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A new variational theory is presented for beam loading in microwave cavities. The beam—field
interaction is formulated as a dynamical interaction whose stationarity according to Hamilton’s
principle will naturally lead to steady-state solutions that indicate how a cavity’s resonant frequency,
@ and optimal coupling coefficient will detune as a result of the beam loading. A driven cavity
Lagrangian is derived from first principles, including the effects of cavity wall losses, input power
and beam interaction. The general formulation is applied to a typical klystron input cavity to predict
the appropriate detuning parameters required to maximize the gain (or modulation depth) in the
average Lorentz factor boost, (Av). Numerical examples are presented, showing agreement with the
general detuning trends previously observed in the literature. The developed formulation carries
several advantages for beam-loaded cavity structures. It provides a self-consistent model for the
dynamical (nonlinear) beam—field interaction, a procedure for maximizing gain under beam-loading
conditions, and a useful set of parameters to guide cavity-shape optimization during the design
of beam-loaded systems. Enhanced clarity of the physical picture underlying the problem seems
to be gained using this approach, allowing straightforward inclusion or exclusion of different field
configurations in the calculation and expressing the final results in terms of measurable quantities.
Two field configurations are discussed for the klystron input cavity, using finite magnetic confinement
or no confinement at all. Formulating the problem in a language that is directly accessible to the
powerful techniques found in Hamiltonian dynamics and canonical transformations may potentially
carry an additional advantage in terms of analytical computational gains, under suitable conditions.

I. INTRODUCTION

Beam loading of microwave cavities is an important
phenomenon that is often seen in high-power vacuum
tubes when a cavity’s electromagnetic field interacts dy-
namically with an accelerated beam of electrons. As
the beam gets accelerated or decelerated by the Lorentz
forces imposed by the cavity’s field, it acts back on the
cavity, modifying its field. This dynamical interaction
settles into a steady-state that exhibits observable shifts
in both the cavity’s resonant frequency and its quality
factor (Q). Particle accelerators, satellites and radar sys-
tems that employ high-power vacuum electronics are ex-
ample applications where such a phenomenon is observed
and must be addressed for proper system design [1, 2].
For example, the detuning experienced when the beam is
turned on in a particle accelerator may cause a mismatch
for a klystron input cavity and a reduction in gain, as
the coupling coefficient and resonant frequency no longer
correspond to their original design values. Another typi-
cal example can be seen in high-power signalling applica-
tions, where a detuning in the radio frequency (rf) cavity
may lead to the emission of undesirable intermodulation
distortion (IMD) products that must be suppressed [1-4].

The literature on the theory of beam loading for
azimuthally-symmetric cavities spans more than seven
decades and includes a number of key studies; e.g. [2-6].
Branch’s classical treatment [6] has had a strong analyti-
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cal influence on many of the more recent efforts to inves-
tigate and develop beam-loading theory [2, 3]. The effect
of beam loading is conventionally modelled in terms of
circuit theory as a shunt admittance, Yg = Gp + iBp,
that loads that rf cavity (representing the beam’s influ-
ence), where G denotes the beam-loading conductance
and Bp denotes the beam-loading susceptance. When
the beam is turned on (“hot” operation), the “cold” fre-
quency feolq and quality factor Qeoq are decreased ac-
cording to the following approximation [2]

_ Qcold
Qhot - 1+ (GB/G)’ (1)
fhot - fcold _ Af _ -1 @ (2)
fcold fcold 2QCOld G ’

where G is the cavity’s original (cold) shunt conductance.

To estimate G /G and Bp/G in cavity gaps, Branch’s
original treatment [6] covered a premise where opera-
tion assumed certain idealized conditions, such as set-
ting the axial magnetic flux for beam confinement to
extreme values (B, set to zero or infinity) and ignor-
ing space charge effects (ballistic analysis) [6]. Impor-
tant subsequent studies have attempted to develop the
theory further and to include more realistic conditions
using Particle-in-Cell (PIC) simulations, such as the ef-
fect of a finite B, flux strength, [2, 3], and the effect
of ac space charge, [2, 4], compared to ballistic analysis.
These studies have concluded that, for operation at mod-
erate perveance levels (typically less than 3 upervs [4]),
a first approximation that assumes infinite magnetic flux
and uses ballistic beam-loading predictions would deviate
only weakly from those that include finite axial magnetic
flux [3] or ac space charge effects [2, 4]. Deviation due to



the latter effect is particularly small (less than 1% in Af)
for common operation condition (below 3 ppervs). Fur-
thermore, one of the striking observations found through
PIC simulations in [2] was that beam-loading is mainly
influenced by perveance (not by beam current or voltage
varying separately) and that Af generally tends to vary
almost linearly with perveance.

