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Single spin qubits based on phosphorus donors in silicon are a promising candidate for a large-
scale quantum computer. Despite long coherence times, achieving uniform magnetic control remains
a hurdle for scale-up due to challenges in high-frequency magnetic field control at the nanometre-
scale. Here, we present a proposal for a flopping-mode electric dipole spin resonance qubit based
on the combined electron and nuclear spin states of a double phosphorus donor quantum dot.
The key advantage of utilising a donor-based system is that we can engineer the number of donor
nuclei in each quantum dot. By creating multi-donor dots with antiparallel nuclear spin states and
multi-electron occupation we can minimise the longitudinal magnetic field gradient, known to couple
charge noise into the device and dephase the qubit. We describe the operation of the qubit and show
that by minimising the hyperfine interaction of the nuclear spins we can achieve π/2−X gate error
rates of ∼ 10−4 using realistic noise models. We highlight that the low charge noise environment in
these all-epitaxial phosphorus-doped silicon qubits will facilitate the realisation of strong coupling
of the qubit to superconducting microwave cavities allowing for long-distance two-qubit operations.

Electron spin resonance (ESR) using high-frequency10

magnetic fields allows for high-fidelity single-qubit (F >11

99 %) gates in donor-based silicon qubits [1]. The tech-12

nical complexity of generating local oscillating magnetic13

fields at nanometre length scales in semiconductor qubits14

however, remains a challenge for the future scalability15

of magnetic control [2]. The tight-packing in exchange-16

based spin qubits, in which donors are only a few tens17

of nanometres apart, creates a challenge in minimising18

crosstalk between them [3]. As a result, there has been a19

growing interest in electric dipole spin resonance (EDSR)20

to electrically control qubits with local electric fields and21

coupling the qubits via their charge dipole moment. Elec-22

tric dipole spin resonance is achieved by coupling the spin23

of an electron to its charge degree-of-freedom allowing the24

spin state to be controlled by moving the electron using25

electric fields [4]. This spin-charge coupling can be cre-26

ated by a number of different physical mechanisms such27

as the use of large spin-orbit coupling materials [5–7],28

magnetic field gradients from micromagnets [8–11], and29

the hyperfine interaction between the electron and sur-30

rounding nuclear spins [12–14].31

Depending on the nature of the physical mechanism32

that couples the spin and charge degree-of-freedom there33

are also various differences in the way EDSR can be used34

to drive qubit operations. The use of materials with in-35

trinsic spin-orbit coupling such as III-V semiconductor36

materials [5–7, 15] or triple quantum dots [16? , 17]37

allows for EDSR without the need of any additional con-38

trol structures [8]. For material systems with low intrin-39

sic spin-orbit coupling such as electrons in silicon it is40

difficult to operate a qubit using EDSR without creat-41

ing spin-orbit coupling using extrinsic mechanisms. To42

generate a synthetic spin-orbit coupling, micromagnets43

were therefore introduced to create a gradient magnetic44

field near the spin qubits [8]. However, these micromag-45

nets not only require further processing steps, compli-46

cating device architectures, but have also been shown to47

introduce additional charge noise [18]. When an electron48

is moved back-and-forth within the magnetic field gra-49

dient perpendicular to the static magnetic field, B0, it50

experiences an effective oscillating magnetic field with a51

corresponding energy, ∆Ω⊥ which can be used to drive52

spin rotations [10]. However, any stray magnetic field53

gradient parallel to B0 with a corresponding energy,54

∆Ω‖ leads to charge noise induced dephasing. In this55

manuscript, we consider flopping-mode EDSR where a56

single electron is shuttled between two donor-based quan-57

tum dots [11, 19, 20] rather than shaking an electron58

within a single quantum dot [6]. The proposed qubit59

is shown to achieve long coherence times by reducing60

the longitudinal magnetic field gradient while maintain-61

ing a large ∼ 100 MHz transverse magnetic field gradi-62

ent. Additionally, these flopping-mode qubits can then63

be measured via dispersive charge readout [11] or by di-64

rect single-shot spin readout [21].65

In Fig. 1a)-c) we describe three different flopping-mode66

qubits in silicon. The two magnetic field gradients, ∆Ω⊥67

(single-qubit gate speed) and ∆Ω‖ (qubit dephasing)68

present in each design arises from different physical mech-69

anisms. Figure 1a) shows the quantum dot-donor hybrid70

qubit (flip-flop qubit) [14]. Here, the spin-charge cou-71

pling arises from the hyperfine interaction of the electron72

spin with the nuclear spin of a single phosphorus donor73

which can be used to generate electron-nuclear spin quan-74

tum dot-donor transitions [22]. The flopping-mode op-75

eration EDSR is performed by positioning the electron76

in a superposition of charge states between the donor77
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FIG. 1. Flopping-mode electric-dipole spin resonance qubits and their properties. Three different flopping-mode
EDSR qubits implemented using a) quantum dot-donor, b) quantum dot-quantum dot, and c) donor-donor sites. The longitu-
dinal (blue) and transverse (green) magnetic field gradients, ∆Ω‖ and ∆Ω⊥ are shown next to the different implementations.
The quantum dot-donor and donor-donor implementations both use the hyperfine interaction from the electron-nuclear spins
that are naturally present in donor systems to generate a spin-orbit coupling. The quantum dot-quantum dot system requires
an additional micromagnet to create a spatially-varying magnetic field to induce an artificial spin-orbit coupling. The elec-
tron wavefunction is shown as the white cloud with a spin orientated parallel to the external magnetic field, B0. The donor
nuclei are shown as yellow positive charges. d) The energy spectrum for a single electron in a magnetic field (EZ = γeB0)
near the charge degeneracy between two different charge states with tunnel coupling, tc. The energy spectrum at ε = 0 for
e) quantum dot-donor, quantum dot-quantum dot, and donor-donor implementations show the additional nuclear spin states
for donor systems. f) The qubit dephasing rate for different longitudinal magnetic field gradients, ∆Ω‖ = ∆Ω⊥ (yellow) and
∆Ω‖ = ∆Ω⊥/100 (blue) with ∆Ω⊥ = 117 MHz. The smaller the longitudinal magnetic field gradient the more gradual the
change in qubit energy, which results in lower errors over a larger detuning range. g) Summary of the effective magnetic field
gradients found in the different flopping-mode EDSR qubits.
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nuclei and an interface quantum dot created using elec-78

