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The temperature-dependent magnetic moment of a magnetically ordered material is
fundamental to all aspects of its technological applications. In ferrimagnetic materials with
multiple sublattices containing different magnetic ions, the magnetization can vary
nonmonotonically with temperature. Computational modeling of these materials provides
insight into their sublattice occupancy and prediction of their behavior as a function of
composition. Here we develop a python computer code called DIONNE that models the
magnetism of rare-earth iron garnets (REsFesO12, REIG) using molecular field coefficient (MFC)
theory. The program calculates the exchange interactions and the magnetic moment of each
sublattice to determine the net magnetization and angular momentum as a function of
temperature. DIONNE accounts for site occupancy on each sublattice including the effects of
non-magnetic and magnetic substitutions, vacancies, Fe?*, and deviations from the ideal RE:Fe
stoichiometry by considering their effects on the magnetization and exchange coupling. Unlike
previous iterative methods, DIONNE recursively solves for the moment at each temperature,
yielding an excellent match to magnetization vs. temperature data for a range of bulk garnets.
This work predicts magnetic properties of REIGs with a variety of compositions and point defect

levels and enables design of ferrimagnets with useful properties.
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Introduction

Ferrimagnetic materials consist of two or more magnetic sublattices with antiparallel
coupling, leading to behavior that differs qualitatively from that of ferromagnets. For example,
ferrimagnets may show magnetization and angular momentum compensation temperatures,
dynamics that resemble those of antiferromagnets, and sublattice-specific optical or electronic
properties [1,2]. Ferrimagnets have been used in a range of data storage, logic, photonic, signal
processing and sensor devices taking advantage of their spintronic, magnetooptical and
microwave properties [1-6]. Ferrimagnetic oxides, particularly yttrium iron garnet, exhibit low
Gilbert damping [7-10] and high resistivity [11-13]. Furthermore, thin films of iron garnets can
be grown with perpendicular magnetic anisotropy (PMA) which is desirable for many spintronic
device applications [14-16]. Predicting and explaining the temperature-dependent

magnetization is essential in optimizing garnets and other ferrimagnets for specific applications.

The molecular field theory of Néel [17] has been used successfully to model ferrimagnetic
materials [18—20]. The magnetization is separated into contributions from the magnetic species
on each sublattice, whose temperature-dependence is represented by Brillouin functions. This,
combined with the appropriate molecular field coefficients to model the intra- and inter-
sublattice exchange coupling strength, yields the net magnetic moment as a function of
temperature. Dionne [19,21-25] applied this theory to yttrium iron garnet and rare earth iron
garnets (REIGs, REsFesOi12) and obtained a good quantitative fit to experimental data of
magnetization vs. temperature, M(T) [26—35]. This model addressed a full range of RE
substituents as well as limited ranges of nonmagnetic substitutions for Fe. It does not account

generally for non-ideal site occupancies such as RE or Fe antisite defects. Modeling the effects of



such defects is particularly important for understanding thin film ferrimagnet properties because

epitaxial growth can stabilize films with compositions far from those of bulk crystals [36].

Here we develop a computer program in python, named DIONNE after our colleague Dr.
Gerald F. Dionne [37], which models the magnetic moment and angular momentum of REIGs as
a function of temperature. The program accounts for a wide range of site occupancies in REIGs,
including non-magnetic and magnetic substitutions, vacancies in all sublattices, Fe?* substitutions,
and deviations from the ideal RE:Fe = 3:5 stoichiometry. While prior models calculate the moment
iteratively [25,38], DIONNE recursively solves for the moment and angular momentum which
increases the accuracy of the model up to the Curie temperature. We validate the model by
comparison with data from bulk stoichiometric REIGs as well as those with mixed RE elements
and nonmagnetic substitutions. We then model REIGs with large deviations from bulk
stoichiometry, in particular Tb-rich ThiG, which enables determination of sublattice occupancy.
While DIONNE is used here for REIGs, the approach can be adapted to model M(T) for other multi-

sublattice ferrimagnetic oxides such as spinels [39,40].

