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Superconducting microwave circuits with Josephson junctions, the major platform for quantum
computing, can only reach the full capability when connected. This requires an efficient protocol to
distribute microwave entanglement. While quantum computers typically use discrete-variable (DV)
methods for information encoding, the entire continuous-variable (CV) degree of freedom in elec-
tromagnetic fields must be utilized to achieve the highest entanglement distribution rate. Here, we
propose a hybrid protocol to resolve the incompatibility between DV microwave quantum computers
and CV quantum communications. CV microwave entanglement is distributed using optical swap-
ping of optical-microwave entanglement pairs. To interface with DV microwave quantum computers,
we further design a hybrid circuit to simultaneously convert and distill high-quality DV entangle-
ment from noisy CV entanglement. The hybrid circuit is trained with machine-learning algorithms,
ensuring high entanglement fidelity and generation rate. Our work not only provides a practical
method to realize efficient quantum links for superconducting microwave quantum computers, but
also opens avenues to bridge the gap between DV and CV quantum systems.

I. INTRODUCTION

Empowered by the law of quantum mechanics, quan-
tum computers have the potential of speeding up the so-
lution of various classically hard problems [1–4]. Among
the candidate platforms for quantum computing, super-
conducting circuits with Josephson junctions stand out
with high scalability and strong single-photon nonlinear-
ity, as exemplified by recent demonstrations [5–8]. To
unleash their full capabilities, quantum computers needs
to be connected via entanglement [9–11].

Although direct microwave links can be used at short
distances for proof-of-principle demonstrations [12, 13],
the connection between superconducting quantum com-
puting circuits over long distances is best implemented
with optical photons via microwave-optical transduc-
tion [14–22]. Only optical photons can maintain the
quantum coherence with the low dissipation and deco-
herence rate at room temperature. In spite of signifi-
cant improvement, it is still challenging to realize high-
performance microwave-optical transduction with near-
unity efficiency and near-zero noise. Then a critical
question is—what is the most efficient way to connect
superconducting microwave quantum computers given
the non-ideal performance of microwave-optical trans-
duction.

To answer this question, a fundamental issue to be
resolved is the gap between continuous-variable (CV)
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and discrete-variable (DV) quantum information process-
ing: The theory of quantum channel capacity indicates
that the entire CV degree of freedom must be utilized
to achieve a high entanglement rate [23]; On the other
hand, microwave quantum computers typically use a DV
approach for information encoding. Moreover, entan-
glement distillation protocols that improve entanglement
quality are also designed separately for DV encoding [24–
32] or CV encoding [33–43].

In this paper, we propose a hybrid CV-DV protocol to
connect superconducting microwave quantum computers.
CV microwave entanglement is first established through
optical swapping of optical-microwave entanglment pairs.
Then, we develop two entanglement conversion and dis-
tillation protocols to transform the noisy CV entangle-
ment to high-fidelity DV entanglement, which can di-
rectly interface with transmon qubits. The first protocol
adopts the direct CV-to-DV conversion followed by tra-
ditional DV entanglement distillation. The second pro-
tocol is based on a machine-learning enabled hybrid lo-
cal variational quantum circuit (LVQC) to complete the
conversion and distillation simultaneously, which adds
to the general toolbox of entanglement manipulation.
Estimated with practical non-ideal device parameters,
both protocols show huge rate advantage compared with
single-photon based pure DV protocols. The LVQC pro-
tocol further shows more than ten-fold improvement for
the fidelity-success-probability trade-off, compared with
the direct CV-to-DV conversion protocol.
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Figure 1. (a) Interconnect system between two microwave quantum computers. Two cavities enable the generation of microwave-
optical entanglement. The optical modes are detected for entanglement-swap, generating microwave-microwave entanglement
after displacement D̂. Finally, the transmon qubits interact with the microwave modes to generate Bell pairs. (b) Schematic of
hybrid local variational quantum circuits (hybrid LVQCs) to distill entanglement from noisy entangled microwave modesm1,m2

to transmon qubits q1, q2. The hybrid LVQC is shown in detail in the dashed box with D echoed conditional displacement
(ECD) blocks (ECD gates and single qubit rotations) followed by displacement and rotation in the end.

II. SYSTEM SETUP

The overall interconnect protocol consists of two steps,
a CV entanglement generation step and a CV-to-DV
hybrid conversion and distillation step, as shown in
Fig. 1(a). The ultimate goal is to generate high-fidelity
entanglement at a high rate between two superconduct-
ing microwave quantum computers. To begin with, en-
tanglement is generated between the transduction mi-
crowave and optical ports ({â1, m̂1} and {â2, m̂2}) on
both sides. The optical modes â1 and â2 then travel
through optical links to a center node for entangle-
ment swap to generate noisy CV entanglement between
microwave modes m̂1 and m̂2. Next, each microwave
mode is coupled into a conversion and distillation module
implemented with superconducting quantum computing
circuits. Then high-fidelity DV entanglement can be gen-
erated between two remote microwave modes. While our
protocol is general, we consider the special case of trans-
mon qubits for the wide use in superconducting quantum
computing. The LVQC conversion and distillation step
is based on the controlled operation on the microwave
modes using transmon qubits (Fig. 1(b)), and the final
DV entanglement is also between two transmon qubits
({q1, q2}).

For simplicity, we assume identical configuration and
performance for the two quantum computing and trans-
duction systems. We also want to point out that we are
considering a system with tunable mode-qubit coupling
so that the entanglement generation step and entangle-
ment conversion/distillation step can be considered sep-
arately. At the same time, we are assuming steady-state
operation with perfect spectral-temporal mode matching.

III. ENTANGLING MICROWAVE MODES VIA
CV SWAP

While our protocol applies to general transduction sys-
tems, we focus on cavity electro-optic systems [17, 18,
44, 45] for its simplicity as it does not involve inter-
mediate excitations. A typical cavity electro-optic sys-
tem is shown in Fig. 1(a), where the optical cavity with
χ(2) nonlinearity is placed between the capacitors of a
LC microwave resonator. The electric field of the mi-
crowave mode modulates the optical resonant frequency
across the capacitor via changing the refractive index
of the optical cavity. Due to the mixing (rectification)
between optical pump and signal in χ(2) material, mi-
crowave field can be generated. The interacton Hamilto-
nian has the standard three-wave mixing form between
two optical modes (â` and b̂`) and one microwave mode
(m̂`) [17, 18, 23, 44, 45],

Ĥ` = i~(gâ†` b̂`m̂
†
` − g∗â`b̂

†
`m̂`), (1)

with g the coupling coefficient and ` = 1, 2 for each side.
When the optical mode b̂` is coherently pumped, the op-
tical mode â` and the microwave mode m̂` will be en-
tangled in a noisy two-mode squeezed vacuum (TMSV)
state ρ̂m,o, with zero mean and a covariance matrix [23]

Vm,o =
1

2

(
uI2 vZ2

vZ2 wI2

)
, (2)

where Z2, I2 are Pauli-Z and identity matrix, and

u = 1 +
8ζm[C + nin(1− ζm)]

(1− C)2
, (3a)

v =
4
√
ζoζmC[1 + C + 2nin(1− ζm)]

(1− C)2
, (3b)

w = 1 +
8Cζo [1 + nin (1− ζm)]

(1− C)2
. (3c)
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Figure 2. Rate (in ebit per round) comparison (a) ζm = ζo =
1. (b) ζm = 0.95, ζo = 0.9 and nin = 0.2. The rate of CV
entanglement swap is within green shaded and the rate of
time-bin entanglement swap is within purple region.

