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The bowing of the energy of the three lowest band-to-band transitions in β-(AlxGa1−x)2O3 alloys
was resolved using a combined density functional theory (DFT) and generalized spectroscopic ellip-
sometry (GSE) approach. The DFT calculations of the electronic band structure of both, β-Ga2O3

and θ-Al2O3, allow extracting of the linear portion of the energy shift in the alloys, and provide
a method for quantifying the role of coherent strain present in the β-(AlxGa1−x)2O3 thin films on
(010) β-Ga2O3 substrates. The energies of band-to-band transitions were obtained using the spec-
troscopic ellipsometry eigenpolarization model approach [A. Mock et al., Phys. Rev. B 95, 165202
(2017)]. After subtracting the effects of strain which also induces additional bowing and after sub-
traction of the linear portion of the energy shift due to alloying, the bowing parameters associated
with the three lowest band-to-band transitions in monoclinic β-(AlxGa1−x)2O3 are found.

FIG. 1. (a) Definition of Cartesian laboratory coordinate sys-
tem (x, y, z), and as an example the unit cell of β-Ga2O3 with
monoclinic angle β, and crystal unit axes a, b, c. (b) Mon-
oclinic plane a - c viewed along the direction b. (b points
into the plane.) Vector c? parallel to axis y is used for conve-
nience. Reprinted from Ref. 5 with copyright permission by
American Physical Society.

I. INTRODUCTION

The ternary alloy (AlxGa1−x)2O3 of gallia (β-
Ga2O3, bandgap Eg=5.04 eV)[1] and alumina (α-Al2O3,
Eg=9.2 eV)[2] is of current interest for applications in
high power electronic devices. The critical electric field
in semiconductor electronic devices is proportional to the
bandgap energy with the power of 1.83.[3] Hence, alloys
of gallium oxide and aluminum oxide permit for device ar-
chitectures potentially with very large breakdown fields,
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and offer a tunable ultrawide bandgap reaching far into
the ultraviolet-C spectral region.[4] Accurate characteri-
zation and understanding of the bandgap properties are
prerequisites for future device designs.

The oxide system (Al,Ga)2O3 exhibits an interesting
phase diagram with a number of polymorphs of different
symmetries.[6, 7] On the gallium oxide side, the mono-
clinic β phase (space group 12) is stable and relatively
easy to grow as a bulk crystal. The unit cell is shown
in Fig. 1. The rhombohedral α phase (space group 167)
is metastable and has been synthesized epitaxially.[8] On
the aluminum oxide side the rhombohedral α phase is
stable. The α phase of aluminum oxide occurs nat-
urally as the mineral sapphire. The monoclinic poly-
morph θ-Al2O3, on the other hand, is metastable and
its properties are mostly unknown. Within the ternary
alloys the monoclinic structure is expected to be stable
and energetically favored up to about 70% of aluminum
concentration,[6] if only the lowest energy local config-
urations of aluminum positions are occurring, or up to
about 50% of aluminum concentration, if a random dis-
tribution of aluminum over octahedral and tetrahedral
sites is assumed.[9] The α phase, on the other hand,
has been demonstrated to exist via epitaxial growth
throughout the entire composition range with high crys-
tal quality.[10]

Harman et al.[2] provided a value for Eg=9.2 eV of
α-Al2O3 not further discriminating between polarization
directions and ignoring excitonic contributions. Accurate
analysis of the sapphire bandgap, its anisotropy, and ex-
citonic contributions have not been reported yet. Little
information is available for the bandgap properties of the
obscure monoclinic phase θ-Al2O3.[11] The bandgap en-
ergy and direction dependence for rhombohedral struc-
ture α-Ga2O3 was recently discussed by Hilfiker et al.
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from a detailed spectroscopic ellipsometry and density
functional theory (DFT) analyses.[12] There, two lowest-
energy bandgap transitions were identified with polar-
ization parallel and perpendicular to the lattice c axis in
the rhombohedral structure. In β-Ga2O3 three lowest-
energy direct optical transitions at the Brillouin zone
center possess different transition energies and are po-
larized along different directions within the monoclinic
unit cell.[1, 13, 14] Recently, a generalized spectroscopic
ellipsometry analysis revealed the lowest-energy transi-
tion between the lowest Brillouin zone center conduction
and the highest valence band (transition labeled Γ1−1) is
polarized within the monoclinic plane, and which was de-
termined to occur at a photon energy of 5.04 eV. The on-
set of absorption caused by exciton formation was found
at the lower photon energy of the bandgap reduced by
120 meV. The second-lowest transition (Γ1−2) also po-
larized within the monoclinic plane was determined to be
5.40 eV with its excitonic onset of absorption at 5.17 eV.
The third-lowest band-to-band transition (Γ1−4) and ex-
citonic onset of absorption, respectively, were recorded
at 5.64 eV and 5.46 eV.[1, 4] As these transitions involve
different pairs of energy bands, and different transition
energies, the edge of the direct bandgap appears slightly
different in absorption spectra recorded at different polar-
ization and propagation directions relative to the mon-
oclinic crystal axes. Hence, β-Ga2O3 reveals pleochro-
ism in the ultraviolet-A spectral range. This complex
anisotropy and bandgap energy behavior evolves within
the alloys of monoclinic structure (AlxGa1−x)2O3 and
requires detailed discussions. In this paper, we will fo-
cus on the three lowest-energy band-to-band transitions
and their evolution with composition x in the monoclinic
(AlxGa1−x)2O3.

