS58) and (A59) in Appendix, the resultant
non-Hermitian model is different from the original Hermitian
model only by a pure imaginary shift. In such a case the braid-
ing holds just as it is since the wave functions are not modified.

We simulate the non-Hermitian Kitaev model (3) by elec-
tric circuits. There are two types of circuits corresponding to
the two Hamiltonians HY and H”, as illustrated in Fig.2(a)
and (b). The correspondence between the parameters of the
Hamiltonian and those of the circuit Laplacian is given by
(A57) in Appendix.

A similar argument is applicable also for the BHZ model.
See Fig.11. We find that Majorana-like corner states emerge
as in Fig.11(a2) in these types of reciprocal non-Hermitian
systems, for which the braiding holds. On the other hand,
the skin corner states appear in nonreciprocal non-Hermitian
systems as in Fig.11(b2), for which the braiding of a pair of
corner states does not make sense.

VI. DISCUSSION

We have made a first step to simulate the braiding behavior
of Majorana fermions in electric circuits by using Majorana-
like corner states in the BHZ model. We have explicitly re-
vealed an anyonic property of Majorana-like corner states.
Corner states emerge in electric circuits whose size is as small
as N = 4, which is a benefit on future high-density applica-
tions. Furthermore, various extensions are possible to electric
circuits for such as the dimerized Kitaev model* and the Ki-
taev ladder model®®. Our results might open a new way for
topological quantum computations based on braiding in elec-
tric circuits.
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Appendix A: Non-Hermitian generalization of various formulas
1. Particle-hole symmetry

The particle-hole symmetry (PHS) is defined by

E'H(K)E=—-H (k) (A1)
with the eigen equation
H (k) [¢) = E(k)[¢) . (A2)
It is generalized to the non-Hermitian theory just as it is. We find
H(k)E|Y) = —EH (=k) [{)) = —EE (=k) [¢) = —E" (k) E[¢), (A3)
and thus
H(k)|¢) = —E* (=k)|¢), o) =E[). (Ad)

The wave functions always appear in pairs with respect to the energy (E (k), —E* (—k)). When E = — E* at the PHS invariant
momentum, only one Majorana state emerges. The condition is that the energy is zero or pure imaginary.
The BAG Hamiltonian can be expanded in terms of the Pauli matrices as

H(k)= Y Ha(k)oa. (A5)
a=0,z,y,z
It follows from (A1) that®
Hy(k)=-H;(~k),  Hy(k)=-H;(-k), Hy(k)=-Hy(-k), H.(k)=H(-k) (A6)

in the presence of the PHS.

2. Derivation of non-Hermitian Kitaev models with the PHS

The most general extension of the Kitaev model is given by

tl{eik + t{e’ik —u+V % (Al{eik — A{e’ik)

H (k)=
(k) 1 (Abeik - Afe—i’f) —the® —tle ™ + i+ V
3 2 2 2 2

(AT)

This Hamiltonian is non-Hermitian and nonreciprocal in general. It is reduced to the original Kitaev model for real ¢t = tll”z =
t{,Q, complex A = N{}Q = A{,Q and V' = 0. Note that the present model is different from the non-Hermitian Kitaev model with

the PT symmetry'®?*25 where the chemical potential is complex.

The particle-hole conjugate of the Hamiltonian is

—threib — ¢f*eik 4y 4y 1 (Ag*eik _ Ag*eﬂ'k)

—_—1 —_
= ()= = | . L (A8)
% (A{*ezk} _ Ali*e_lk) tl{*B_Zk + t{*ezk _ /1'* N Ve
where = = ¢, K is the PHS operator and K represents the complex conjugation. On the other hand, we have
_tbe—ik _ 4f ik 4 p—v -1 (Abe—ik _ Afeik)
“H(-k)=| y PAT ' (A9)

—% (Age_ik — Ageik> the ik 4 tgeik —u-=V
The PHS imposes the condition

P 'H(kK)P=—-H(-k), (A10)



which leads to the following relations,
=t =tt, == A=Ay =A" A=Al =N =,
Thus, the non-Hermitian particle-hole symmetric Kitaev model is generally written in the form of

) thett 4 tfe=th — L(Abeik _ Afe—ik
H (k) = iyI+ < % (APeik — Af*e—ik) _ztb<*6ik _ pfx ik +)H

where we have set V' = ¢y with v being real. The components in the expansion (A5) read

|
=.
o)
.
>
—
g8
=~
o
+
.
Q]
L
N
[
g
=~
<
+
.
2

The energy is given by

E = Hy+ vReH -ReH — ImH -ImH + 2iReH - ImH,

where A- B =5 A; B;. Tt is explicitly obtained as

1=x,Y,2
E (k) = iy + e*Imt® + e~ *Imt/ + VG,

with

V=-v"

. ) 2 . . . .
G (k)= {u - (e““Retb + e_““Retf)ﬂ + (Abelk - Afe_’k) (Ab*elk - Af*e_"k) .