Methods of analysis that were used in these studies [2—
6] have typically followed a combination of circuit analy-
sis and Fourier field integrals to describe the beam—field
interaction within a gap, where the maximum amplitude
of the rf field was treated as a fixed quantity and the
loading effect was modelled by the lumped admittance
Ys. In this paper we follow a different formulation, mo-
tivated by how the dynamical interaction between the
rf field and the beam seem to be naturally well-suited
for variational analysis. We use a time-harmonic varia-
tional formulation to determine the stationary operating
point upon which this dynamical interaction will settle,
indicating the detuned frequency and ) values for the
cavity. We then apply the analysis to a typical klystron
input cavity and discuss the effect of detuning on maxi-
mizing gain. For brevity, we present two cases in detail
(ignoring space charge effects): one for an unconfined
beam and one for a beam with finite axial confinement
(focusing magnetic flux, B,). The beam-loading trends
predicted by this analysis are shown, through numeri-
cal examples, to agree with the general trends previously
reported in the literature. The developed theory charac-
terizes a given cavity structure under given beam-loading
conditions by two detuning parameters. These parame-
ter can help us optimize cavity shapes and maximize gain
under beam loading.

As will be shown in the following sections, the physics
underlying beam-loading phenomena and the addition or
removal of different field configurations become relatively
straightforward and systematic under the presented for-
mulation. Another advantage of the presented formu-
lation is how it develops a theoretical framework that
connects directly to the powerful analytical tools found
in Hamiltonian dynamics and canonical transformations
[7-12]. Indeed, by leveraging advanced canonical trans-
formations and Lie perturbation techniques under certain
conditions, one can potentially render the system com-
putations fully or partially analytic without having to
explicitly solve the equations of motion [7, 10-12].

The paper is organized as follows. We start in Sec-
tion II by discussing the field representation for the struc-
ture under consideration and by defining key parameters
and relations in a form suitable for our variational for-
mulation. In Section IIT we proceed to formulate the La-
grangian for a general beam-loaded cavity with a single
port. We apply the developed theory to the important
class of cavities exemplified by a klystron input cavity in
Section IV, where we extract the two detuning parame-
ters, denoted X and Y, and discuss gain maximization.
The theory is then applied to numerical examples in Sec-
tion V. We conclude in Section VI and give additional
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FIG. 1. An illustration of a single-port cavity with an arbi-
trary shape. The port connects to a feeding transmission line
(e.g. waveguide) and the walls are highly conductive. A cur-
rent density J may exist inside the cavity. The surface normal
vector points outwards and the port’s reference plane, z = zp,
is chosen for convenience at the E-field standing wave’s min-
imum (dip) nearest to the cavity walls.

derivations in Appendices A, B and C.

II. PRELIMINARY DEFINITIONS AND
FORMULAE

In this section we establish the basic representation of
the problem, define parameters and derive formulae in
a form that will be useful for direct application in the
Lagrangian formulation developed in Section III.

A. Cavity and port field representations

Consider a single-port cavity of an arbitrary, simply-
connected shape, as shown in Fig 1. The domain of solu-
tion is the cavity’s volume, V' C R?, which is enclosed by
a surface V. The latter is made out of a good conductor
and is geometrically closed, except for a small port that
couples the cavity to a feeding transmission line.

For time-harmonic fields with e~** time dependence,
Maxwell’s curl equations, V x H = —ewFE + J and V X
E = iwpH , will lead to the driven wave equation

V2E + k’E = —iwpJ +V(V - E) = —iwpd,  (3)

where w is the operating (observed) angular frequency,
k = w,/ep is the wavenumber, E is the electric field
strength, H is the magnetic field strength, J is a current
density present inside the cavity volume, € is the per-
mittivity, p is the permeability, and with boldface fonts
representing vectors. In writing Maxwell’s equations and
(3) we assumed that the medium may be approximated



as linear, isotropic and homogeneous, with (V- E) = 0.
The finite conductivity (o) of the cavity walls is char-
acterized by the surface impedance n = (1 — )&, where
& = 1/(0ds) is the surface resistance and 65 = \/2/wuc
is the skin depth [13-15]. The impedance boundary con-
dition on the walls and the complex power flow into the
conductor’s skin can be written, respectively, as

nxE=(1-49¢H (ondV), (4)

L
> ‘e / daH? (5)
oV

where da denotes an element of surface area and n is the
outward-pointing unit normal vector of the surface.