trostatic gates. In this charge superposition state the79

hyperfine interaction is known to change from A ≈ 11780

MHz on the donor to A ≈ 0 MHz on the quantum81

dot [14]. The qubit states are |0〉 ≡ | ⇑↓〉 and |1〉 ≡ | ⇓↑〉82

(|nuclear spin, electron spin〉). The transverse magnetic83

field gradient, ∆Ω⊥ (green) in this case arises from the84

changing hyperfine interaction as the electron is moved85

away from the donor nucleus. This voltage dependent86

hyperfine can then be used to resonantly drive the qubit87

states by applying an oscillating electric field. The longi-88

tudinal magnetic field gradient, ∆Ω‖ (blue) is created by89

the difference in the electron g-factor between the quan-90

tum dot and donor such that the qubit energy differs91

whether the electron resides on the quantum dot or the92

donor.93

The second flopping-mode qubit implementation,94

shown in Fig. 1b) is the quantum dot-quantum dot sys-95

tem [23]. Here the qubit states are the pure spin states96

of the electron in the ground charge state of the dou-97

ble quantum dot system, |0〉 ≡ | ↓〉 or |1〉 ≡ | ↑〉. The98

transverse magnetic field gradient, ∆Ω⊥ required to drive99

qubit rotations is generated by an additional micromag-100

net (∼ 300 nm away) designed to create a large magnetic101

field gradient (∼ 10 mT) across the quantum dots [24].102

The flopping-mode EDSR is performed by biasing a sin-103

gle electron to a superposition between two charge states104

of different quantum dots and applying an oscillating105

electric field on resonance with the qubit energy. The106

stray field of the micromagnet is known to create a mag-107

netic field gradient parallel to the external magnetic field108

corresponding to ∆Ω‖ which leads to dephasing of the109

qubit.110

In this paper we propose an asymmetric donor quan-111

tum dot flopping-mode qubit shown in Fig. 1c). In this112

implementation the qubit utilises the hyperfine interac-113

tion to create a flip-flop transition of an electron spin114

with a nuclear spin on only one of the quantum dots.115

The other nuclear spins on the second quantum dot are116

then used a resource to reduce the dephasing rate of the117

qubit. This builds on a previous proposal where the118

electron spin could be electrically controlled by simul-119

taneously flip-flopping with all nuclear spins across both120

quantum dots [25]. In principle, each donor quantum dot121

can be defined by any number of nuclear spins. Whilst122

a 1P-1P configuration is possible [26], here we consider123

an asymmetric donor system to reduce the dephasing an-124

ticipated from the longitudinal magnetic field gradient.125

As the number of donors comprising the quantum dot is126

increased, the hyperfine strength of the first electron on127

that quantum dot becomes larger [27]. This is useful for128

increasing the transverse magnetic field gradient required129

for qubit driving and can make the hyperfine interaction130

significantly different between the quantum dots to se-131

lectively drive particular flip-flop transitions. However,132

the larger hyperfine on the secondary quantum dot also133

makes the longitudinal magnetic field gradient larger. To134

reduce this effect, we propose filling one of the quantum135

dots with more electrons to create a shielding effect of the136

outer electron to the donor nuclear spins. This results137

in a reduced hyperfine coupling [27] and lower dephasing138

rate for any orientation of nuclear spins. In particular, we139

consider the specific case of a single donor coupled to a 2P140

quantum dot (2P-1P) at the (2,1)↔(3,0) charge transi-141

tion so that the two inner electrons on the 2P (left) quan-142

tum dot lower the hyperfine interaction of the outermost143

electron. These donor-based quantum dots can be fab-144

ricated with atomic-precision using scanning tunnelling145

microscopy (STM) with ±1 lattice site accuracy [28–30].146

Nuclear spin control of the donors in the 2P quan-147

tum dot allows further engineering of the total hyper-148

fine coupling experienced by the electron. As we will149

show later, this reduces the longitudinal magnetic field150

gradient, ∆Ω‖ and leads to increased coherence times.151

The qubit states are |0〉 ≈ | ⇓⇑⇑↓〉 and |1〉 ≈ | ⇓⇑⇓↑〉152

which are coupled via a flip-flop transition of the elec-153

tron with the 1P (right) nuclear spin. Such a donor-154

donor implementation therefore also uses the hyperfine155

interaction from the electron-nuclear spin system to drive156

qubit transitions as with the flip-flop qubit in Fig. 1a).157

The key difference is that the magnetic field gradient158

can be precision engineered during fabrication by control-159

ling the number and location of donors in each quantum160

dot via scanning-tunnelling microscopy hydrogen lithog-161

raphy [29]. Additionally, the nuclear spin orientation can162

be controlled during qubit operation to further optimise163

∆Ω‖ for each qubit in an array. Since the hyperfine inter-164

action is known to change considerably for multi-donor165

quantum dots we can make ∆Ω⊥ up to ∼ 300 MHz and166

∆Ω‖ less than a few MHz [29], see Fig. 1g). This is in con-167

trast to the flip-flop qubit where ∆Ω‖ is determined by168

the difference in the electron g-factor on the donor atom169

and the quantum dot, the latter being known to vary170

due to atomic steps at the interface where the quantum171

dot is formed [31]. We note that through optimisation172

of the magnetic field orientation the g-factor difference173

between the quantum dot and the donor can be made174

small allowing for comparable qubit fidelities as those175

proposed for our donor-donor implementation. However,176

local variations in the g-factor between different quan-177

tum dots (due to atomic-scale differences at the Si/SiO2178

interface) and non-deterministic positioning of the ion-179

implanted donors mean that the optimal magnetic field180

for each qubit will be different.181

In this paper we will show that the additional nuclei182

in these multi-donor quantum dots can be used to min-183

imise the dephasing rate of the qubit. This is because184

the strength of the hyperfine interaction with the nu-185

clear spins that are not flipping with the electron spin186

largely determines the dephasing rate. By engineering187

the hyperfine strength on the multi-donor quantum dots,188

we therefore maximise the coherence time of the EDSR189

qubit. By directly controlling the nuclear spin states and190

the number of electrons on the double donor flopping-191

mode EDSR qubit, we can also operate over a wide range192

of magnetic fields and tunnel couplings. Most impor-193
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tantly, the qubit shows low errors, < 10−3, below the er-194

ror threshold for surface code error correction, with real-195

istic noise levels in isotopically purified silicon-28 [1, 32].196

The robustness of the qubit to magnetic field and tun-197

nel coupling variations is particularly useful for scaling to198

large qubit arrays where inevitable imperfections in fabri-199

cation can reduce qubit quality. Finally, we show that the200

low error rate and the spin-charge coupling predicted for201

the qubit will allow for strong-coupling to superconduct-202

ing microwave cavities. This spin-cavity coupling has203

been systematically studied by Osika et al. [26] who con-204

sider the specific case of a 1P-1P double donor system.205

They show that the use of a symmetric hyperfine cou-206

pling in a 1P-1P or the recently discovered electrically in-207

duced spin-orbit coupling [33], allows for strong-coupling208

of a phosphorus-doped silicon qubit to a superconducting209

cavity (simulated using finite element modelling). These210

two papers highlight multiple routes for achieving two-211

qubit couplings between Si:P qubits via superconducting212

microwave resonators.213

A generic energy level spectrum for all flopping-mode214

EDSR qubits is shown in Fig. 1d). The spectrum de-215

scribes a single electron near the degeneracy point of216

two different charge states as a function of the detun-217

ing between them, ε (that is at ε = 0 the charge states218

are equal in energy). The charge states have a tunnel219

coupling, tc and the electron spin states are split by220

the Zeeman interaction, EZ = γeB0 in a static mag-221

netic field, B0, where γe is the electron gyromagnetic222

ratio. The system is described by the spin of the sin-223

gle electron and the bonding/anti-bonding charge states224

(|+〉 = (|L〉 + |R〉)/
√

2 and |−〉 = (|L〉 − |R〉)/
√

2 where225

|L〉 and |R〉 are the left and right quantum dot or-226

bitals, respectively) resulting in a set of four basis states227

{| ↓ −〉, | ↑ −〉, | ↓ +〉, | ↑ +〉} corresponding to the red,228

green, blue, and yellow states in Fig. 1d). The spin-229

charge coupling is maximised when the charge ground230

state | ↑ −〉 (green) hybridises with the charge excited231

state | ↓ +〉 (blue), which at ε = 0 occurs when EZ ≈ 2tc232

(see Fig. 1d)). In donor-based systems these electron233

spin states are split due to the hyperfine interaction234

of the electron with the quantised nuclear spin states.235

In Fig. 1e) we show a comparison of the energy lev-236

els involved for the quantum dot-donor, quantum dot-237

quantum dot and donor-donor implementations at ε = 0.238

The quantum dot-quantum dot system is comprised of239

only charge and electron spin states. The presence of240

nuclear spins in donor systems increases the number of241

states by a factor of 2n where n is the number donors (we242

note that the donor-quantum dot flopping mode qubit243

has 8 combined electron, nuclear and charge states and244

our proposal for a 2P-1P system has 32, see Fig. 1e)). Im-245

portantly, for operation of the donor-based EDSR qubit246

the electron and nuclear spins must be anti-parallel, | ⇑↓〉247

or | ⇓↑〉 to allow for the flip-flop transition. Whilst248

the qubit does not need a micromagnet to generate a249

spin-charge coupling, it is important to minimise any un-250

wanted nuclear spin flip-flop transitions which can lead251

to leakage out of the computational basis. We will show252

that the added leakage pathways from the nuclear spins253

can be largely controlled by Gaussian pulse shaping, lead-254

ing to error rates on the order of 10−4. In the long term255

this can be improved further using pulse shaping tech-256

niques such as derivative reduction by adiabatic gates257

(DRAG [34] which we do not consider in this work).258

Minimising the magnetic field gradient ∆Ω‖ parallel to259

B0 is important to prevent dephasing of the qubit. The260

longitudinal magnetic field gradient arises from either261

the stray field of the micromagnet [18, 35] or from the262

isotropic hyperfine interaction [27], that takes the form263

A(sxix + syiy + sziz) in the Hamiltonian, where si (ii)264

is the electron (nuclear) spin operator. The fact that the265

hyperfine interaction is isotropic means that irrespective266

of the magnetic field orientation there will always be some267

hyperfine component parallel to the external magnetic268

field resulting in an energy gradient ∆Ω‖ (with respect269

to detuning). Since charge noise couples to the qubit via270

charge detuning, the smaller this gradient, the flatter the271

qubit energy as a function of detuning, and the lower the272

charge noise induced dephasing during qubit operation.273

In Fig. 1f) we plot the qubit dephasing rate as a func-274

tion of tunnel coupling at ε = 0 (where the qubit drive is275

performed) for two different values of ∆Ω‖ = ∆Ω⊥/100276

MHz (small ∆Ω‖) and ∆Ω‖ = ∆Ω⊥ MHz (large ∆Ω‖).277

We can see that the qubit dephasing rate remains smaller278

over a wider range of tunnel couplings for small ∆Ω‖279

compared to large ∆Ω‖ indicating that the qubit will280

perform better when ∆Ω‖ is minimised. In general, for281

flopping-mode qubits it is beneficial to maximise ∆Ω⊥282

(qubit driving) and to minimise ∆Ω‖ (qubit dephasing).283

To summarise, in Fig. 1g) we compare the physical pa-284

rameters that would be expected for the three different285

flopping-mode EDSR qubit implementations. We can286

see that the quantum dot-quantum dot implementation287

obtains very large ∆Ω⊥ ∼ 900 MHz allowing for fast288

qubit operations; however, ∆Ω‖ ∼ 15 − 80 MHz is also289

relatively high leading to faster qubit dephasing. The290

quantum dot-donor and donor-donor qubits both have291

similar ∆Ω⊥ ∼ 100 MHz values due to similar hyper-292

fine interaction strengths from the phosphorus donor.293

However, by minimising the hyperfine interaction on the294

multi-donor quantum dot instead of the difference in g-295

factors, we can achieve ∆Ω‖ ∼ 0 MHz for the donor-296

donor EDSR qubit, smaller than other flopping mode297

qubits. At the same time the donor-donor implementa-298

tion operates away from interfaces that lead to charge299

noise and do not require additional micromagnets which300

can also induce charge noise [18]. In the next sections we301

theoretically investigate the fidelity of single-qubit gates302

and microwave cavity coupling for two-qubit gates. In303

particular, we focus on the benefits of using two differ-304

ent size donor quantum dots (2P-1P) for flopping-mode305

EDSR to maximise ∆Ω⊥ and minimise ∆Ω‖ by control-306

ling the nuclear spins and the electron shell filling on both307

donor-based quantum dots.308

The qubit we propose utilises flopping-mode EDSR to309
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FIG. 2. Operation of the donor-donor flopping mode qubit. Due to spin conservation, only a subset of the nuclear
spin states in the hyperfine manifold in a) need to be considered for qubit operation. For a 2P-1P donor-donor device, the
qubit states are displayed in red and green, the lowest (highest) excited charge state in blue (yellow), the nuclear spin leakage
states where the total spin of the system is conserved are shown in black. The leakage probability of the nuclear spin states
can be minimised by careful pulse design. The states not involved in the qubit operation (other nuclear spin states with no
leakage pathway) are shown as dashed grey lines. b) Control of the electron number using electrostatic gates and nuclear spin
orientation (〈izL〉) using NMR allows us to tune the hyperfine coupling, 〈AL〉 and longitudinal magnetic field gradient ∆Ω‖.
c) Leakage out of the qubit subspace needs to be considered both when initialising the qubit for control and when driving
the qubit at ε = 0. d) Initialisation of the qubit ground state for a 2P-1P donor-donor qubit at the (3,0) ↔ (2,1) electron
configuration from the localised electron state (at ε = 110 GHz) to the hybridized state (at ε = 0), using a variable pulse time
tpulse, at B = 0.3 T, tc = 5.9 GHz. The qubit population that leaks into the excited charge states and other nuclear spin
states at the end of the transfer are displayed as a function of the pulse time. e) Driving of the qubit states using microwave
pulses allows full control of the qubit states. Gaussian pulse shaping allows for the reversal of state leakage during the qubit
operation (top). We show the charge (blue) and nuclear spin (black) leakage probabilities during the π/2−X Gaussian pulse
for the donor-donor qubit using optimal parameters for this device, drive amplitude of εamp = 0.9 GHz at B = 0.23 T, and
tc = 5.6 GHz (bottom). The irreversible leakage for the the nuclear spin states is ∼ 1× 10−5 well below the 1% error required
for fault tolerance.