Here ζo and ζm are the extraction efficiencies for the
optical and microwave mode, respectively. The coopera-
tivity C ∝ g2 describes the interaction strength [23]. The
optical thermal noise is neglected due to its small occu-
pation while the microwave thermal noise has non-zero
mean occupation number nin. We also note that any ad-
ditional optical transmission loss 1 − η can be absorbed
into ζo by replacing ζo with ηζo (see Appendix D).

To generate entanglement between remote microwave
modes, we adopt an entanglement-swap approach. As
shown in Fig. 1(a), consider two pairs of entangled
microwave-optical modes {â1, m̂1} and {â2, m̂2}, each
with the covariance matrix Eq. (2). One can interfere
the optical modes â1 and â2 on a balanced beamsplitter
and perform homodyne detection on the output. Condi-
tioned on the homodyne results, displacement operations
will be applied to the two microwave modes respectively.
After the optical homodyne detection and conditioned
displacement operation, the microwave modes m̂1 and
m̂2 form a noisy TMSV state ρ̂m,m with the covariance
matrix

Vm,m =
1

2

(
(u− v2

2w )I2
v2

2wZ2
v2

2wZ2 (u− v2

2w )I2

)
, (4)

In the ideal lossless case with ζo = ζm = 1, the state ρ̂m,m
becomes a pure TMSV state.

We first derive the ultimate rate of entanglement gener-
ation, as all later steps are local operations and classical
communications (LOCC), which does not increase the
entanglement rate [46]. To characterize the distillable
entanglement, we calculate the upper bound by entan-
glement of formation (EoF) [24] and the lower bound by
reverse coherent information (RCI) [47]. The unit of the
rate is ebit per round, and can be understand as the fol-
lowing: a rate of r ebit per round means that in M � 1
rounds, asymptotically Mr pairs of Bell states can be
obtained if arbitrary encoding and decoding is allowed.

To begin with, we consider the rate versus the coop-
erativity in Fig. 2. In the ideal case ζo = ζm = 1, EoF
and RCI are equal and reduced to entanglement entropy
(green line in Fig. 2a). For comparison, we also eval-
uate the EoF and RCI rate bounds of a pure DV pro-
tocol based on the time-bin entanglement [48], where

microwave-optical single-photon entanglement is gener-
ated by post-selecting on the state ρ̂m,o (see Appendix C).
For all cooperativity values, the proposed CV scheme has
more than two order-of-magnitude rate advantage over
the pure DV protocol based on time-bin entanglement.
In Fig. 2b, we future consider the non-ideal extraction
with ζm = 0.95 and ζo = 0.9, and non-zero microwave
thermal noise nin = 0.2 (corresponding to ∼ 0.2 Kelvin
temperature at 8 GHz). Although rigorous advantage
only happens at cooperativity above 0.12, we expect
the lower bound to be non-tight and actual advantage
should still be large in the low cooperativity region. In
Appendix D, we show that such rate advantage can be
identified for smaller ζo, and therefore is robust against
optical transmission loss. We note a recent paper [49]
showing similar rate advantage with a different platform
and approach.

IV. CONVERSION AND DISTILLATION
PROTOCOLS

Next, we design protocols to obtain high-fidelity DV
entanglement ρ̂q,q between two transmon qubits from
the noisy two-mode squeezing between microwave modes
ρ̂m,m. Distillation has been explored separately for ei-
ther DV [24–32] or CV [33–43] entanglement. Here, we
require a hybrid conversion and distillation protocol that
produces high fidelity DV entanglement from noisy CV
entanglement. We present two different approaches: (i)
direct swap where conversion and distillation are sepa-
rate; and (ii) hyrid LVQC where universal control com-
pletes both conversion and distillation simultaneously.
With symmetric configuration between the two ends of
the interconnect system, we will omit subscripts in the
following. As pracrical entanglement distillation is by
nature probabilistic, the performance will be quantified
by two metrics—the success probability and the fidelity
conditioned on success.

A. Direct conversion

We begin with a simple direct conversion from CV to
noisy entangled qubit pairs. Inspired by Ref. [50], we con-
sider the interaction between the microwave mode and a
transmon qubit with Hamiltonian

Ĥswap = m̂⊗ |1〉〈0|q + h.c., (5)

We can control the interaction time t such that the uni-
tary operator Û = exp

(
−itĤswap

)
gives the maximum

EoF between the qubits from the two sides after dis-
regarding the corresponding microwave modes (see Ap-
pendix E). This will produce a noisy entangled qubit pair
deterministically. One can then follow up with further
DV distillation protocols. Later we show that such a sim-
ple scheme is able to convert most of the entanglement
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already, therefore we do not consider more complicated
CV-to-DV conversion schemes [51].

B. Variational hybrid conversion and distillation

To explore the ultimate performance, we further use a
variational approach to design a hybrid conversion and
distillation protocol, as shown in Fig. 1(b). Two qubits
are initialized in |0〉q, and put into interaction with the
two microwave modes respectively. The hybrid LVQC
includes a series of single-qubit rotation and echoed con-
ditional displacement (ECD), followed by another dis-
placement at the end [8]. Each single qubit rotation is
characterized by two angles φ and θ,

R̂(θ, φ) = exp[−i(θ/2)(σ̂x cosφ+ σ̂y sinφ)] (6)

where σ̂x and σ̂y are the Pauli operators. Each ECD gate
acts on the microwave mode m̂ and the qubit q̂ as

ˆECD(β) = D̂ (β/2)⊗ |1〉 〈0|q + h.c., (7)

where D̂(α) ≡ exp
(
αm̂† − α∗m̂

)
is the displacement op-

erator. Compared with previous proposals for universal
control [52, 53], the considered ECD gate approach has
advantage in both control speed and fidelity [8].

To determine the success of entanglement conversion
and distillation, we perform measurements characterized
by positive operator-valued measure (POVM) {Π̂s, Î −
Π̂s}. The success probability is therefore

Psuccess = Tr
{

Π̂s

(
ÛD ⊗ ÛD

)
ρ̂qm,qm

(
Û†D ⊗ Û†D

)}
,

(8)
where ρ̂qm,qm is the composite initial quantum state in-
cluding both microwave modes and qubits on the two
sides and ÛD is the unitary of the LVQC with D lay-
ers of ECD and single-qubit rotations. We choose pho-
ton counting on the microwave modes and post-select
on photon number lower than certain threshold nth, so
Πs =

∑nth−1
i,j=0 |i〉〈i|m1

⊗ |j〉〈j|m2
, where |k〉 is the number

state. In this paper, we choose nth = 5, which is half
of the photon number cut off in simulation. Due to the
variational training, we expect the performance will not
depend the photon number threshold, as long as it is not
too small. The state of transmon qubits conditioned on
successful conversion and distillation is given by

ρ̂q,q ∝ Trm,m

{
Π̂s

(
ÛD ⊗ ÛD

)
ρ̂qm,qm

(
Û†D ⊗ Û†D

)
Π̂s

}
.