As an idealized setup, if we momentarily take the same
cavity with J=0, perfectly conducting walls and no port,
then solving the undriven wave equation (V2E + k*E =
0) within the cavity’s volume and imposing the perfect
boundary conditions will give us the cavity’s eigenmodes
(ej,h;) and the corresponding eigenvalues w; (resonant
frequencies). Here, the subscript j is a positive integer
index and the eigenmodes satisfy the curl equations

V x €e; = in[th, (6)
V x hj = —iwjeej. (7)

%/da(E x H).ﬁ:g /daH~H:
ov oV

It is well-known that, within the solution space for the
fields that can exist inside the cavity, one can always
expand any field as a linear combination of the eigen-
modes (e;, hy;) [13, 14, 16, such as H = 3, a;h;, where
a; = |aj|e’¢"j are the eigenspectrum complex ampli-
tudes; with a similar expansion for E.

It follows from Rayleigh’s principle [13, 17, 18] that the
eigenvalues of such a system are stationary points of the
Rayleigh quotient which happens to represent the same
system. If we are operating near the i-th mode, that
mode’s eigenfunctions (e;, h;) will have the highest con-
tribution (amplitude) in the eigenspectrum, compared to
all other eigenmodes with j # i. If the operating field
happens to coincide exactly with one of the i-th eigen-
mode, then the amplitudes «; for other modes (j # 1)
in the expansion will be identically zero. This logic can
be now extended to the case of perturbing our cavity
from its idealized picture (undriven and lossless) back to
its realizable setup, where the walls are made of good
(but finite) conductivity, a beam current density J may
exist inside the volume V and a port may exist at the
walls. Assuming that the i-th mode (typically the dom-
inant mode) was the mode of operation before pertur-
bation and that the perturbation is typically small, it is
reasonable to consider that the added features have dis-
turbed the cavity slightly, shifting the apparent resonant
frequency w off its spectral point w;, and projecting the
field distribution into the set of all possible eigenmodes,
as in the sum ) ajh;. Since it is expected that |oy|
will now be less that 1 but still much larger than the
other expansion factors (|a;| > |aj|), one can choose

to truncate the expansion at any number of terms in the
neighborhood of the i-th (driven) mode. For the analysis
of a beam-loaded cavity that is typically tuned to a spe-
cific resonant frequency with a high @ factor, we assume
it sufficient to use a single term (the i-th mode) represen-
tation to approximate the field. For example, the field
H , which we shall later use as the main variational vari-
able in the formulation adopted in Section III, can be
written as,

H= O(ihi. (8)

Consequently, the perturbation in the cavity, manifested
through the frequency shift Aw/w; = (w — w;)/w; when
the cavity is loaded, is now being interpreted to be caused
by an adjustment to the complex amplitude of the i-th
mode that was perturbed by some function, f(z,y,z),
which happened to be proportional to the eigenmode it-
self. In variational language this can be expressed as,
eg., 0H =eh; = H = h; £ eh; = (1 £e)h; = a;hy,
where ¢ is a small paramater. In Section III we solve the
corresponding variational problem to find the stationary
value of «; for the beam-loaded cavity.

In passing, it is worth noting that a perturbation of
this type, affecting the complex amplitude of the eigen-
function in a single-mode expansion, may appear at first
as a trivial way to proceed in the analysis since the am-
plitude may seem as a simple scalar that would not affect
the shape of the eigenfunction or the wave equation it-
self. This would have been the case, indeed, had the wave
equation remained undriven or had the Lagrangian, £, of
the system (as will be discussed in Section IIT) remained
homogeneous in E? or H?, [13, 18]. This is, however,
not the case, since the port coupling and the beam cur-
rent that act to perturb the cavity, as a driven system,
have different functional forms that will not change lin-
early with the rest of the terms in £ as we tune ;. This
subtle point is of central importance for the variational
formulation developed in Sections IIT and IV.

The transmission line connected to the port is typi-
cally a waveguide operating above cutoff to facilitate rf
power transfer into the cavity. Inputted power, P, is
provided by an external source and is incident upon the
port along the +2 direction, whereas any emitted power
from the cavity, P,, flows in the n = —2 direction, as
shown in Fig 1. The fields propagating along the waveg-
uide are taken to be proportional to the guide’s dominant
eigenmode (e, h,), and we can express the incident fields
due to input power (denoted E+, HT) and the cavity’s
emitted fields (denoted E., H.) as

(Ee, He) = ac(ep, hyp), (9)
(EJra H+) = a+(ep> *hp)’ (10)
where at = |at|e®" and a. = |ac]e™ are complex

amplitudes. The propagating field functions (e, h,) are
real functions for the waveguide above cutoff.

