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Circuit theory has been tremendously successful in translating physical equations into circuit
elements in organized form for further analysis and proposing creative designs for applications.
With the advent of new materials and phenomena in the field of spintronics and nanomagnetics, it
is imperative to construct the spin circuit representations for different materials and phenomena.
Spin pumping is a phenomenon by which a pure spin current can be injected into the adjacent layers.
If the adjacent layer is a material with a high spin orbit coupling, a considerable amount of charge
voltage can be generated via inverse spin Hall effect, allowing spin detection. Here we develop the
spin circuit representation of spin pumping. We then combine it with the spin circuit representation
for the materials having spin Hall effect to show that it reproduces the standard results in literature.
We further show how complex multilayers can be analyzed by simply writing a netlist.

According to Onsager’s reciprocity [1], spin pump-
ing [2–7] is the reciprocal phenomenon [8] of spin mo-
mentum transfer [9], and in this process, unlike charge
pumping [10], a precessing magnet [11] injects a pure

spin current into surrounding conductors. If the adja-
cent material possesses high spin-orbit coupling [12–15]),
a considerable amount of charge voltage can be gener-
ated allowing the detection of spin current via inverse
spin Hall effect (ISHE) [16–19], which is reciprocal to the
direct spin Hall effect (SHE) [20–23].
The expressions of spin current due to spin pump-

ing [4, 5] and spin battery [24, 25] due to a precessing
magnetization m̂ can be written, respectively as

~ISP =
~

2e

(

2G↑↓
r m̂×

dm̂

dt
+ 2G↑↓

i

dm̂

dt

)

(1)

and

~VSP =
~

2e

(

m̂×
dm̂

dt

)

, (2)

where G↑↓ (= G↑↓
r +i G↑↓

i ) is the complex (reflection) spin
mixing conductance at the ferromagnet-normal metal
(FM-NM) interface, which can be determined from mi-
croscopic theory [26, 27] and experiments [28]. With scat-
tering formalism, the complex transmission and reflection
coefficients are viewed as conductances [26, 29] and when
the spin pumping contribution is added to the Landau-
Lifshitz-Gilbert (LLG) equation [30] of magnetization dy-
namics with phenomenological damping parameter [31],
the experimentally observable quantities are the enhance-
ment of damping and the ferromagnetic resonance phase
shift [4, 5].
Here we construct the spin circuit representation of

spin pumping. Kirchoff’s circuit laws (current and
voltage laws, referred as KCL and KVL, respectively,
and they originate from the conservation of charge and
energy, respectively) have been ubiquitous in the de-
velopment of the modern transistor-based technology
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and there are commercial programs for SPICE (Simu-
lation Program with Integrated Circuit Emphasis), e.g.,
HSPICE [32]. In this way, an equivalent circuit is
constructed based on the underlying physical governing
equations for simplified understandings and the develop-
ment of the complex designs [33]. Such circuit models
are general in nature, i.e., they are not limited to semi-
classical transport, but also applies to quantum trans-
port [34]. For spintronic circuits, the voltages and cur-
rents at different nodes are of 4-components (1 for charge
and 3 for spin vector) and the conductances are 4 × 4
matrices (c − z − x − y basis). Such representations
have been developed earlier e.g., for ferromagnet (FM),
normal metal (NM), FM-NM interface, spin Hall effect
(SHE) [25, 35, 36].

Since spin pumping injects pure spin current (with-
out the charge component), we deduce the 3-component
version and show that it can reproduce the established
expressions in literature for effective spin mixing conduc-
tance considering diffusive NM [5] and the inverse spin
Hall voltage due to spin pumping [14], utilizing semiclas-

sical models. We further employ such spin circuit for a
complex structure of multilayers [37] and show that it
simply reduces to an equivalent circuit without invoking
any boundary condition and matches the mathematically
derived expression in literature [38]. We show how to
write a simple netlist to solve and derive the effective
spin mixing conductance for complex structures [37]. We
can simply write a netlist containing the conductances
and voltage/current sources to solve for the voltages/cur-
rents at the different nodes using a circuit solver. For
more complex multilayers, the analytical expression be-
comes tedious and this depicts the prowess of the spin
circuit approach.