Lattice strain affects electronic properties such as
eigenvalues and eigenstates. The dependence of the
bandgap on strain is often expressed in perturbation the-
ory considerations where small changes to the lattice
unit cells cause changes in electronic properties. When
such changes are observed to be sufficiently well approx-
imated linear in their causes, i.e., the strain or stress
tensor elements, the coefficients rendering analytic ex-
pressions between bandgap values and strain or stress
parameters are known as strain or stress deformation
potential parameters, respectively. Such fist-order de-
formation potential parameters are very useful in pre-
dicting the influence of strain onto bandgap shifts but
also for effects on thermal or electrical transport proper-
ties, for example. We have recently derived the general
strain-stress relationships in linear perturbation theory
for monoclinic structure β-Ga2O3.[15] Using DFT calcu-
lations we provided deformation potential parameters for
Brillouin zone center phonon modes[15] as well as for the
lowest conduction band level and the top valence band
energy levels involved in the three lowest-energy band-
to-band transitions.[16] We provide the latter parameters
also for monoclinic structure θ-Al2O3 in this work, and
use this set or parameters for numerical reduction of the

effect of strain from the anisotropic bandgap values ob-
served from the set of strained β-(AlxGa1−x)2O3 samples
investigated in this work by spectroscopic ellipsometry.

Heteroepitaxial growth of alloys as thin films often re-
sults in strained epitaxial material. The surface onto
which the epitaxial layer is deposited – the template –
is characterized by the surface orientation under which
a given single crystalline substrate is cut. Under pseu-
domorphic growth the epitaxial thin film adopts the in-
plane (interfacial) lattice parameters of the substrate.
The thin film lattice dimension perpendicular to the in-
terface then adjusts according to its elastic properties.
In case of pure elastic thin film deformation and in the
absence of any defect or partial relaxation, the thin film
is then fully strained along the interface (coherent bi-
axial in-plane strain), and stress free perpendicular to
its interface. If the substrate is one of the binary com-
pounds, e.g., β-Ga2O3, then with increasing composition
x the misfit between the template and the epitaxial layer
β-(AlxGa1−x)2O3 enlarges and the magnitude of the co-
herent biaxial in-plane strain increases. Because Al has a
smaller radius than Ga, as a rule of thumb, the in-plane
strain will be negative, while the out-of-plane strain will
be positive. The strain can be evaluated by measuring x-
ray diffraction reciprocal space maps combining analyses
of both symmetric and asymmetric reflections and by em-
ploying Vegard’s rule. This rule assumes that in a ternary
system a given lattice property, P{x} can be approxi-
mated via a linear shift between the properties of the
binary endpoints, P0 = P{x = 0} and P1 = P{x = 1},
P{x} = P0(1 − x) + P1x. Combining x-ray diffraction
and Vegard’s rule can also be used to determine the ac-
tual composition of a given film. With the in-plane lattice
parameters known, the out of plane lattice parameter can
be calculated using the elastic constants. The latter can
also be calculated using Vegard’s rule from the constants
for the binary compounds. It is clear that biaxial in-
plane strain will differ for growth on different templates.
In this work, we discuss in detail the effects of coherent
biaxial in-plane strain with the (010) plane of β-Ga2O3

as the interfacial plane. Our analysis details can be easily
adopted to any other coherent biaxial in-plane strain for
as long as the resulting lattice distortion maintains the
monoclinic symmetry of the epitaxial layer.

Typically, in alloys the composition dependence of the
bandgap shows a non-linear behavior which is often ap-
proximated by a second-order composition dependence
also known as bandgap bowing.[6] The evolution of the
bandgap for a ternary system such as β-(AlxGa1−x)2O3

also depends on the state of strain which in turn de-
pends on the growth condition, for example, in coherent
biaxial in-plane strain growth, the strain depends lin-
early on the composition x. It is important to accurately
determine the strain-free composition dependence of the
bandgap as well as the influence of strain as a function
of composition. We note that coherent biaxial in-plane
strain due to composition-induced template mismatch
causes additional bandgap bowing as we will discuss fur-
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ther below. In addition to composition and strain, ef-
fects such as the degree of atomic ordering, e.g., among
equally grouped anionic or cationic sites in polar lattices
can influence the composition dependence introducing
additional bowing.[17, 18] Other order-disorder phenom-
ena such as defects may even further affect bowing.[19]
To determine the “pure” composition dependence of the
bandgap would only be possible for strain free alloys with
either perfect atomic order or perfect atomic disorder and
in the absence of any defects and impurities. The latter
is unrealistic for experimental conditions, however, one
may consider high-quality material and assume perfect
atomic disorder in the absence of indications for super-
structure ordering in electron microscopy investigations.
Then, one may ignore the effects of ordering and defects
on the bandgap bowing. If the effects of strain are known,
one may then access the “pure” bandgap composition de-
pendence by reducing numerically the shifts induced by
strain from measured bandgap parameters.