(9)
We train the hybrid LVQC towards distilling a perfect

Bell pair |Ψ+〉 ≡ (|0〉q |0〉q+ |1〉q |1〉q)/
√

2. The cost func-
tion is defined with the success probability Psuccess and
fidelity F (ρ̂qq) = 〈Ψ+| ρ̂q,q |Ψ+〉, as

C ({β}, {θ}, {φ}) = (1− Psuccess) + λ× Softplus(Fc − F ),
(10)

𝑎 one copy 𝑏 two copy

Hybrid LVQC

PPT bound

Direct swap

Direct swap PPT bound

Hybrid LVQC+DV

Direct swap 
PPT bound

Direct swap 
+DEJMPSDirect swap 

+DV LVQC

time bin swap

Figure 3. Infidelity of transmon qubits versus success proba-
bility on (a) one-copy and (b) two-copy entangling microwave
modes with C = 0.1, nin = 0.2, ζm = 0.992, ζo = 0.99. The
PPT bound (black) in (a) goes below 10−4 and saturates; red
and pink dashed curves in (a)(b) correspond to PPT bound of
one-copy and two-copy two-qubit state by direct swap. There
are D = 10 ECD blocks in hybrid LVQCs and L = 6 layers in
DV LVQCs.

where the penalty coefficient λ and critical fidelity Fc
are hyperparameters to tune the tradeoff between suc-
cess probability and fidelity. The softplus function
Softplus(x) ≡ log (1 + eγx) /γ with γ = 20 is introduced
to enable a smooth penalty on the F ≤ Fc events.

Both the direct swap and hybrid LVQC can be op-
erated on a single copy of ρ̂m,m to generate a single
copy (M = 1) of entangled qubit pair. To further im-
prove their performance, we also consider a two-copy case
(M = 2) where two copies of noisy CV entanglement
ρ̂m,m are first converted to two pairs of noisy entangled
qubits, and then further DV distillation is performed on
the two noisy qubit pairs to produce the final entangled
state. In the last step, we consider both the traditional
DEJMPS protocol [26] and a DV LVQC protocol. The
DV LVQC protocol utilizes a standard universal gate set
of single-qubit rotations and CNOTs, with Pauli-Z mea-
surement providing the post-selection and the same cost
function as Eq. (10), as we detail in Appendix F.

C. Performance comparison

We begin our performance comparison with the trade-
off between infidelity 1 − F and the success probability
Psuccess. As shown in Fig. 3(a), the simple direct swap
produces 1−F ∼ 0.23 deterministically (red cross). The
performance of any protocol following the direct swap
will be bounded by the positive-partial-transpose (PPT)
bound (red dashed), which can be numerically evalu-
ated by a semidefinite program [27]. In contrast, the
hybrid LVQC approach directly achieves an one-order-
of-magnitude advantage in the infidelity (blue solid). In-
deed, when applying the PPT bound on ρ̂m,m, the (gen-
erally loose) lower bound of infidelity for LVQC pro-
tocols (black dashed) also decreases substantially, com-
pared with the PPT bound from the direct swap (red
dashed).
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𝑎 one copy 𝑏 two copy

Figure 4. Entanglement rate per copy on (a) one-copy and (b)
two-copy noisy entangled microwave modes versus infidelity
1 − F , at identical parameters to Fig. 3. Dot-dashed and
dashed curves correspondingly represent RCI lower bounds
and EoF upper bounds. Shaded areas and line segments show
the range of rate. The shallow blue curves and areas in (b)
are same as (a) for comparison.

To further lower the infidelity, we consider the two-
copy case, where DV processing is further performed on
the output of the one-copy case. We first consider the
traditional DEJMPS following the direct swap protocol
as the reference (pink cross in Fig. 3(b)). When the tra-
ditional DEJMPS is replaced by DV LVQC (orange line),
lower infidelity can be achieved with lower success prob-
ability. When we use DV LVQC to further distill the
two qubit pairs from the hybrid LVQC, a two-order-of-
magnitude lower infidelity (green) can be achieved. Note
that even compared with the (generally loose) two-copy
PPT lower bound of the direct swap approach (pink
dashed), advantages can still be identified in the low
infidelity region. As a benchmark, the time-bin based
entanglement swap (purple star, see Appendix C) is one-
order-of-magnitude worse in terms of the infidelity, when
compared with the hybrid LVQC (green) at the same
success probability.

Although we only considered two copies, the advantage
of the hyrid LVQC scheme over the direct swap scheme
can be generalized to more copies. As the hyrid LVQC
protocol starts with better entanglement generation per-
formance (Fig. 3(a)), it will also perform better when
further distillation steps are implemented.

Finally, we compare the entanglement rate per copy
for a M -copy conversion and distillation protocol,

RE(ρ̂q,q) = Psuccess × E (ρ̂q,q) /M ≤ E (ρ̂m,m) , (11)

where E (·) is the distillable entanglement. As we dis-
cussed, we utilize the lower and upper bounds of dis-
tillable entanglement, RCI and EoF for evaluation. In
Fig. 4, we see that the rate in general decays as the re-
quired infidelity decreases; this is because we are con-
sidering a fixed number of copies, which is far from an
asymptotic limit. In the one-copy case, the hybrid LVQC
approach (blue) is able to achieve close to optimal rate
while improving the fidelity up to 0.97, while further im-
proving fidelity drastically decreases the rate; at the same

Figure 5. Infidelity of transmon qubits (orange) and distil-
lation success probability (blue) versus depolarization noise
on one-copy entangling microwave modes at identical param-
eters as in Fig. 3. Orange and blue horizontal lines indicate
the infidelity and success probability without noise.

time, direct swap (red) only achieves a single point with a
large infidelity and a similar rate, compared with a ver-
satile rate-infidelity trade-off enabled by LVQC. In the
two-copy case, hybrid LVQC with additional DV post-
processing is able to improve the infidelity to ∼ 10−3

while the rate is kept ∼ 10−2 (green). At higher in-
fidelity, hybrid LVQC is also as good as the other ap-
proaches (orange) with direct swap and additional DV
post-processing (including a DV LVQC circuit). Most
notably, at the same level of infidelity, the rate of the
hybrid LVQC approach (green) is a factor of 3.4 higher
than the time-bin entanglement swap approach (purple
dot), as shown in Fig. 4(b).

In Fig. 4(b), we also compare the two-copy results with
the one-copy hybrid LVQC results (shallow blue). It is
interesting to note that the one-copy protocol has higher
rates for the same infidelity when 1 − F >∼ 0.024. This
is mainly due to the fact that in a two-copy protocol
we need to post-select on two one-copy success events,
which substantially reduces the overall success probabil-
ity. However, if one wants to reach substantially lower in-
fidelity, then two-copy protocols give a much better rate.