Figure 1 shows the spin circuit representation of spin
pumping that constitutes the spin circuit representations
of FM module, NM module, and FM-NM interface. The
NM module can possess spin Hall effect and the inverse
spin Hall charge voltage can be generated due to spin
pumping, which will be addressed later in Fig. 2. The
conductances [29] (after the necessary modifications [25,
35]) and spin voltage sources in Figure 1 are represented
as follows.
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FIG. 1. (a) A precessing magnetization in a magnetic layer with uniform mode of excitation. This can generate a pure spin
current to the adjacent normal metals (NMs). Js is the spin current density, Hdc is the applied dc magnetic field, hrf is the
rf driving field, ω and θ are the precession frequency and angle, respectively. (b) Spin circuit representation of spin pumping

for ferromagnet (FM), NM, and FM-NM interface. The voltage source [VS ] acts as a spin battery, [G
1(2)
Int ] is the FM-NM

interfacial spin mixing conductances for the two interfaces. (c) The FM π-circuit can be converted to an equivalent T -circuit.
(d) Two T -circuits can be joined to get an equivalent T -circuit of twice length. Note that the voltage sources in between the
two T -circuits get canceled out and thus the spin battery only appears at the interfaces.
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and [VS ] =
[

0 ~VSP

]T

,

where Gf = σmaglw/tmag, G
1(2)
n = σ1(2)lw/t1(2),

Gz = σzlw/tmag, G
z
sh = GzQ tanh(tmag/2λlong),

Gz
se = Gz

(

P 2 +Qcsch(tmag/2λlong)
)

,

Q = (tmag/λlong)(1− P 2),

G
1(2)
1n = (σ1(2)lw/t1(2))tanh(t1(2)/2λ1(2)),

G
1(2)
2n = (σ1(2)lw/t1(2))csch(t/λ1(2)),

P is the spin polarization of the FM, GI and PI are
the FM-NM interface conductance and polarization, re-
spectively, λ1(2), σ1(2), and t1(2) are the spin diffusion
length, conductivity, and thickness of the NM1(2) layer,
respectively, λlong , σz , and tmag are the longitudinal spin
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FIG. 2. (a) A precessing magnetization is pumping pure spin current to an adjacent layer possessing a high spin orbit coupling
and it generates a considerable amount of charge current due to inverse spin Hall effect (ISHE). Charge potentials are developed
at the surfaces marked by 1 and 2, while spin potentials are developed at the surfaces marked by 3 and 4. (b) Instantaneous
3-component spin circuit with the voltage source [VSP ] acts as a spin battery, [GSP ] is the interfacial spin mixing conductance
between the magnetic layer and the SHE layer. (c) A dc spin circuit with average spin polarization acting in the z-direction. (d)
The spin circuit for the spin pumping can be represented by either Thevenin-equivalent with a spin battery or Norton-equivalent
with a spin current source. (e) Reduced spin circuit with the SHE layer conductance represented by a single conductance. (f)
Spin circuit representing the effective spin mixing conductance with the SHE layer conductance included in it. (g) The charge
circuit for the spin-to-charge conversion by ISHE with the current sources Ic0 dependent on the spin circuit in the part (c), G0

and GSH are the conductances for the SHE and FM layers, respectively.

diffusion length, conductivity, and thickness of the FM
layer, respectively, and l × w is the cross-sectional area.

The following points should be noted from the spin cir-
cuit representation of spin pumping in the Fig. 1: (1) We
include the spin battery in the FM module since a mag-
net can be precessed without the connection of an NM
module. (2) Figs. 1(c) and 1(d) explain (see the cap-
tion) that the spin battery appears at the interface only,
which accords with the established physical concept in
literature [5]. (3) We consider the transverse components
(x−y) of the conductances entirely at the FM-NM inter-

face ([G
1(2)
int ]), thus the transverse components of [G1F ]

are ∞. (4) We consider that the magnet is thick enough
(compared to the transverse spin diffusion length λtran,
which is a few monolayers for the typical transition met-
als) so that the transmission spin mixing conductances
are nearly zero, and thus we only consider the reflection

spin mixing conductances [5]. (5) For magnetic insula-
tors [39], σmag = 0, P = 0, σz (λlong) represents the
spin wave/magnon conductivity (diffusion length), and
the transmission spin mixing conductances are exactly

zero (i.e., the transverse components of [G1F ] and [G2F ]
are exactly ∞ and 0, respectively).