A complete set of bowing parameters for the two low-
est anisotropic bandgap energy parameters was deter-
mined by Hilfiker et al. for α phase (AlxGa1−x)2O3

(0 ≤ x ≤ 1) using generalized ellipsometry and DFT
analyses.[20] The epitaxial layers were grown on sap-
phire and free of strain. As an important detail for α-
(AlxGa1−x)2O3 the character of the valence band struc-
ture changes between the two binary compounds. A
switch in band order at the top of the valence bands was
identified at approximately 40 % Al content where the
lowest band-to-band transition occurs with polarization
perpendicular to lattice c direction in α-Ga2O3 whereas
for α-Al2O3 the lowest transition occurs with polariza-
tion parallel to lattice c direction. Hence, two bowing
parameters are needed when describing the lowest-energy
transition throughout the composition range.[20] Addi-
tionally, the character of the lowest energy critical point
transition for polarization parallel to c changes from a
Van Hove singularity with M1 type in α-Ga2O3 to M0

type van Hove singularity in α-Al2O3.[20] Hilfiker et al.
also investigated the lowest band-to-band transitions in
β-(AlxGa1−x)2O3 for compositions x up to 21 %.[21] The
epitaxial layers were grown fully strained on (010) tem-
plates. The composition dependencies of the three low-
est band-to-band transitions and their excitonic contri-
butions were deduced while any strain influences were ig-
nored. At that time, no information on the effect of strain
in β-(AlxGa1−x)2O3 was available in the literature. No
attempt was made to derive bowing parameters because
the effect of strain was unknown. Other previous works
have reported the lowest-energy onset of absorption in
β-(AlxGa1−x)2O3 as a function of composition x, and
various reports were given for bowing parameters (see
Table I). However, except for Hilfiker et al. none of the
previous reports considered the peculiar anisotropy and
band order in β-(AlxGa1−x)2O3 and the bowing param-
eters for all three lowest-energy band to band transitions
are unknown.

In the current paper we perform a combined general-

TABLE I. Previously published values of the bowing param-
eter in monoclinic β-(AlxGa1−x)2O3.

Source Method Value (eV)
Kim et al.[22] Calc. -0.32a

Bhattacharjee et al.[23] Exp. 0.4
Wang et al.[24] Calc. 0.32 (x < 0.5)a

0.54 (x > 0.5)a

1.0a

Ratnaparkhe and Lambrecht[9] Calc. 0.8a

Peelaers et al.[6] Calc. 0.93a

1.37b

Bhuiyan et al.[25] Exp. 1.25c

Li et al.[26] Exp. 1.3a

Ota et al.[27] Calc. 1.4a

Jesenovec et al.[28] Exp. 1.69a

Wakabayashi et al.[11] Exp. 2.19 (x < 0.5)a

2.27 (x > 0.5)a

aDetermined for the indirect bandgap.
bDetermined for the direct bandgap.

cDetermined for the conduction band minimum.

ized spectroscopic ellipsometry (GSE) and DFT study of
the bandgap bowing of epitaxial β-(AlxGa1−x)2O3 grown
on (010) templates for compositions x up to 21 %. GSE
is used to determine properties, including exciton param-
eters, of the near-bandgap direct optical transitions be-
tween the valence and conduction bands for compositions
between 4.6 % and 21 % of aluminum, while the strain
effects and the linear slope across the alloys are obtained
from DFT calculations, respectively. Below we describe
the coherent biaxial in-plane strain in the specific circum-
stance of the (010) coherent biaxial in-plane strain, then
we detail our first principles calculations followed by the
description of ellipsometry measurements, and finally we
present and discuss our results.

II. THEORY

A. In-plane Strain Parameters

The volume of the unit cell of Al2O3 is smaller than
that of Ga2O3. As a result, the incorporation of alu-
minum into Ga2O3 leads to a dimensional lattice change.
In the case of pseudomorphic heteroepitaxial growth
when the epitaxial layer adopts the interfacial lattice
spacing of the template the epitaxial layer is under strain.
As a result, the out-of-plane lattice spacing undergoes
elastic changes until it is stress free. X-ray diffraction
measurements can be used to verify the thin film lat-
tice parameters. Such measurements are needed to verify
that no partial lattice relaxation has occurred, e.g., via
defect creation. To calculate the strain tensor elements
for the epitaxial layer, we must examine the difference be-
tween the relaxed and coherently strained lattice param-
eters. Kranert et al. determined linear relationships (Ve-
gard’s rule) as a function of composition for all lattice pa-
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rameters in the case of relaxed β-(AlxGa1−x)2O3.[29] For
coherent biaxial in-plane strain, i.e., without any partial
lattice relaxation, the state of strain will depend on the
compositon as well as the surface orientation of the sub-
strate. Oshima et al. obtained the relationship between
the length of b-vector and aluminum concentration for β-
(AlxGa1−x)2O3 grown on (010) β-Ga2O3 substrates.[30]
In the further analysis we assume the following to be
true regarding the lattice parameters of the investigated
β-(AlxGa1−x)2O3 films: (i) due to the coherent growth,
the lattice parameters of the films parallel to (010) (i.e.,
within the monoclinic plane) maintain the values of the
substrate; (ii) as a result, perpendicular to (010) the layer
contracts as demonstrated by Oshima et al.[30] For ev-
ery composition x, we calculate the strain tensor elements
from the differences of the lattice parameters between the
coherent values described above and the relaxed values
determined by Kranert et al.[29]

A monoclinic lattice may be characterized by lattice
vectors {a,b, c}, as shown, for example, for β-Ga2O3 in
Fig. 1, reproduced from Schubert et al.[5] The monoclinic
angle is defined here as the obtuse between axis a and c.
Hence,

a = (a, 0, 0) ,b = (0, 0,−b) , c = (cx, cy, 0) , (1)

with coordinates and lengths a, b, c =
√
c2x + c2y accord-

ingly. We aim at making use of results in first order
perturbation theory, and we require therefore that any
strain or stress leaves the symmetry of the unit cell un-
changed, hence, we assume that stress (σ) and strain (ε)
tensors have monoclinic symmetry as well

