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Abstract

The fluctuational electrodynamic investigation of thermal radiation from non-equilibrium
or non-isothermal bodies remains largely unexplored because it necessarily requires
volume integration over the fluctuating currents inside the emitter which quickly becomes
computationally intractable. Here, we put forth a formalism combining fast calculations
based on modal expansion and fluctuational electrodynamics to accelerate research at
this frontier. We employ our formalism on a sample problem: a long silica wire held
under temperature gradient within its cross section. We discover that the far-field thermal
emission carries a nonzero spin which is constant in direction and sign, and interestingly,
is transverse to the direction of the power flow. We clearly establish the origin of this
transverse spin as arising from the nonequilibrium intermixing of the cylindrical modes of
the wire, and not from any previously studied or intuitively expected origins such as chiral
or nonisotropic materials and geometries, magnetic materials or fields, and mechanical
rotations. This finding of nonequilibrium spin texture of emitted heat radiation can prove
useful for advancing the noninvasive thermal metrology or infrared imaging techniques.

Keywords: thermal radiation; temperature gradients; photon spin; longitudinal and transverse spin;

modal expansion for computational electromagnetics; eigenpermittivity modes

I. INTRODUCTION

The field of thermal radiation initiated the quantum revolution at the beginning
of the twentieth century and spawned numerous technological applications such
as thermal energy harvesting, infrared imaging, metrology, gas sensing, and heat
management, among others [1-4]. One emerging research direction focuses on the
spin angular momentum or circular polarization of thermal radiation. The key
guiding principle for this research has been the photon-spin-resolved Kirchhoff’s
law, which equates emissivity with absorptivity separately for individual circular
polarization states of thermally emitted light. However, this law is derived and
applicable only to uniform-temperature reciprocal media [5-7]. While recent works
have explored the spin angular momentum of thermal radiation from time-reversal-
symmetry-broken nonreciprocal media [8-10], it remains an open question whether
nonuniform temperature profiles can lead to interesting effects on the circular
polarization of thermal emission.

In this work, we develop the theoretical and computational framework to
analyze the spin angular momentum of thermal radiation from bodies with non-
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uniform temperature profiles. As an experimentally-relevant example, we consider
a long cylindrical rod with a non-uniform temperature distribution across its cross-
section. Our analysis is performed by extending the recently developed techniques
for rapid simulation of Green’s function [11-13] to thermal radiation. Crucially, we
focus on the spin angular momentum rather than the radiative heat flux. Shown in
the left panel of Fig. 1, a long (silica, SiO,) rod is held under a linear temperature
gradient. We find that, in the far-field, the heat flux is radially outward, but there
also exists a non-zero spin angular momentum density parallel to the axis of the
cylinder and transverse to the emission direction. The left panel also shows the
sense of polarization rotation associated with the dimensionless spin, while the
right panel displays its magnitude, with blue/red indicating positive/negative
directionality. With detailed analysis, we prove that this transverse spin is uniquely
enabled by the non-uniform temperature distributions and arises from the intermix-
ing of contributions from different cylindrical modes. We also show numerically
that the spin magnitude diminishes with diminishing temperature gradient, falling
to zero for a uniform temperature profile (Figure 2).