Figure 2 shows the 3-component version of spin pump-
ing and the generation of inverse spin Hall voltage in
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the transverse direction due to the symmetry involved in
the system [14]. The instantaneous spin pumping [Fig-
ure 2(b)] in matrix form can be represented by [ISP ] =
[GSP ] [VSP ], where

[ISP ] = lw S̃

(

2e

~

)

~ω

4π
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
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

 , (7)
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
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r = lw (e2/h) g↑↓r , G↑↓

i = lw (e2/h) g↑↓i (g↑↓ = g↑↓r +

ig↑↓i is the complex spin mixing conductance per unit

area), S̃ is the frequency dependent elliptical precession
factor due to thin magnetic film [40], the components of
[GSP ]

Gnn
SP = 2G↑↓

r
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n = (x, y, z),

Gxy
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SP ) = −2G↑↓

r mxmy ± 2G↑↓
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Gzx
SP (G

xz
SP ) = −2G↑↓
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i mx,

[G1] = Gλtanh
(

t
2λ

)

[I3×3], [G2] = Gλcsch
(

t
λ

)

[I3×3],
Gλ = σlw/λ, and [I3×3] is the 3× 3 identity matrix.
The spin circuit representation of average spin pump-

ing for a complete precession is depicted in the Fig. 2(c)
with the voltage source (or the current source depicted

in the Fig. 2(d)) represented by V DC
SP = S̃ ~ω

2e sin
2θ

(IDC
SP = lw S̃ eω

2π g
↑↓
r sin2θ). Thus Gz

SP = IDC
SP /V DC

SP =

lw(2e2/h)g↑↓r . Note that first principles calculations
and experiments have shown that the imaginary com-
ponent of g↑↓ is negligible for metallic interfaces (i.e.,
g↑↓ ≃ g↑↓r ) [14, 27]. Gz

1 = Gλtanh(t/2λ), Gz
2 =

Gλcsch(t/λ). From Fig. 2(d), Gz
SHE = Gz

1+Gz
1G

z
2/(G

z
1+

Gz
2) = Gλ/coth(t/λ). From Fig. 2(e), we get Gz

SP,eff =

Gz
SPG

z
SHE/(G

z
SP +Gz

SHE) = lw(2e2/h)g↑↓eff . Hence, we
get

g↑↓eff =
g↑↓

1 + λ
σ

2e2

h
g↑↓coth

(

t
λ

) , (9)

which matches the mathematical expression derived in
literature [5]. The above equation can be backcalculated
to get the the bare spin mixing conductance g↑↓ with the

inequality (2e2λ/hσ)g↑↓eff coth(t/λ) < 1, since g↑↓ > 0.

Note that g↑↓eff (and not the bare g↑↓) can be determined
from the enhancement of damping in ferromagnetic res-
onance experiments [14].
Figure 2(g) shows the charge circuit for the gen-

eration of inverse spin Hall voltage [36] (VISHE =
V c
2 − V c

1 ), which also considers the conductance GSH =
σmagtmagw/l due to current shunting through the mag-
net, if it is metallic. The charge current sources in
Fig. 2(g), depend on the spin potential difference between
the nodes 3 and 4 in the Fig. 2(c) as Ic0 = βG0 (V

z
3 − V z

4 ),
where G0 = σtw/l, β = θshl/t, and θsh is the spin Hall
angle [36].

Applying KCL at node 1 of the charge circuit in
Fig. 2(g), we get Ic0 = (V c

1 − V c
2 ) (G0 +GSH) and hence

VISHE = −β

(

G0

G0 +GSH

)

(V z
3 − V z

4 ) . (10)

To calculate (V z
3 − V z

4 ), we apply KCL at nodes 3 and
4 of the spin circuit in Fig. 2(c), and we get
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After solving, we get
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2
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Equation (10), we get

VISHE = −
θSH lλeS̃ωg↑↓sin2θtanh

(

t
2λ

)

2π (σt+ σmagtmaag)
(

1 + λ
σ

2e2

h
g↑↓coth

(

t
λ

)) ,

(14)
which matches the mathematical expression derived in
literature [14].
We further study the spin pumping in two subsequent

NM layers [38] using spin circuit. We deduce the expres-
sion for the spin conductance of the two layersGL by sim-
ply reducing the spin circuit (see Supplementary Fig. S1
and the detailed derivation [37]) and show that it matches
the mathematical expression derived in Ref. [38]. We can
simply write a netlist containing the conductances and
voltage/current sources to determine the effective spin
mixing conductance of the whole structure GSP,eff [37].
For more complex structures, the analytical expression
becomes tedious and this establishes that the spin cir-
cuit approach presented here is a versatile and effective
tool for analyzing and proposing functional spintronic de-
vices. Also note that the 3-component circuit in Fig. 2(b)
and and the 4-component circuit in Fig. 1 can be solved
in general.
To summarize, we have developed the spin circuit rep-

resentation of spin pumping and have shown that such
representation accords to the established mathematical
expressions in literature. Such circuits can be simply
solved analytically and when more complex they can be
solved programmatically to analyze and propose com-
plex devices. We have not considered conductance for
the interfacial Rashba-Edelstein effect at NM-NM inter-
face [41] or any significant interfacial spin memory loss
at FM-NM interface, on which (and also on spin diffu-
sion length, spin Hall angle) there is controversy [42]. It
needs to also carefully consider the low-thickness regime
and the effect of magnetic proximity effect [43]. The spin
circuit presented here has immense consequence on the
development of spintronic technology.