In practice, the transmon qubits in the hybrid system
can undergo various types of noise and decoherence. To
bring an insight to the noisy scenario of hybrid LVQCs,
we consider the depolarizing noise accompanied with each
qubit operation. Such noise is modeled by a depolariza-
tion channel ∆p with parameter p, which takes an input
single-qubit state ρ̂ to the output state contaminated by
the fully mixed state Î/2 as ∆p(ρ̂) = (1 − p)ρ̂ + pÎ/2.
In short, for a D-layer hybrid LVQC, the qubits undergo
D + 1 depolarization channels. To understand the per-
formance decay with noise, we consider the same hybrid
LVQC set-up of Fig. 3 at the operating point of infidelity
at 1− F ∼ 0.02 and success probability Psuccess ∼ 0.017.
The simulation results are shown Fig. 5. Starting from
the noiseless circuit achieving infidelity at 1 − F ∼ 0.02
(orange dashed) and success probability Psuccess ∼ 0.017
(blue dashed), as the noise become stronger, we see the
infidelity grows as expected. While for success probabil-
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ity, as the depolarization channel leads to a mixture with
the maximally mixed state, entangling modes through
the hybrid LVQCs approaches a uniform superposition of
displacements determined by noiseless optimization with
stronger noise p, therefore the success probability p in-
creases given the fixed final measurement, though slowly
compared to the infidelity.

V. DISCUSSIONS

We propose an interconnect system based on CV en-
tanglement swap and hybrid variational entanglement
conversion and distillation to entangle microwave su-
perconducting quantum computers. Our approach pro-
vides a huge rate and fidelity advantage compared with
time-bin approach. In particular, the hybrid conversion
and distillation protocol provides an infidelity-success-
probability trade-off, with order-of-magnitude advantage
over the direct swap approach. In the multi-copy sce-
nario, it is an open problem how to optimize the circuit
design to get closer to the PPT lower bound. While we
have analyzed the depolarizing noise in qubit operations,
the impact of other non-ideal factors in experiments still
need further investigation. For example, the upper and
lower bounds are calculated assuming steady-state op-
eration with perfect spectral-temporal mode matching.
Non-perfect interference and cavity reflection can hap-
pen with spectral-temporal mismatching, leading to the
decrease of the entanglement rate. Therefore, the up-
per bound is still accurate, but the lower bound should
be calculated depending on specific device metrics. Al-
though we have considered cavity electro-optics as the
transduction system, our protocol also applies to other
transduction systems and the analyses can be done in
the same way based on a modified interaction Hamilto-
nian Eq. (2).
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Appendix A: Continuous-variable entanglement
swap

In this paper, we adopt the same convention of quadra-
tures and covariance matrix as Ref. [23]. For a review of
these definitions, please refer to appendices of Ref. [23].
Below we give a simple overview. The Wigner function
of a Gaussian state ρ̂ is

W (x) =
1

(2π)n|V | 12
exp

[
−1

2
(x− x̄)TV −1(x− x̄)

]
,

(A1)
where x̄ and V are the mean and covariance matrix of
state ρ̂:

x̄ ≡ Tr[ρ̂x̂], (A2)

Vij ≡
1

2
Tr[ρ̂{x̂i − x̄i, x̂j − x̄j}]. (A3)

Here x̂ ≡ (q̂1, p̂1, q̂2, p̂2, · · · ) is the vector of quadrature
operators.

A Gaussian state is mapped to another Gaussian state
under a Gaussian unitary ÛS,d (described by a symplectic
matrix S and a displacement vector d), with the mean
and covariance matrix transformed as

x̄→ Sx̄ + d, V → SV ST. (A4)

1. Electro-optical system

The entanglement between the optical and microwave
fields can be generated from an SPDC process by pump-
ing a triple-resonance device [17]. The system with cou-
pling strength g is modelled by the total Hamiltonian

H = ~ωoâ†â+ ~ωmm̂†m̂+ ~(gâ†m̂† + g∗âm̂), (A5)

where â (m̂) is the annihilation operator for optical (mi-
crowave) field with resonance at frequency ωo (ωm). The
intra-cavity pump power and the phase-matching condi-
tion have been absorbed into the coupling strength g.

The output fields can be solved by Heisenberg-
Langevin equations in the Fourier domain with the in-
putâĂŞoutput relations [48, 54]

0 = Gâ + Kâin, (A6)

âout = −KTâ + âin. (A7)

We present the dynamics in the Fourier domain with op-
tical frequency detuning ∆p = ω − ωo and microwave
frequency detuning ∆e = ω − ωm. The notations are
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defined as the following

â = (â, â†, m̂, m̂†)T, (A8)

âin = (âin, â
†
in, â

(i), â†(i), m̂in, m̂
†
in, m̂

(i), m̂†(i))T, (A9)

G =

−
γp
2 + i∆p 0 0 −ig

0 −γp2 − i∆p ig 0
0 −ig −γe2 + i∆e 0
ig 0 0 −γe2 − i∆e

 ,

(A10)

K =


√
γpc 0

√
γpi 0 0 0 0 0

0
√
γpc 0

√
γpi 0 0 0 0

0 0 0 0
√
γec 0

√
γei 0

0 0 0 0 0
√
γec 0

√
γei

 .

(A11)

The output fields then relate to the input fields by

âout = Saâin = (KTG−1K + I8)âin. (A12)

The quadrature observables and the annihilation opera-
tors are related by(

q̂a

p̂a

)
=

1√
2

(
1 1
−i i

)(
â
â†

)
, (A13)

Q = I4 ⊗
1√
2

(
1 1
−i i

)
, (A14)

we get the input-output quadrature relation

x̂out = Sxx̂in = QSaQ
−1x̂in, (A15)

x̂in = (q̂pin, p̂
p
in, q̂

p,(i), p̂p,(i), q̂ein, p̂
e
in, q̂

e,(i), p̂e,(i))T. (A16)

Then, the input-output relation of the covariance matrix
is derived as

Vout = SxVinS
T
x , (A17)

in which the input covariance matrix Vin contains vac-
uum noise from the optical modes and the input mi-
crowave mode while the dissipation microwave mode is
contaminated by the thermal noise of population nin,

Vin = Diag(I6, (nin + 1/2)I2). (A18)

The covariance matrix of two output fields finally shows
in the form as

Vo,m =
1

2

 w 0 0 −v
0 w −v 0
0 −v u 0
−v 0 0 u

 , (A19)

where the parameters in Eq. (A19) are as follows,

u = 1 +
8ζm[C + nin(1− ζm)]

(1− C)2
, (A20a)

v =
4
√
ζoζmC[1 + C + 2nin(1− ζm)]

(1− C)2
, (A20b)

w = 1 +
8Cζo [1 + nin (1− ζm)]

(1− C)2
, (A20c)

Figure 6. Continuous-variable entanglement swap scheme.
The cavities generate two entangled mode pairs O1M1 and
O2M2. Then two optical modes O1 and O2 are mixed by
a balanced beam splitter. We perform homodyne measure-
ments at the output of beam splitter and then displace the
microwave modes M1 and M2, producing two entangled mi-
crowave modes M ′1 and M ′2.

where the cooperativity is defined as C = 4g2/(γeγp)
and extraction coefficients are defined as ζo = γpc/γp
and ζm = γec/γe with γe = γec + γei and γp = γpc + γpi.
Rotating the microwave mode by a constant phase π/2
we get the covariance matrix in a standard form

VMO =
1

2

(
uI2 vZ2

vZ2 wI2

)
. (A21)

2. Entanglement swap

The continuous-variable (CV) entanglement scheme is
shown in Fig. 6. Each of the entangled mode pairs O1M1

(with annihilation operators {â1, m̂1}) and O2M2 (with
annihilation operators {â2, m̂2}) from the cavities are in
a noisy TMSV state ρ̂m,o, with zero mean and the covari-
ance matrix Vm,o given by Eq. (2) in the main text.