Until recently, inquiries into the nature of spin arising from thermal radiation
were limited to reciprocal media, focusing on two major themes: far-field spin
from reciprocal chiral absorbers explored theoretically [14, 15] and experiment-
ally [16, 17], and the analysis of the degree of polarization in the near-field of
reciprocal media [18]. Recent exploration of this topic for non-reciprocal media
has revealed surprising phenomena, such as persistent equilibrium spin in the
near-field [19] and modified spin-resolved Kirchhoff’s laws for planar media [20].
Ref. [21] revealed an origin of far-field thermal-radiation spin: a nonequilibrium
system composed of a dimer of two coupled antennas held at unequal but uniform
or homogeneous temperatures. Along this vein, our work demonstrates a funda-
mental finding that even nonuniform temperature gradients inside a single thermal
emitter can cause thermal emission with a nonzero spin. Our specific example
system lacks all previously known aspects connected with the photon spin such
as geometric chirality (e.g. nonsymmetrical shapes), material chirality (e.g. chiral
or anisotropic materials), magnetic field or magnetic materials, and mechanical
rotations. By avoiding these aspects, our work clearly establishes a surprising con-
nection between the nonzero photon spin and the intrinsic temperature gradients.
We also note that, in contrast to all previous works reporting longitudinal spin, the
far-field spin emitted from the temperature gradient emitter is transverse in nature,
thus, making it measurable for greater ease; in fact, such transverse spin was so far
believed to be possible only in the near-field. We further highlight that the physical
origin of this spin is based on non-equilibrium intermixing of cylindrical modes
of different orders, which differs from that of Ref. [21], where it stems from the
near-field coupling between non-parallel dipole moments.
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Figure 1: (Left) An example geometry that can be treated by our formalism for
non-equilibrium fluctuation electrodynamics. A temperature gradient is
maintained across the cross-section of a circular silica rod, which extends infinitely
along the z-direction. Heat flux, characterized by Poynting’s vector, is generated
along the radial direction. More notably, spin fields are generated that are
in-plane, characterized by a spin vector which is perpendicular to both the plane
and the Poynting vector. The circular arrows representing the spin are an artistic
depiction rather than an actual indication of its magnitude.

(Right) The spin extends into the far-field, D > r, where r is the radius of the cylinder and
D is the radius of the far-field contour. The normalized quantity (S;)w /(W) converges to
the displayed non-zero values. The sign and the magnitude of the far-field spin vector
changes as a function of the in-plane polar angle, but does not substantially change at
scales of the order of the wavelength.

Fluctuation-electrodynamic (FE) simulations of thermal radiation from emitters
with non-uniform or continuously varying temperature/material profiles necessar-
ily require volume integrals over fluctuating currents, and precludes simplification
to surface integrals; the surface current formulations that apply to uniform tem-
perature/material profiles [22-24] are inapplicable here. Note also that there is no
Kirchhoft’s law for bodies with nonuniform temperature profiles. While Kirch-
hoft’s law can be generalized for differential subvolumes of reciprocal bodies [1], it
does not circumvent the need for volume integration for the calculation of the total
far-field thermal radiation spin from such nonisothermal emitters. For volume
currents, a formulation was recently developed for emitters with internal inhomo-
geneities [25], and a new approach to tailor the directionality and intensity of



thermal emission using temperature gradients was explored in Ref. [26]. These
works presented successful but specific numerical techniques. In the present work,
we instead aim to develop a general formalism for spatially-varying temperature
profiles that is compatible with any simulation method. There have been many
recent works on thermal radiation in systems of sub-wavelength particles where the
particles can be approximated as point dipoles, thus simplifying the FE simulations
and analysis [7, 27-29]. Our approach ventures beyond the dipolar regime, paving
the way for computationally challenging FE simulations of many-body non-dipolar
systems.

We employ a modal expansion approach that decomposes the radiation of
emitters via their resonator modes. The primary advantage is that once the modes
have been obtained using any readily available mode-solver, it is computationally
inexpensive to analyze the thermal radiation of any temperature profile. This
speed is conducive to complex heat-transfer simulations between bodies with non-
uniform temperature distributions requiring self-consistent analysis in presence of
other heat-transfer channels like conduction and convection. Furthermore, modal
expansion yields useful insights regarding spectral, geometric, and symmetry
properties. For example, we can deduce which combination of modes gives rise to
non-zero spin simply by considering the spatial overlap between the temperature
profile and modal fields. Such insights and design tools are not readily accessible
to purely numerical methods such as volume current formulations.

We note that modal expansion was recently used in the form of temporal
coupled mode theory (CMT) in Refs [30, 31] to engineer the directionality of
Poynting flux. Instead of the eigenfrequency modes employed by CMT, our
modal expansion uses eigenpermittivity modes, which offers several advantages.
Firstly, eigenpermittivity modes form a discrete set, which is simpler to treat
numerically compared with the continuum of frequency modes. Crucially, our
formalism can handle temperature inhomogeneities within the spatial extent of
a single mode, which is inaccessible to CMT utilizing a single effective mode
temperature [30, 31]. Furthermore, our formalism is suitable for direct simulation
of hybridized or strongly coupled modes in the context of many-body heat-transfer
simulations, which for the CMT formalism would require parameter extraction
based on numerical fitting beyond the weak-coupling regime. Another advantage
of our approach is that the frequencies used for the Planck factor (see Eq. (4)
below; the mean energy of an electromagnetic state) are real, thus, avoiding any
approximation necessary for complex frequency modes.