Description of Model

REIGs comprise three cation sublattices: tetrahedral Fe3* (d-sites), octahedral Fe3* (a-
sites), and dodecahedral RE3* (c-sites), in the ratio of 3:2:3 sites per formula unit of REsFesOi,.
The strongest coupling is antiferromagnetic superexchange between the Fe in the a- and d-sites,

and the c-sites are also coupled antiferromagnetically to the d-site sublattice. Thus, the magnetic



moment M of the REIG is the absolute value of the d-site moment minus the a-site and c-site
moments:
M = |Md_ Ma_ Mcl

(1)

where Mg, M,, and M. are the moments of the d-, a-, and c-site sublattices respectively.
Following Dionne [19,21-25], we utilize the molecular field theory of Néel [17], which combines
the use of molecular field coefficients and Brillouin functions to model the magnetic behavior.
Each sublattice moment is the product of the zero-temperature moment, controlling the
amplitude, and a Brillouin function, giving the moment as a function of temperature according to
the S, L, J quantum numbers of the ions occupying the sublattice and the exchange field due to
neighboring ions. At a given temperature, T, the moment of sublattice Mir (where i represents
the a, d, or c-site) is expressed as

M;r = MyoB;(x;1)

(2)

Mio is the zero-temperature moment of the i-site = nJ/igiusNa (per mole) where n is the
number of sites per formula unit = 2 for d-sites and 3 for a and c-sites, J; is the total angular
momentum and g; is the Landé g-factor of the ion in the i-site, ug is the Bohr magneton and Na is
Avogadro’s number. The T-dependence is described by B;, the Brillouin function for the sublattice,

with argument x;r:

Bi(xl-,T) = [% coth [% xl-,T] — [ZLJL] coth [ZLJL xl-,T]

where



Jigikslo
Xit = k—TZj=a,d,c NijM;r

(3)
Njj represents the molecular field coefficient (MFC) between the i and j-sites.

The MFCs Nj quantify the exchange coupling both within a sublattice and between
sublattices: Njj is proportional to the exchange coupling Jij. A negative sign of Nj; indicates parallel
(ferromagnetic) coupling whereas positive indicates antiparallel coupling. Superexchange
between the Fe3* ions in the a and d-sites of iron garnets is described with a MFC of Nag = 97 mol
cm™ [19]. The intra-sublattice couplings within the a and d-sublattices are the next strongest,
with Naa = -65 mol cm™ and Ngg =-30.4 mol cm™3 [19]. Coupling between Fe3* and RE3* is an order
of magnitude smaller: Nac and N¢g are shown in Table S1 for various c-site REs which came from
fitting experimental data [25,31,65]. The coupling between REs in the c-sites is negligible, i.e. N
is taken as zero. The model does not account for spin reorientation or noncollinear magnetic

order [41,42].

Although the molecular field coefficient model has been previously implemented for a
range of bulk iron garnets [18-20,25,38,43—-49], to our knowledge, MFC modeling has not been
optimized for materials with non-ideal site occupancies such as antisite Fe or antisite RE.
Furthermore, evaluating the Brillouin function is computationally demanding, requiring multiple
sinusoidal functions, and each sublattice moment depends on the other sublattices, resulting in
a system of non-linear equations. Our previous model [38] and Dionne’s model written in
Fortran [25] iteratively solved this system of equations by calculating the magnetization at each

temperature from the sublattice moments at lower temperatures, creating inaccuracies at higher



temperatures. DIONNE recursively solves this system of equations at each temperature using
fsolve in the optimize section of the SciPy Python library [50]. DIONNE is implemented in python
to minimize both runtime and memory requirements for efficient processing. DIONNE is available

on GitHub at https://github.com/mijgross20/DIONNE.

