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The carbon nanotubes’ resilience to mechanical deformation is a potentially important feature for 

imparting tunable properties at the nanoscale.    Using non-equilibrium molecular dynamics and empirical 

interatomic potentials, we examine the thermal conductivity variations with bending in the thermal 

transport regime where both ballistic and diffusive effects coexist. These simulations are enabled by the 

realistic atomic-scale descriptions of uniformly curved and buckled nanotube morphologies obtained by 

imposing objective boundary conditions. We uncover a contrasting behavior. At shorter lengths, the 

phonon propagation is affected significantly by the occurrence of localized structural buckling. As the 

nanotube length becomes comparable with the phonon mean free path, heat transport becomes insensitive 

to the buckling deformations. Our result settles the controversy around the current differences between 

the current experimental and molecular dynamics measurements of the thermal transport in bent 

nanotubes. 

I. INTRODUCTION 

The combination of extremely high thermal conductivity1-6 and exceptional mechanical 

properties7-14 of carbon nanotubes (CNTs) motivated the usage of this material for developing a 

variety of applications, including multifunctional materials15, 16, thermal switches and thermal 

interface materials17-20.  The relation between the thermal transport and the bending deformation 

modes of single wall carbon nanotubes (SWCNTs) has not been yet established. When a 

SWCNT bends, it does not break. Instead, the strain energy is lowered by the formation of a 

structural kink8, 21-24.  The potential effects of bending and buckling are important for the 

fundamental understandings of phonon scattering mechanisms in quasi-one dimensional 
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structures as well as for applications.  

The thermal conductivity of stress free SWCNTs extends from ballistic to diffusive 

throughout a range of temperature and diameter-dependent lengths4. We are concerned with the 

thermal conductance regime exhibited by SWCNTs with lengths (l) less than the phonon mean 

free path (lmfp).  In this regime, atomistic molecular dynamics (MD) simulations, 6, 22, 23 performed 

on SWCNTs up to hundreds of nanometers in length obtained that the thermal conductivity 

increases with length. The increase demonstrates the substantial contributions to thermal 

transport of the additional long-wavelength phonons created by increasing the SWCNT length25. 

The mechanics of CNT bending is well understood and there is good quantitative agreement 

between theory and experimentation. For example, the observed critical strains for wavelike 

rippling22 of multi-walled CNTs are only within few percent to the modeling predictions21, 24. In 

contrast, in the thermal domain not a uniform conclusion has been reached even qualitatively. 

Experiments26, 27 uncovered robustness of heat transport along bent CNTs in both the diffusive 

and the ballistic regimes. In contrast, theoretical studies28-31 considering the ballistic regime have 

revealed that bending and buckling cause thermal conductivity reductions.   

There could be several reasons for the discrepancy between the experimental and theoretical 

results. A first explanation suggests that thermal conductivity reductions could be related to the 

challenges in simulating a bent SWCNT at the atomistic level. Indeed, the standard MD 

formulation under periodic boundary conditions is unusable since bending is incompatible with 

translational symmetry. For this reason, workers often make recourse to finite-size cluster 

representations, by considering SWCNTs as long as 50 nm.  A bending deformation is usually 

imposed by rotating to a target angle the two rigid ends. Beside the disadvantage of introducing 

spurious effects, the procedure leads to deformed nanotubes with small bending portions 

(typically 8-nm long) and large straight ends30. Such morphologies are not similar with the ones 
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investigated in experiment27, where the bent portions are approaching the mean free path of the 

SWCNT. A related explanation brings up the observed diameter and length dependence for the 

onset of buckling21. The condition for buckling is fulfilled earlier in longer and large diameter 

SWCNTs. If thermal transport is strongly influenced by bending, only large diameter SWCNTs 

might exhibit robust thermal transport since less geometrical curvature and strain effect are 

needed to develop buckling. A final explanation invokes the differences in SWCNT length 

considered in experiment and current MD simulations. While experiments are probing the 

ballistic regime near its upper limit, simulations are considering tube lengths l well below lmfp. 

The SWCNT length limits the longest possible phonon wavelength that can exist. The origin of 

the discrepancy may originate in the contribution of the low-frequency phonons that are not 

accounted for in the MD simulations considering short tubes. We find that the conjuncture of the 

first and last explanations to be correct. By increasing the lengths of the considered bent 

SWCNTs closer to lmfp, our MD simulations predict that thermal transport becomes insensitive to 

the buckling deformation. 