II. FORMULATION

We now develop the formulation for the fields emitted by an arbitrary hot object
standing in an optically and thermally uniform background. We assume that the
object contains thermal emitters that create a fluctuating current density J(#'). The
total electric and magnetic fields at point r exterior to the object due to the current

J(¢') are
Ei(r) = ikZQ/dr’Gﬁ](r, )],(¥'),  H(r)/Zo= ik/dr'Gll;I(r, ) ,), (1)

where Zy = /o /€p is the free space impedance. The electromagnetic properties
of the medium are encoded within the Green’s tensors.

Our facile yet rigorous treatment of varying temperature profiles is enabled by
the expansions

=F ® E™ St =1 ® E™ T

o) = AT EUSENE) g,y Ly HOSEN)
where €, are the eigenpermittivities associated with the eigenmodes E™(r), and
€; is the permittivity of the object. Notice that the dependence on r and #’ has
been separated into the factors E"(r) and E™'(#'), a key feature that we shall
later exploit. The above simple form differs from the expansion derived in earlier
eigenpermittivity formulations [11, 32], since it applies when the source co-ordinate
7 is inside the object. The derivation of electric field part is given in Appendix A,
along with a short discussion, and the magnetic field part is obtained using
GH(r,v') = TV X GE(r,#'). For simplifying later calculations, we also rescale the
magnetic field, such that H = ZoH>!, where H%! is the SI quantity.

We shall employ the Fluctuation-Dissipation Theorem (FDT) [33, 34] to calculate
the fields produced by ensemble averages of fluctuating currents; products of
fluctuating currents are correlated and satisfy

ol ) (", 0")) = 2200w, T) Ime(r)]6( — )5 — ")y, ()
where 5
w
@(w, T) = m, (4)

is the mean energy of an electromagnetic state at temperature T, and () represents
ensemble averaging.
We aim to evaluate various field quantities such as the Poynting flux,

(Pi(r,)) = 3¢y Re(ET Hy), ©



rewritten using tensor notation, with €;;, being the Levi-Civita symbol for the
cross-product, and the H field is rescaled. Two additional key quantities are the
spin momentum density,

€il * *
(Silr,w)) = 57 Im {(E[Ep) + (HHy) }, (6)
and the energy density,
O s \
(W(R,w) = 57 {{E{E;) + (H{Hy)} ?

where Jj;, is the Kronecker delta. Other quantities such as Stokes’ parameters can
also be considered.

To treat this range of quantities, we consider the general tensor element (D; F,),
where D} and F, can represent either E or H. The result for cylinders of arbitrary
cross-section is derived in Appendix B, and is

. 270! (w) [k . ymn
(D) = =02 [ ap Y- D (RF(R) ®
mmn

defining the two quantities

ymn — / dR'©(w, T)E™*(R') - E™(R'), 9)
d™" = (em —€;)" (en — €) - (10)

Equation (8) gives the fields radiated by thermal emission at w per unit length of
a 2D geometry standing in free space. As an aside, the equivalent result for 3D
structures is displayed in Eq. (B4). The 3D result is simpler than Eq. (8), as no
integration along B is necessary since all information pertaining to field profiles is
captured by the modes themselves.

The product (8) can represent energy flux (5) or energy density (7), for example.
We choose to limit the integral over the longitudinal propagation constant j to
the propagating Fourier components, see Eq. (B5). The summations over indices
m and n run over the same set of modes, as per Eq. (B7). We see that Eq. (8)
is composed of three parts. First, the factor d"™" is due to the detuning of the
inclusion permittivity €; from the eigenpermittivities €, of each mode. Second, the
integral V™" over the electric fields of the eigenmodes E""*(R’) - E(R’) within
the interior of the inclusion is ultimately weighted by the temperature profile. The
variable R = (x,y) ranges over the 2D plane. Finally, the result is given by a sum
over the eigenmodal fields D" (R)Ey(R) in the region exterior to the inclusion.