electrically drive the electron-nuclear flip-flop transition310

where the two charge sites are defined by donor-based311

quantum dots. The Hamiltonian for a single electron312

between two tunnel coupled donor-based quantum dots313

approximately 10 - 15 nm apart with NL (donors in the314

left quantum dot) and NR (donors in the right quantum315

dot) is given by,316

H = HZeeman +HCharge +HHyperfine, (1)

where HZeeman = γeB0sz + γnB0

∑
iz is the Zeeman317
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term for both the electron (γe ≈ 27.97 GHz, the elec-318

tron gyromagnetic ratio) and nuclear spins (γn ≈ −17.41319

MHz, the nuclear gyromagnetic ratio), HCharge describes320

the tunnel coupling, tc and detuning, ε between the321

charge states of the donors that have an excess electron322

on one of the quantum dots (2nl, 2nr+1)↔ (2nl+1, 2nr)323

and HHyperfine represents the detuning dependent con-324

tact hyperfine interaction (AL and AR for the left and325

right quantum dots) of the outermost electron spin to326

each of the NL + NR phosphorus nuclear spins (see Ap-327

pendix A).328

In principle, each quantum dot can be formed by any329

number of phosphorus donors; however, here we investi-330

gate the specific case of NL = 2 and NR = 1, that is, the331

2P-1P system (see Fig. 2a) for the energy level diagram332

at ε = 0). The qubit states are defined as |0〉 ≈ | ⇓⇑⇑↓ −〉333

and |1〉 ≈ | ⇓⇑⇓↑ −〉 and a transition between the two334

states corresponds to a flip-flop of the electron spin with335

the nuclear spin on the right donor quantum dot. The336

nuclear spin states on the left donor quantum dot remain337

unchanged during the transition. The charge state |−〉338

is defined by the two quantum dot orbitals associated339

with the (3, 0) ↔ (2, 1) charge transition. To compare340

the donor-donor flopping-mode qubit to the quantum341

dot-quantum dot and quantum dot-donor implementa-342

tions we approximate the Hamiltonian in Eq. 1 using343

a Schrieffer-Wolff transformation to a general flopping-344

mode Hamiltonian in terms of the transverse (∆Ω⊥) and345

longitudinal (∆Ω‖) gradients (see Appendix A),346

H =
Ωz
2
σz + ετz + tcτx +

(∆Ω‖

4
σz +

∆Ω⊥
4

σx

)
τz. (2)

Equation 2 is written in a similar format to Eq. 1 where347

σi (τi) are the Pauli-operators for the combined electron-348

nuclear spin (charge) degree-of-freedom. The first term,349

Ωz is the energy of the combined electron-nuclear spin350

state (which depends on the exact value of the left and351

right donor hyperfine, AL and AR),352

Ωz =
√

Ω2
s +A2

R/4, (3)

where Ωs = (γe + γn)B0 +
∑NL
k AL,k

〈
izL,k

〉
/2 is the353

Zeeman energy with a correction due to the hyperfine in-354

teraction of the electron with the nuclear spins in the left355

quantum dot and
〈
izL,k

〉
is the expectation value of the356

z-projection of the k-th nuclear spin on the left quantum357

dot. The charge part of the Hamiltonian is described by358

the second (detuning, ε) and third (tunnel coupling, tc)359

terms of Eq. 2. The last term in Eq. 2 corresponds to the360

charge-dependent hyperfine interaction,361

∆Ω‖ =

NL∑
k

AL,k
〈
izL,k

〉
cos θ −AR sin θ, (4)

362

∆Ω⊥ = AR cos θ −
NL∑
k

AL,k
〈
izL,k

〉
sin θ, (5)

where tan θ = AR/(2Ωs). Since Ωs is typically > 5363

GHz is generally much greater than AR ≈ 100 MHz,364

sin θ ≈ 0 and cos θ ≈ 1 then ∆Ω‖ ≈
∑NL
k AL,k

〈
izL,k

〉
365

and ∆Ω⊥ ≈ AR. This means that we can control ∆Ω‖366

in the fabrication process by engineering the number of367

the donor atoms in each quantum dot. During qubit op-368

eration we can optimise ∆Ω‖ by controlling the nuclear369

spins on the left quantum dot using nuclear magnetic res-370

onance (NMR) [36] or dynamic nuclear polarisation [37].371

The nuclear spins can be initialised into the correct spin372

state by NMR by direct magnetic control or by repeated373

application of a DNP sequence that can polarise the nu-374

clear spins. Additionally, by controlling the electron shell375

filling in the left quantum dot we can reduce the overall376

magnitude of the hyperfine interaction thereby lowering377

∆Ω‖. Figure 2b) shows a table of different nuclear spin378

and electron configurations determining the magnitude379

of the hyperfine coupling strengths AL,k and their effect380

on the value of ∆Ω‖. In general, the larger the quan-381

tum dot the larger
∑
AL,k since the phosphorus donors382

create a stronger confinement potential for the electron383

which increases the contact hyperfine strength. However,384

by adding a pair of electron spins to the left quantum385

dot (increasing the total electron number from 1 to 3),386

the two innermost electrons form an inactive singlet-state387

that screens the outermost electron defining the qubit388

from the nuclear potential of the donors. The shielding389

decreases
∑
AL,k and results in longer dephasing times.390

Furthermore, the presence of more then one donor in the391

left quantum dot allows a further reduction of the longi-392

tudinal gradient ∆Ω‖ by controlling their nuclear spins.393

From Fig. 2b) we can see that by using antiparallel nu-394

clear spin states (
〈
izL,1
〉

= 1/2 and
〈
izL,2
〉

= −1/2) on a395

2P quantum dot we can lower the value of ∆Ω‖ to close396

to 0. This ability to control the number of electrons and397

nuclear spin states on the left quantum dot forms the398

motivation for operating the qubit using |0〉 ≈ | ⇓⇑⇑↓ −〉399

and |1〉 ≈ | ⇓⇑⇓↑ −〉 at the (3, 0) ↔ (2, 1) transition.400

Note that the nuclear spin states | ⇑⇓〉 and | ⇓⇓〉 for the401

2P are equivalent to | ⇓⇑〉 and | ⇑⇑〉, respectively and so402

were not explicitly included in Fig. 2b).403

Additional nuclear spin states could create more leak-404

age pathways out of the computational basis, but here405

we show that these additional nuclear spins behave as a406

resource and are not a limiting factor for the qubit op-407

eration. In particular, there are two crucial steps in the408

qubit operation where leakage from the computational409

basis can occur: during initialisation and during driving410

of single-qubit gates.411

First, we will describe and examine the initialisa-412

tion process for potential charge and nuclear spin state413

leakage. Excited charge state leakage is present in all414

flopping-mode EDSR based qubits due to the hybridisa-415

tion of charge and spin. For |ε| � tc there is no charge-416

like component of the qubit and the ground state can be417

initialised simply by loading a | ↓〉 electron from a nearby418

electron reservoir [21]. The nuclear spins can also be ini-419

tialised via NMR [36] or dynamic nuclear polarisation [38]420
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FIG. 3. π/2-gate error of the all-epitaxial flopping-
mode EDSR donor-based qubit. Qubit error with
∆AL = |AL,1 − AL,2| = 1 MHz as a function of the external
magnetic fields B0 and spin-charge detuning ∆

Ωz
= 2tc−Ωz

Ωz
at

ε = 0. The gate error remains below 10−3 over a magnetic
field range of 0.4 T and for ∆/Ωz values from 0.5 to more
than 2.5. The optimal operating point with a minimum error
of 2 × 10−4 is shown at the black dot. The inset shows the
3-level energy diagram for the qubit with energy, Ωz, tunnel
coupling, tc and spin-charge detuning, ∆ = 2tc − Ωz.