The composite four-mode system M1M2O1O2 in the
entanglement swap starts in a product of two identical
Gaussian states ρ̂m,o with an overall covariance matrix

VM1M2O1O2
=

1

2

uI2 0 vZ2 0
0 uI2 0 vZ2

vZ2 0 wI2 0
0 vZ2 0 wI2

 . (A22)

First, one interferes the optical modes O1 (with annihi-
lation operator â1) and O2 (with annihilation operator



8

â2) with a balanced beam splitter, described by the sym-
plectic transform

SBS = I4 ⊗
1√
2

(
I2 I2
−I2 I2

)
. (A23)

The covariance matrix after the beam splitter

V ′M1M2O1O2
= SBSVM1M2O1O2S

T
BS ≡

(
C1 C3

CT
3 C2

)
,

(A24)

where we have denoted it in a block form. The position
quadrature q̂− and the momentum quadrature p̂+ of the
outputs of beam splitter are measured by homodyne. Let
x̃ =

√
2(q−,−p+)T be the rescaled result of homodyne

measurements, and Π4 = Diag(0, 1, 1, 0) be the projec-
tion to integrate out the other variables in the Wigner
function. The state of M1M2 after the homodyne mea-
surements is described by its covariance matrix

VM1M2 = C1 −C3(Π4C2Π4)−1CT
3 ,

=
1

2

(
(u− v2

2w )I2
v2

2wZ2
v2

2wZ2 (u− v2

2w )I2

)
, (A25)

and mean

x̄12 = (− v

2w
Z2x̃,

v

2w
x̃). (A26)

When displacements D̂( v
2wZ2x̃) and D̂(− v

2w x̃) are ap-
plied at modes M1 and M2, respectively, the final out-
put state of system M ′1M

′
2 (with annihilation operators

m̂1, m̂2) is a zero-mean Gaussian state with the same
covariance matrix as VM1M2

in Eq. (A25). (For the defi-
nition of the Weyl displacement operator please refer to
[23].)

3. Teleportation approach

The other CV-teleportation approach is shown in
Fig. 7. In this approach, one starts with a strong TMSV
pair O3O4 in the optical domain, with covariance matrix

VO3O4
=

1

2

(
cosh(2r)I2 sinh(2r)Z2

sinh(2r)Z2 cosh(2r)I2

)
. (A27)

The covariance matrix of the composite system
M1M2O1O3O2O4 is

V =
1

2


uI2 0 vZ2 0 0 0
0 uI2 0 0 vZ2 0
vZ2 0 wI2 0 0 0
0 0 0 cosh (2r)I2 0 sinh (2r)Z2

0 vZ2 0 0 wI2 0
0 0 0 sinh (2r)Z2 0 cosh (2r)I2

 .

(A28)

Figure 7. CV teleportation scheme. We start with a TMSV
state between optical mode O3 and O4. Then they will be
teleported by use of two M-O pairs. After teleportation, the
microwave modes M ′1 and M ′2 are entangled.

Two balanced beam splitters are applied to O1O3 and
O2O4 separately:

SBS1 = I2 ⊗
1√
2

(
I2 I2
−I2 I2

)
⊗ I2,

SBS2 = I4 ⊗
1√
2

(
I2 I2
−I2 I2

)
,

leading to the output

V ′ = SBS2SBS1V ST
BS1S

T
BS2,≡

(
D1 D3

DT
3 D2

)
. (A29)

Let Π8 ≡ Diag(0, 1, 1, 0, 0, 1, 1, 0) be the projection,
x̃(1) ≡

√
2(q

(3)
− ,−p(1)+ )T be measurement results on O1O3

port and x̃(2) ≡
√

2(q
(4)
− ,−p(2)+ )T be measurement results

on O2O4 port. Then the covariance matrix and mean of
the output microwave modes M1M2 are
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V12 = D1 −D3(Π8D2Π8)−1DT
3 =

1

2

(
(u− v2[w+cosh (2r)]

1+w2+2w cosh (2r) )I2
v2 sinh (2r)

1+w2+2w cosh (2r)Z2

v2 sinh (2r)
1+w2+2w cosh (2r)Z2 (u− v2[w+cosh (2r)]

1+w2+2w cosh (2r) )I2

)
, (A30)

x̄12 = (−Z2x̃, x̃), with x̃ =
v sinh (2r)

1 + w2 + 2w cosh (2r)
x̃(1) − v[w + cosh (2r)]

1 + w2 + 2w cosh (2r)
Z2x̃

(2). (A31)

We can then perform displacements to cancel the mean
and generate the final entangled microwave system
M ′1M

′
2, with zero-mean and covariance matrix given by

Eq. (A30). The output of the second scheme reduces to
that of the first scheme when O3O4 are in the infinite
squeezing limit (r → +∞).

Appendix B: Entanglement measures

The evaluation of distillable entanglement in general
requires a regularization of an infinite number of copies;
therefore, as explained in the main text, we consider the
lower and upper bounds of it, RCI and EoF [55, 56]. For
a bipartite quantum system with A and B in a state
ρ̂AB , if classical communication is allowed, then the rate
of entanglement generation is lower bounded by RCI [47]

IR(ρ̂AB) = max{S (ρ̂B) , S (ρ̂A)} − S (ρ̂AB) , (B1)

where S(ρ̂) = −Tr{ρ̂ log2 ρ̂} is the von Neumman en-
tanglement entropy of state ρ̂ and ρ̂A = TrB ρ̂AB is the
reduced density matrix of subsystem A and similarly for
ρ̂B .

For a symmetric two-mode Gaussian state character-
ized by the covariance matrix

V =
1

2

(
aI2 cZ2

cZ2 bI2

)
, (B2)

in the standard form, its symplectic eigenvalues are sim-
ply given as ν± = [

√
y ± (b − a)]/2 with y ≡ (a +

b)2 − 4c2 [57]. The entanglement entropy is S(ρ̂) =
g(ν+) + g(ν−), where

g(x) ≡ x+ 1

2
log2

(
x+ 1

2

)
− x− 1

2
log2

(
x− 1

2

)
.