The computational advantage of Eq. (8) is that once the modes of the resonator
have been obtained, many quantities of interest regarding the radiation are available
by evaluating just the one set of overlap integrals. Even the difficult case of
non-uniform temperature profiles can be treated with relative ease. This greatly
facilitates any calculation that requires iteration over many temperature profiles,
such as self-consistent calculations.

When Eq. (8) is applied to find the Poynting vector (5), we obtain

€

(P(R,w)) = ﬁl‘{’) /k dp Y Re {Em'*(R) « H”(R)ZZ: } | (1)

—k
The spin momentum density (6) is obtained by applying Eq. (8) twice,

e:/(w) k m,*x n m,* n Vm,n
(S(Rw)) = 5 /_kdﬁ%Im (B" < E'+ H" x H') b (12)

Also, the energy density (7) is

ymn

qmmn :

(W(R,w)> _ 61/'/(60) /k d‘B Z(Em,* CE" 4+ H™* . Hn) (13)

ke J_k

The formalism developed above has been validated against other methods from
the literature [35]; see Appendix D.

ITII. RESULTS

We use the formalism in Section II to treat radiation from a long cylinder
with a temperature gradient. Though the geometry is simple, the radiated fields
nevertheless exhibit a non-trivial structure. Consider a circular SiO, rod of radius
r = 4.5um. We focus on its radiation at a wavelength of 9.4 ym, where SiO; is at
resonance and has a permittivity of approximately —3.19 4-4.97i. The rod rests in a
vacuum background at zero temperature. For this geometry, the eigenmodes { E" }
are available analytically (see [11]), while their eigenvalues {€,,} can be found via
a root search [12]. Thus, to use Eq. (8), we need only integrate over 8 and specify
a temperature profile. In the results that follow, we shall integrate over only the
propagating orders, where f < w/c. This means that near-fields—within one or
two wavelengths of the cylinder—may be inaccurate.

When the cylinder is set to a uniform temperature of 300 K, the cylinder
produces rotationally invariant thermal radiation: a Poynting flux oriented in the
radial direction. All components of spin are zero, corresponding to the origin of
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Figure 2: The magnitude of the far-field spin generated by thermal emission is
approximately linearly proportional to the temperature gradient. Along the
horizontal axis, the size of AT varies, defined by the hottest and coldest points of
the rod in Figure 3. The vertical axis is the resulting normalized spin density.

Figure 2. When a linear temperature gradient is introduced, of the type shown in
Figure 3 (a), the profile of the radiated Poynting flux remains largely rotationally
invariant (Figure 5). However, a small but measurable axial component of spin
appears, oriented along the z-axis (Figure 1), which is transverse to the radial
energy flux. As such, this spin cannot be classified as circular polarization, since
the spin axis and Poynting vector do not align. In Figure 3 (b), we plot the spatial
profile of this spin, normalized by the energy density, (S;)w/(W). A plane of
symmetry exists in the spin profile, which originates from the symmetry of the
temperature profile. However, the sign of the spin is inverted about this plane,
since spin is a pseudovector. We also observe in Figure 3 (c) that this spin extends
into the far-field, where its strength remains undiminished.

These kinds of observations generalize to other temperature gradients. For
example, the temperature gradient of Figure 4 (a) contains two planes of symmetry.
A non-zero spin is produced (see Figure 4 (b)), containing these two planes of
symmetry. Once again, the spin extends into the far-field (Figure 4 (c)), but with a
smaller magnitude relative to the linear temperature gradient. Crucially, changes
to the temperature gradient induce both qualitative and quantitative changes
to the far-field spin pattern. By contrast, temperature gradients do not induce
any qualitative changes to the far-field Poynting flux, which remains circularly
symmetric to zeroth order, as evidenced by Figure 5. Thus, the far-field spin may
enable non-destructive measurement of an emitter’s temperature profile.
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Figure 3: Emission from a linear temperature gradient. (a) Temperature profile
across the cross-section of the rod standing in vacuum, featuring the same linear
gradient as Figure 1. (b) Axial spin generated by the radiating rod (S; normalized
by W). In this xy-plane, there exists a plane of symmetry that coincides with the
temperature profile. A different view of the angular variation of S, is presented in
Figure 1. (c) Axial spin (normalized by W), with a strength that does not diminish

into the far-field; the maximal values of the spin are obtained already about a
wavelength away from the rod center, so that the role of the evanescent modes

