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We report on the theoretical and experimental realization of a double-zero-index elastic waveguide
and on the corresponding acoustic cloacking and supercoupling effects. The proposed waveguide uses

geometric tapers in order to induce Dirac-like cones at k = 0 due to accidental degeneracy. The
nature of the degeneracy is explored by a k - p perturbation method adapted to thin structural

waveguides.

Results confirm the linear nature of the dispersion around the degeneracy and the

possibility to map the material to effective medium properties. Effective parameters, numerically
extracted using boundary medium theory, confirm that the phononic waveguide maps into a dou-
ble zero index material. Numerical and experimental results confirm the expected cloacking and

supercoupling effects.

I. INTRODUCTION 52

53

The concept of acoustic metamaterials [1, 2] has %
rapidly emerged as a powerful alternative to design mate- 5
rials and structures exhibiting unexpected dynamic prop- %
erties typically not achievable in natural materials. The
early development of the concept of metamaterials dates
back to 1968 when Veselago [3] predicted materials ex- %
hibiting simultaneously negative permeability and per-
mittivity. Such negative index media remained sub-
stantially unexploited until, almost thirty years later, ©
Pendry [4] suggested the possibility to achieve the am-
plification of evanescent waves, which would have pro- e
found effects on lens design and imaging applications. es
The first experimental observation of negative index ma- es
terials was provided shortly afterwards by Smith [5, 6] e
who designed a periodic array of interspaced conduct- e
ing and non-magnetic split ring resonators. Follow- e
ing these pioneering studies, the scientific community 7o
has rapidly extended the underlying physical concepts =
to other fields of classical mechanics such as acoustics 7
and elastodynamics. In less than two decades, this con- 7
cept has allowed a drastic expansion of the material de- 7
sign space enabling novel applications involving acous- 7
tic wave management and control. Properties such as
acoustic bandgaps [7-12], focusing [13-17], collimation 7
[18-20], sub-wavelength resolution [21-26], and negative 7
refraction [27-30], have been discovered and studied in 7
depth. More recently, researchers have shown a rather s
new and exciting property of these materials consist- s
ing in their ability to achieve near-zero effective parame- s
ters. This class of materials was first formulated for elec- &
tromagnetic waves where epsilon-near-zero (ENZ), mu- s
near-zero (MNZ), and epsilon-and-mu-near-zero (EMNZ) ss
properties were first obtained. Applications included an- 4
tenna designs with high directivity [31, 32] and enhanced 4,
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radiation efficiency [33, 34], as well as the realization
of unconventional tunneling of electromagnetic energy
within ultra-thin subwavelength channels or bends [35-
37]. Among the most peculiar characteristics of these ma-
terials, we mention the independence of the phase from
the propagation distance. This means that a wave en-
tering a double-zero-index material emerges on the other
side having the exact same phase as the input. In ad-
dition, double-zero materials are also characterized by
a high level of transmissibility, ideally acting as a non-
reflective waveguide even in presence of sharp impedance
discontinuities.

In analogy with a EMNZ, an acoustic double-zero-
index material (DZIM) corresponds to a medium with
simultaneous zero effective mass density and elastic com-
pliance. While materials with near-zero permittivity are
available in nature (e.g. some noble metals, doped semi-
conductors [38], polar dielectrics [39], transparent con-
ducting oxide (TCOs) [40]), in acoustics near-zero den-
sity and elastic compliance must be achieved via effective
quantities by leveraging the local dynamic response of the
medium. In the past few years, some acoustic metamate-
rials were reported to exhibit single zero effective param-
eters, such as near zero density [41-43]. We note that
this behavior is the exact counterpart to single zero elec-
tromagnetic materials, such as the ENZ. Although these
materials offered good control on the phase, they suffered
from low-transmissibility due to an intrinsic impedance
mismatch between the host and the zero effective den-
sity medium. Double-zero materials target specifically
this limitation of the transmission properties. However,
designing acoustic media with double-zero effective prop-
erties is not a trivial task given that they are not readily
available in nature.