to place the nuclear spin in the | ⇑〉 state. Next, the de-421

tuning is ramped to ε = 0 to initialise the |0〉 qubit state,422

see Fig. 2c). During the ramp the qubit can leak out423

of the computational basis via charge excitation into the424

excited charge state or through unwanted nuclear spin425

flips (see Appendix B). In Fig. 2d) we show the simu-426

lated leakage probability of a donor-based flopping mode427

qubit for both of these leakage pathways during the ini-428

tialisation ramp as a function of ramp time with tc = 5.6429

GHz, ∆AL = |AL,1 − AL,2| = 1 MHz and B0 = 0.23 T.430

We can see that regardless of the initialisation pulse time,431

tpulse the leakage into the excited charge states (blue line432

in Fig. 2d)) is the dominant pathway compared to the433

nuclear spin leakage (black line in Fig. 2d)). The nuclear434

spin leakage is much lower compared to the charge leak-435

age because the probability of a flip-flop transition away436

from ε = 0 is small since the hyperfine strength changes437

very slowly with detuning compared to the charge states438

and the nuclear spin leakage states are weakly coupled439

to the qubit states. The charge leakage mechanism ex-440

ists for all flopping-mode EDSR based qubits due to the441

non-adiabaticity of the initialisation pulse. By ramping442

slow enough however, we can initialise the qubit at ε = 0443

with a leakage error of 10−3 for a tpulse = 4 ns ramp. The444

nuclear spin leakage does not depend heavily on the pulse445

time and remains well below the charge leakage with an446

error of ∼ 2× 10−5. Therefore, we can conclude that the447

nuclear spin state leakage is not a limiting factor in the448

initialisation of the qubit.449

In Fig. 2 a) we show the full energy spectrum of the450

donor-donor implementation at zero detuning, ε = 0. On451

the right we show the qubit states (red and green) and the452

lowest charge leakage state (blue) with their relative en-453

ergies. There are 32 spin and charge states in the full sys-454

tem (black and grey). Two types of leakage errors can oc-455

cur during driving due to the presence of the nuclear spin456

states in the 2P-1P donor-based flopping-mode qubits457

(see Appendix C for a detailed discussion). These two458

leakage errors only become critical for nearly degenerate459

nuclear spin states. This can be the case when the hy-460

perfine values are similar, for example when AL,k ≈ AR.461

The first leakage error in the 2P-1P donor-based flopping-462

mode qubits is due to an unwanted electron-nuclear flip-463

flop transitions with the nuclear spins in the left quantum464

dot such as the transition | ⇓⇑⇑↓ −〉 → | ⇓⇓⇑↑ −〉 and is465

proportional to (AL,k/AR)2. Therefore, it is optimal to466

make AL,k � AR to limit the unwanted flip-flop events.467

This is easily achieved by creating asymmetric donor-468

based quantum dots since the hyperfine strength depends469

on the number of donors and the presence of inactive470

electron shells in the quantum dot [27]. The second leak-471

age process involves an unlikely simultaneous electron-472

nuclear flip-flop with all three of the nuclear spins (for473

example, | ⇓⇑⇑↓ −〉 → | ⇑⇓⇓↑ −〉). For the correspond-474

ing error to be small, the energy gap ∆AL/4 between the475

qubit states and the nearest leakage state needs to be non476

zero. This is likely the case due to the presence of electric477

fields in a real device and so this leakage pathway is easily478

avoidable. Leakage states have been extensively investi-479

gated in the superconducting qubit community [39]. Well480

designed pulses have minimised leakage out of the com-481

putational basis by adiabatically reversing the leakage482

process [34]. The simulations performed for the remain-483

der of the paper use a Gaussian pulse shape [40] (shown484

in Fig. 2e) top) to partially reverse the leakage process485

due to charge and nuclear spins. Using a Gaussian pulse486

does not fully reverse the leakage process and inevitably487

there will be some leakage error at the end of qubit gate,488

see Fig. 2e) bottom at the end of the pulse (t ≈ 65 ns).489

To further investigate the qubit performance in Fig. 3490

we show the qubit error for a π/2−X gate as a function of491

magnetic field and tunnel coupling including dephasing,492

relaxation and leakage errors (see Appendix C). Impor-493

tantly, the gate error remains low (< 10−3) over a wide494

range of magnetic fields (∼ 0.1 − 0.5 T) and for rela-495

tive changes in the tunnel couplings of more then 300%,496

corresponding to a tolerance of more then 8 (17) GHz at497

B = 0.2 (0.4) T. We note that the other flopping-mode498

qubits have only been optimised over a much smaller pa-499

rameter space, confined to the location of so-called error500

sweetspots, that restrict the operational range of mag-501

netic field and tunnelcouplings [14, 23]. The wide op-502

erational parameter space is crucial in a large-scale ar-503

chitecture with a fixed magnetic field where small un-504

certainties in the tunnel coupling during fabrication can505

lead to variation in the qubit performance. The large506

range of tunnel couplings where the donor-donor qubit507

can operated means that these small uncertainties will508

not be detrimental to the overall quantum computer per-509
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FIG. 4. Strong coupling of the all-epitaxial flopping
mode qubit to a superconducting cavity resonators.
a) For the 2P-1P with the 2P nuclear spins in | ⇓⇑〉 at the
(2,1) ↔ (3,0) charge transition, ratio of the spin-cavity cou-
pling strength, gsc to the qubit decoherence rate, γ as a func-
tion of the spin-charge relative detuning ∆/EZ and the ex-
ternal magnetic field, B0. We assume charge coupling of
the qubit to cavity to be 100 MHz. b) Table of the main
qubit-cavity coupling characteristic values for different flop-
ping mode implementations. The cooperativity is defined as
the product of gsc/γ and gsc/κ. For each implementation,
all value are calculated at the tunnel coupling and magnetic
field value where C is a maximum under the condition that
the qubit drive error is below 0.1% (not necessarily where
gsc/γ is the largest) and is therefore lower than the maxi-
mum achievable coupling of gsc/γ = 85 in a). For the QD-
D qubit [14], we chose ∆Ω‖ = 117 MHz, and ∆γ = −0.2%
corresponding to ∆Ω‖ = 11 MHz at B = 0.2 T. For the QD-
QD qubit we chose gradient values as cited in [23] and [11]
resp. In Benito et.al ([23]), ∆Ω⊥ = 0.96 GHz (correspond-
ing to 2bx = 4µeV) and ∆Ω‖ = 78 MHz (corresponding to
2bz = 0.32µeV). In Croot et. al ([11]), ∆Ω⊥ = 0.84 GHz
(corresponding to 2bx = 30 mT) and ∆Ω‖ = 15 MHz (corre-
sponding to 2bz ≈ 0.5 mT)

formance. By optimising the magnetic field and tunnel510

coupling during fabrication we can achieve a minimum511

gate error of 2.0×10−4 well below the surface code fault-512

tolerant threshold.513

Finally, we examine the suitability of the proposed514

flopping-mode qubit for two-qubit couplings. Due to515

the charge-like character, the flopping-mode qubit can516

be coupled directly via the charge dipole interaction [14].517

The range of the dipole interaction can be extended us-518

ing floating gate structures [41] or by coupling two qubits519

to a superconducting microwave resonator [42]. Indeed,520

one of the most attractive properties of spin-charge cou-521

pling is that it allows for coupling of single spins to mi-522

crowave cavities which can be used for two-qubit gates523

between distant qubits [43, 44]. Spin-cavity coupling524

is achieved by carefully designing the cavity frequency,525

fc to be on resonance with the qubit frequency, that526

is, 2tc ≈ γeB0 ≈ fc. Recent high-kinetic inductance527

cavities have produced large zero-point voltage fluctua-528

tions on the order of a 20 µV with photon loss rates on529

the order of κ = 1 MHz [44, 45]. For our donor-donor530

qubit this would correspond to a charge-cavity coupling531

on the order of tens of MHz. Following the detailed work532

in Osika et al. [26] where a specific implementation of533

the 1P-1P qubit is discussed we assume that the charge-534

cavity coupling is on the order of 100 MHz. Note that the535

simulations in Osika et al. [26] were performed without536

the kinetic inductance of the superconductor and as such537

the 100 MHz charge-cavity coupling should be taken as538

a lower bound.539

In Fig. 4a) we plot the expected ratio of the spin-cavity540

coupling strength, gsc to the qubit dephasing rate, γ for541

an optimised 2P-1P qubit with ∆Ω‖ = 0.5 MHz by ini-542

tialising the nuclear spins in antiparallel states and using543

the 3 electron regime. The dephasing rate, γ is calcu-544

lated by converting the error probability into a coher-545

ence time based on the π/2 gate time for each value of546

tc and B0 (see Appendix D). The qubit dephasing rate547

itself is smaller than gsc for all values of tc and B0 shown548

indicating that qubit coherence is not the limiting fac-549

tor in achieving the strong coupling regime. To achieve550

strong qubit-cavity coupling gsc also needs to be faster551

than the decay rate of the cavity such that the cooper-552

ativity is larger then one: C = g2
sc/γκ > 1. In Fig. 4b)553

we show the estimated coupling parameters for the dif-554

ferent flopping-mode qubit implementations discussed in555

this work. Theoretical analysis of the EDSR protocol556

yields T ∗2 = 17.6µs for the 2P-1P configuration. Taking557

this coherence time as a reasonable estimate of the spin558

dephasing rate for qubit-cavity coupling suggests that559

it would allow the strong-coupling limit to be reached,560

gsc/γ = 47.8. The cooperativity of the 2P-1P qubit is561

comparable to the other flopping-mode EDSR systems,562

indicating that the qubit can also coupled to supercon-563

ducting resonators for two-qubit gates. Note that all of564

the proposed implementations can reach the strong cou-565

pling regime with C > 1 allowing for two-qubit interac-566

tions using superconducting cavities.567

In summary, we propose the implementation of a568

flopping-mode EDSR donor-based qubit and have per-569

formed detailed calculations of the error sources. The nu-570

clear spins not directly involved in the qubit fip-flop tran-571

sition can be used to engineer the longitudinal magnetic572

field gradient to increase the qubit coherence time. We573

show that the donor-donor molecule qubit can achieve er-574

ror rates below the 1% necessary for fault-tolerant quan-575

tum computation. The qubit can be operated over a wide576

range of magnetic field (0.4 T) and for relative variations577

in the tunnel coupling above 300% (∼ 5−20 GHz). Fast,578
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high-fidelity single-qubit gates with errors on the order579

of 10−4 are theoretically predicted, comparable to that580

found in other semiconductor qubits with full electrical581

control [10, 46]. Finally, we examined the possibility of582

coupling this qubit to a superconducting cavity resonator583

where we showed strong coupling is achievable with a co-584

operativity, C ∼ 130. Based on the low qubit error rate,585

small qubit footprint, versatility in two-qubit coupling,586

and robustness to fabrication errors we have shown that587

flopping-mode EDSR based on two donor quantum dots588

provides an attractive route for scaling in donor-based589

silicon computing.590
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Appendix A: Conversion of the donor-donor830

Hamiltonian to the generic flopping-mode831

Hamiltonian832

We will show in the following that the full Hamilto-833

nian describing the a double donor quantum dot system834

can be reduced to the four dimensional flopping-mode835

Hamiltonian in Eq. 2 in the main text. This generalised836

Hamiltonian accurately describes the flopping-mode op-837

eration of the system but does not include leakage into838

nuclear spin states. The spin states in Eq. 2 correspond839

to the combined electron-nuclear spin state of the phos-840

phorus atoms, such that the electron flip-flops with the841

single nuclear spin NR = 1 on the right dot while all842

other NL nuclear spins on the left dot do not participate843

in the dynamics.844

The full Hamiltonian of the double quantum dot sys-845

tem with a total of N = NL + NR nuclear spins can be846

written in the product basis
(⊗NL

k=1 | ⇑k / ⇓k〉
)
L
⊗ | ⇑847

/ ⇓〉R ⊗ | ↑ / ↓〉 ⊗ |L/R〉 of the combined nuclear and848

electron spin as well as charge Hilbert spaces Hn, Hs849

and Hc, respectively:850

H = γeBBB · sss+ γnBBB ·
N∑
k=1

iiik + (ετz + tcτx)

+

NL∑
k=1

AL,k(iiik · sss) (1+ τz) /2 +AR
(
iiiN · sss

)
(1− τz) /2.

(A1)

Here we have defined the spin vector operators sss and iiik,851

of the electron and the k-th donor nucleus respectively,852

τi are the Pauli-operators acting on the charge subspace853

Hc, BBB = (0, 0, B0) is the external static magnetic field,854

AL,k is the kth contact hyperfine strength for the left855

quantum dot and AR is the hyperfine term for the right856

donor. Note that for convenience we have defined the857

right donor nuclear spin to be the Nth nuclear spin op-858

erator.859

The only coupling terms within the nuclear and elec-860

tron spin subspace Hn ⊗ Hs are due to the hyperfine861

interaction. The full Hilbert space (electron, nuclear,862

and charge) can be decomposed into a direct sum of H-863

invariant subspaces according to their total spin polari-864

sation m (electron and nuclear spin),865

H =

(N+1)/2⊕
m=−(N+1)/2

H N+1
m =

(N+1)/2⊕
m=−(N+1)/2

H N+1
s,m ⊗Hc.