Results and Discussion

1. REIGs with one or more rare earth element

We first model REIGs with one rare earth to validate the approach. Table S1 in the
Supplementary Information [65] provides the angular momentum, Landé g-factor, and MFCs of
each RE in the c-site, derived from theory and experimental fitting [20,25,31,35,51]. Figure 1a
shows the resulting plots for several different REIGs, each with one rare earth, compared with the
experimental results from Pauthenet [35]. Figure S1 shows additional examples plotted with past
experimental and modeled results [25,28,30,31,35,52,65]. Inconsistencies between different
experimentally reported results slightly alter the moment versus temperature curves, which can
be accounted for with small modifications to the values in Table S1 [65]. The Curie temperature
Tc is dominated by the coupling between the Fe on the a-and d-sites and is 560 K, independent
of the RE, in agreement with experimental data [31,34,35]. A compensation temperature Tcomp
occurs for some REIGs where the net magnetic moment is zero. Tcomp = 85 K for ErIG, increasing
to Teomp = 282 K for GdIG in agreement with previously reported results [31,35,49].

Supplementary Note 1 [65] shows an excellent agreement of the model with experimental data.


https://github.com/mjgross20/DIONNE

In addition to the magnetization, DIONNE calculates the angular momentum as a function
of temperature. This additional output is readily calculated from the magnetic moment and the
Landé g-factors of each cation. Some REIG compositions yield an angular momentum
compensation temperature, Ta, as shown in Figure 1lb. Ta is important in determining the
magnetization dynamics, for example the domain wall mobility in RE-transition metal alloys is
maximum at Ta rather than at Tcomp [53,54]. For GdIG, Ta = Tcomp = 282 K because all the cations,
Gd** and Fe®*, have the same g = 2 [55]. In contrast, Er3* has g = 1.38 and ErlG has Ta = 130 K,

which is almost 50 K higher than its Tcomp.

The properties of REIGs can be tuned by substitution of other REs on the c-sites. Coupling
within the dodecahedral sublattice is negligible because there are no c-site nearest neighbors (Ncc
=0). This allows us to model the c-site as an average of the occupying REs, following Dionne [25].
Figure 2 shows magnetization versus temperature of two different solid solutions, Gd-substituted
YIG (GdxY3-«xFesO12), Fig. 2a, and Gd-substituted DyYIG (GdxDyo.3Y2.7xFes012), Fig. 2b. YIG has no
compensation temperature, but adding Gd produces a Tcomp for x > 0.6 Gd per formula unit (f.u.)
in GdxY3«FesO12 and x > ~0.3 in GdxDyo.3Y2.7«Fes012. The calculated M(T) matches experimental

data (see Supplementary Figure S2 [65]) [26,29,32].

Figure 3 compares the sublattice magnetization and angular momentum of Dy1Gd,Fes01;,
yielding Tcomp = 267 K and Ta = 296 K. Fig. 3c evaluates Tcomp and Ta of DyGdIG vs. composition for
increasing amounts of Dy. The difference between the compensation temperatures (Tcomp-Ta)

increases with Dy substitution as the average g-factor of the dodecahedral sites is reduced.

2. Point defects and non-bulk stoichiometry in rare earth iron garnets



Vacancies and non-magnetic substitutions have a large impact on the magnetic behavior
of REIGs. Dionne [19] proposed that in YIG the zero-temperature magnetic moment and the
MFCs of each Fe sublattice are affected by non-magnetic substitutions in both the Fe sublattices.
Thus, Mao, Mdo, Naa, Nag, and Ngg become functions of the fraction of non-magnetic species
(including vacancies) both in the a-site, ks, and in the d-site, kq, where 0 < kg, ka < 1. Dionne’s
model included a linear scaling of Mao with (1 —ka) and Mgo with (1 — kg) which fitted experimental
data for 0<kg< 0.65, 0 <k, <0.35, but at higher non-magnetic fractions the model diverged from
experimental results. The deviation was attributed to canting of the magnetic moments of the
non-substituted sublattice and was accounted for by including an empirical dependence of Mao
on (1 —kq>*) and Mgo on (1 —0.1ka) [19]. The fraction of non-magnetic species in the c-site, k, is
included by linearly scaling Mco with (1 — k) [25]. We adopted Dionne’s expressions which are
given in Supplementary Note 2 [19,65], modifying them to include antisite defects and divalent

Fe as described in the remainder of this section.