Recent studies on photonic and phononic crystals [44—
50] revealed that when a Dirac-like Cone (DC) can be
obtained at the center of the Brillouin zone, such lattice
can be mapped into a double-zero refractive index mate-
rial. This observation has drastically extended the possi-
bility to design materials having near-zero effective prop-
erties. Nevertheless, while different applications of this
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basic concept were explored in photonics and phononics, e
there has been very little research targeting the imple- a
mentation of these effective material properties in solids e
[44, 51]. The research on elastic phononic waveguides has s3
been lagging behind even more and it currently counts no es
attempt of designing zero-index properties. In addition, e
the experimental implementation and validation of zero- es
index elastic media has not been reported in the scientific e
literature mostly due to the complexities associated with es
their design and fabrication. 69

In the present study, we report on the theoretical,
numerical, and experimental realization of a structural "
phononic waveguide exhibiting double-zero-index behav-
ior and capable of achieving acoustic cloaking and su- "
percoupling. The proposed design builds upon a class
of metamaterials recently introduced by the authors [52— "
54] and based on geometric tapers realized in a single- "
material system. The specific design employed in this "’
study can be thought as an equivalent locally-resonant "
unit where an internal resonating core is embedded ”
within a more compliant medium (i.e. the taper). Geo-
metrically tapered metamaterials [52] exhibit Dirac-like
Cones (DC) at the center of the Brillouin zone (I point)
that are the result of accidental degeneracies [55]. In
other terms, the degeneracy is induced by the specific
combination of the geometric parameters of the tapers ™
and it is not protected by the underlying lattice struc-
ture (like, for example, in graphene). The bands ema-
nating from the three-fold degenerate point (the Dirac- &
like point) exhibit isotropic linear dispersion. We will
show that these properties are the foundation that allows &
achieving double-zero effective properties in this class of &
materials. In particular, we will show that in the neigh- &
borhood of this degenerate point our waveguide exhibits &
simultaneous zero mass density and zero reciprocal shear ©
modulus (or, equivalently, infinite shear modulus or zero *

elastic compliance in shear). %
93
Possible applications of such materials may include, -

but are not limited to, efficient energy transmission
across discontinuities (e.g. joints in thin-walled struc- o
tures) and consequent reduction of localization effects
and dynamic amplification, efficient energy extraction for
dissipation and/or harvesting regardless of the location
or the spatial distribution of the acoustic source, and
vibration isolation of sensitive components. We antici-
pate the proposed DZIM design to be virtually scalable
to any frequency range and geometric dimensions. In
the case of lightweight structural applications, such as
those involved in many transportation systems, the typ-
ical dimensions of the unit cell would range between 2
and 6 mm in thickness and 1 to 4 c¢m in terms of lat-
tice constant. Such dimensions would allow elastic wave
control via DZIM properties in a frequency range of ap-
proximately 20 to 100 kHz (considering aluminum al-
loys). Equivalently, the wavelength will range between o
6 to 1.5 cm. In more general terms, a straightforward e
approach to rescale the proposed design in order to op- e
erate at a different frequencies consists in isotropicallyioo
rescaling the dimensions and the dispersion propertiesin

3

4

80

by keeping A\/L = constant, where L is the lattice con-
stant and A is the wavelength at a frequency f. As an
example, dividing all the geometric dimensions by a fac-
tor of 2 will double the operating frequency. This ap-
proach would allow a simple rescaling without requiring
a complete redesign of the unit. It is foreseeable that
the DZIM design could be implemented also at the mi-
croscales. Many applications in the telecommunications
area exploit analog filtering of surface acoustic waves as
an integral part of their modulation/demodulation sys-
tems. DZIM-based filters could open new possibilities
to carefully tailor the transfer function of these systems.
The rescaling argument discussed above suggests that at
the sub-millimiter scales the design will experience a sub-
stantial increase in the operating frequencies that would
likely belong to the low MHz range while transitioning to
the high MHz range for dimensions on the order of mi-
crons. From a fabrication perspective, it is expected that
currently available additive manufacturing techniques al-
ready allow sufficient precision to build such materials.