(B3)
For the microwave modes in Eq. (4) of the main text,

its symplectic eigenvalues are equal

ν± =

√
u

(
u− v2

w

)
, (B4)

and the entropy of the entire system is

S(ρ̂mm) = 2g

(√
u

(
u− v2

w

))
. (B5)

The RCI is thus

IR(ρ̂mm) = g

(
u− v2

2w

)
− 2g

(√
u

(
u− v2

w

))
. (B6)

On the other hand, EoF quantifies the resources that
are required to create a quantum state in terms of the
number of Bell pairs (or “ebit”), which is formally defined
as [24]

Ef (ρ̂) = min
i

∑
i

piS(|ψi〉), (B7)

where the minimum is taken over all possible pure state
decomposition of state ρ̂ as ρ̂ =

∑
i pi |ψi〉 〈ψi|. Specif-

ically, for a pure state, both RCI and EoF reduce to
entanglement entropy.

EoF is in general subadditive,

Ef (ρ̂1 ⊗ ρ̂2) ≤ Ef (ρ̂1) + Ef (ρ̂2) . (B8)

EoF is known to be analytically solvable for the sym-
metric two-mode Gaussian state ρ̂ with the covariance
matrix V in Eq. (B2) when a = b [58] as

Ef (ρ̂) =

{
h(
√
ν1ν2) if ν1ν2 < 1,

0 otherwise,
(B9)

where ν1, ν2 are the first two eigenvalues of V in increas-
ing order and h(x) is defined as

h(x) ≡ (1 + x)2

4x
log2

(
(1 + x)2

4x

)
− (1− x)2

4x
log2

(
(1− x)2

4x

)
.

(B10)
For the noisy entangled microwave modes (see Eq. (4) of
the main text), we have ν1 = ν2 = u− v2

w and EoF is

Ef (ρ̂m,m) = h

(
u− v2

w

)
. (B11)

EoF is analytically solvable for arbitrary two-qubit
states [59] and we explain it in the following. We first
introduce the spin-flipped state of ρ̂ as

ˆ̃ρ = (σ̂y ⊗ σ̂y)ρ̂∗(σ̂y ⊗ σ̂y), (B12)

where ρ̂∗ is the complex conjugate of ρ̂. Define the func-
tion E(x) as

E(x) = H

(
1 +
√

1− x2
2

)
, (B13)
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Figure 8. Time-bin encoding scheme. The pulses first go
through preparation devices with the same path difference
and different phase shifts. The time-bin encoded quantum
states are generated by the cavities. Then Alice and Bob send
photons to the middle for entanglement swapping. Photon
detection in the middle heralds the Bell state between Alice
and Bob.

where H(x) ≡ −x log2(x) − (1 − x) log2(1 − x) is the
binary entropy. Note that the E function monotonically
increases with x from 0 to 1. The EoF for an arbitrary
two-qubit state ρ̂ is thus

Ef (ρ̂) = E [δ (ρ̂)] , (B14)

where δ(ρ̂) ≡ max{0, v1 − v2 − v3 − v4} and {vi}4i=1 are
the square root of eigenvalues of ρ̂ ˆ̃ρ in decreasing order.

In the main text, we evaluate the entanglement mea-
sures for the noisy two-mode squeezed vacuum in Eq. (4)
of the main text. When ζo = ζm = 1, ρ̂m,m is in a
pure TMSV state with mean photon number NIdeal =
16C2/[(1 − C)2(1 + 6C + C2)]. In this pure state case,
the EoF and RCI are both equal to g (2NIdeal + 1).

Appendix C: Time-bin entanglement swap

We consider the single-photon based protocol as shown
in Fig. 8. Alice and Bob produce the pump pulses by
preparation devices with the same path difference and
phase shifts δ and δ+π. Due to the path difference, pump
pulse states are in superposition of early and late time-
bin. The pump pulse at Alice’s side |ψ〉P1

= 1√
2
(|e〉 +

eiδ |l〉) while at Bob’s side |ψ〉P2
= 1√

2
(|e〉−eiδ |l〉), where

|e〉 and |l〉 are the ‘early’ state and ‘late’ state of a single
photon, respectively. Then the input pump pulses are
sent to the cavities to generate M-O pairs. We assume a

weak pump, then an output M-O pair can be generated
from one cavity with probability P11 = Tr(ρ̂m,o |11〉〈11|),
where ρ̂m,o is the Gaussian state with covariance matrix
given by Eq. (2) of the main text.

We calculate the probability P11 by integrating Wigner
functions

Tr(ρ̂m,o |11〉〈11|) =(2π)2
ˆ

d4x1x2p1p2W (x1, p1, x2, p2; ρ̂m,o)

×W (x1, p1, x2, p2; |11〉〈11|). (C1)

The Wigner function of Fock state |n〉〈n| is

Wn(x, p) =
1

π
(−1)n exp

{
−(x2 + p2)

}
Ln
(
2(x2 + p2)

)
,

(C2)
where Ln is Laguerre polynomial. Substituting this into
above equation we get

P11 = Tr(ρ̂m,o |11〉〈11|) =

4(1 + 6v2 + v4 − 2uwv2 − w2 − u2 + u2w2)

(1 + u− v2 + w + uw)3
. (C3)

Similarly, we also obtain the probabilities of getting zero
photon in microwave domain and one photon in optical
domain

P01 = Tr(ρ̂m,o |01〉〈01|) =
4(−1− u− v2 + w + uw)

(1 + u− v2 + w + uw)2
,

(C4)
one photon in microwave domain and zero photon in op-
tical domain

P10 = Tr(ρ̂m,o |10〉〈10|) =
4(−1 + u− v2 − w + uw)

(1 + u− v2 + w + uw)2
,

(C5)
and zero photon in both

P00 = Tr(ρ̂m,o |00〉〈00|) =
4

1 + u− v2 + w + uw
. (C6)

Note that the weak pump region is when the cooper-
ativity C � 1. Fig. 9 shows the probabilities versus the
cooperativity. In general, one needs to consider the gen-
eration of two or more photons in a single temporal mode
in the large cooperativity region; however, such events
will be beyond the consideration of this paper and will
in general make the performance worse, as those events
lead to states out of the single-photon Hilbert space.