Figs. 4a and b show magnetization versus temperature of YIG with increasing levels of
octahedral and tetrahedral non-magnetic species, respectively. Non-magnetic species on either
site dilute the superexchange between the Fe on the a and d sublattices by reducing the number
of magnetic neighbors, and frustration of spins adjacent to the substituted site leads to spin
canting and a reduction in the sublattice moment [21]. Nonmagnetic substitutions therefore
reduce Tc and the values of the MFCs. However, octahedral and tetrahedral non-magnetic species
have opposing effects on the low temperature net magnetization Mo: increasing ka raises Mo by
reducing the moment of the minority sublattice, whereas increasing kg lowers My. Figure 4c

shows the special case of antiferromagnetic YIG where 1/3 of the tetrahedral Fe is replaced by a



trivalent nonmagnetic substituent, yielding a Néel temperature of 440K. Figure 5a,b shows the

agreement of DIONNE with experimental data [56].

The Fe in REIGs is trivalent, but oxygen deficiency or tetravalent cations promote the
formation of Fe?* for charge balance [57,58]. As a larger ion than Fe3*, the Fe?* preferentially
occupies the octahedral sites. DIONNE can account for a-site Fe?* (4 us) replacing Fe3* (5 us) by
adjusting the zero-temperature magnetic moment of the a-site sublattice Mao (see
Supplementary Note 2 [65]) while using the same MFC values for Fe?* that were used for Fe3*.
Fig. 5¢c shows M(T) for increasing levels of Fe?* in YIG. Tc decreases as Fe?* increases because Fe?*
lowers the octahedral sublattice moment Mao and hence the inter-sublattice coupling, Eq. 3.

Previous studies of YIG and substituted YIG containing Fe?* find a decrease in Tc [57,58].

Bulk REIGs exhibit little variation from the ideal RE:Fe = 0.6 stoichiometry [59-61].
However, thin films of REIGs with compositions that deviate substantially from the ideal RE:Fe
ratio can be stabilized by epitaxial growth on a garnet substrate [36]. To model these antisite
defects, we consider the effects of Fe3* in the c-site for Fe-rich REIGs and RE3* in the a-sites for
RE-rich REIGs. We consider excess RE to occupy the a-sites and not the d-sites on steric grounds.
DIONNE then needs to account for modifications in the zero-temperature moments of each
sublattice, the inter- and intra-sublattice MFCs, and the Brillouin functions that describe the

moment of each species and sublattice.

The zero-temperature moments are taken as functions of RE in the a-sites, kar, and Fe in
the c-sites, ker. The relationships are based on those developed in [19] for non-magnetic

substitutions ka, kq, and kc. We assume that intra-sublattice coupling is weak between the RE ions



in the a-sites due to their low concentration, and similarly that coupling is weak between Fe ions
in the c-sites, enabling an analogous treatment to that of multiple RE ions in the c-sites [25]. First,
we create additional sublattice terms to model the antisite magnetic ions with unique MFCs. For
excess RE we modify the zero-T moment of the a-sites by reducing the a-site Fe contribution by
kar. We add back the RE contribution via a new term, Mago, Which includes the J and g-factor of
the RE (see Table S1 [65]). In the case of excess Fe, we reduce the c-site RE contribution by ke and
add back the Fe contribution via a new term, Mcro. The general model then includes the following
terms:
Mgy = 3upNaSrgr(1 — kq)(1 — 0.1(kq + kqr))
(4)
Mao = 2ugNy[(1 — kp2)Sp + kpaSpalgr(1 — kg — kaR)(l - kgA)
(5)
Mggo = Z.UBNA]I,?ngaR(l - kfiA)
(6)
Mco = 3ugNaJrgr(1 — ke — ker)
(7)
Mcpo = 3upNaSrgrker

(8)

where g is the Landé g-factor of the respective element, J'r is the effective angular momentum of
the RE element (introduced to account for canting of the RE at low temperatures due to
magnetocrystalline anisotropy [25]), and S¢ and Sr> are the spin angular momenta of Fe3* and

Fe?* =5/2 and 2 respectively.