II. RESULTS

A. Double-zero index waveguide via geometric
tailoring

The proposed phononic waveguide employs a tapered
unit cell in a square lattice configuration (Cy, symme-
try). The unit cell consists of a square plate having an
embedded elliptic torus-like taper and a (resonating) cen-
ter mass. The unit is also symmetric with respect to the
mid-plane of the waveguide (Fig.1). The x — z cross-
section of the unit is shown in Fig.1b and shows the main
geometric parameters where ¢ is the thickness of the ele-
ment, L is the lattice constant, a and b are the lengths of
the minor and major axes of the ellipse, r is the radius of
the torus, and h is the thickness of center mass. The unit
was made out of aluminum with mass density p = 2700
kg/m3, Young’s modulus E = 70 GPa, and the Poisson’s
ratio v = 0.33.

b)

(a) ( r L
e o
. | | I | |

FIG. 1. Schematic of (a) the fundamental tapered unit cell,
and (b) its * — z cross-section showing the main geometric
parameters. The tapered geometry is symmetric with respect
to the mid-plane of the plate.

The dispersion relations for the proposed system were
calculated using a commercial finite element solver (Com-
sol Multiphysics). Given the finite dimension of the unit
cell in the thickness direction the dispersion curves are
composed by symmetric (S), anti-symmetric (A), and



11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

(a) s

24 25 26 27 28 29 30 36
] (0) e e (© 36

w
3
=3

30 37
38

39

5

S
1)

N

0] 4
40

quency (kHz)
Frequency  (kHz)
Frequency (kHz)

41

- >
%o | 54
% |2 a2
s
3
o/ 43

013 Oy T 44

Fre:

oS
<
o

%,
&% &
g
° o
o % “
J013 G

*,
0 kx*a/m
i 0.3 43 0

45
FIG. 2. (a) The dispersion relations around f = 27.02 kHz 4
showing the existence of a triple-degenerate point and a Dirac- ,;
like cone (red box) for a given selection of the taper param-
eters. (b) Equi-Frequency-Surface plot corresponding to the 40
frequency range around the DP and showing the formation of
the Dirac-like cones. (c¢) When the geometric configuration
is slightly perturbed (taper coefficient a changed from 0.0039 o
to 0.0035) the Dirac-like cone opens up, confirming that the >
formation of the linear dispersions is due to an accidental de-
generacy. 54
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shear horizontal (SH) guided Lamb modes. By using a
proper selection of the geometric parameters (specifically
L = 0.04m, t = 0.008m, a = 0.0039m, b = 0.007442m,
r = 0.012m and h = 0.013m), the band structure of the
waveguide was tuned to exhibit a three-fold degenerate
point (the Dirac-like Point, DP) at f = 27.04 kHz and
E=0 (Fig.2a). Note that the branches emanating from s
the degenerate point are isotropic and linear, and form
two cones touching on their vertices at the DP (Fig. 2b). s
The cones are made of Ay modes having non-zero but
constant group velocity and are intersected by an Ag flat
band at the DP.

The Dirac-like cone is the result of an accidental de-
generacy, which can be confirmed by slightly perturb-
ing the geometric parameters. By perturbing the torus-
like taper a (from 0.0039 to 0.0035) the cones separate
(Fig.2¢) and the triple degenerate point splits into a non-
degenerate and a doubly degenerate band. The corre-
sponding eigenstates of the three degenerate modes are
provided in Fig.4a which shows, from top to bottom, the
lower cone, the flat band, and the upper cone.

B. Analysis of the Dirac-like cones .

To further understand the origin of the Dirac-like dis- ¢
persion, we extended the k- P method (well-known in elec-
tronic applications[56]) to analyze our phononic system.
This method was recently adopted by Mei[55] to ana-
lyze the Dirac and Dirac-like cones in two-dimensional
phononic (sonic) and photonic crystals.

Our system is described by the Navier’s equations with
traction-free boundary conditions on the top and bot-
tom surfaces of the waveguide. Imposing such boundary
conditions when in presence of tapers creates non-trivial
complexities due to the changing direction of the unit
vector normal to the tapered surface. To simplify the
modeling, we resorted to an approach previously used

to extend the three-dimensional plane wave expansion
method to 2D phononic waveguides [52, 57]. According
to this method, we can view the two-dimensional waveg-
uide as part of a three-dimensional, layered, periodic bulk
material constructed by alternating the waveguide with
vacuum layers (Fig.3a) along the thickness direction. The
vacuum layers have negligible mass density and modu-
lus so to allow for the traction-free boundary conditions
on the surface of the waveguide to be automatically sat-
isfied. The three-dimensional periodic medium so ob-
tained, whose unit cell is shown in Fig.3b, can be modeled
as a layered bulk material by the Navier’s equations and
solved in order to extract the dispersion relations. Note
that the use of the vacuum layer ensures that the periodic
images of the waveguide along the thickness direction are
dynamically decoupled from each other, therefore simply
resulting in repeated roots in the dispersion calculation.
This approach allows an efficient implementation of the
adapted k- p'method for bulk elastic systems as presented
below.