(which are not calculated) are expected to have, at most, a small effect on them.

The trajectory for the x-axis is along the dotted line of subfigure (b) (i.e.,
x < 0,y = 0). The plot domain changes drastically across the subfigures.

IV. DISCUSSION

In this paper, the modal formalism not only provides an efficient means of
calculating thermal radiation, especially from spatially varying temperature pro-
tiles, but also provides insight into its behaviour. For example, we can identify
the origins of the non-zero spin, yielding insights into symmetry and spectral
properties. From Eq. (12), the spin pattern is determined by products of pairs
of modes, each weighted by just two quantities: a geometric factor V,,;, and a
detuning factor d,,,. The former is the extent to which the modal pair is excited by
a particular temperature profile, while the latter is the combined detuning from the
resonances of both modes. Finally, the total spin is a sum over all pairs of modes.

We may apply this understanding to the spin radiation patterns of Figures 3
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Figure 4: As in Figure 3, but with a linear temperature profile with four lobes. (a)
Temperature profile over the rod cross-section. (b)-(c) Axial spin (normalized by
W).

and 4. In this case, cylindrical symmetry is present, so all modes can be assigned
an azimuthal variation exp(iM#), for some integer M corresponding to the angular
quantum number. In terms of this cylindrical harmonic basis, we observe that if the
temperature profile is uniform, then the geometric factor V,,,, will always vanish
for modal pairs with two different values of M. Since two modes with the same
M never generate spin when both positive and negative orders are considered,
uniform temperature profiles always yield a zero spin field. The same reasoning
implies that pure radial gradients of temperature also yield zero spin (not shown).

We now proceed to identify the values of M that do generate spin. In Figure 3,
the spin field resembles cos 6 to lowest order, and is generated by a combination of
modes of orders M = 0 and M = =£1. In Figure 4, the spin pattern resembles cos 26,
and is generated by modes of orders M = 1 and M = —1. This difference may
mean that the resonance condition for the four-lobe temperature pattern is easier
to satisfy, since the resonances of M = +1 orders are degenerate. Finally, we may
prove that the only component of spin allowed to be non-zero is the z-component.
This result holds for infinite rods of any cross-section and any cross-sectional
temperature profile, and is proven in Appendix C.
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V. OUTLOOK

The modal formalism presented here lays the groundwork for exploring a range
of more sophisticated physical scenarios. For example, objects with more complic-
ated shapes (e.g., wires with non-circular cross section, general 3D objects etc.),
anisotropy and/or permittivity non-uniformity caused by temperature inhomo-
geneities [36-38] can be treated using the mode calculation procedure described
in [13, 39, 40], known as re-expansion; the symmetry consideration discussed above
can be used to deduce the necessary temperature uniformity profile for which spin
emission can be realized. Our formulation is also applicable to bound modes below
the light line in order to determine the correct near-field emission. Together with
unique ability of permittivity mode expansion to treat the interactions between
multiple objects (see, e.g., [32, 41, 42]), this allows the thermal emission from
multiple interacting structures to be treated, and would be crucial for accurate
modelling of near-field heat transfer (see [43]). It would also be an efficient building
block in inverse design algorithms aimed at optimizing thermal emission. Finally,
our formulation can also be applied to other computationally-heavy problems,
such as FRET, quantum friction, and Casimir forces.