ε =

εxx εxy 0
εxy εyy 0
0 0 εzz

 , (2)

σ =

σxx σxy 0
σxy σyy 0
0 0 σzz

 . (3)

In general, a lattice vector v under strain changes such
as

∆v = v′ − v = εv. (4)

A state of strain (or stress) maybe expressed by lengths
a′, b′, c′, and monoclinic angle β′. It is further assumed
that the monoclinic plane of the strained lattice remains
within the (x, y) plane. Hence,

a′ = a (1 + εxx, εxy, 0) , (5)

and

c′ = (cx[1 + εxx] + cyεxy, cy[1 + εyy] + cxεxy, 0) . (6)

We define α = 180◦ − β and α′ = 180◦ − β′. Then

∆a

a
=
a′ − a
a

, (7)

and

∆cx
cx

=
c′x − cx
cx

=
c′ cosα′ − c cosα

c cosα
, (8)

∆cy
cy

=
c′y − cy
cy

=
c′ sinα′ − c sinα

c sinα
. (9)

A quadratic equation emerges for εxx with standard nor-
malized coefficients

p = 2

(
1− ∆cx

cx
cot2 α

1 + cot2 α

)
, (10)

q =
1 + (∆cx

cx
)2 cot2 α− (∆a

a + 1)2

1 + cot2 α
, (11)

εxx = −p
2
±
√(p

2

)2

− q. (12)

In the latter equation, the negative branch is discarded as
unphysical solution. εxy, εyy, εzz then follow from simple
algebra:

εxy =

(
εxx −

∆cx
cx

)
cotα, (13)

εyy =
∆cy
cy

+ εxy cotα. (14)

For the strain parameter along axis b′

b′ = b (0, 0,− [1− εzz]) , (15)

∆b

b
=
b′ − b
b

, (16)

and

εzz =
∆b

b
. (17)

B. First Principles Calculations

DFT calculations are employed here to quantitatively
estimate two independent effects: the linear slope of the
composition dependence, i.e., Vegard’s rule for the energy
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of selected band-to-band transitions, and the composi-
tion dependence of the effect of strain onto these transi-
tions, respectively. To begin with, we have to verify that
the band structures of the monoclinic phases of these two
materials, β-Ga2O3 and θ-Al2O3, are similar such that a
one-to-one correspondence between the Γ-point band-to-
band transitions in these two materials is present. Only
if such similarity exists between the two binary endpoint
one may anticipate the validity of Vegard’s rule, and a
linear composition dependence may be valid for the strain
free alloys. To maintain maximum consistency between
calculations for the two different materials, all parame-
ters and procedures are kept the same where possible,
except for lattice dimensions and atomic potentials.

The effects of strain onto the near-bandgap optical
transitions in β-Ga2O3 were reported by us recently.[16]
The previous results serve here as our starting point.
DFT calculations were performed with a fine Monkhorst-
Pack[31] grid for Brillouin zone sampling (8 × 8 × 8)
and a very large plane-wave basis (400 Ry cutoff). A
convergence threshold of 1 × 10−12 Ry was used to
reach self-consistency. These parameters were selected
specifically for studying the effects of strain,[15] and
we maintain these parameters in the calculations in-
cluded here. A convergence threshold of 1 × 10−12 Ry
was used to reach self-consistency. All DFT calcula-
tions were performed using a plane-wave code Quantum
ESPRESSO.[32] The calculations for β-Ga2O3 in Refs. 15
and 16 used generalized-gradient-approximation (GGA)
density functional of Perdew, Burke, and Ernzerhof[33]
(PBE) in combination with norm-conserving Troullier-
Martins pseudopotentials generated using FHI98PP[34,
35] code and available in the Quantum ESPRESSO pseu-
dopotentials library. The pseudopotential for gallium did
not include the semicore 3d states in the valence config-
uration. The exact same calculations were repeated for
θ-Al2O3 using a pseudopotential for aluminum from the
same family of Fritz-Haber Institute Troullier-Martins
pseudopotentials. The equilibrium cell was obtained with
the same criteria as used in Ref. 15 for β-Ga2O3, i.e.,
1× 10−6 Ry for energy and 1× 10−5 Ry/bohr for forces.

1. Strain Free Band Structure Comparison

The analysis of optical matrix elements between the
valence and the conduction band at the Γ-point indicate
that θ-Al2O3 indeed exhibits a similar structure of lowest
band-to-band transitions than β-Ga2O3. We consistently
use transition labels introduced by Mock et al.,[1] Γc−v,
where c and v are indices of the conduction and valence
bands, respectively. Numerals begin at the bottom and
the top of the conduction and valence bands, respectively,
and indicate those participating in a given optical tran-
sition. Transitions Γ1−1 and Γ1−2 are polarized within
the monoclinic plane as valence bands v = 1 and v = 2
belong to the irreducible representation Bu. The transi-
tions Γ1−1 has its transition dipole oriented close to the
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FIG. 2. Comparison of the band structure of θ-Al2O3 (a)
and the band structure of β-Ga2O3 (b). Labeling of high
symmetry points as in Ref. 36.

crystallographic vector c, while the transition Γ1−2 has
its transition dipole oriented close to the crystallographic
vector a. The transition Γ1−4 is polarized along the sym-
metry axis (parallel to the crystallographic vector b).