We can then write the general form of the Navier’s
equations for an inhomogeneous bulk medium in the vec-
tor form as,

—p?U = A+ p)V(V - U) + pV2U + VAV - U )
+VuxV xU+2(Vu-V)U

here U(7) is the particle displacement vector, p(7) is the
local density, A(7) and p(7) are the local Lamé constants,
which are all functions of the spatial variables.

According to Mei [55], we assume that all the Bloch
states at the T' point (kg = 0) are known and given
by, Uno(7) = e*07f0(F) = tno(F), as well as the cor-
responding eigenfrequency w,o, where "n” denotes the
band index. The Bloch states at a generic wave vector k
near k_é = 0 can then be written as,

where the unknown periodic functions JHE(F) have been

expressed as a linear combination of the JjO(F). Substi-
tuting Eqn.(2) into Eqn.(1) and collecting terms linear
in k we obtain,

3 s B (o - )

+2u(P)ik - [VUjo(P)] + (\F) + u(7)V[ik - Ujo ()]
( )
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tions Ujo (T_‘J), ie. (2‘7;) funitcell p(F)UjO (T_’J) . Ul?) (F)d’f": 5]‘1,
where V' is the volume of the unit cell, Eqn.(3) can be
written as,

> @2 = i) + Pu(R)| Ans (F) = 0

J

(4)

where,
Py (k) = ik - (k) (5)

and up to the first order in k we can write,

27)3 . =
(V) / el {(A_F/L)(VUJ'O)T'UZO_'_

A+ p)[V- ﬁjO(F)]ﬁfB + 2UVﬁj0 : U;B +[VA- ﬁlt)]ﬁjo

piu(k) =

+2(Tjo - Upy) Vi + [V - Usol Uy — [Uso - ﬁ;;)]w}
(6)

Eqn.(4) has nontrivial solutions only when the follow-
ing secular equation is satisfied,

det|(w? . — wi)I + P(k)| =0 (7)

where I is the identity matrix. Since we are interested

in the linear dispersions of the Dirac-like cone, we only

consider the degenerate states at the Dirac-like point in
the summation of Eqn. (2). In fact, other bands only

contribute to the higher order terms of k. For small E,
the analytic solution for Eqn. (7) can be expressed as,

—2wj0 Aw

i B=1,2,3

= + 0o(Ak), (8)

where we approximated the term wJQ-O — w?. as

nk
—2wj0(Aw).
After evaluating Eqn.(6) numerically (detailed expres-
sions of its elements can be found in Appendix), the re-
duced Hamiltonian matrix for our system is given by,

(0,0)
Py = 10% ((—0.002,4.9930)
(4.9849,0.002)

(0,0) (0,0)

(0.002,—4.9983) (—4.9902,—0.002)
(0,0) (0,0) )

22

24
9)

Note that pla = —pa1, P13 = —Pa1, [p12] = [p13| and
P12 L pis3; these properties are required to guarantee 7
the isotropy of the cones. By substituting Eqn.(9) into 2
Eqn.(7), we get the dispersion relations of the modes con- 2

tributing to the Dirac-like cone, 30
31
af g .
N 10,
— = = £233.48
Ak 87‘(2 fo 35

FIG. 3. Schematics of (a) the periodic waveguide and its
assembly in a 3D bulk layered medium used to calculate the
dispersion relations. (b) detailed view of the unit cell of the
3D bulk periodic medium showing the waveguide unit cell and
the vacuum layers.
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FIG. 4. (a) The eigenstates corresponding to the three degen-
erate states at the DP. From top to bottom, we find the state
of the negative slope band, the flat band, and the positive
band. (b) Comparison of the linear dispersion prediction at
the DP obtained from the E~ﬁmeth0d and the finite element
simulations.