The spin emitted by the temperature gradient that we considered is transverse
to the Poynting vector. It cannot be measured by traditional approaches based on
quarter wave plates, which is only suitable for the measurement of longitudinal
spin. Therefore, the experimental detection of such transverse spin would require
new approaches such as the one recently proposed for measuring photonic spin
density using NV centers [44] or by measuring the resulting torque on levitating
nanoparticles [45]. The central result of this work has practical implications for
situations requiring non-contact depth-thermography (temperature measurement)
based on emitted IR radiation. By comparing the experimental measurements
of spin over different emission directions and prior simulation studies (made
faster by our modal expansion approach) of the same for various temperature
gradient profiles, one can potentially deduce gradient directions. In other words,
measurement of photon spin in addition to thermal radiation power can provide
valuable additional insight for nanoscale temperature metrology. Fundamentally,
the connection between thermal non-equilibria and photon spin is non-intuitive
and remains an exciting, unexplored research area.

Acknowledgements. The authors thank N. Shitrit for fruitful and illuminating
discussions. The authors acknowledge funding from the DARPA NLM program.
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Appendix A: Generalized Normal Mode Expansion (GENOME) of Green’s Tensor

The electromagnetic Green'’s tensor G(r, ) gives the field radiated by a classical
dipole of any orientation at a given distance away from the source,

V x (v x é) —Re(r)G = I83(r — ), (A1)

where r and #’ are the locations of the detector and source. The radiation occurs at
frequency w = ck in the presence of a structure defined by e(r). The Green'’s tensor
of a closed resonator can be expanded using the normal modes of the resonator,
often capturing its behaviour with just a few eigenmodes.

In [11], a modal expansion of Green’s tensor was developed for open systems.
Its most notable feature is its use of true stationary states, which are more suitable
for simulations at real frequencies. For this reason, it was named Generalized
Normal Mode Expansion, as it recovers the simplicity and rigour of normal
mode expansion for closed systems. The generalized normal modes are based
on Lippmann-Schwinger equation, a commonly used formalism for scattering
calculations in many areas of physics. It can be derived from Maxwell’s equations
in the presence of a source distribution J,

V x (V x E) — k*e(r)E = iwuy], (A2)

where we assumed non-magnetic media and harmonic e~’** time variation. By
assuming that the structure rests in a uniform background of permittivity €, its
response can be split from the k?¢(r)E term and moved to the right hand side to
yield the differential form of the Lippmann-Schwinger equation,

V x (V x E) — k*e,E = K*(e(r) — €,)E + iwpo]. (A3)

For simplicity, we assume that the inclusion is of uniform permittivity €;, simplify-
ing the term on the right hand side to k?(e; — €;)0(r)E. The shape of the inclusion
is encoded by the indicator function 6(r), which equals one inside the inclusion
and is zero outside. Non-uniform inclusions [39] and inclusions with tensorial
permittivities [13] can also be treated, and the following formulation can readily
be generalized using the references provided.

An eigenvalue equation can then be defined for the generalized normal modes
by setting sources J to zero

V x (V x E™) — k?€,E™ = 5,,k*0(r)E™, (A4)

where we have furthermore assumed that the inclusion is of uniform permittivity.
The eigenvalue s, corresponds to the permittivity €, of the inclusion which brings

13
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Figure 5: The radial flux associated with the temperature profiles of (a) Figure 3
and (b) Figure 4. The difference of the Poynting flux produced by the two
temperature profiles is quantitative rather than qualitative. For example, no new
nodes are introduced when the symmetry of the temperature profile is changed.

the system (A4) to resonance,

€p
€p — €m

Sm (A5)
The eigenvalue equation (A4) can be solved analytically for simple geometries
such as cylinders, yielding a transcendental equation for eigenvalues. Efficient and
reliable root search procedures are available for these equations [12].