In order to compare the band structures of β-Ga2O3

and θ-Al2O3 and obtain reasonably accurate Vegard pa-
rameters (slopes) for transition energy parameters, we
performed additional band structure calculations using a
hybrid Gau-PBE[37, 38] density functional. The hybrid-
DFT calculations were performed at the PBE equilibrium
geometries and a regular non-shifted 8×8×8 Monkhorst-
Pack grid for the Brillouin zone sampling and 4 × 4 × 4
grid for sampling of the Fock operator. The cutoff for the
Fock operator was also reduced to 400 Ry. The conver-
gence threshold for self-consistency in hybrid functional
calculations was set to 1 × 10−10 Ry. The results of the
current calculations for β-Ga2O3 agree very well with
those previously published by Mock et al.;[1] the previ-
ous calculations performed on a coarser 6 × 6 × 6 grid
and at slightly different geometry due to a smaller ba-
sis (100 Ry). The energies of optical transitions between
these two calculations are the same to within 0.02 eV
(i.e. < 0.35%). The high-resolution interpolated plots
of the band structures, shown in Figure 2, were obtained
with the help of the band interpolation method based
on the maximally localized Wannier functions[39, 40] as



6

TABLE II. Lowest-energy direct bandgap energies and Vegard
parameters (slopes) as reported previously and obtained in
the present work, for β-Ga2O3 and θ-Al2O3.

β-Ga2O3 θ-Al2O3 Slope
Transition x=0 (eV) x=1 (eV) Eg(1) - Eg(0) (eV)
Ea
g 4.87 7.51 2.64

Eb
g 4.87 7.74 2.87

Ec
g 4.51 6.91 2.40

Γd
1−1 4.725 7.337 2.613

Γd
1−2 4.952 7.546 2.594

Γd
1−4 5.333 7.980 2.648

Γe
1−1 2.349 4.772 2.423

Γe
1−2 2.619 5.009 2.391

Γe
1−4 3.058 5.482 2.423

aTheory (Peelaers et al. Ref. 6).
bTheory (Mu et al. Ref. 42).

cExp., Reflection electron energy loss spectroscopy
(Wakabayashi et al. 11).

dTheory, Gau-PBE hybrid functional (This work).
eTheory, PBE functional (This work).

implemented in the software package WANNIER90.[41]

2. Strain and Composition Effects

The strain effect on the Brillouin zone center energy
levels c = 1 and v = 1, 2, 4, hence, on the energies
of the band-to-band transitions for β-Ga2O3 were re-
ported previously.[16] They were shown to involve four
deformation potentials, one associated with each inde-
pendent component of the monoclinic strain tensor.[16]
Here, we propose a model to account for strain effects
in alloys across the entire range of compositions between
β-Ga2O3 and θ-Al2O3. First, we apply the methodol-
ogy from Refs. 15 and 16 to θ-Al2O3. In these earlier
publications, the strain deformation potentials were ob-
tained by testing various deformation patterns (such as
hydrostatic pressure, uniaxial stress, and uniaxial strain)
and computing energy eigenvalues, i.e., using DFT, for
a total of 64 structures representing different deforma-
tion scenarios and varying amplitudes of strain. For the
determination of the deformation potentials the allowed
strain was limited to ±0.0035, corresponding to 35 out
of the 64 strain scenarios. In the current study, we per-
formed analogous DFT calculations for θ-Al2O3. We only
performed the calculations for strain patterns within the
above ±0.0035 limit. However, as the cell volume of θ-
Al2O3 is smaller than β-Ga2O3, for the determination of
the deformation potentials, we further lowered the strain
limit to ±0.0015. As a result, the deformation potentials
were obtained from 21 structures and are listed in Ta-
ble III. The obtained deformation potentials accurately
reproduce band energies under the 21 deformations in-
cluded here (Figure 3). The explicit strain scenarios are
given in the supplement of Ref. 15.

To calculate the effect of strain onto the band energy

TABLE III. Linear strain deformation potential parameters
in units of eV per unit strain for Γ-point conduction and va-
lence bands associated with the three lowest band-to-band
transitions in θ-Al2O3 calculated using DFT. Note that these
strain potentials, and those for β-Ga2O3 in Ref. 16, describe
the strain effects on band energies relative to the energy levels
of the strain free equilibrium cell, without considering effects
of band offsets. In order to calculate the latter, one needs
to augment considerations of bulk (equilibrium) Fermi level
shifts as well.

Band Pη,xx Pη,xy Pη,yy Pη,zz
c = 1 -20.02 5.40 -21.86 -19.59
v = 1 -10.73 4.83 -14.70 -8.31
v = 2 -11.63 1.57 -11.91 -10.84
v = 4 -12.34 2.58 -6.58 -12.28

levels as a function of composition we propose to employ
Vegard’s rule. Hence, for the deformation potentials for
β-(AlxGa1−x)2O3 we use values for θ-Al2O3 in Table III
and for β-Ga2O3 in Table II of Ref. 16. Thus, we propose
a set of equations for the combined strain and composi-
tion dependencies of the lowest band-to-band transitions
(EΓ1−1

, EΓ1−2
, and EΓ1−4

) in β-(AlxGa1−x)2O3:

EΓ1−1
(eV) = 5.04 + 2.613x

+(−8.38− 0.90x)εxx + (0.346 + 0.22x)εxy

+(−5.93− 1.23x)εyy + (−9.56− 1.71x)εzz

−bΓ1−1
x(1− x),

(18)

EΓ1−2
(eV) = 5.40 + 2.594x

+(−7.75− 0.63x)εxx + (2.29 + 1.54x)εxy

+(−8.49− 1.46x)εyy + (−7.74− 1.01x)εzz

−bΓ1−2x(1− x),

(19)