(A2)
Note that the electron spin introduces the extra state866

(summation is over N nuclear spins and 1 electron spin)867

and that the decomposition of the spin subspaces into868

H N+1
s,m is carried over to the charge subspace. Due to869

spin conservation, the charge part of the Hamiltonian870

only connects states with the same subspace H N+1
m of871

total spin m and as a result simply doubles the size of872

the Hilbert space. Table I highlights the dimension of873

the invariant subspaces H N+1
m of same spin polarisation874

m, for different donor numbers N . Any of the invari-875

TABLE I. Dimensions of the invariant spin and charge sub-
spaces of same spin polarisation m with a single electron spin
and N donors.

m

N -5/2 -2 -3/2 -1 -1/2 0 1/2 1 3/2 2 5/2

1 0 0 0 2 0 4 0 2 0 0 0

2 0 0 2 0 6 0 6 0 2 0 0

3 0 2 0 8 0 12 0 8 0 2 0

4 2 0 10 0 20 0 20 0 10 0 2
876

877

ant subspaces in Table I offer the possibility of a flip-flop878

transition with the right nuclear spin except the two two-879

dimensional spaces H N+1
±(N+1)/2 that correspond to when880

the electron and nuclear spin(s) are fully polarised. The881

N = 1 system (a single nuclear spin in the right quantum882

dot) corresponds to the quantum dot-donor (flip-flop)883

qubit and is the only case where one of subspace is four-884

dimensional and directly corresponds to a flopping-mode885

EDSR qubit. In all other values of N the subspaces are886

larger then four-dimensional since the electron spin can887

flip-flop with more than one nuclear spin. In the donor-888

donor implementation in the main text (N = 3, 2 nuclei889

on the left quantum dot and 1 on the right quantum890

dot) there are therefore 5 invariant subspaces with spin891

polarization m = −2, −1, 0, 1, 2 and respective dimen-892

sions 2, 8, 12, 8, 2. The m = ±2 subspaces correspond893

to all the spins being parallel: | ⇓⇓⇓↓〉 and | ⇑⇑⇑↑〉, re-894

spectively and cannot be used for EDSR since there is no895

electron-nuclear flip-flop transition. If the system reaches896

either of these states then NMR or dynamic nuclear po-897

larisation would be needed to flip one of the nuclear spins898

into the opposite spin state. The m = 0 subspace is espe-899

cially attractive as the spectator nuclear spins on the left900

quantum dot can be initialised within that subspace in901

such a way as to minimise the effective longitudinal mag-902

netic field gradient as discussed extensively in the main903

text.904

It is possible to reduce the Hamiltonian further, by905
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treating the coupling to the NL nuclear spins perturba-906

tively. Under the condition that the subspaces are non-907

degenerate, it is possible to fully remain within the qubit908

subspace by performing an appropriate state initialisa-909

tion and by driving adiabatically at the frequency defined910

by the qubit splitting. The individual dipole moments911

and energy gaps all determine how fast a transition can912

be driven adiabatically, without leaking into the other913

states. The superconducting community has undertaken914

extensive work to design pulses sequences that reduce915

leakages to non-qubit subspaces while allowing fast driv-916

ing, and thus minimise the influence of dephasing and917

relaxation errors. We will show in the qubit error section918

how we model the leakage out of the qubit subspace, and919

how we engineered the pulse shape to minimise the latter.920

The Hamiltonian in Eq. A1 can be approximated by921

projecting the full Hilbert space to a smaller subspace922

using a first-order Schrieffer-Wolff transform about the923

hyperfine interaction. Effectively, we restrict the Hamil-924

tonian to the four dimensional subspace spanned by the925

spin states |NL〉 ⊗ | ⇓〉 ⊗ | ↑〉 and |NL〉 ⊗ | ⇑〉 ⊗ | ↓〉, and926

the two orbital charge states |L〉 and |R〉. The state |NL〉927

corresponds to the nuclear spin configuration of all NL928

nuclear spins in the left dot. This can be achieved by929

performing the following transformations on the Hamil-930

tonian:931

iiik · sss 7→


1

4
(−1+ 2σx) if k = N

〈iiikz〉σz/2 if k < N
(A3)

where now σi is defined in the new four-state basis. The932

nuclear Zeeman terms become:933

iiikz 7→

{
− σz/2 if k = N

〈iiikz〉1 if k < N
(A4)

These transformations essentially select the matrix ele-934

ments of the multidimensional matrices iiik ·sss and iiikz that935

correspond to the last two dimensions of the Hilbert space936

(right nuclear spin state and electron spin state).937

After performing the transformation and subtracting
global energy shifts, we get:

HE =

[
1

2
((γe + γn)Bz +Mn)σz +

AR
4
σx

]
+

[(
ε+

AR
8

)
τz + tcτx

]
+

1

4
(2Mnσz −ARσx) τz,

(A5)

where we capture the influence of the effective magnetic938

field produced from the spectator nuclear spins as the939

averaged hyperfine interaction Mn =
∑NL
k=1AL,k〈iiikz〉/2.940

We can diagonalize the spin-like terms (σi) in Eq. A5,941

which results in a small rotation of the quantisation axis942

due to the nuclear spin Zeeman and hyperfine terms. Af-943

terwards, we finally recover the Hamiltonian of the form944

described in Eq. 2, with the following parameters:945

Ωz =

√
Ω2
s +

(
AR
2

)2

, (A6)

with Ωs = (γe + γn)B0 +Mn +
δΩ(2)

2
, (A7)

εA = ε+
AR
8

+
δΩ(2)

4
, (A8)

∆Ω‖ =
(

2Mn − δΩ(2)
)

cos(θ)−ARsin(θ), (A9)

∆Ω⊥ = ARcos(θ) +
(

2Mn − δΩ(2)
)

sin(θ), (A10)

The correction term, δΩ(2) = O
(

A2
L

(γe+γn)B0

)
arises from946

the higher order terms of the Schrieffer-Wolff approxi-947

mation which we neglect for the following analysis since948

they only have a small effect on the Hamiltonian param-949

eters.Very close to nuclear spin level crossings, some even950

higher order effects describing nuclear spin state hybridi-951

sation via the electron hyperfine interaction become rel-952

evant, but can safely be neglected by staying clear of the953

levels crossings during driving of the qubit, and can be954

traversed diabatically when initialising the qubit.955

The angle θ corresponds to a very small rotation of the
qubit quantisation axis due the perpendicular component
of the hyperfine interaction:

cos(θ) =
Ωs
Ωz
≈ 1, (A11)

sin(θ) =
AR/2

Ωz
≈ 0. (A12)

Finally, the new spin basis is defined as,956

↑̃/↓̃ =
1√
2

(
∓
√

1± cos(θ),∓
√

1∓ cos(θ)
)
,

expressed in the explicit combined nuclear and electron957

spin basis {|NL〉 ⊗ | ⇓↑〉, |NL〉 ⊗ | ⇑↓〉}.958

Note that similarly to the quantum dot-donor qubit,959

the coupling between the qubit states is purely deter-960

mined by the hyperfine coupling to the nuclear spin that961

the electron spin flip-flops with (AR). However, ∆Ω‖ is962

determined by the averaged hyperfine interaction Mn of963

the electron with the nuclear spins in the left quantum964

dot, which are not involved in the qubit dynamics, and965

that we therefore call the spectator nuclear spins. As we966

covered in the main text, we can engineer this averaged967

hyperfine interaction Mn in order to minimise ∆Ω‖ and968

in turn increase the dephasing time of the qubit.969

Appendix B: Adiabatic orbital state transfer970

The adiabatic orbital state transfer displayed in971

Fig. 2 d) is calculated numerically for a 2P-1P device op-972

erated at the (2,1)↔ (3,0) electron state with the nuclear973

spins on the left quantum dot initialised in antiparallel974



13

spin states at a magnetic field of B = 0.3 T and a tun-975

nel coupling of tc = 5.9 GHz. We chose a difference in976

the hyperfine coupling to the two nuclei in the left dot977

of ∆AL = 1 MHz based on the measured couplings from978

a 2P quantum dot [29]. We start the adiabatic ramp at979

ε(t = 0) = 110 GHz away from the charge degeneracy980

point where the spin-like state only has a 0.1% of charge981

component and qubit coherence times are approximately982

those of a single electron spin. At this position, we ini-983

tialise the qubit into an even superposition of the two984

qubit states, |0〉 ≡ | ⇓⇑⇑↓ −〉 and |1〉 ≡ | ⇓⇑⇓↑ −〉. We985

then perform a numerical time evolution of that state986

under the influence of a linear detuning pulse ending at987

ε = 0 where the qubit can be driven electrically. At988

the end of the pulse of duration tp, some of the qubit989

population has leaked out of the qubit subspace. The990

leakage probability into the charge excited states is cal-991

culated by summing the end state population in the ex-992

cited charge states |+〉, whereas the leakage probability993

due to nuclear spin states on the left quantum dot flip-994

ping is estimated by summing the end state population995

in the nuclear spin states in the ground charge states |−〉996

(excluding the qubit states).997

Appendix C: Theoretical error model for the998

flopping-mode EDSR qubit999

During electric driving of the qubit, dephasing, T1 re-1000

laxation and state leakage introduce errors in the opera-1001

tion of the qubit. In our error model, we include dephas-1002

ing of the qubit due to electric field noise, T1 relaxation1003

of the charge qubit, and leakage out of the qubit states.1004

We do not include pure spin dephasing (∼kHz) and relax-1005

ation (∼Hz) as both are orders of magnitude lower than1006

the charge related error sources [1]. In Fig. 5, we dis-1007

play the dominating error sources corresponding to the1008

error calculation in Fig. 3 of the main text. At low mag-1009

netic field and hence low tunnel coupling the charge T11010

relaxation is small and the qubit error is dominated by1011

dephasing and leakage errors. At low spin-charge detun-1012

ings, ∆ = 2tc − Ωz the qubit is limited by leakage due1013

to unwanted nuclear spin flips on the left quantum dot.1014

At high magnetic field and large spin-charge detuning1015

excited charge state T1 relaxation dominates the qubit1016

error. In the following sections we describe the different1017

error sources associated with the donor-donor flopping-1018

mode qubit that were investigated to generate Fig. 5.1019

1. Flopping-mode EDSR Hamiltonian with electric1020

drive1021

Driving of the qubit is achieved by applying an electric
field burst E(t) = Ed · g(t, tp) cos(ωdt), oscillating with
frequency ωd, for a pulse time tp and with a time depen-
dent pulse envelope g(t, tp). In all our simulations, we use
a Gaussian pulse shape depicted in Fig. 2 e) (top graph)