The degeneracy of the eigenvalues requires
ReH -ReH =ImH - ImH, ReH - ImH = 0.

Especially, the energy at the PHS invariant momentum is given by

2
E*(0) =iy + Imt® + Imt/ + \/[u — [Re (t* + tf)ﬂ — |AV — AT,

2
E* (1) =iy — Imt® — Imt! + \/[M + [Re (b + tf)ﬂ — |Ab — AFP

By solving E* (0) = E~ (0) and ET (7) = E~ (), the bulk gap is found to close at
Ul = [Re (¢ + /) £]A" — AT

This is the phase transition point (27) in the main text.

3. Derivation of the non-Hermitian p, + ip, model with the PHS

The most general extension of the p, + ip, model is given by
H (k) =

Its particle-hole conjugate is calculated as

E'H (k)=

b ke t%c;eikrz _ tgzefiky _ tg;eiky otV % (Aé‘;eikz _ Agzefikx) _ (Agzeiky B Agzeﬂ'kﬁ

N B T B R

(Al1)

(A12)

(A13)
(A14)
(A15)
(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

t'{me““ + t{xe*ikw + tl{yeiky + t{ye’iky —u+V, % (Al{mei’“’ — A{gce’““) — (Al{yeik’y — A{ye’iky)
% (Agxeikx - Agﬂce—ikm) + (Agyeiky - Agye_iky> ) _tga:eikw - tgace_ikm - tgyeiky - tgye_iky +u+V

(A24)

(A25)
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where = = 0, K is the particle-hole symmetry operator and K represents the complex conjugation. On the other hand, we have

—th g7t — t{xeikw — t’{’;e_iky + t{;eiky +pu—-V =1 (A?we_“% — A{xe““) + (A?ye_iky — A{yeiky>

—H(=k) = L (A —ik f ik b —ik f ik zb ik f ik b ik f ik
-5 (Azxefz x 7A2161 x> _ (Adefz y 7A2yel y) t2x671 z +t2r61 z +t2y672 y +t2y62 vo— - 1%
(A26)
The particle-hole symmetry imposes the condition
P 'H(kK)P=—H(-k). (A27)
In order to satisfy the PHS, the following relations are required,
th,=thy =t), t,=th=t, &, =th=t , =t=t (A28)
AL =ab=ab Al =al=al Al =ab=al Al =alr=4A) (A29)
w=p", V=-V* (A30)
Thus, the non-Hermitian particle-hole symmetric p,, 4 ip, model is generally written in the form of
toeike 4 tfe=ike 4 boiky 4 tFe=iky _ 1 (Abeikx _ Afe—ikz) _ (Abeiky _ Afe—ik'y)
=1 T z . Y . . 2 - T Y Y
H (k) Z'Y]H‘ ( % (Ag*ezkw _ Ag*e_lkl‘) + (Ag*el y A?];*e_Zky) _tl;*ezkm _ ti*e—zkw _ tg*ezky _ t%);*e—zky + L )
(A31)
where
H. (k) = e"*Ret), + e~ "**Ret] + e’ vRet) + e "*Ret] — pu. (A32)
It is summarized as
— f(tla)wt:];?tgatg) g(AI;7A£,Ab,Af)
with
UL L ) e ettt e, (a3
g(AL, AL A A) = —i(Age™ — Aley ™) — (Age™ — Afe™). (A35)

The energy at the PHS invariant momenta read

- 1272 2
E(0,0) =iy +1Im (2 + L + 8 +5) £/ | - Re(tg+t£+tg+t5) —Ab—Agfc—z‘(Ab—Agj), (A36)

- 1212 2
E(m,m) =iy —Im (& + ]+t + 1)) [ o= [Re (+td + e +4f)| | —|ab—al—i(ay-af)[, @3

E(0,m) =iy +Im (t5 +tL —t) —¢/) £

r 12 2
[ — Re(t§+t£ftgft5> - Ag—Angi(Ang_{;) . (A38)

2
E (7,0) = iy +Im (=t} — t] + 2 + 1)) i\/[,u— [Re (—tg—t£+tg+t5>ﬂ - ‘Ag—Aiﬂ(Ag—Agj)r.
(A39)

By solving E* (0,0) = E~ (0,0), E* (m,7) = E~ (m,n), ET (0,7) = E~ (0,7), E* (7,0) = E~ (7,0), the bulk gap is
found to close at

ul = [Re (& +tL £ (85 +t)) + |AL — AL —in, (AL — A1, (A40)
with 9, = &1 and na = 1. On the other hand, the topological number (8) is calculated as
1
w=g (sgn[H, (0,0)] + sgn[H, (7, m)] — sgn[H, (0,7)] — sgn [H, (7,0)])
1 . 1 . ,
= 5sen [Ret}, + Ret] + Ret) + Ret) — ] + 55en [—Ret? — Ret] — Ret? — Ret! — /]