EΓ1−4(eV) = 5.64 + 2.648x

+(−8.43 + 0.76x)εxx + (3.34− 0.52x)εxy

+(−11.9− 3.41x)εyy + (−6.33− 0.98x)εzz

−bΓ1−4
x(1− x),

(20)

where x is the aluminum concentration and εxx, εxy, εyy,
and εzz are the strain tensor elements. The bowing pa-
rameters, bΓ1−1 , bΓ1−2 , and bΓ1−4 , are to be determined
further below. The strain free transition energies for
x = 0 are experimental values from Ref. 1, the slope
parameters are from Table II. We note that, although
not instantly obvious, the strain parameters depend lin-
early on composition x for coherent biaxial in-plane (010)
strain. This can be simply verified by numerical calcu-
lations using equations derived above in Sect. II A. As
a consequence, and because the deformation potentials
depend on composition, it is obvious that strain intro-
duces a parabolic dependence on composition and can
be mistaken as bowing if not considered appropriately.
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FIG. 3. Energies of selected energy bands vs. strain tensor elements εxx; εxy; εyy, and εzz, under various deformations as
explained in the text. Squares - energy eigenvalues obtained directly from DFT calculations; crosses - values calculated using
deformation potentials from Tab. III.

3. Elastic tensor

We augment the DFT calculations of θ-Al2O3 with the
calculation of the full tensor of elastic constants with the
help of thermo pw code.[43] This calculation was per-
formed using the same parameters as described above.
The tensor of elastic constants (in kbar), in the Voigt no-
tation and standard ordering is given below. Note that
the standard ordering is not consistent with our choice of
the Cartesian reference system, but rather with y||b and
z||c?.

CAl2O3
=


2648 1113 1290 0 −273 0
1113 3846 589 0 143 0
1290 589 3996 0 146 0

0 0 0 697 0 191
−273 143 146 0 1018 0

0 0 0 191 0 1220

 . (21)

The values of the bulk modulus, calculated from the
relevant components of the elastic (stiffness) and com-
pliance tensors, are: 1831 kbar (Voigt approximation),
1808 kbar (Reuss approximation), and 1819 kbar (Voigt-
Reuss-Hill average).

Together with the elastic tensor for β-Ga2O3, provided
in the supplementary material of Ref. 15, allows us to
once again apply a linear interpolation scheme to obtain
a model of the elastic tensor for the β-(AlxGa1−x)2O3

alloys:
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C(AlxGa1−x)2O3
=


2143 + 505x 1103 + 10x 1200 + 90x 0 −197− 76x 0
1103 + 10x 3300 + 546x 669− 80x 0 119 + 24x 0
1200 + 90x 669− 80x 3248 + 748x 0 75 + 71x 0

0 0 0 500 + 197x 0 182 + 9x
−197− 76x 119 + 24x 75 + 71x 0 689 + 329x 0

0 0 0 182 + 9x 0 949 + 271x

 . (22)

4. Coherent biaxial in-plane strain for (010) surface

Strain elements within the monoclinic plane, εxx, εxy,
and εyy, can be calculated using equations 12-14, from
the differences of the relaxed lattice parameters of al-
loys versus those of the substrate. Two options arrive
for determining εzz, either one determines b′ from XRD
measurements, or one may use the tensor of elastic con-
stants, C, to calculate εzz. The tensors C are discussed
in the previous section. The generalized Hooke’s law is

then

σ̃ = Cε̃, (23)

with

σ̃ = (σxx, σzz, σyy, 0, σxy, 0)
T
, (24)

ε̃ = (εxx, εzz, εyy, 0, 2εxy, 0)
T
, (25)

where T is the transpose operator. Because for (010) co-
herent biaxial in-plane strain the stress perpendicular to
the monoclinic plane is zero (σzz = 0), one can calculate
εzz after determining εxx, εxy, and εyy

εzz = − [(1103 + 10x)εxx + 2(119 + 24x)εxy + (669− 80x)εyy]

3300 + 546x
. (26)

In the above equation we used the elastic tensor from
Eq. 22.

III. EXPERIMENT

A. Samples

β-(AlxGa1−x)2O3 epitaxial thin films were deposited
on (010) β-Ga2O3 substrates using plasma-assisted
molecular beam epitaxy as described in Ref. 30. Alu-
minum compositions x of 4.6%, 9.7%, 12%, 15%, 16.3%,
and 21% were determined from X-ray diffraction (XRD)
measurements as described by Oshima et al.[30] All thin
film lattice parameters were obtained from x-ray inves-
tigations using symmetric and asymmetric reflections as
described by Oshima et al. (Ref. 30). Reciprocal space
mapping further indicates a fully coherent growth of the
alloy thin films on the (010) substrates without any lat-
tice relaxation. Hence, the further modeling of strain
effects in the alloy films will be based on the (010) coher-
ent biaxial in-plane strain conditions.

B. Generalized Spectroscopic Ellipsometry

The β-Ga2O3 substrates are monoclinic and their opti-
cal and spectroscopic properties were studied extensively,
both experimentally and theoretically.[1, 5, 13, 14, 44, 45]
The details of the generalized spectroscopic ellipsometry
measurements and the analysis of the results follow the
same model approach described by Mock et al.,[1] which
was applied earlier to a set of β-(AlxGa1−x)2O3 thin films
on (010) β-Ga2O3 substrates.[21] Here, we augment the
previous results with three additional samples.