Since an incident wave (E+, HT) will generally reflect
at the port, giving rise to (E—, H ™), a standing wave



will form inside the guide. For convenience we choose
the arbitrary port plane to be where the incident and re-
flected electric fields interfere destructively closest to the
cavity walls, giving a dip in the electric field’s standing
wave (see Fig 1). In practice, the typical port size is elec-
trically small and the incident wave undergoes almost a
total reflection, giving a point of minimum electric field
and maximum magnetic field (approximately £, — 0 and
H, — 2H™") close to the cavity’s wall (approximately
zp — 0). When the cavity is emitting a field (E., He),
we can now see that the total field observed at z = z,
will be simply written as (E., H, + 2H™).

B. Parameter definitions and connecting formulae

For the (e;, h;) mode at resonance, w = w;, the stand-
off between electric and magnetic fields within the ideal
cavity, as implied by Poynting’s theorem [14-16], will re-
sult in equal electric and magnetic stored energies, u;.
Let us denote the phases of the complex functions e; and
h; by ¢. and ¢y, respectively. As will be seen in the fol-
lowing sections, it will be convenient for our formulation
to take ¢ = 0 as a reference value, which immediately
implies that ¢. = 7/2. Since for an ideal cavity there
is no power flux out of the cavity’s surface, we must
have a vanishing integral fav da 1 - (e; x h;). Using
Divergence theorem, the vector identity V - (e; x h;) =
(Vxe;) h;—(Vxh;)-e; (6) and (7) we define u; for
the ideal cavity as

0= %/dVV(ei x h;) = % /dV(,uhf + e€?)
14 14

1 1
= §/dVﬂhf = —i/dVee? =u;, (11)
1% v

where dV denotes the element of volume and the notation
h? means h; - h; (this should not be confused with the
magnitude |h;|?, which carries no phases).

Any added dissipation due to imperfect walls in prac-
tice will change the cavity’s @) factor and perturb its res-
onant frequency, w # w;, as the observed fields (E, H)
and their stored energy U, deviate slightly from their
values for the ideal eigenmode (e;, h;) [13, 16]. With
the help of (6)—(8) and (11), the intrinsic quality factor
Q; = w;U;/P,,, where P, is the power lost to the walls,
may be written as (see Appendix A)

2 2
Qi & w; 1y th’LQ = —w; “Jv dVel2 = wiﬁ, (12)
£ [oy da hZ £ [oy da hZ Di

where we have defined the scaled quantities as

U; = |ai|2ui, P, = \ai\Qpi. (13)

In a similar fashion, as we equip the cavity with a port,
the external quality factor Q. = w;U;/P., where P, is the

power emitted from the cavity through the exiting field
(Ee, H.) defined in (9), is written as (see Appendix A)

—wie 218002 [ dVee?

ch =

a? [ da (e, x hy) -1

wie 218902 [ dV puh?
a? [,da (ep x hy) -7’

(14)
where the sign fp denotes integration over the cross sec-
tion of the port, A¢ = ¢y — ¢em and the phase of H is
denoted ¢, which is equal to ¢n, + ¢n = ¢, since we
have set ¢, = 0 as a reference. For an electrically small
port with a port plane that is close enough to the cav-
ity’s walls (z, — 0), one can approximate the phase gem
of the emitted field as ¢em — @0, Ap — 0. Indeed, this
is expected, since the magnetic field H inside the cavity,
with phase equal to ¢,,, will act to impress an equiva-
lent current moment across the port, which will drive the
emitted fields through the guide with phase ¢eom — Pq,-
Equation (14) is now reduced to

wie [, dVph;
agfpda (ep x hp) -1

—wiof [, dVee?
a? fpda (ep X hy) -1’
(15)
The coupling coefficient, 8., and total quality factor,
Q:, are defined and related to @; and Q. by

Qe:

_ Q1 _ 1 1
= @ o T o

1+ 6
Be

Qe = Qt (16)

The power inputted through the port, P, is given by
(see Appendix A)

+202 s
Coipt 0705 Wil

ai Q'

1
Pu=—3 /daE+xH+*-ﬁ =e (17)

p

From the above definitions, one can also extract the
following relations, which will be needed in Section III,

+ Pn e P)in e
la™] _ inQe _ € Q_ (18)
lac|  Jou| V. wiw; a Vo wiug
/dVEe xH" .n= —a+ae/da e, xh, - N
p P
_ _2a+a§wiui _ 9aeit Pinwz‘uz'7 (19)
aeQe Qe
g/da h2 = %u/dwﬁ, (20)
oV ’ Vv
1 2 2 7 Uqg
i/daEexHe h = %/daepxhp h= 0‘15 Y (21)
p P