This work was supported by FAME, one of six cen-
ters of STARnet, a Semiconductor Research Corporation
program sponsored by MARCO and DARPA.



5

[1] L. Onsager, Reciprocal relations in irreversible processes.
I., Phys. Rev. 37, 405 (1931); Reciprocal relations in
irreversible processes. II., 38, 2265 (1931).

[2] R. H. Silsbee, A. Janossy, and P. Monod, Coupling
between ferromagnetic and conduction-spin-resonance
modes at a ferromagnetic–normal-metal interface, Phys.
Rev. B 19, 4382 (1979).

[3] S. Mizukami, Y. Ando, and T. Miyazaki, Ferromagnetic
resonance linewidth for NM/80NiFe/NM films (NM=
Cu, Ta, Pd and Pt), J. Magn. Magn. Mater. 226, 1640
(2001); The study on ferromagnetic resonance linewidth
for NM/80NiFe/NM (NM= Cu, Ta, Pd and Pt) films,
Jap. J. Appl. Phys. 40, 580 (2001); Effect of spin dif-
fusion on Gilbert damping for a very thin permalloy
layer in Cu/permalloy/Cu/Pt films, Phys. Rev. B 66,
104413 (2002); Magnetic relaxation of normal-metal
(NM)/80NiFe/NM films, J. Magn. Magn. Mater. 239, 42
(2002); B. Heinrich, K. B. Urquhart, A. S. Arrott, J. F.
Cochran, K. Myrtle, and S. T. Purcell, Ferromagnetic-
resonance study of ultrathin bcc Fe (100) films grown epi-
taxially on fcc Ag (100) substrates, Phys. Rev. Lett. 59,
1756 (1987); R. Urban, G. Woltersdorf, and B. Hein-
rich, Gilbert damping in single and multilayer ultra-
thin films: role of interfaces in nonlocal spin dynam-
ics, 87, 217204 (2001); W. Platow, A. N. Anisimov,
G. L. Dunifer, M. Farle, and K. Baberschke, Correlations
between ferromagnetic-resonance linewidths and sample
quality in the study of metallic ultrathin films, Phys. Rev.
B 58, 5611 (1998).

[4] Y. Tserkovnyak, A. Brataas, and G. E. W. Bauer,
Enhanced Gilbert damping in thin ferromagnetic films,
Phys. Rev. Lett. 88, 117601 (2002); Spin pumping and
magnetization dynamics in metallic multilayers, Phys.
Rev. B 66, 224403 (2002).

[5] Y. Tserkovnyak, A. Brataas, G. E. W. Bauer, and B. I.
Halperin, Nonlocal magnetization dynamics in ferromag-
netic heterostructures, Rev. Mod. Phys. 77, 1375 (2005).

[6] M. V. Costache, M. Sladkov, S. M. Watts, C. H. van der
Wal, and B. J. van Wees, Electrical detection of spin
pumping due to the precessing magnetization of a single
ferromagnet, Phys. Rev. Lett. 97, 216603 (2006).

[7] K. Ando, S. Takahashi, J. Ieda, H. Kurebayashi, T. Tryp-
iniotis, C. H. W. Barnes, S. Maekawa, and E. Saitoh,
Electrically tunable spin injector free from the impedance
mismatch problem, Nature Mater. 10, 655 (2011).

[8] A. Brataas, Y. Tserkovnyak, G. E. W. Bauer, and P. J.
Kelly, Spin pumping and spin transfer, in Spin Cur-

rent, Vol. 17, edited by S. Maekawa, S. O. Valenzuela,
E. Saitoh, and T. Kimura (Oxford University Press,
2012) pp. 87–135.

[9] J. C. Slonczewski, Current-driven excitation of magnetic
multilayers, J. Magn. Magn. Mater. 159, L1 (1996);
L. Berger, Emission of spin waves by a magnetic mul-
tilayer traversed by a current, Phys. Rev. B 54, 9353
(1996); J. Z. Sun, Spin-current interaction with a mon-
odomain magnetic body: A model study, 62, 570 (2000);
M. D. Stiles and A. Zangwill, Anatomy of spin-transfer
torque, 66, 14407 (2002).

[10] P. W. Brouwer, Scattering approach to parametric pump-
ing, Phys. Rev. B 58, R10135 (1998); M. Büttiker,
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