Second, we modify the formulae for Ngg, Naa, and Nag to include the effects of kar and ker
(see Supplementary Note 3 [65]), analogous to the effects of ka and ke [19]. Nac and Ncg are over
an order of magnitude smaller; thus, the effects of kar and ke on them are neglected. We also
introduce additional MFCs for the antisite cations. For RE3* occupying octahedral sites, Naar and
Nard describe the couplings between the a-site RE3* with the a-site Fe3* and d-site Fe? respectively.
Nacr and Nerg quantify the couplings between c-site Fe3* with the a and d-site Fe3* respectively.
We neglect coupling between c-site Fe and octahedral RE ions following similar reasoning for
neglecting N¢. (see Supplementary Note 4 [65]). Initial guesses for the MFCs are based on the
MFCs of the ions in their usual sites, and then further adjusted by comparison with experimental
data. For example, Tb3* in the dodecahedral sublattice has Nac and N¢g of -4.2 and 6.5 mol cm™3
respectively for stoichiometric TblG. To model Tb-rich TbIG, we initially set Naar and Nagrg to -4.2
and 6.5 respectively. These values are then fine-tuned to match experimental results as shown

below.

We illustrate the application of DIONNE by fitting M(T) data for a Tb-rich TbIG film
reported by Rosenberg, et al. [38] with Tcomp = 330 + 10 K (higher than that of bulk TblG, 250 K)
and Tc =490 £ 10 K. X-ray photoelectron spectroscopy, transmission electron microscopy, and X-
ray magnetic circular dichroism confirmed the presence of excess Th in the octahedral sites, with
Th:Fe = 0.86, Feoct:Fetet = 0.602, and negligible Fe?*. The Feoct:Feret ratio implies the presence of
vacancies on at least the tetrahedral sites because the excess Tb occupies the octahedral sites.
Our previous iterative MFC model [38] was used to determine the site occupancies by fitting only
to the measured Tcomp, yielding a stoichiometry of {Th3*}[Fe, 35Vo55Thabe71(Fes3sVo.75) 01 s

where {}, [] and () are the c, a and d-sites respectively. This stoichiometry indicates substantial



concentrations of vacancies and oxygen deficiency, 6 = 1.95 [38], which are larger than has been

reported experimentally [62].

Using DIONNE, we obtained an excellent fit to Tcomp, Tc, and the magnetic moment of the
experimental data for a composition of {Th3*}[Fe, s, Th34s](Fest;Vo47)01 s as shown in
Figure 6a,b. We arrived at this stoichiometry by first considering combinations of ka, k4, and kar
that are consistent with the experimental data. DIONNE gave the best agreement to the
experimental value of Tc when Fe vacancies were minimized. Since vacancies need only be
present on the d-sites, we take ka = 0, which implies kq = 0.47/3 = 0.16 and kar = 0.48/2 = 0.24.
Next, Tcomp Was fit to the experimental data by varying the MFCs of the a-site Tb3*, which had
initially been set to the values for the c-site occupancy: Nac = -4.2 and Neg = 6.2 mol cm3. The best
fit was obtained for Naar = -2.8 and Nara = 8.3 mol cm3. Lastly, M(T) was calculated from the
selected stoichiometry for the Tb-rich film which produced a good fit to the experimental data,
Figure 6. Table | shows the fit parameters for the model of the Tb-rich film and for bulk TbIG.
DIONNE’s best fit yields a lower vacancy concentration than the model in [38], implying a lower
oxygen deficiency, d = 0.31 versus 1.95, for charge balance, which is and in better agreement with
other reports [62,63]. In addition, DIONNE fits Tc as well as Tcomp, Showing a better high-

temperature performance compared to the iterative model in [38].

A complementary case is presented by Fe-rich TbIG reported in [64]. Excess Fe led to a
decrease in Tcomp, Opposite to the case of Th-rich TblG. To model the c-site Fe, we estimate Nacr
and N¢rq to be -6.5 and 9.7 mol cm™ repectively, approximately an order a magnitude smaller than
Naa and Nag. DIONNE reproduces the experimental trend, showing Tcomp decreasing as a function

of the Th:Fe ratio, Fig. 6¢. Tc was not reported in [64]; however, Fig. 6¢c shows Tc depends little



on the Th:Fe ratio. Instead, Fe3* vacancies and substitutions have a significant effect on both Tc

and Teomp.