Δ/
Ω Z

B0 (T)
0.2 0.4 0.6 0.8

0.0

0.5

1.0

1.5

2.0

2.5
T1 limited 

Charge 
dephasing 
limited

Nuclear spin (type 2) 
leakage limited

FIG. 5. Limiting error source for the 2P-1P qubit at
the (2,1)↔(3,0) transition with ∆AL = 1 MHz. Over-
layed over the error plot from figure 3 b), we show the three
regions where different errors sources dominate the total error
at the optimal drive amplitude. For high spin-charge detun-
ing ∆/EZ and high magnetic field, the T1 error limits the
total error. For low magnetic fields, charge dephasing mostly
dominates the error. Leakage errors only start being signifi-
cant for small spin charge detuning and magnetic fields. In
that region, only leakage to the near degenerate states is sig-
nificant.

which has been shown to reduce excited state leakage
when driving superconducting transmon qubits [34],

g(t, tp) =
1− exp

(
2t(tp−t)

t2p

)
1− e1/2

. (C1)

The symmetric Gaussian pulse shapes cannot fully re-1022

duce leakage during qubit driving but can help reverse1023

leakage state excitation (see Fig. 2 e) (bottom graph)).1024

The oscillating electric field drive can be written as a1025

time dependent detuning parameter in the flopping mode1026

Hamiltonian in equation 2:1027

ε̃(t) = ε+ εd(t),

where εd(t) := eEdd
2h g(t, tp) cos(ωdt) is the detuning drive,1028

ε is the static detuning and d is the distance between the1029

two quantum dots.1030

The full driven system can then be expressed as1031

the sum of the static Hamiltonian in Eq. 2 and the1032

time-dependent drive Hamiltonian Hd = εd(t)τz ex-1033

pressed in the basis defined by the product states1034

{|i〉, i = 0, . . . , 3} = {| ↓ −〉, | ↑ −〉, | ↓ +〉, | ↑ +〉} the1035
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driven Hamiltonian takes the form:1036

Hrl =


0 Ωr Ωl 0

Ωr Ωs 0 Ωl

Ωl 0 Ωc Ωr

0 Ωl Ωr Ωc + Ωs

 , (C2)

where Ωs/Ωc is the spin/charge qubit energy (Ωc =1037

2
√
ε2 + t2c) respectively, where Ωr is the coupling be-1038

tween the two qubit states, and Ωl is the coupling of each1039

qubit state to it’s corresponding excited charge states. In1040

the following section we use this Hamiltonian in Eq. C2 to1041

estimate the charge dephasing error for the donor-donor1042

flopping-mode EDSR qubit. As was described in Sec-1043

tion A, this Hamiltonian describes the system very well1044

apart from nuclear spin leakage.1045

2. Charge dephasing error modelling1046

To model the charge dephasing error of the qubit we1047

assume that the charge noise couples through small per-1048

turbations δε in the detuning ε. We further assume that1049

these perturbations are well described as a random vari-1050

able δε described by a Gaussian probability distribution1051

function P (δε) , centred about the value of ε [32] with1052

a standard deviation of σε . For comparison with the1053

other flopping-mode EDSR proposals we use an electric1054

field noise of about 125 V/m, similar to that used in other1055

flopping mode proposals [14, 23] and corresponding to a1056

standard deviation in the static detuning parameter of1057

about σε = 0.3 GHz.1058

The charge dephasing error of the unitary evolution as-1059

sociated with the π/2−X gate is determined by the de-1060

viation of the expectation value of the noisy unitary evo-1061

lution projected onto the ideal unitary evolution Uid of1062

an initial qubit state Ψi,δε [14], averaged over the charge1063

noise detuning distribution, P (δε):1064

eε = 1−
〈∣∣∣〈Ψi,δε|U†δεUid|Ψi,δε〉

∣∣∣2〉
δε

. (C3)

We have developed an analytical model of the state1065

overlap O(δε,Ψi,δε) :=
∣∣∣〈Ψi,δε|U†δεUid|Ψi,δε〉

∣∣∣2 allowing1066

for averaging of the error over all possible initial states1067

Ψi,δε of the Bloch sphere, which is crucial considering1068

that the gate error can vary by up to an order of magni-1069

tude depending on the initial qubit state.1070

Using the above model, charge noise effectively cou-1071

ples into the noisy unitary time evolution Uδε through1072

the unwanted perturbation of the different Hamiltonian1073

parameters in Eq. C2. Provided the system is driven1074

adiabatically, the dynamics are mostly confined to the1075

qubit subspace which is well described by the two-level1076

Hamiltonian, Ωzσz + Ωrσx, where 2Ωz is the qubit en-1077

ergy splitting and Ωr the qubit Rabi frequency. Both1078

Ωz and Ωr are dependent on ε and offer distinct path-1079

ways for charge noise to couple into the time evolution,1080

which we define as the z − /x− noise channels, respec-1081

tively. For a given detuning perturbation δε we write1082

the instantaneous values as Ωz(ε+ δε) = Ωz(ε) + δz and1083

Ωr(ε + δε)/2 = Ωr(ε)/2 + δx = x + δx. In the rotating1084

frame, when driving the qubit on resonance the reduced1085

two-level Hamiltonian becomes:1086

Hr(δz, δx) = δz σz + (x+ δx)σx. (C4)

The time evolution associated with this Hamiltonian, can
be modelled analytically if we approximate the Gaus-
sian drive pulse εd g(t, tp) as a constant pulse εd ḡ, where
ḡ = 0.633 is the average value of g(t, tp). With the
Hamiltonian, Eq. C4 and drive pulse, we calculate the
state overlap O(δε,Ψi,δε) in Eq. C3 for an initial state
Ψi = cos (θ/2)|0〉+ sin (θ/2)eıφ|1〉 using,

O(δε,Ψi,δε) ≈
∣∣〈Ψi|U(Hr(0, 0), tπ/2)†

·U(Hr(δz, δx), tπ/2)|Ψi〉
∣∣2 . (C5)

Here we estimate the π/2 gate time to be tπ/2 = π/(4ḡx).1087

The unitary time evolution operator U of the Hamilto-1088

nian H can be calculated explicitly as the matrix expo-1089

nential U(H, tg) = exp (−ıHtg). In Fig. 6 we compare1090

the fully numerical error calculation (square markers)1091

with the analytical error model described above (solid1092

line) for a range of initial states on the Bloch sphere. The1093

numerical calculation computes the overlap in Eq. C3 us-1094

ing the full flopping mode Hamiltonian C2, while the an-1095

alytical model uses the analytical expression correspond-1096

ing to Eq. C5. In black we include all the noise channels1097

present in Eq. C2, whereas in red and blue we only in-1098

clude the x− /z− noise channels. The analytical model1099

can be seen to fit the numerical calculations very well,1100

highlighting the fact that the charge noise predominantly1101

enters the dephasing error through the z- and x- dephas-1102

ing channels that affect the qubit states directly, and that1103

dephasing contributions through the excited charge leak-1104

age states can be neglected.1105

Figure 6 also highlights certain qubit states that are1106

protected against noise channels within the qubit sub-1107

space. This translates into a large variation in error rate1108

depending on the initial qubit state, motivating the need1109

for averaging the qubit error. In Fig. 6 a) the z− er-1110

ror goes to zero for the initial state with φ = π/2 and1111

θ = π/4. This initial state has no z−dephasing as it cor-1112

responds to a symmetric rotation through the |1〉 state1113

of the Bloch sphere such that any unwanted phase ac-1114

cumulation during the first half of the pulse is reversed1115

in the second half of the pulse. Two other states where1116

the x−dephasing approaches zero are shown in Fig. 6 b)1117

at θ = π/2 and φ = 0 (modπ). These angles correspond1118

to the two initial states along the x−axis of the Bloch1119

sphere. These two states are not affected by x−rotations1120

and consequently do not experience dephasing due to1121

noise along the x−axis. The inclusion of both errors (in1122
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Charge noise dephasing modelling

FIG. 6. Charge noise dephasing modelling. Both a) and
b) show the angle dependence of the dephasing charge noise
for φ = π/2 and θ = π/2 as a function of the longitudinal
and azimuthal angles θ and φ respectively. The dark line dis-
plays the error when considering all channels through which
charge noise can couple into the system. The red/blue lines
only consider the x-/z- charge noise channels. The analytical
model (lines) accurately fits the numerical calculation (square
markers). In a), the z-error goes to zero at θ = π/4 because
variations δz are echoed out when passing the pole. In b),
the x-error goes to zero at φ = 0 (modπ), because the start
state is on the x-axis of the Bloch sphere. We used a magnetic
field of 0.3 T at ε = 0 and tc = 4.5 GHz, for a drive amplitude
εd = 0.2 GHz.

black) limits the magnitude of the error variations in this1123

instance; however, there is still a significant variation in1124

error rate depending on the initial state that needs to be1125

considered when operating the qubit. Additionally, if a1126

particular qubit is dominated by either z− or x− noise1127

then the variation in error as a function of the initial1128

state can vary by orders of magnitude.1129

The first step towards calculating the full dephasing
error is to analytically integrating the overlap model in
Eq. C5 over all the initial states on the Bloch sphere.
We find that the state averaged overlap between the per-

turbed (noisy) and the non-perturbed (ideal) time evo-
lution is then given by:

〈O(δε,Ψi,δε)〉B ≈ OB(δz, δx) =
1

6Ω2
2L

(
4(x+δx)2+3δz2

+δz2 cos (
π

2

Ω2L

x
) + 2(x+ δx)Ω2L sin (

π

2

Ω2L

x
)

)
, (C6)

where we have defined the Rabi splitting Ω2L =1130 √
δz2 + (x+ δx)2. As expected the expression evaluates1131

to 1 for δz = 0 and δx = 0, since the noisy time evolution1132

is equal to the ideal (noiseless) case, that is, there is no1133

charge noise in the system.1134

In our case both x and z noise perturbations δz and1135

δx are dependent on the electric detuning noise variable1136

δε. The second and final step in obtaining the fully av-1137

eraged analytical charge dephasing error is performed by1138

averaging 1−OB(δz(δε), δx(δε)) (as described in eq. C6)1139

over the the electric detuning noise variable δε :1140

〈eε〉B = 1− 〈OB(δz(δε), δx(δε))〉δε . (C7)