II. COMPUTATIONAL METHODS 

To simulate realistically bent SWCNTs we employ the generalization of periodic MD 

termed objective MD32-34. With this method, the whole simulated SWCNT is in pure bending, 

which represents a condition of stress where only a bending moment is applied. Our objective 

boundary conditions write 

𝒓!,! = 𝑹!𝒓!       𝑖 = 1,2,… ,𝑁.                                                             (1) 

Here N is the total number of atoms located at positions 𝒓! located in the primary cell. 𝒓!,!  are the 

positions of the corresponding atoms in the image cell indexed by 𝜁 and 𝑹 denotes the applied 

rotation of angle 𝜃 performed around the z axis, which is the rotation axis. As 𝜃 is the only 

constraint imposed here, the atoms are free to move away or towards the rotational axis.  The 
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curvature 𝜏 of the SWCNT, then, is not imposed but it is the result of the energy minimization. 

By varying 𝜃, we are able to generate bent SWCNTs with different curvatures. For example, Fig. 

1 (a) shows a bent morphology of a  (10,10) SWCNT supercell with l=30.75 nm containing 

5,000 carbon atoms. The bending angle is 𝜃 = 600 and the shape of the relaxed bent tube is 

nicely smooth. The curvature, defined as τ = θ/𝑙, is everywhere 0.106 nm-1. 

In an earlier work21, we have demonstrated that, in spite of the imposed objective 

periodicity, objective MD is able to describe the expected localized buckling of SWCNTs and all 

related essential details, including the scaling with diameter and length of the critical curvature 

beyond which SWCNTs behave nonlinearly. Building on this work, which considered SWCNT 

supercells up to 16 nm in lengths, here we report that the method can capture bending and 

localized kinking of much larger SWCNT portions. Referring to Fig. 1, as we further increased 

𝜃, a single kink developed as shown in Fig. 1(b) for 𝜃 =77.140. Using this approach, we have 

built a collection of bent structures comprising (10,10) and (6,6) SWCNTs up to 90 nm in length.      

 
FIG. 1. Objective MD configurations of a (10,10) SWCNT bent  (a) without and (b) with a kink. 
The atoms located inside the simulation cell are represented in dark gray (blue). Atoms in the 
𝜁 = -1 and 𝜁 = 1 image cells are showed in light gray (pink). The measured curvatures are (a) 
0.034 nm-1 and (b) 0.044 nm-1. 
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  Relying on the objective bent morphologies, we have performed non-equilibrium 

molecular dynamics (NEMD) simulations35 to understand the thermal transport.  The interatomic 

interactions were described with the AIREBO potential36, which includes a Lennard-Jones term 

describing the van der Waals interactions experienced by the C-C atoms located in the 2-10.2 Å 

space interval.  The non-bonded interactions at the kink should manifest into an increase of the 

phonon scattering rate.   The proposed NEMD simulation set-up is shown in Fig. 2(a) for a 

(10,10) SWCNT. One unit cell at each end was fixed in order to impose the bending constraints. 

Such a small size is sufficient in view of the short range of the potential. Four other unit cells 

next to each end were set as the hot and cold heat baths, respectively.  In order to minimize the 

thermal boundary resistance effect, the length of the bath regions was increased in the 

subsequent calculations involving (10,10) SWCNTs. We used six unit cells for 𝑙 ≤  55.4 nm, 

twelve unit cells for 𝑙 =  65.2 nm, and eighteen unit cells for 𝑙 =  90 nm.  The time step used in 

NEMD simulations was 0.5 fs. Initially, the whole dynamic system was equilibrated at 300 K 

with the help of a Nose-Hoover thermostat. Next, the temperatures of the two heat baths were 

rescaled at every time step to maintain Th=310 K and Tc=290 K, respectively.   The velocity 

Verlet algorithm was used for time integration. Steady-state has been reached after 1,000 ps. The 

rate of kinetic energy exchange between the two baths was obtained as 

 𝑄 = !
!
𝑄! − 𝑄! .                                                             (2) 

Here 𝑄! and 𝑄! are the instantaneous heat currents flowing into and away the hot and cold baths 

to maintain the temperature gradient. 𝑄! − 𝑄! equals the difference in instantaneous kinetic 

energies of the atoms located in the hot and cold bath regions. The angle brackets indicate a 

statistical average, taken here over the last 5,000 ps after the steady state was reached. The 

thermal conductivity is then calculated as  
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𝜅 = 𝑞

𝑑𝑇
𝑑𝑥

!!