1 1
— gsen [Retg, + Retf — Retg — Reti —p) - 5sen [—Retfc — Ret! + Ret,l; + Retzflc —ul. (A41)
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The system remains to be in the class Z even for the non-Hermitian case*®. Then the topological number is given by the Chern
number w in the original p,. + ip, model. It is evaluated as

w = %(sgn [H. (0,0)] +sgn[H (7, m)] —sgn[H (0,7)] — sgn[H (,0)]), (A42)

where (k;,k,) = (0,0), (0,7), (m,0) and (7, 7) are the PHS invariant momenta. This formula is valid also for the non-
Hermitian system because of the PHS. Calculating (A42) explicitly we find that the topological phase transition occurs at

ph =4Re|th +tL+t) +tf|,  pi=LRel|th +tl —t) —t]]. (A43)

The formula (A42) is justified to define the topological number by confirming numerically the non-Hermitian bulk-edge corre-
spondence. Indeed, the topological edge states emerge only in the topological phase for nanoribbon geometry. We show the
chiral edge states in the topological phase in Fig.4, where non-Hermitian topological edge states are found to emerge at a pure-
imaginary energy. The phase transition point (A43) is different from the bulk-gap closing point (A40) as a characteristic feature
of skin edge states.

4. Non-Hermitian terms induced by resistance

We consider the case where resistors are sequentially connected to capacitors or inductors. Then, it is enough to make the
replacement (30) or

1 1 1

C— , — —. Ad4
1/C +iwR w2l W L —iwR (A4
We consider the circuit Laplacian (8) or
VAR
J = . A45
< 92 2 ( )
We find that the diagonal terms become
2 2 1
- _ _ k — A46
= e TR N T T ioR Pl — iwhy’ (A446)
2 2 1
= —————cosk — . A47
2= oL iR S T L iR T 1/ 1wk, (A47)
With respect to the off-diagonal terms we find
1 - 1 ik
=— ¢ ¢ A48
g 1/CX +inXe +w2Lx—inxe ’ ( )
1 ik 1 —ik
= - ; A49
2= Ly —iwRx 1/Cx +iwRx ' (A49)
for the HY model, and
L ik L ik 1 ik 1 —ik
=0 — 0y — o _ © © _ A50
I=N=R2=0R T iwR, iw(R+Ra)" iw(R—Ra)" (A350)
for the H* model, where we have defined
Ry+ R Ry,— R
p=ttfy p Yy (A51)
2 2
At the resonance frequency (w = 1/v/LC), they read
2 2 1
=———— cosk+ — ) A52)
h 1/C +iR/vVLC 1/C +iR/NIC 1/Cy—iRo/vVIC (
2 2 1
f2= (AS3)

 cosk- n :
1/C—iR/NIC " T 1)C—iR/VIC ' 1/Co+ iRe/VIC
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and
1 e 1 ik
=- e + e ", AS54
= 0k +iRx /NVIC. | 1/Cx —iRx/VIC (854)
1 ik 1 —ik
= e — e 'F, A55
2710k —iRx/VIC  1/Cx +iRx/VIC (A33)
and
1 ik 1 —ik
g=- e — - e ", (A56)
i(R+ Ra) /VLC i(R—Ra)/VLC
The system parameters are renormalized as
. 2/C i 2/C 1/Cy A 1/Cx (A57)

1/C?+ R?/LC’ T 1/C?+ R2JLC  1/CZ+ RZ/LC’ T 1/CZ + RZJLC’

As a result, the additional terms to the Kitaev model with HY are given by

AH — i 2R/m (1—cosk 0 >_ Ro/m (1 0) n Rx/VLC ( 0 cosk:)
1/C? + R?/LC 0 1—cosk 1/C2+R3/LC \ 0 1 1/C% + R%/LC \ cosk 0 ’
(A58)
while those with with H are given by
AH ~ i W(l—cosk 0 )_W(l 0>+RA< 0 cosk) (A59)
T |1/C?+ R?/LC 0 1 —cosk l/CngRg/LC’ 01 RQ/\/m cosk 0

for small Ra. These terms are the non-Hermitian corrections to the Hermitian theory due to the resistors.

The additional terms AH are diagonal for Rx = 0 and Ra = 0, where the Hamiltonian only shifts the energy in the pure
imaginary direction. In this case, the wave function does not change and the Berry phase remains as it is in the Hermitian model.
On the other hand, once Rx # 0 or Ra # 0, the system becomes nonreciprocal and the skin states emerge.
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