We calculate this average over the Gaussian distributed1141

random variable δε numerically.1142

In the next section, we investigate the various leak-1143

age pathways present in the donor-donor implementa-1144

tion. The leakage errors become dominant for strong1145

qubit driving and for near degeneracies in the hyperfine1146

couplings of the electron to the different phosphorus nu-1147

clear spins.1148

3. Leakage modelling1149

The second error type that we consider in our model1150

is state leakage of the qubit subspace. The donor-donor1151

qubit states defined in the main text can potentially leak1152

to the 10 other states of the Hilbert space of same mag-1153

netisation, see Fig. 7a). Leakage into any of the 6 states1154

in the excited charge state branches (light blue square1155

in Fig. 7 a) and in the inset) is dominated by the di-1156

rect charge excitation (|−〉 → |+〉) from the qubit states1157

shown in red and green in Fig. 7, to their excited charge1158

state counterparts in blue and yellow, which have the1159

same electron and nuclear spin configuration as the qubit1160

states. Leakage to these two excited charge states during1161

electric driving is dominant leakage process due to their1162

large electric-dipole moment. Leakage into the excited1163

charge subspace will be referred to as the “charge leakage1164

pathway” and is represented in Fig. 7 b). In the ground1165

charge state branch (light green square in Fig. 7 a) and1166

in the inset), there are four states that the qubit can1167

leak into, depicted by black dotted lines in Fig. 7. These1168

four states can be broken into two more leakage path-1169

ways that we will reference to as “nuclear spin leakage1170

pathways”. The first nuclear spin leakage pathway cor-1171

responds to a flip-flop transition of the electron with one1172

of the nuclear spin of the left quantum dot instead of1173
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the right dot (see Fig. 7 c) ). Indeed, the ground (ex-1174

cited) qubit state | ⇓⇑⇑↓ −〉 (| ⇓⇑⇓↑ −〉) can leak to the1175

spin state | ⇓⇓⇑↑ −〉 (| ⇑⇑⇓↓ −〉) via a flip-flop transi-1176

tion, ffL2 (ffL1) with the second (first) nuclear spin on the1177

left quantum dot. We call this leakage pathway “type I1178

nuclear spin leakage”. The second nuclear spin leakage1179

pathway in the donor-donor qubit corresponds to leak-1180

age from the qubit states into the near degenerate levels1181

| ⇑⇓⇓↑ −〉 and | ⇑⇓⇑↓ −〉 via 3 simultaneous electron-1182

nuclear flip-flop transitions with all the nuclear spins in1183

the system (ff3×). This second nuclear spin pathway is1184

displayed in Fig. 7 d), and will be referred to as “type II1185

nuclear spin leakage”.1186

For all three independent leakage pathways (one charge1187

and two nuclear spin flips) the four level system consist-1188

ing of the qubit states |0〉 and |1〉 and their respective1189

leakage state (|2〉 and |3〉) is described by the Hamilto-1190

nian in the basis {|i〉, i = 0, . . . , 3},1191

Hrl =


0 Ωr/2 Ωl/2 0

Ωr/2 0 0 Ωl/2

Ωl/2 0 ∆ql Ωrl/2

0 Ωl/2 Ωrl/2 ±∆ql

 . (C8)

We define Ωr to be the coupling between the two qubit1192

states, Ωl the coupling to the leakage states, Ωrl the cou-1193

pling between the leakage states, and ∆ql the energy gap1194

between qubit and leakage states. The coupling strength1195

Ωrl between the leakage states and the sign of the gap1196

±∆ql turn out to be irrelevant to the total leaked state1197

proportion due to the coupling strengths Ωl being sym-1198

metrical. Using the Hamiltonian in Eq. C8 we can model1199

the different leakage pathways analytically and substi-1200

tute in the various strengths of the coupling and detuning1201

terms.1202

To minimise state leakage we adiabatically drive the1203

qubit transition by slowly increasing and then decreasing1204

the drive amplitude in time using a symmetric Gaussian1205

pulse shape displayed at the top of Fig. 2 e). The time-1206

dependent drive leads to a time-dependent occupation1207

of the leakage states in all three leakage pathways that1208

increases and decreases with the pulse amplitude. The1209

use of symmetric continuous pulse shape allows for most1210

of the leakage state population (both charge and nuclear1211

spin leakage) to be de-excited in the second half of the1212

pulse [34], for small drive amplitudes less than the energy1213

separation between the qubit state and the leakage state1214

(see Fig. 2 e) ). We call the integrated leakage popula-1215

tion during the pulse “reversible leakage” as it is mostly1216

reversed at the end of the pulse.1217

Pulse shaping however cannot fully reverse the leakage1218

population. We call the remaining leakage population at1219

the end of the pulse “irreversible leakage”. It is a source1220

of error for all leakage pathways as it leads to a finite1221

probability of the system to be measured outside of the1222

qubit subspace. The irreversible leakage error is simply1223

given by the occupation probability of the leakage states1224
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FIG. 7. Leakage pathways for the 2P-1P donor-based
flopping-mode EDSR qubit. a) Simplified energy spec-
trum at ε = 0 (see inset) for the flopping-mode qubit in
the main text. The qubit states, |0〉 ≡ | ⇓⇑⇑↓ −〉 and
|1〉 ≡ | ⇓⇑⇓↑ −〉 are shown in red and green, respectively.
The excited charge states of the same electron and nuclear
spin states as the qubit states are shown in blue and yel-
low. The black dotted (leakage type I) and dashed (leakage
type II) lines correspond to the different nuclear spin leakage
states discussed in the main text. b) The charge excitation
leakage pathway. Charge leakage, shown by the solid arrow
lines, results from accidental excitation of the charge state of
the double quantum dot. The qubit frequency is shown as
ffR (that is a flip-flop transition with the right nuclear spin
and the leakage state energy separation, ∆ql used in simu-
lating the leakage error is shown between the green and blue
states. c) Type I nuclear spin leakage corresponds to a sin-
gle flip-flop transition of the electron with the first nuclear
spins on the left quantum dot, ffL,1 (| ⇓⇑⇓↑ −〉 → | ⇑⇑⇓↓ −〉)
and the second nuclear spin on the left quantum dot, ffL,2

(| ⇓⇑⇑↓ −〉 → | ⇓⇓⇑↑ −〉) shown by the black arrows. d)
Type II nuclear spin leakage occurs when the electron flip-
flops with all three nuclear spins simultaneously, ff3×. Flip-
flop transitions of this type can occur in both directions
(| ⇓⇑⇑↓ −〉 → | ⇑⇓⇓↑ −〉 and | ⇓⇑⇓↑ −〉 → | ⇑⇓⇑↓ −〉) and
cause leakage out of the computational basis of the qubit.

at the end of the pulse.The reversible leakage mecha-1225

nism can also lead to errors if the leakage state is itself1226

prone to errors. We have seen in the previous section that1227

charge dephasing via the excited charge states is negligi-1228

ble. The same holds true for the nuclear leakage states.1229

However, relaxation of the leakage state can lead to sig-1230

nificant errors for the charge leakage pathway. Indeed,1231

the excited charge states can relax to the ground state1232

due to T1 charge relaxation. The excited charge state is1233

temporarily occupied during qubit operation leading to a1234

finite probability for the qubit state to relax back to the1235

ground state. We call this drive-T1 error as it only oc-1236
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curs during driving of the qubit. Reversible leakage into1237

nuclear spin states (in the ground charge state branch)1238

does not lead to additional relaxation errors because all1239

nuclear spin states have long relaxation times.1240

Reversible leakage can be characterised by the inte-1241

grated probability of the qubit state being in the two1242

leakage states, during the π/2 Gaussian pulse of dura-1243

tion tπ/2, with the aim to later use the quantity in order1244

to calculate the T1 relaxation error associated with it:1245

Id :=

∫ tπ/2

0

3∑
i=2

|〈Ψ(t′)|i〉|2 dt′. (C9)

In the following section C 4, we will derive how this leak-
age integral Id in eq. C9 enters the calculation of the
drive-T1 error. The integral, Id can be estimated by as-
suming a noiseless unitary time evolution of an initial
state on the Bloch sphere. We find that the integral is
independent of the start state and can be well approxi-
mated to second order in Ωl

∆ql
):

Id ≈ αd
1

Ωr

Ω2
l

∆2
ql

, (C10)

The coefficient αd is related to the Gaussian pulse shape1246

used to drive the qubit and is equal to 0.046 for the spe-1247

cific case described in Eq. C1. The integral is indepen-1248

dent of the initial qubit state due to the fact that the1249

coupling strengths, Ωl of the qubit states to the leak-1250

age states are equal so that any superposition of the two1251

qubit states is equally likely to leak out of the qubit sub-1252

space. The total leakage state population is inversely1253

proportional to the coupling Ωr between the qubit states1254

and is thus proportional to the gate time tπ/2 = π/(2ḡΩr)1255

reflecting the fact that shorter pulses lead to a smaller in-1256

tegrated leakage probability. The leakage is also inversely1257

proportional to the qubit-leakage state energy gap, high-1258

lighting that smaller energy separations lead to larger1259

leakage probabilities. As we will cover in the following1260

section C 4, this analytical model in Eq. C10, is used in1261

the calculation of the T1 relaxation error.1262

We now turn to the irreversible leakage error which is1263

the probability of the system being in the leakage states1264

|2〉 and |3〉 at the end of the π/2 pulse,1265

eleak = pleak =

3∑
i=2

∣∣〈Ψ(tπ/2)|i〉
∣∣2 . (C11)