 (3) 

where 𝑞 is the heat current per cross-sectional area A and  x is the axial position. We defined A 

by assuming a 0.34 nm thickness for a one-atom thick tube wall. The local temperature 𝑇 is 

computed by statistically averaging the kinetic energy of the atoms located on three subsequent 

unit cells. 

	  
FIG 2. (a) Set-up for the NEMD simulation with uni-directional flux.   Temperature profiles in 
bent (6,6) SWCNT (b) ideal (unkinked) and (c) kinked. The total length is 24.6 nm. Temperature 
profiles in a bent (10,10) SWNT with (d) ideal (unkinked) and (e) kinked structure. The total 
length is 45.5 nm.   Circles are the local temperatures of the unkinked regions.   The red triangles 
in (c) and (e) represent the temperature in the kink region. Fitted lines are shown in all figures. 
 



THERMAL TRANSPORT  PHYS. REV. APPLIED 

	   7	  

III. RESULTS AND DISCUSSION 

We first examine short (in comparison with lmfp) SWCNTs before and after their buckling 

threshold.  We considered SWCNTs with different diameters and lengths to provide an 

opportunity to probe different curvature regimes. Panels (b-e) of Fig. 2 display the obtained 

temperature profiles along the nanotube length for selected curvatures.  For the unkinked cases, 

we extracted the thermal conductivity by considering the temperature gradient observed in the 

linear region. We excluded the temperature points from the regime near the thermal baths, since 

these points are largely affected by the undesirable effect of phonon scattering at the interfaces 

between thermostatted and non-thermostatted regions. For both SWCNTs, we obtained that the 

central kink is associated with a pronounced thermal gradient over a length 𝑙!. Unlike the 

interface effect mentioned above, the thermal resistance at the kink is a real effect. We accounted 

for it with a series model, where the overall conductivity writes 

 1
𝜅 =

1− 𝜙
𝜅!

+
𝜙
𝜅!
. (4) 

Here  𝜅! and 𝜅!   denote the local thermal conductivities obtained from the slopes identified in the 

unkinked and kinked regions.   𝜙 = 𝑙!/𝑙 is the length fraction of the kinked region. The above 

model is appropriate since there is no direct interactions between the two SWCNT sections 

around the kink. There is only one path for the heat flux, through the kink.   

Table 1 summarizes our simulation results at all considered curvatures. The overall 

thermal conductivity values entered in the last column demonstrate that the conductivity 

reduction occurs in a gradual manner and that the reduction is small for both nanotubes. By the 

time the (6,6) SWCNT develops buckling, we measured a 44% decrease in 𝜅  with respect to the 

zero-curvature reference case. For the longer and larger diameter (10,10) SWCNTs the reduction 

is of 20%, which is still significant.   (The difference in values reflects the smaller critical 
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curvature for buckling in larger diameter SWCNT.)     We also see that at the kink location the 

local thermal conductivity differs significantly from the rest of the tube. For both nanotubes 𝜅𝒌 is 

about 36% of the unkinked region. For a more transparent characterization of the kink, we 

estimate the equivalent length of a pristine SWCNT that would give a similar effect. This 

equivalent length was calculated as 𝑙!𝜅𝒐/𝜅𝒌, where 𝜅𝒐  is the pristine thermal conductivity.   For 

the (10,10) CNTs, we find equivalent lengths of 11.90 and 20.27 nm, for 𝜏 of and 0.044 nm-1   

and 0.047 nm-1, respectively. Interestingly, these values are larger than the 9 nm value reported 

for kinks formed under 6% compressive strain31.     

Structure 
  𝜅!  (W/mK)   𝜅! (W/mK) 

𝜅!
𝜅!

 𝜙   𝜅 (W/mK) 
SWCNT l (nm) 𝜏 (  nm!!) 

(6,6)  24.6 
0.000 -  120.7 
0.106 -  89.2 
0.133 83.7 29.9 35.7% 13% 67.5 

(10,10) 45.5 

0.000 - 155.8 
0.034 - 154.5 
0.041 - 146.4 
0.044 143.2 51.5 36.0% 8.7% 124.1 
0.047 141.4 30.2 21.4% 8.7% 107.1 

 
TABLE 1. Thermal conductivities of bent (6,6) and (10,10) SWNTs with l much smaller than 
lmfp. The straight case is shown for a comparison. 
	  