Below we analyze the case where single-photon pairs
are generated successfully for both Alice and Bob. At
Alice’s and Bob’s side the M-O pairs are

|Φ+(δ)〉AB =
1√
2

(|e, e〉+ eiδ |l, l〉), (C7)

and

|Φ−(δ)〉CD =
1√
2

(|e, e〉 − eiδ |l, l〉), (C8)
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Figure 9. The probability versus the cooperativity for ζo =
0.9, ζm = 0.95 and nin = 0.2.

respectively. The overall prepared state is in a product
[60]

|Φ+(δ)〉AB ⊗ |Φ−(δ)〉CD =
1

2

[
|Φ+〉BC ⊗ |Φ−(2δ)〉AD

+ |Φ−〉BC ⊗ |Φ+(2δ)〉AD + |Ψ+〉BC ⊗ eiδ |Ψ−〉AD

+ |Ψ−〉BC ⊗ eiδ |Ψ+〉AD

]
, (C9)

where four Bell states are |Φ±(δ)〉 = 1√
2
(|e, e〉 ± eiδ |l, l〉)

and |Ψ±(δ)〉 = 1√
2
(|l, e〉 ± eiδ |e, l〉). Here |Φ±〉 and |Ψ±〉

refer to the case of δ = 0. Bell-state measurement in
the middle consists of a balanced beam splitter and two
photon detectors. The detection process is as follows. To
detect

|Ψ+〉BC =
1√
2

(|e, l〉+ |l, e〉),

=
1√
2

(â
(1)†
B â

(2)†
C + â

(2)†
B â

(1)†
C ) |0〉 , (C10)

where â(i)†B/C is the creation operator for port B/C, time-
bin i. The beam splitter transforms the bosonic modes
by (

âB
âC

)
=

1√
2

(
1 1
1 −1

)(
âB′

âC′

)
, (C11)

where B′/C ′ corresponds to the output.
Substituting Eq. (C11) into Eq. (C10) we get

|Ψ+〉BC →
1√
2

(â
(1)†
B′ â

(2)†
B′ − â(1)†C′ â

(2)†
C′ ) |0〉 . (C12)

Similarly we have

|Ψ−〉BC →
1√
2

(â
(1)†
C′ â

(2)†
B′ − â(1)†B′ â

(2)†
C′ ) |0〉 . (C13)

Detecting a single photon successively at one detector B′
and C ′ measures |Ψ+〉BC and heralds |Ψ−〉AD. Detecting
a single photon at both detectors but with a time delay
measures |Ψ−〉BC and heralds |Ψ+〉AD. The above two
are success events in generating a Bell pair.

The other two Bell states transform as

|Φ±〉 → 1

2
√

2

[
(â

(1)†
B′ â

(1)†
B′ − â(1)†C′ â

(1)†
C′ )

±(â
(2)†
B′ â

(2)†
B′ − â(2)†C′ â

(2)†
C′ )

]
|0〉 . (C14)

In these cases, we will detect two photons at one of the
detectors B′ and C ′. Because there is no time difference
between the detections, we can not distinguish these two
cases.

When BC is projected to either |Ψ+〉BC or |Ψ−〉BC,
then AD ends up with eiδ |Φ−〉AD or eiδ |Φ+〉AD. The
probability of success is limited to 50% with perfect de-
tection.

Now we consider the other events that are considered
as success, while entanglement is not generated. When
both B and C have photons, it will trigger success events.

The first case is when A gets zero photon, while
B,C,D all get one photon. This happens with probability
P01P11. In this case, the states before swap are

|Φ+(δ)〉AB =
1√
2

(|0, e〉+ eiδ |0, l〉), (C15)

|Φ−(δ)〉CD =
1√
2

(|e, e〉 − eiδ |l, l〉). (C16)

Replacing |0〉 in the above analysis, after we have success
detection, the state between AD ends in

|Ψ±〉AD =
1√
2

(|0, e〉 ± |0, l〉), (C17)

= |0〉A ⊗
1√
2

(|e〉 ± |l〉)D. (C18)

Similarly, in the second case, when D gets zero photon,
and A,B,C all have one photon, with probability also
P01P11, we have the final state

|Ψ±〉AD =
1√
2

(|e〉 ± |l〉)A ⊗ |0〉D . (C19)

The final case is when A and D have zero photon, while
B and C have one photon, which happens with probabil-
ity P 2

01. In this case, we will have

|Ψ±〉AD = |0, 0〉 , (C20)

as a tensor product of vacuum.
So the ‘success’ event happens with probability

Psuccess = (P 2
11 + 2P01P11 + P 2

01)/2. (C21)

The overall state conditioned on success is equivalent to
the following state,
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ρ̂AD =
1

P 2
11 + 2P01P11 + P 2

01

[
P 2
11 |Bell〉〈Bell|+ P01P11 |0〉〈0| ⊗ |+〉〈+|+ P01P11 |+〉〈+| ⊗ |0〉〈0|+ P 2

01 |00〉〈00|
]
, (C22)

≡ λ1 |Bell〉〈Bell|+ λ2 |0〉〈0| ⊗ |+〉〈+|+ λ2 |+〉〈+| ⊗ |0〉〈0|+ λ3 |00〉〈00| , (C23)

where we defined λ1, λ2, λ3 implicitly. The entanglement
generation rate is therefore

R(ρ̂AD) = E(ρ̂AD)Psuccess/2, (C24)

where we divide by 2 since we use the channel twice for
time-bin encoding and the E() can be the RCI or EOF
for entanglement measure.

The RCI of ρ̂AD is evaluated as the following. First
the entropy

S(ρ̂AD) = −λ1 log2(λ1)− 2λ2 log2(λ2)− λ3 log2(λ3).
(C25)

The reduced state

ρ̂A = TrD(ρ̂AD),

=

(
λ1
2

+
λ2
2

)
|l〉〈l|+

(
λ1
2

+
λ2
2

)
|e〉〈e|

+
1

2
λ2 |e〉〈l|+

1

2
λ2 |l〉〈e|+ (λ2 + λ3) |0〉〈0| . (C26)

The three eigenvalues of ρ̂A are

λ′1 =
1

2
λ1,

λ′2 =
1

2
(λ1 + 2λ2),

λ′3 = λ2 + λ3.

Therefore the RCI is

S (ρ̂A)− S (ρ̂AD) = −
3∑
i=1

λ′i log2(λ′i)− S (ρ̂AD) . (C27)

However, it is hard to evaluate EoF of ρ̂AD and thus
we consider its upper bound by the fidelity to Bell pair

FS−P =
P 2
11

P 2
11 + 2P01P11 + P 2

01

. (C28)

following Eq. (B7)

Ef (ρ̂AD) ≤ P 2
11

P 2
11 + 2P01P11 + P 2

01

S(|Bell〉) = FS−P,

(C29)
as the pure states mixture in Eq. (C23) are orthorgonal.

Appendix D: Optical transmission loss

We consider identical pure loss channels with trans-
missivity η before the beam splitter. The channel is de-
scribed by

â→ √ηâ+
√

1− ηê, (D1)

Figure 10. Rate versus ζo when ζm = 0.992, nin = 0.2 and
C = 0.1. Solid and dashed green curves represent lower and
upper bounds for rate of CV entanglement swap. Purple line
show rate of time-bin entanglement swap.

where â and ê represent the optical mode and the envi-
ronmental vacuum separately. In the CV entanglement
swap case, the parameters under the loss are transformed
as

u→ u = 1 +
8ζm[C + nin(1− ζm)]

(1− C)2
, (D2a)

v → √ηv =
4
√
ζoηζmC[1 + C + 2nin(1− ζm)]

(1− C)2
, (D2b)

w → (1− η) + ηw = 1 +
8Cζoη [1 + nin (1− ζm)]

(1− C)2
.