We now formulate the expansion of the Green’s tensor (2) using the generalized
normal modes (A4). We expand G(r, ') via

G(r,r') = Y E"(r) @ y"(r), (A6)

where 4™ (') are as yet unknown coefficients that depend on the source location
#'. The procedure for evaluating these unknowns begins by inserting Eq. (A6) into
Eq. (2) so that

YUV % (V x E"(r)) — K2, E"(r) — K20(r) (e; — ) E"(1)] ©7"(¥) = [6°(r — ).

m

14



This can be simplified using the defining equation for the eigenmodes (A4) to yield
Y (em —€) 0(r)E™(r) @ 4™ (¢') = I6°(r — 7). (A8)

m

The unknowns can then be found by projecting onto an adjoint mode E"™(r),

k2 m — € {/E”Jr (r)dr} Ym(¥') = /Em’+(r)(53(r—r’)dr’, (A9)

and sunphfymg using the orthonormality relation between modes,

/ E"(r) - 0(2)E" (#)dr = . (A10)

This relation has been proven elsewhere [11]. By inserting " (+') back into Eq. (A6),
we obtain the desired expansion, Eq. (2). Note the similarity of this expression to
the quasi-normal expansion of the Green’s tensor [46].

This expression is valid for our purposes, where the source is inside the inclusion.
When the source ' is located in the background, a slightly more complex expression
is necessary [11]. In that expansion, the divergence of the Green’s function at the
source location is completely represented by a separate term. However, this
separate term is not necessary for our purposes here, since all sources are interior
to the resonator, where the set of eigenpermittivity modes are complete.

Appendix B: Derivation of Emitted Fields

We aim to calculate the tensor component (D} F,), consisting of a product of
two fields, defined in Eq. (8). We begin by inserting a generalized form of Eq. (1),

<D1*Fp> = <|:ZkZ0/d1’ qu r, r ]11 :| |:lkZ /dr’/GF r, ! (r//):|>
(B1)
— 222 / dr'dr" D (r, ') Ghy (1, #") I (¥ o ("))
Thus, the field product reduces to

4k3Z "
(D}F,) = 2% /dr@ w, T)GE (r,#)GE (1,7, (B2)

assuming that the imagmary part of permittivity €/ remains uniform in the interior.
At this point, we insert a generalized form of Eq. (2),
Em 1t ( )
qu r,r) 2 Z ’ (B3)

€m — €

15



where F can represent either the electric or magnetic field. This yields

4Zoe” D" ( )E’”*( ') By (r)Eq” (')
(DFE,) = /dr@wTZZ o —
l A + (B4)
4Z06” fdr’@ w, T)EZ"™ (¢ )Eg" (+')

ZDWI* ,

(em —€i)*(en — €)

which concludes the derivation for 3D geometries.

In the main text, our numerical examples feature 2D inclusions with infinite
translational symmetry along one direction. In this case, the formulation differs
from Eq. (B4). For this derivation, we return to Eq. (B2), and take the Fourier
transform along the z-direction. We orient this direction along z, while the in-plane
coordinates are denoted by R = (x,y). In this case, the 3D Green'’s tensor is related
to the 2D Green’s tensor, G2P (R, R, B),

GE (r, ') / ap P> IGED (R, R, ). (B5)

Since we are interested in the radiation into the far-field, we can limit the range of
integration of B to the light cone, i.e., from —w/c to w/c. We proceed with

4k3Zpe! (w

(D}F,) = /d#@ w, )P (r,#)GE, (1,7
4k320€” // dR'dz'®(w, T) / /k dﬁdﬁ/
ol(B'—P)(z— z)GD2D*(R R,B)G/*°(R,R’, B (B6)
4k320€” / dR'O(w / ap 5-G?"" (R, R, p)G7P (R, R', )
= —k3szz” [ 4p [ dR w0, TIGE (R R PG (R R ).

We have assumed that the temperature profile is not a function of z/, so the
integration over z’ allows the elimination of the integral over p'.

To complete the derivation, we need to use the specific expansions of 2D Green’s
tensors in terms the generalized normal modes (2), which in generalized form
reads 4

R)E;"" (R’
Gy (R, R, B) = 15 2 - 61( ) (B7)
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The expansion (B7) is identical to Eq. (B3), meaning that the same expression
applies in 2D and 3D. The only distinction is whether the constituent modes are
2D or 3D. We have also suppressed the f dependence on the right hand side for
brevity. As a side note, this is always a sum over a discrete set in the GENOME
expansion, even for the radiating modes that we considered in Eq. (B5). This is
one of the advantages of designating permittivity to be the eigenvalue. Finally, we
substitute this generalized form into Eq. (B6) to give