Obviously the first result in Eqn.(10) corresponds to the
flat band while the remaining two signed values corre-
spond to the linear dispersion associated with the cones.
Note that these results do not depend on the wave vec-
tor k direction thus confirming the isotropy of the linear
dispersion. Equations (10) can be plot together with the
numerically obtained dispersion relations (Fig.4b) in or-
der to illustrate the good agreement between the k- I
method and the full field numerical results. It can be
seen from Eqn.(6) that the linear slopes g are only de-
termined by the non-diagonal element of the pj;; matrix.
This term represents the strength of the coupling between
the degenerate states, and indicates that the frequency
repulsion effect gives rise to the Dirac-like Cones.
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C. Effective medium properties

Under certain conditions, the characteristics of the
medium around the Dirac-like point can be mapped to
effective medium properties. This manipulation allows
a very clear characterization of the double-zero proper-
ties. Note that, although the selected DP has a rela-
tively high frequency (the wavelength in an equivalent
flat plate is about 1.25a), we employed the boundary ef-
fective medium theory [58] to obtain the equivalent ef-
fective material parameters. It has been argued [59, 60]
that, for periodic media, the effective medium theory
61, 62] is still valid at k& = (0 around the standing wave
frequency even when, strictly speaking, the frequency be-
long to the short wavelength regime. From a more em-
pirical perspective, we will also show that the use of the
effective medium description matches well the finite ele-
ment model predictions, therefore further confirming the
validity of the effective medium approach.

The boundary effective medium theory [58] treats the
unit cell as a black-box that responds to an incoming
wave. According to this method, we calculate the eigen-
states and then evaluate the modal effective forces, dis-
placements, strains, and stresses from the response col-
lected along the boundaries of the unit cell. The effec-
tive density and modulus are then extracted by using the
Newton’s second law and the constitutive relations.

As an example, for the eigenstates along the I'X direc-
tion, the effective mass density can be obtained from the ,

43

44

Newtons second law as, .
) mefrf Feff _Feff 8
peff _ — z = z (11) 49

a*h gl la2h w2 a2h

50

where p®/7 is the effective mass density, F¢// is the effec- **
tive net force exerted on the unit cell in the out-of-plane
7 direction, and uf/ is the effective displacement of the *
unit cell in the z direction resulting from the three de- >
generate states contributing to the Dirac-like Cone. F&f/ %

and u¢/f can be obtained as, %
57

erff = /Tzzdydz —/Tmzdydz *
60

r=a =0 (12)

—i—/TyZd:vdz — /Tyzdxdz
y=a y=0 61
and

62
Juzdydz + [u.dydz 63
eff — r=a x=0 13 64

uz 2a/h ( )

65
Since all the contributing modes are anti-symmetric e
modes, we only consider the effective shear moduli. They &
can be obtained from the constitutive relations as follows, e
69

szff = GeffSIZ 14) ™
Tyesz — GeffSyz ( ) 71

72
where G°f1 is the effective shear modulus, and 7%/ and 7
Se/1 are the effective stress and strain tensors. Using the 7

x10™ (h)x10"
(a)s (b) (c)1s0
. 4
4 75
2 —
w2 %
< 5 £
£ 0 o 2o
© = P
2 °a
&
4 75
-6 d
8 150
25 9 2 27 28 29 g 29

F?eunefz:y (I%ﬁz) B 5 Frgguency (kHz) zsprechue,?;’y (I%Hz)
FIG. 5. Frequency dependence of (a) the effective shear mod-
ulus G¢/¥, (b) the reciprocal effective shear modulus 1/G/,
and (c) the effective mass density p°f/ near the Dirac-like

point.

first of Eqn. (14), as an example, the stress and strain
can be obtained as,

J Ty.dydz + [Ty.dydz
ngf _ z:a2ah =0 (15)
and
Ju.dydz — [u.dydz
Sizf — z:aa2h =0 (16)

Figures 5a and c¢ show the effective shear modulus and
the effective mass density as function of frequency in the
range around the Dirac-like point. THe results clearly
indicate that, below the DP, the proposed metamate-
rial design behaves as a double negative material while
above the DP it behaves as a double positive material.
Similarly, the calculation of the reciprocal effective shear
modulus (Fig.5b) shows that both p¢/7 and 1/G¢// vary
linearly and become zero simultaneously as the frequency
crosses the Dirac-like point. These results suggest that
the proposed metamaterial should exhibit propagation
properties consistent with a double-zero-index material.
In particular, we expect that acoustic waves traveling
through the medium at the DP frequency should not ex-
perience any spatial phase change.