The thermal resistance at the kink is attributed to the local strain. To gain more insight 

into the underlying microscopic mechanism, we have analyzed the local phonon density of states 

(LPDOS) around the kink and the corresponding region of the unkinked and straight (10,10) 

SWCNT structures. LPDOS was obtained by decomposing into the Fourier space the MD time 

correlation function of the atomic velocities at 300 K. Fig. 3 reveals major differences only for 

the optical G-mode phonons with frequencies around 52 to 54.2 THz (as described with the 

AIREBO potential37). It could be expected that a bending strain affects the G-modes since they 

correspond to the C-C bond-stretching motion. We see that as 𝜏 increases, the G peak is lowered, 

broadened, and then split into two peaks.  The shift to lower (higher) frequencies corresponds to 
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a decrease (increase) of the force constants for the C-C bonds elongated (compressed) under the 

bending deformation. The broadening allows for the optic phonons to provide more scattering 

channels for the heat carrying acoustic modes through Umklapp scattering especially in the 

acoustic-acoustic-optic scattering, where the sum of two acoustic frequencies must equal the 

optic frequency. Thus, we conjecture that the MD-computed 𝜅 lowering with increasing 𝜏 could 

originate in the G-band broadening. 

FIG 3. LPDOS in a 45.5 nm long (10,10) SWCNT as a function of frequency, for straight - black 
line, unkinked bent with τ=0.034 nm-1 - magenta (gray continuous thick) line, and kinked bent 
with τ=0.047 nm-1 - green (light gray continuous thin) line. LPDOS is calculated over a portion 
comprising 9 unit cells. 

  We now examine the consequences of increasing l in order to probe the explanation 

which attributes the thermal conductivity robustness to the additional low-frequency acoustic 

phonons that emerge as l ~ lmfp.  In Fig. 4 we compare the size dependence of 𝜅 for a (10,10) 

SWCNT in the straight and bent with τ=0.034 nm-1 and τ=0.047 nm-1 states.    Relying on the 

recent detailed investigations38, we have adopted the view that in NEMD simulations with uni-

directional heat flux, the whole SWCNT length determines thermal conductivity.  Thus, in Fig. 4 

we have plotted 𝜅 against l, which comprises the heat bath regions. We see that as the sample 
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length increases, the maximum allowable phonon wavelength increases. For the stress-free tubes, 

we attribute the 𝜅 increase with length to effective contribution of the long-wavelength phonons.  

We also see that there is no distinction in the conductivity variations of the straight and ideally 

bent states, suggesting that the transport in ideally bent SWCNTs is ballistic, as in the stress-free 

case. Finally, our data demonstrate that the impact of the kink diminishes quickly as l increases. 

While for l=24.8 nm 𝜅 differs by 38% from the ideal straight state, at l=90 nm the difference 

reduces to only 5.7%. Thus, our simulations confirm the robustness of the thermal transport 

observed in experiments. Note that our MD calculated thermal conductivities did not include 

quantum effects. The quantum corrected 𝜅 are estimated39 as 84% of those presented in Fig. 4. 

The quantum-corrected temperature is 260 K when the MD temperature is 300 K.     

 

FIG 4. Thermal conductivity in a (10,10)	  SWCNT as a function of the sample length, for straight 
– blue (dark gray) squares, bent (unkinked) with τ=0.034 nm-1 – green (light gray) triangles, and 
bent (kinked) with τ=0.044 nm-1  - magenta (gray) circles.  Lines represent exponential fitting of 
the length dependence.  
 
 
IV. CONCLUSIONS 

Enabled by the bent morphologies calculated under objective boundary conditions, we 

studied for the first time the effect of pure bending strain on the thermal transport of SWCNT 
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with different sizes.  NEMD simulations revealed that the kink developed under bending exhibits 

a much larger resistance related effective length than previously suggested.  In the short l regime, 

the overall 𝜅 exhibits a sizable decrease by the time buckling occurs.  The 𝜅 reduction is most 

significant in small diameter SWCNTs, which display a higher critical curvature for buckling.  

The finding is important since significant tunability of the thermal conductivity characteristic for 

the l < < lmfp regime is interesting for applications. As l ~ lmfp thermal conductivity becomes 

robust as the heat carrying long-wavelength phonons become insensitive to the localized 

buckling deformation.  
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