2Zp€!’ (w D" R)Em (R F}(R)E}T (R)

q
2k / dﬁ/dR®WTZE s —€f €y — €

(o w imw ! n,t( R/

(€m—€z) (€n —€i)

(DrFp) =

(B8)

Appendix C: Symmetry and Non-zero Components

We have assumed that the structure and temperature profiles in this manuscript
possess certain symmetries, which compels certain components of the thermal
fields to be zero. In particular, Eq. (8) and all subsequent results assume that both
the rod and the temperature profile are invariant along the infinite z-direction.
However, no assumptions were made regarding the cross-sectional profiles of the
rod or of temperature. Nevertheless, this forces the z-component of the Poynting
flux P to be zero, and the only component of spin § allowed to be non-zero is the
z-component.

The proof of these statements begins by noticing that the integrals in Egs. (11)
and (12) run over both positive and negative B values, so cancellation occurs if
a given quantity is anti-symmetric with respect to f. A mode associated with
B is the mirror image of the corresponding mode at —f3, specifically a reflection
about the xy-plane. This means that the E, component of every mode flips sign,
while E, and E, do not. Meanwhile, H, remains invariant under this reflection,
while H, and H, do change sign, since magnetic fields are pseudovectors. The
components of adjoint and complex conjugated modes also behave the same way
under reflection.

We may apply this knowledge to deduce that the z-component of P must be
zero by symmetry. The integrand in Eq. (11) is comprised of three components:
amn, ymnt and E™*(R) x H"(R). Firstly, d™" is a scalar, and is invariant under
reflection. Secondly, the quantity V" « E"™"* . E*' is also invariant, since it is
composed of products such as E"*E"" where both components remain invariant,
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or the product EZ' A E} * which also remains invariant because both its components
acquire a minus sign. Since these two quantities are invariant under reflection, the
symmetry properties of P is entirely determined by E™*(R) x H"(R). An analysis
of its components reveals that its r and 6 components are invariant as f§ — —J,
so reflection symmetry does not impose any restrictions on these components.
However, z-component changes sign as p — —f, so the two contributions cancel
and the z-component of P must be zero by symmetry.

Similar arguments can be applied to show that only the z-component of § is
allowed to be non-zero by symmetry. From Eq. (12), the integrand of S also consists
of the two invariant quantities """ and V™". So § is determined by the symmetry
properties of E"* x E" + H"* x H", which can be analyzed as described above.

Appendix D: Validation of the Method

In the case of a circular cylinder, we may validate our results with analytic
results from the published literature [35]. Such results were obtained in a very
different way, via the reciprocity theorem and also cylindrical Mie theory, and
so offers a suitable comparison. This geometry also possesses infinite rotational
symmetry, and the fields of the eigenmode equation (A4) are available analytically,
while the eigenvalues can be found via a root search [12].

For a detailed comparison, we consider the individual Fourier components of
the radiated energy at a single frequency. In other words, we shall integrate the
radiated power (11) over all radiation directions,

o) = fai- (P(Rw) = T [* ap agleo) (O1)

2k J_k

where 71 is the unit normal to a closed contour in the 2D plane in R. Here, ®4(w)
is proportional to the power from all modes at a given f and w. We thus plot the
integrand in Eq. (D1) along with its leading factors, i.e., €} (w)®Pg(w)/m?*k. Note
that the integral of ®(w) over all frequencies gives the power emitted per unit
length of the cylinder, so ®(w) has units of Wsm ™.

As a specific example, we calculate the emission at a single wavelength from a
cylinder of permittivity e = 4.785 4 0.011i at temperature T = 300 K placed ina 0
K vacuum background. The radius of the cylinder as a ratio of the wavelength is
2mta/A = 0.35. In Figure 6, we plot results for all propagation constants 8 from 0 to
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Figure 6: Emission from a uniform temperature gradient, as a function of the
propagation constant 8 along the cylinder axis. The result is calculated two
different ways: using the formalism developed in this manuscript (blue line with
dots) and the method of Ref. [35] based on the reciprocity theorem (red line).

k = w/c. The results are seen to agree well with the previously published result.
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