D. Full field numerical analyses

In order to validate the theoretical predictions, we built
a numerical model of an elastic waveguide made out of
the proposed double-zero-index material. The basic test
structure consisted of a flat plate with a 11 x 12 lattice
of torus-like tapers embedded in the center (Fig.6a and
b). Both the left and right boundaries were treated with
perfectly matched layers (not shown) to avoid reflections,
while top and bottom boundaries were treated with peri-
odic boundary conditions in order to simulate an infinite
plate. The zero-index material slab was excited from the
left by a planar Ag wave at f = 27.04 kHz and normal in-
cidence. The resulting wave field (Fig.6a) indicated that
no phase change occurred inside the metamaterial slab
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and nearly full transmission was achieved due to the zero- s
refractive-index and the matched impedance with the flat s
plate. These peculiar transmission properties were tested s
to show the ability to achieve cloaking and supercoupling ss
in structural waveguides.
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FIG. 6. (a) The out-of-plane displacement distribution of the s
wave field when an incident Ao planar wave at f = 27.04 kHz s3
impinges normally onto the 11x 12 lattice of double-zero-index s,
material. The top and bottom boundaries were treated with
periodic boundary conditions while the left and right bound- w6
aries used PMLs to avoid reflections. As expected, no phase
change occurs inside the metamaterial slab. (b) The out-of- °
plane displacement field showing the cloaking capability of the **
double zero material when an object 3 X 4 units in dimension *
is embedded in the slab. (c¢) The out-of-plane displacement %
field showing the supercoupling capabilities when a U-shaped 6
narrow channel is filled with the double zero material. 62
63
To illustrate the cloaking capability we embedded an
object (represented by a through-hole opening 3 X 4 units es
in size) within the DZIM metamaterial. The opening ss
had clamped boundary conditions. The remaining con- e
ditions were unchanged with respect to the case discussed es
above. The numerical results (Fig.6b) show that the wave e
emerges on the opposite side of the slab being completely 7o
unaffected. Comparing these results with Fig.6a, we see =
that the acoustic field downstream of the scatterer does 7
not carry any information about the scatterer itself there- 7
fore confirming the cloaking capability of the medium. 7
In a similar way, we tested the transmission perfor- s
mance of a U-shaped waveguide channel. The change
in cross section was operated within the double-zero-
index slab by shrinking the middle section from 10 to s
4 units. Similarly to the cloaking case, clamped bound- 7
ary conditions were imposed on all the walls of the U- s
shaped waveguide while the remaining boundaries were &
left free. In addition, perfectly matched layers were used s
on the top and bottom surfaces to absorb the outgoing ss
waves and eliminate reflections. We observe that the in- s
cident plane wave (Ay mode at f = 27.04 kHz) prop-
agated through the U-shaped channel completely unaf- e
fected while picking up only a minor phase distortion.
Considering the large extent of the impedance disconti- ss
nuity induced within the DZIM slab, this distortion is s
almost negligible. Figure 10 in appendix provided the o

=3

5

=]

7

contour plots in terms of amplitude and phase corre-
sponding to the results (Fig.6b and c). In conclusions,
these results confirm the ability of the proposed design
to create supercoupling effects in structural waveguides.

E. Experimental Results

We performed an experimental investigation in order
to validate the concept of DZIM structural waveguide.
We selected the supercoupling case for testing because it
is the most challenging condition to achieve and therefore
the most representative of the actual performance. To fa-
cilitate fabrication and testing, we rescaled the structure
by reducing the plate thickness to 0.004 m and the unit
cell dimension to half of the original size. The rescaled de-
sign resulted in a Dirac-like point at 54.08 kHz. The test
sample was fabricated with extended edges along the U-
Shaped waveguide channel in order to be able to enforce
the boundary conditions. For simplicity, instead of cre-
ating a complex setup to impose the clamped conditions
used in the simulation results (Fig.6c), we decided to
treat the edges of the U-section with viscoelastic damp-
ing material while clamping the remaining edges.