1. Ellipsometry Measurements

Generalized spectroscopic ellipsometry data was mea-
sured in ambient conditions in the Mueller matrix
formalism[46] from 1.5 to 9.0 eV using two separate in-
struments. Vacuum-ultra-violet (VUV) spectra was ac-
quired from 6.5 eV to 9 eV using a commercially available
rotating-analyzer ellipsometer (VUV-VASE, J.A. Wool-
lam Co., Inc.). The rest of the spectral range was col-
lected using a dual-rotating compensator ellipsometer
(RC2, J.A. Woollam Co., Inc.), also commercial. All
measurements were done at three angles of incidence
(Φa = 50◦, 60◦, 70◦) and at multiple azimuthal angles.
For VUV data, the sample was manually rotated in ≈ 45◦
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FIG. 4. (a) Experimentally determined energy values of the
lowest band-to-band transitions obtained from GSE. Lines de-
pict the linear slopes of the respective transitions due to al-
loying predicted from DFT calculations. Different line styles
pertain to different transitions. (b) DFT calculated effects
of strain on the lowest band-to-band transitions according to
Eqs. 18-20 without the composition dependence of the strain
free energy levels for the same compositions where experimen-
tal data are plotted in (a).

steps from 0◦ to 180◦ to fully capture the monoclinic
symmetry. For NIR-Visible data (1.5 eV to 6.5 eV), the
sample was rotated in 15◦ steps for a full rotation. Note
that the VUV instrument does not permit acquisition of
the 4th row of the Mueller matrix while the NIR-visible
instrument does. This however does not hinder access to
the full dielectric tensor in this case as β-(AlxGa1−x)2O3

films are neither magnetically nor optically active.

2. Analysis of the dielectric tensor

To analyze the ellipsometry data, best-match
model calculations are employed. Specifically, the
substrate-film(layer)-roughness(layer)-ambient model is
used here.[46] Figure 1 shows the coordinate system cho-
sen here common to both the β-Ga2O3 substrate and
β-(AlxGa1−x)2O3 film. Here x is parallel to lattice vec-
tor a, y is parallel to c?, where the monoclinic plane is
defined by a and c?, and z is parallel to b. This together

describes the dielectric tensor directions. For further dis-
cussion about the choice of coordinate system, see Ref. 1.

ε =

εxx εxy 0
εxy εyy 0
0 0 εzz

 . (27)

The full description of the dielectric tensor of pure
β-Ga2O3 modeled using an eigendielectric vector sum-
mation approach was published in Ref. [1]. The same
approach and functions were then applied to the dielec-
tric tensor of β-(AlxGa1−x)2O3 for x ≤ 0.21 films sim-
ilar to those studied here.[21] We use a critical-point
(CP) model dielectric function (MDF) approach, pro-
jected within tensor dyadics to perform our best-match
model calculations detailed in Refs. 1 and 21. We per-
mit CP model parameters (amplitude, broadening, tran-
sition energy, and angular orientation) to freely vary dur-
ing best-match parameter calculations. Due to little ob-
served sensitivity, the exciton binding energy parame-
ters for all β-(AlxGa1−x)2O3 films were kept constant
to the values obtained for β-Ga2O3.[1] We account for
surface roughness by adding a thin model layer contain-
ing an isotropic average of all tensor elements weighted
with 50% void. The best match ellipsometry model pa-
rameters for the β-(AlxGa1−x)2O3 film thickness and
roughness layer thickness are 135.(6) nm and 0.(7) nm
for the 4.6% sample, 131.(2) nm and 0.(9) nm for the
9.7% sample, 82.(4) nm and 1.(2) nm for the 12% sample,
120.(6) nm and 1.(8) nm for the 15% sample, 128.(3) nm
and 0.(8) nm for the 16.3% sample, and 62.(9) nm and
1.(2) nm for the 21% sample, respectively. The last digit
which is determined within the 90% confidence interval
is indicated with parentheses. The resulting energies for
the three lowest band-to-band transitions are listed in
Table IV.

IV. DISCUSSION

The transition energies listed in Tab. IV and plotted in
Figure 4, as obtained from the analysis of experimental
GSE spectra, are a net result of multiple competing phys-
ical phenomena, predominantly alloying (the concentra-
tion of aluminum within the lattice of gallium oxide), and
strain. We now have all the ingredients necessary to un-
tangle these effects and extract the bowing dependence
of transition energy versus the aluminum concentration.
First, the linear portion of the concentration dependence
can be obtained by linear interpolation of the band-to-
band transition energies between the two end points cor-
responding to β-Ga2O3 (x = 0) and θ-Al2O3 (x = 1).
By comparing the transition energies obtained from DFT
calculations. Here, we find linear band-to-band transi-
tion shifts between β-Ga2O3 and θ-Al2O3 to be (Table II)
Γ1−1: 2.613 eV, Γ1−2: 2.594 eV, and Γ1−4: 2.648 eV.

Then, the effects of strain can be accounted for by
explicitly estimating the amount of strain in coherently
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TABLE IV. Transition energies of β-(AlxGa1−x)2O3 thin
films on (010) β-Ga2O3 obtained from the experimental
GSE analysis (upper part); linear interpolation of transi-
tion energies between β-Ga2O3 and θ-Al2O3 as described in
the text (middle part); the estimated strain present in β-
(AlxGa1−x)2O3 thin films (lower part).