Conclusion

In summary, we developed DIONNE, a python computer program that uses molecular field
coefficients to model the magnetic behavior of REIGs. The program calculates both the
magnetization and angular momentum of each sublattice as functions of temperature for a REIG,
yielding the compensation temperatures Ta and Tcomp and the Curie temperature, Tc. DIONNE
can also account for a wider range of point defects, substitutions, and stoichiometries than
previously reported models [18-20,25,38,43-48] by considering the effects on the zero-
temperature magnetization and sublattice coupling. Deviations from the RE:Fe = 3:5
stoichiometry were captured by introducing an additional sublattice moment to account for the
excess Fe or RE in addition to modifying the relevant zero-temperature moments and MFCs.
Comparison with experimental data from a Tb-rich TbIG film [38] enabled the site occupancy to
be fitted to give a good quantitative agreement to the measured Tcomp and Tc and implying the
existence of tetrahedral vacancies. This modeling approach will facilitate the design of

ferrimagnets with useful magnetic and spintronic properties.
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Tables and Figures

Table I. Fit parameters for Tb-rich TbIG in Figure 6 compared to bulk TbIG.

Bulk TblG Tb-rich TblG

kq (fraction of vacancies on a-site) 0 0



kq (fraction of vacancies on d-site)

kar (fraction of Tb on a-site)

Nad (coupling of a-site with d-site Fe)

Naa (coupling of a-site with a-site Fe)

N4 (coupling of d-site with d-site Fe)

0
0
97 mol cm?3
-65 mol cm™3

-30.4 mol cm?3

0.16
0.24
91.21 mol cm3
-52.17 mol cm™3

-22.37 mol cm?3

Ncd (coupling of c-site Tb with d-site Fe) 6.5 mol cm 6.50 mol cm™3
Nca (coupling of c-site Tb with a-site Fe) -4.2 mol cm -4.20 mol cm3
Naar (coupling of a-site Fe with a-site Tb) -- -2.80 mol cm3
Nard (coupling of a-site Th with d-site Fe) -- 8.30 mol cm?
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Figure 1. Magnetic moment (a) and angular momentum (b) versus temperature curves of 8

different REIGs, with each curve color corresponding to the indicated RE. In (a), lines are from our

model and data points from Pauthenet [35]. Further comparisons with both experimental

data [25,28,30,35,52] and Dionne’s model [25] are shown in Figure S1 [65]. Magnetization is

plotted in ps/formula unit (f.u.), angular momentum is in units of h/2x per formula unit.
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Figure 2. Magnetization versus temperature curves of REIGs GdYIG (a) and GdDyYIG (b). x

represents the amount of Gd substituted into (a) YIG and (b) DyYIG with 0.3 Dy/f.u.
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Magnetic compensation and angular momentum compensation vs. composition.
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Figure 4. Magnetization versus temperature curves for (a) octahedral and (b) tetrahedral

vacancies or non-magnetic substitutions in YIG. (c) Antiferromagnetic YIG is simulated by

substituting 1/3 of the tetrahedral Fe with a non-magnetic species or vacancy V, assumed trivalent

for charge balance. Since the coupling in the d-sites and a-sites differs, there is a small net

moment between 150 K and 450 K.
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Figure 5. Magnetization vs. temperature curves of YIG with several Fe substitutions. (a) Ga and

(b) Al-substituted YIG are plotted with the corresponding a- and d-site substitutions kq and ka.

Model data is shown in color, compared with experimental data [56] and calculated data from

Dionne [19] with (a, solid line) and without (b, dashed line) modifying the MFCs of Fe due to the



non-magnetic substitutions. (c) Fe?* in octahedral sites in YIG, where X represents a nonmagnetic

tetravalent ion for charge balance.
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Figure 6. Magnetization versus temperature curves of Tb-rich TblG data reported from
Rosenberg, et al. [38] and DIONNE fitting the data near (a) the compensation temperature and
(b) the Curie temperature. Magnetization is normalized by the moment at 300 K. (c)

Magnetization versus temperature curves of Fe-rich TblG, where excess Fe is present on the c-

sites and there are no vacancies included.