The torus-like tapers were CNC machined from an ini-
tially flat aluminum plate while the center masses were
cut from aluminum bars and successively glued on the
taper. The experimental sample was mounted vertically
in an aluminum frame and viscoelastic tape was applied
on the top and bottom edges in order to minimize re-
flections from the boundaries. An array of Micro Fiber
Composite (MFC) patches (Fig.7a) was surface bonded
on the plate and simultaneously actuated to generate
a quasi Ay planar incident wave. The out-of-plane re-
sponse (velocity) of the entire plate was acquired using
a Polytec PSV-500 laser scanning vibrometer. We per-
formed both steady-state and transient measurements.
The steady-state response was collected following a har-
monic excitation at the target frequency of 54.1 kHz. The
time transient measurement was obtained in response to
a H0-count wave-burst excitation signal having a 54.1 kHz
center frequency. Figure 7b shows the measured out-of-
plane velocity field at a fixed time instant while the inset
provides an enlarged view of the wave field in the area af-
ter the DZIM slab. The data in this inset were obtained
from a separate time transient scan which was performed
exclusively on the area following the DZIM (white dashed
box in Fig.7a) by using an increased scanning mesh size
(for improved resolution) and a rescaled colorbar range.
Despite some unwanted reflections due to the finite size
of the test sample, the planar nature of the transmit-
ted wave field is clearly recognizable. At the same time,
the transmitted intensity is subject to a substantial level
of attenuation. Figure 7c and d show the amplitude and
phase distribution of the steady-state response at the tar-
get frequency. Overall, the phase field distribution over
the entire structure (Fig.7d) appears consistent with the
numerical results (see Fig.10 in the appendix) and the
planar nature of the transmitted wave fields is still well
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FIG. 7. Experimental setup and results. (a) Front view of
the testbed consisting of a 4mm thick aluminum plate with a *
U-shaped waveguide channel filled with DZIM material. An *
array of MFC patches was surface bonded to generate the 2
ultrasonic excitation. The scans covered the entire plate in- 20
cluding the DZIM section where the out-of-plane velocity re- 30
sponse was measured. (b) The measured transmitted Ag wave s
field (out-of-plane velocity) showing that the waves propa- 3
gates through the U-shaped channel preserving its planar na- .,
ture. The inset shows an enlarged view of the wave field
after the DZIM section (marked by the white dashed box).
This data was obtained by performing a separate time tran-
sient scan that employed a refined scanning mesh grid and a
rescaled colorbar range. (c¢) and (d) show the amplitude and
phase distribution of the steady-state responses of the whole

structure at the targeted frequency. 39
40

6

34
35
36
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38

41

identifiable. Similarly, the amplitude field distribution (
Fig.7c) highlights the attenuation in the intensity as the
wave is transmitted through the DZIM section. ”2
To further understand the origin of the large atten-
uation of the transmitted amplitude, we performed ad- «
ditional numerical analysis by taking into account the «
effect of damping. Aluminum has a small intrinsic loss s
factor that can vary depending on the specific type of 4
alloy and manufacturing treatments but that generally 4
never exceed ns = 0.01. Hence, we added this loss factor «s
to the whole structure by using a complex notation of 4
the Young’s modulus E = Ey(1 + 7sj). The amplitude so
and phase distribution of the wavefield for the case of s:
supercoupling were recalculated and the results are pro- s
vided in Fig.8a and b. These results are in much better s3
agreement with the experimental observations therefore s
confirming the limited effect of damping on the phase ss
distribution and the large impact on the amplitude at- s
tenuation. Given the large observed attenuation, some- s
what beyond the expected amplitude reduction due to a ss
ns = 0.01, we performed an additional numerical anal- s
ysis on a flat plate with a comparable value of damp- e
ing. The results (Fig.8c and d) show that a much lower &
level of attenuation should be expected when the DZIM e
is not present. This comparison suggests that the DZIM o3

-

|
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FIG. 8. Numerical simulations showing the effect of damping
in a DZIM material. (a) and (b) show the phase and ampli-
tude distributions of the wave field for the supercoupling case
when a loss factor ns = 0.01 is added to the whole structure.
Comparisons of the amplitude attenuation level obtained in
identical damped waveguides with (¢) and without DZIM (d)
are also presented. A significant amplification of the attenu-
ation level can be observed clearly.