(D2c)

One can easily check that, transmitting the noisy entan-
gled CV modes through a pure loss channel of transmis-
sivity η is equivalent to the state with ζo → ηζo, via
Eqs. (3) in the main text. When η ≤ 0.5 (equivalent
to ζo ≤ 0.5), the CV entanglement swap enabled rate is
zero, as the pure loss channel below half transmissivity
has zero rate. In Fig. 10, we see that our approach al-
lows an advantage when ζo >∼ 0.5, which corresponds to
15 kilometers of state-of-the-art fiber link to the center
swap node.

In the time-bin entanglement case, the analysis is sim-
ilar, simply replacing ζo → ηζo in previous expressions of
Sec. C. Note that one cannot simply multiply the success
probability by η2, as two or more photons can lead to a
single photon after loss.
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(𝑎) (𝑏)

Figure 11. (a) Schematic of the direct swap approach. (b) En-
tanglement of formation Ef between qubits versus evolution
time t. Vertical dashed line indicates the time with maximum
entanglement at t = π/2.
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Figure 12. Schematic of (a) DEJMPS protocol and (b) L-layer
DV LVQC.

Appendix E: Solving the direct swap

In this section, we provide more details on the direct
swap approach, for entanglement distillation on the hy-
brid CV-DV platform. For a given pair of noisy entan-
gled microwave modes in state ρ̂m,m, the composite sys-
tem is prepared same as it is in the hybrid LVQC ap-
proach where two qubits are in state |0〉q, shown in the
top and bottom halves of Fig. 11(a). The CV-DV sys-
tems on both sides are evolved separately by the same
unitary exp

(
−itĤswap,`

)
where ` = 1, 2 stands for the

two sides. Through the evolution, we monitor the en-
tanglement (i.e. EoF) between two qubits, as shown in
Fig. 11(b). We stop the evolution and discard the modes
when the two qubits are maximally entangled at the time
t = (2n+ 1)π/2, n ∈ N.

In the direct swap approach, we choose the final two-
qubit state to maximize the entanglement, whose fidelity
to |Ψ+〉 is not guaranteed to be the maximal. To max-
imize the fidelity, we allow an arbitrary local unitary Û
on one of the qubit. Note that the Bell state |Ψ+〉 is
invariant under Û ⊗ Û?, so all local unitary can be ab-
sorbed into a single qubit. We parameterize the single
qubit unitary by three angles and numerically maximize
the fidelity to obtain the results.

Appendix F: Qubit distllation protocols

As explained in the main text, to obtain states with
further lower infidelity, we consider distillation proto-
cols on two-copy of the output qubits produced from hy-
brid LVQCs or direct swap approach. Various entangle-
ment distillation protocols on DV systems have been pro-

posed, including BBPSSW [25], DEJMPS [26] and LOC-
CNet [28]. We mainly focus on the DEJMPS protocol
which is proved to be optimal for bell-diagonal states with
rank up to three, and a DEJMPS-inspired DV LVQC,
shown in Fig. 12(a)(b) separately. For both protocols,
the two-qubit system A0, B0 and A1, B1 are separately
initialized with identical two-qubit mixed state produced
from hybrid distillation approach. Through the circuit,
qubits A1, B1 are measured in the computational basis
where only |00〉 or |11〉 are considered as success. The
DV LVQC is trained in a similar way to the way we train
the hybrid LVQC described in our main text and details
can be found in Fig. 14(c)(d).

Appendix G: Numerical details

In this section, we provide more details on the numer-
ical simulation of the hybrid LVQC approach. For each
choice of hyperparameters λ, Fc, we start with a batch of
500 instances with random initialization. The quantum
circuits are implemented in PyTorch [61] and optimized
by Adam [62] with the learning rate lr = 0.001 in 20000
steps. Unless further specified, in this section we utilize
hybrid LVQCs with D = 10 gate blocks and DV LVQCs
with L = 6 layers. In the distillation, we choose post-
selection on photon number below D/2 as success.

1. Details of Fig. 3 of the main text

To begin with, we analyze the effect of circuit depth
of the hybrid LVQC. We consider the same setting as
Fig. 3(a) of the main paper, but choose different LVQC
depth D and the results are in Fig. 13. As we see, in the
low infidelity region, the performance does improve as
the depth increases. Indeed, a larger depth D ≥ 10 can
potentially further improve the performance, and further
enlarge the advantage.

Now we present more details on the training results
utilizing hybrid LVQCs. In Fig. 14(a)(b), we show the
results of the one-copy case, and the two-copy DEJMPS
case. To fulfill the whole range of success probability
Psuccess ∈ [0, 1], we adopt different combinations of hy-
perparameters λ, Fc. To obtain the best performance
from hybrid LVQCs in the two-copy scenario, we extract
the instances with highest fidelity within each small bin
of success probability and apply interpolation (black solid
curves) between them. The details of the interpolation
will be introduced in the next paragraph. In Fig. 14(c),
we show training results with DV LVQC (see Fig. 12(b)
for the circuit design) on those best output qubit pairs in
(a) with various combinations of λ, Fc. Note that there
is advantages from DV LVQCs in terms of infidelity com-
pared to DEJMPS, and thus the combination of the DE-
JMPS and DV LVQCs provides the best DV approach
results for two-copy case, shown in Fig. 3(b) in the main
text. In Fig. 14(d), we apply the same DV LVQC ap-
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Figure 13. Infidelity versus success probability of one copy
noisy entangled microwave modes with C = 0.1, nin =
0.2, ζm = 0.992, ζo = 0.99 by utilizing hybrid LVQC with D
ECD blocks.

proach on the two-qubit state generated by direct swap.
To summarize, compared to the DEJMPS protocol, the
DV LVQC approach can provide better performance with
smaller infidelity at the expense of more quantum gates.

To obtain the best performance of variational circuits
for each given success probability, we utilize interpola-
tion and extrapolation [27]. For any two protocol with
success probability p1, p2 and fidelity F1, F2, we consider

the probabilistic mixing of the protocols with probability
r, 1 − r ∈ [0, 1], then the success probability and fidelity
for the protocol mixture are

Psuccess,int = rp1 + (1− r)p2, (G1a)

Fint =
rp1F1 + (1− r)p2F2

Psuccess,int
. (G1b)

Similarly, one can always extrapolate a protocol to a triv-
ial strategy that always output a product of |0〉q state,
with an identity success probability but 1/2 fidelity. The
protocol with extrapolation has success probability and
fidelity as

Psuccess,ext = rp1 + (1− r), (G2a)

Fext =
rp1F1 + (1− r)/2

Psuccess,ext
. (G2b)

2. Details of Fig. 4 of the main text

In Fig. 15, we provide the details of the rate versus
infidelity plot of Fig. 4 in the main text. We present
the data points from different training, under various hy-
perparameters indicated by the different coloring. Sub-
plot (a) presents the single-copy case, while (b) and (c)
present the two-copy case, with the DEJMPS and DV
LVQC separately. The black solid lines in (b)(c) are the
best performance of the results in both (b) and (c), which
are eventually presented in Fig. 4(b) of the main text.
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