The leakage probability, pleak has two distinct regimes de-1266

pending on the respective magnitude of the qubit driving1267

strength Ωr and the energy gap ∆ql to the nearest leakage1268

state. In both regimes the leakage probability is related1269

to the ratio λ = Ωl/Ωr of the leakage and qubit coupling1270

strength. In the first regime, where the qubit drive am-1271

plitude Ωr is smaller then the energy gap to the nearest1272

leakage state ∆ql (“weak driving regime”), the leakage1273

population grows polynomially with drive amplitude Ωr1274

as the qubit drive become less adiabatic:1275

pleak ≈ αleakλ
2 Ω4

r

∆4
ql

, (C12)

where αleak = 0.37 is a constant related to the Gaussian1276

pulse shape determined through numerical simulation.1277

For the charge leakage pathway, a significant leakage con-1278

tribution is attributed to the factor λ2 in Eq. C12, be-1279

cause the coupling of the excited charge state is always1280

greater than the qubit state, and typically results in a1281

factor λ much larger then 1. However, for this charge1282

leakage pathway, the gap ∆ql is usually much larger then1283

the qubit coupling, so that the remaining factor
(

Ωr
∆ql

)4

1284

is much smaller then unity, and the leakage probability1285

can remain small despite a large ratio λ. In the sec-1286

ond regime, in which the qubit drive amplitudes becomes1287

larger or comparable to the energy gap to the leakage1288

state Ωr > ∆ql (“Strong driving regime”) the leakage1289

population asymptotically approaches a constant value.1290

Indeed, at high drive amplitudes, the power-broadened1291

qubit transition overlaps with the leakage transition and1292

both transition are driven. If the coupling to the leak-1293

age state is smaller then the coupling between the qubit1294

states (λ < 1) the qubit will only leak out at a maximum1295

probability described only by the ratio λ:1296

pleak ≈
(π

4

)2

λ2. (C13)

The leakage probability for the nuclear spin leakage of1297

type II can easily fall into this regime, because the en-1298

ergy gap to the leakage state (∆ql = ∆AL/2 ' 500 kHz),1299

is often larger then the optimal Rabi frequency. However,1300

despite this small energy gap, the leakage probabilty in1301

this particular leakage pathway remains small. Indeed,1302

the coupling strength Ωl to the leakage state in this leak-1303

age pathway is much smaller then the qubit coupling,1304

leading to a factor λ much smaller then one and result-1305

ing into a low leakage probability according to eq. C13.1306

For the error calculations in the main text we use a1307

combination of Eq. C12 and Eq. C13 to model the leakage1308

probability within each leakage pathway when driving the1309

qubit. In the next section we will cover the how T1 charge1310

relaxation can lead to two types of errors, one related to1311

the excited charge state proportion naturally present in1312

the qubit, the other linked to the excited charge state1313

proportion excited during the reversible leakage process1314

that was described in this section.1315

4. Charge T1 relaxation modeling1316

Relaxation errors of the proposed donor-donor qubit1317

can be due to nuclear spin, electron spin or charge relax-1318

ation. Any relaxation of the electron spin, the nuclear1319

spin or the excited charge state translates into relaxation1320

of the qubit. These three relaxations occur over a wide1321

range of characteristic timescales.1322
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The T1 relaxation times of the nuclear spin of a phos-1323

phorus donor in silicon has been measured to be of the1324

order of minutes [36, 47] whereas the relaxation time of1325

electron spins on phosphorus donor quantum dots has1326

been measured to be of the order of seconds [48–50] at1327

magnetic fields of about 1 T. The relaxation time of a1328

charge qubit defined by the symmetric and antisymmet-1329

ric superposition of two tunnel coupled quantum dot or-1330

bitals however has been measured to be of the order of1331

only a few nanoseconds in GaAs quantum dots [51] and1332

in Si/SiGe gate-defined quantum dots [52]. The charge1333

relaxation rate 1/T c1 in silicon donor quantum dots has1334

been theoretically estimated for a charge qubit defined by1335

a phosphorus donor quantum dot and an interface quan-1336

tum dot. Boross et. al. [53] predict the charge relaxation1337

rate to be proportional to the charge qubit energy split-1338

ting and to the square of the tunnel coupling 2tc between1339

the two quantum dots,1340

1/T c1 ≈ Θ
(

2
√
ε2 + t2c

)
· (2tc)2 (GHz), (C14)

where the coefficient Θ ≈ 2.37 × 10−6 (ns2) is a sili-1341

con specific constant [14, 53]. At zero detuning, where1342

the qubit is operated, the charge relaxation rate is pro-1343

portional to t3c . For a typical charge qubit splitting of1344

11 GHz corresponding to a magnetic field of 0.4 T for an1345

electron spin qubit, equation C14 yields a relaxation time1346

of about 300 ns. Since the electron and nuclear spin re-1347

laxation times in our qubit can be expected to be of the1348

order of seconds or even minutes we expect that charge1349

relaxation will be the dominating relaxation mechanism.1350

In our calculations, we will use Eq. C14 to calculate the1351

relaxation rate 1/T c1 of the pure charge qubit.1352

The charge T1 relaxation if the charge excited state
is well described by an exponential decay process de-
scribed by the error: 1

2 (1 − exp (−t/T c1 )). This error
does not fully describe the relaxation of the qubit state
since it only partially overlaps with the excited charge
state, making it less probable for the qubit to decay in
the equivalent time as the charge qubit. The exponential
decay of our proposed qubit therefore needs to include
the time-integrated overlap of the qubit wave function
with the excited charge state. The qubit relaxation error
can be calculated using [14],

eT1
=

1

2

(
1− Exp

[
−
∫ tπ/2

0

∑
s

|〈Ψ(t′)|s,+〉|2 1

T1
dt′

])
,

(C15)

where |s,+〉 = |s〉⊗|+〉 are the product states containing1353

the excited charge states, |+〉. The qubit relaxation er-1354

rors grow exponentially with the gate time tπ/2 and with1355

the overlap
∑
s |〈Ψ(t)|s,+〉|2 of the qubit states with the1356

excited charge state.1357

There are two ways by which the qubit states can over-
lap with the excited charge state during a π/2−X gate.
Firstly, while the qubit ground state |0〉 does not over-
lap at all with the excited charge state (due to the large

energy separation, ∝ tc), the qubit excited state |1〉 is en-
gineered to have a small excited charge state proportion
p1,+ =

∑
s |〈1|s,+〉|

2
. This is a result of the hybridisation

of the spin qubit with the charge qubit that allows elec-
tric driving of our qubit. Secondly, the qubit states can
also overlap with the excited charge state by reversible
leakage into the excited charge states during qubit oper-
ation. Those two effects result in a total time dependent
overlap of the qubit states with the excited charge state
given by:

∑
s

|〈Ψ(t)|s,+〉|2 ≈ |〈Ψ(t)|1〉|2 p1,+ +

3∑
i=2

|〈Ψ(t)|i〉|2

(C16)

The relaxation error in Eq. C15 is related to the time
integral of this overlap C16:∫ tπ/2

0

∑
s

|〈Ψ(t′)|s,+〉|2 dt′ = I1 · p1,+ + Id, (C17)

where I1 :=
∫ tπ/2

0
|〈Ψ(t′)|1〉|2 dt′, and the integral Id ≈1358

αd
1

Ωr

Ω2
l

∆2
ql

was derived in the previous section describ-1359

ing reversible leakage (Eq. C10) and describes the ex-1360

cited charge leakage population. It is dependent on the1361

Rabi frequency Ωr, the coupling strength to the excited1362

state Ωl and the energy separation ∆ql between the qubit1363

states and the nearest excited charge state.1364

The integral I1 of the |1〉 state overlap can be approx-
imated by calculating the noiseless time evolution of an
initial qubit state |Ψi〉 = cos θ/2|0〉+sin θ/2eıφ|1〉 during
a π/2−X gate,

I1(θ, φ) ≈ 1

Ωr

1

4
(π − 2 cos θ − 2 sin θ sinφ) . (C18)

The full relaxation error in Eq. C15 for a given initial
state can then be written as,

eT1
(θ, φ) =

1

2

(
1− e−I1(θ,φ)p1,+/T1e−Id/T1

)
. (C19)

Finally, the relaxation error averaged over the Bloch
sphere is given by:

〈eT1〉B =
1

2

(
1−

〈
e−I1(θ,φ)p1,+/T1

〉
B
e−Id/T1

)
. (C20)

The Bloch sphere average of the term e−I1(θ,φ)p1,+/T1 can1365

be approximated analytically. Integration over φ results1366

in a Bessel function which can be approximated to third1367

oder in β =
p1,+
ΩrT1

,1368 〈
e−Ii(θ,φ)O1,+/T1

〉
B
≈ e 1

4 (2+π)β β − 2 + eβ(β + 2)

4β
.

(C21)
The relaxation error of the qubit is calculated using1369

Eq. C20 and Eq. C21, and the parameters entering the1370

equation are calculated numerically. The estimation of1371

the pure charge relaxation rate uses Eq. C14.1372
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5. Combining all errors1373

Finally, we combine the dephasing error, the relaxation1374

error and the irreversible leakage errors into one total1375

error formula, assuming that these errors originate form1376

independent random processes:1377

etot(θ, φ) = 1− (1− eε(θ, φ))(1− eT1
(θ, φ)(1− eleak).

(C22)

The average of this error over the Bloch sphere can
be approximated as the product of the averages of each
error, yielding the final error metric used in the main
text:

〈etot(θ, φ)〉B ≈ 〈1− eε〉B 〈1− eT1
〉B (1− eleak). (C23)

Appendix D: Calculation of the spin-cavity coupling1378

and the qubit dephasing time1379

We investigate the qubit-cavity coupling characteris-1380

tic, which is shown in the Fig. 4 of the main text. Strong1381

coupling of a cavity to a qubit can be achieved if the1382

qubit-cavity coupling strength, gsc is larger then the de-1383

phasing rate γ of the qubit as well as the decay rate κ of1384

the cavity. The coupling strength, gsc can be calculated1385

as the product of the qubit electric dipole transition ma-1386

trix element χ01 and the electric field amplitude produced1387

by the cavity at the location of the qubit. Following the1388

cavity simulation of Osika et al. [26], we use detuning1389

amplitudes of about εc = 100 MHz, and a cavity decay1390

rate κ = 1 MHz. The detuning amplitude corresponds to1391

zero point voltage fluctuations of the cavity of the order1392

of 0.4µV for quantum dots separated by about 10 nm,1393

or equivalently to cavity electric fields of about 10V/m.1394

We calculate the transition matrix element χ01 numeri-1395

cally and estimate the qubit dephasing rate, γ = 1/T ∗21396

by converting the average qubit error using the formula,1397

T ∗2 ≈ 2
√

2

√√√√ t2π/2

Log
(

1
1−2 error

) . (D1)

The dephasing rate is then calculated as a function of1398

magnetic field strength and tunnel coupling, while the1399

cavity detuning amplitude εc and the cavity decay rate κ1400

are assumed to be constant across the parameter range1401

investigated in Fig. 4.1402