O —m

produces also a significant amplification of the damping
effect. These results are consistent with recent experi-
mental studies [63, 64] on locally resonant acoustic meta-
materials that demonstrated how losses, even in a small
amount, might have a strong impact on the dynamic re-
sponse. Nevertheless, further theoretical analyses would
be required to rigorously assess this attenuation ampli-
fication mechanism in presence of double-zero material
properties.

Overall, the measurements confirm the theoretical and
numerical predictions by clearly indicating that the Ag
mode can be propagated undistorted through the U-
shaped DZIM waveguide channel. Nevertheless, signifi-
cant amplitude attenuation takes place during the trans-
mission which is in general not due to backscattering but
due to an enhanced effect of damping.

IIT. CONCLUSIONS

We have presented and experimentally demonstrated
the design of a double-zero-index structural waveguide
able to achieve simultaneous zero effective density and
elastic compliance. The design leverages locally-resonant
geometric tapers that are used as fundamental unit cells
to achieve and tune Dirac-like dispersion at the center of
the Brillouin zone. We showed, both by theoretical and
numerical methods, that the material can be mapped to
a double zero effective medium when excited in the neigh-
borhood of the Dirac-like point. Full field numerical sim-
ulations showed that this material can be used to achieve
cloaking and supercoupling in elastic waveguides. Both
theoretical and numerical results were confirmed by ex-
perimental measurements that validated the design and
provided conclusive evidence that double zero properties
can be successfully achieved in solids. This study also
highlighted the important role of damping when locally-
resonant materials are excited in proximity of zero effec-
tive density conditions. While the phase profile are not
altered, the amplitude of the transmitted wave can suffer
a severe reduction.
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Appendix A: Appendix

1. Details on numerical simulations and
experimental setup.

The full-wave simulations performed throughout the
paper were obtained using a commercial finite element
solver (COMSOL Multiphysics). The thin plate was built
out of aluminum with the following properties: Young’s
modulus E = 70 GPa, density p = 2700 kg/m?, and
Poisson’s ratio v = 0.33. Perfectly matched layers were
used on the outer boundaries to avoid reflections. For
what concerns the experimental setup, additional details
are provided here below. The experimental sample was
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mounted in an aluminum frame providing clamped-free »
boundary conditions. A 3M viscoelastic tape (3M 2552
Damping Foil Tape) was used all around the panel to
minimize the effect of boundary reflections. An array of
nine Micro Fiber Composite (MFC) patches was surface
bonded on the plate and simultaneously actuated to gen-
erate an Ay (quasi-) planar incident wave. The actual
plate used in the experimental setup is shown in Fig.9a.
The main difference with the numerical model consists in
extended edges of the U-shaped section (marked by the
dashed areas) that were used to enforce clamped bound-
aries. Numerical simulations (Fig.9b) indicated that this
modification of the boundary conditions did not alter the
overall behavior of the DZIM channel with respect to the
original all-clamped boundary.
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FIG. 9. (a) Schematic view of the experimental testbed. The 2o
edges of the DZIM slab (indicated by the dark dashed areas) 3o
were extended in order to allow for clamping. (b) Full field 5
numerical simulations show that the planar wavefront of the
transmitted wave is practically unaffected.
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2.  Details on the derivation of equation (6)

Here below we provide the detailed expression of the
elements in Eqn.(6) for our 3D bulk medium. Note that,
the spatial distribution of the material properties p(7),
A(7), and p(7) is described by step functions. The gra-
dient of these functions generates Dirac delta functions,
i.e. VA(F) = Agd(7" = )7, where 7 stands for the inter-
face between the vacuum layer and the aluminum plate
and 77 is the normal to the interface pointing towards the
aluminum domain. By substituting into Eqn. (6), the x
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The numerical values of the elements of pj; can be ob-
tained by performing numerical integrations based on the
knowledge of the Bloch states.

3. Amplitude and phase distribution contours
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FIG. 10. Amplitude and phase distribution of the wave field
for the (a) cloaking and (b) supercoupling effects illustrated
in Fig.6.