Aluminum Concentration
4.6% 9.7% 12% 15% 16.3% 21%

Transition Energies (eV)(GSE)
Eac

0 5.15 5.22 5.23 5.31 5.34 5.42
Eac

1 5.49 5.56 5.59 5.64 5.67 5.72
Eb

0 5.76 5.82 5.84 5.87 5.93 5.99
Transition Energies (eV)(Linear Interpolation)

Eac
Γ1−1

5.16 5.30 5.36 5.43 5.47 5.59
Eac

Γ1−2
5.52 5.65 5.71 5.79 5.83 5.95

Eb
Γ1−4

5.76 5.90 5.96 6.04 6.07 6.20

Strain parameters
εxx 0.0016 0.0033 0.0041 0.0052 0.0056 0.0073
εxy -0.0003 -0.0007 -0.0008 -0.0010 -0.0011 -0.0014
εyy 0.0015 0.0031 0.0039 0.0049 0.0053 0.0068
εzz -0.0010 -0.0020 -0.0024 -0.0031 -0.0033 -0.0043
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FIG. 5. Experimentally (GSE) determined transition energy
parameters reduced by (DFT) effects of strain and linear
(Vegard’s rule) composition shift (symbols) as shown in Fig-
ure 4 and bowing −bx(1 − x) dependencies (solid lines). The
best-match bowing parameters are bΓ1−1 = (0.63 ± 0.11) eV,
bΓ1−2 = (0.71 ± 0.09) eV, and bΓ1−4 = (0.45 ± 0.16) eV.

grown films, as described above in Sec. III A. The en-
ergy shifts caused by strain can then be calculated us-
ing equations 18-20. Note that we assume the equations
to be valid, even though the actual amount of strain in
some of the samples exceeds the ±0.0035 limit used in
the determination of the deformation potentials. The
values of strain for all samples studied are listed in Ta-
ble IV. Note that strain values for εxx, εyy, εxy were cal-
culated using the approach discussed in Sect. II A, while
the εzz parameters were obtained from XRD measure-
ments from the out-of-plane film lattice parameters. The

resulting (strain-induced) energy shifts of the three band-
to-band transitions are plotted in Fig. 4. After subtract-
ing the effects of strain and the linear effect of alloy-
ing, the remaining effect in the transition energies can
be attributed to the bandgap bowing. This is shown in
Fig. 5. The dependence of the energy versus aluminum
concentration is matched to −bx(1 − x), and the bow-
ing parameters are found to be bΓ1−1 = (0.63± 0.11) eV,
bΓ1−2 = (0.71 ± 0.09) eV, bΓ1−4 = (0.45 ± 0.16) eV, re-
spectively, for the three lowest transitions. The resulting
bowing parameters are of the same order of magnitude,
but on the lower end of values reported in the literature
so far, with the majority of results being reported for the
indirect bandgap. The uncertainty of the numerical val-
ues for the bowing parameters represent the 90 % confi-
dence interval from the least-square fit to the experimen-
tal data points in Figure 5. We note that experimental
data points from higher aluminum composition are de-
sirable but are not available presently. Future work, per-
haps on epitaxial layers deposited onto aluminum con-
taining substrates may offer further insight into this fas-
cinating material system.

To the best of our knowledge, no previous study consid-
ered individual Brillouin-zone center optical transitions,
with an explicit treatment of excitonic effects, or ac-
counted for the effects of strain in the alloy films. It
is also worth mentioning that the outcome for the bow-
ing parameters can be affected by the correction made
for the linear composition dependencies of the bandgap
energies between β-Ga2O3 and θ-Al2O3. Especially the
bandgap value of the latter is insecure, since θ-Al2O3

does not exist as a bulk single crystal. Peelears et al.
calculated values of 7.24 eV and 7.51 eV for the indirect
and direct bandgaps of θ-Al2O3, respectively,[6] which
were then assumed in the analysis by Jesenovec et al.[28]
Bhattacharjee et al.[23] included the Al2O3 bandgap as
a free parameter within their model, and the value ob-
tained was (6.8± 0.2) eV. In our analysis, we used linear
composition dependencies obtained from consistent DFT
calculations, which we anchored to experimental transi-
tion energies for the β-Ga2O3 for a greater accuracy.

Another interesting aspect worth mentioning here is
the fact that equations 18-20, used to account for the
strain shift of band-to-band transition energies, inher-
ently include some amount of bowing. This is due to
the fact that the strain components in these equations
are also a linear function of composition, i.e., the sam-
ples with higher Aluminum concentration x exhibit larger
strain. This probably explains why among the values of
bowing parameters gathered in Table I, the results not
affected by strain (like those obtained from DFT calcu-
lations performed on unstrained equilibrium unit cells)
tend to occupy the lower end of this broad range of val-
ues. If this is the case, it emphasizes the importance of
strain for the properties of thin films, and ultimately in
electronic devices.
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V. CONCLUSION

The evolution of the three lowest direct band-to-band
transition energies in β-(AlxGa1−x)2O3 alloys with x ≤
0.21 was studied using a combination of DFT calculations
and GSE measurements. The DFT calculations provide a
method for quantifying the role of coherent strain present
in the β-(AlxGa1−x)2O3 thin films on (010) β-Ga2O3

substrates. This allowed for an untangling of strain from
the band-to-band transition energies determined using
the spectroscopic ellipsometry eigenpolarization model
approach. We report three individual bowing parameters
associated with the three lowest band-to-band transitions
in β-(AlxGa1−x)2O3. The results described in this work
are important for future design of electronic and opto-
electronic device structures based on β-(AlxGa1−x)2O3.
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