IIT. A VARIATIONAL FORMULATION FOR
THE BEAM-LOADED CAVITY

A. Method’s outline

For the cavity setup described in the preceding sec-
tion, we now proceed to write a suitable Lagrangian, L,
that will capture the system dynamics [9, 19]. We fol-
low an approach similar to Schwinger’s [13] in deriving a
variational formulation for a set of time-harmonic fields
which must meet Maxwell’s equations and the bound-
ary conditions in hand. For time-harmonic fields with
an action integral I= fttf Ldt and a system Lagrangian

L= fV dvf/(x, y,z, E, H), where L is the Lagrangian den-
sity, we can see that the action’s stationary property for
a field variation such as dFE or §H will lead to the sta-
tionarity of the Lagrangian; 6£ = 0 [13]. For the prob-
lem in hand, one would expected £ to generally include
terms related to energy density contributions from the
field’s stored energy, wall losses, beam—field interaction
and power flow through the port. Once suitably con-
structed, L£’s stationarity will then automatically settle
on the correct solutions that meet the system’s equa-
tions of motions, which are, for an electromagnetic field,
identically equal to Maxwell equations and the imposed
boundary conditions [13, 19].

Since the E and H fields are linked by any of Maxwell’s
curl equations, we may also construct £ to be solved si-
multaneously with one of those curl equations, effectively
rendering the Lagrangian variation a function of one field
variation only (either §E or §H ) [13]. This approach is
useful for practical situations, such as the cavity problem
under consideration, since the ideal boundary condition
at the surface V is a Dirichlet condition [20] that may
be written as n X E = 0 or n x H = 0, forcing a surface
integral of the type fav da 6H - n x E to vanish auto-
matically whenever it appears following the variation of
L [13]. In our cavity, where the walls are highly conduc-
tive, it is convenient to work in terms of the magnetic
field H as the basic variable in £, while the electric field
is written in terms of H via Maxwell’s curl equation,

E-(VxH-J. (22)

we

The stationarity of £ in the absence of the port,
beam and other losses (undriven) would naturally lead to
the wave equation which the eigenmodes (e;, h;) satisfy.
Adding the effect of the wall losses will then perturb the
fields by effectively allowing them to expand in volume
into the skin depth layer of the walls. Under such pertur-
bation, the frequency and @ factor are slightly reduced
due to the skin depth effect, while the magnetic field (or
surface current) tangent to the walls is approximately
unchanged [15, 16], which is equivalent to the variational
condition 1 x { H=0 on 9V, [13]. Indeed, adding the wall
losses to the undriven Lagrangian formulation then forc-
ing the Lagrangian to be stationary will be seen to lead

to the expected shift in frequency and @ as predicted by
classical treatments, e.g. [16]. Adding the beam current
density and the port will further equip the Lagrangian
(driven) to include the necessary nonlinear interaction
between the fields and the beam, and allow the calcula-
tions to be written in terms of the port’s input reflection
coefficient. The latter is useful to monitor the shift in
frequency and incurred impedance mismatch due to the
beam loading, at the stationary point of the Lagrangian.
As discussed in Subsection IT A for the adopted single-
mode analysis, the field variation § H, and therefore the
perturbed complex amplitude «;, will hold the informa-
tion we seek concerning the effect of beam loading on
the rf cavity’s field, when it is at a stationary point (lo-
cal minimum) of the Lagrangian in the neighborhood of
the eigenmode (e;, h;). In the presented formulation, we
have the advantage of working directly in terms of mea-
surable parameters, such as the input power Py, coupling
coefficient B, and frequency shift Aw.

B. Cavity Lagrangian formulation

In conjunction with (22), we choose the following La-
grangian construction for the cavity setup under consid-
eration (see Fig 1)

ﬁz%/dV(eE2+ﬂH2)+2L/da (B x H.) -7
w

\%4 p

1+14 2
+ :Zf/da H2+f/da (Ee x HY) - 7.(23)
2% p

2

Note that in this formulation of the Lagrangian, the
term eE? appears added to the term pH?, in contrast
to the typical form of the Lagrangian that has the stored
electrical energy subtracted from the stored magnetic en-
ergy. The apparent change of sign in the current formu-
lation is due to the fact that F and H are time-harmonic
phasors and that here E? denotes E-E (not E-E*, which
carries no phase), with a similar meaning for H?, as men-
tioned in Section II B. This Lagrangian form, which uses
the fields themselves rather than the corresponding po-
tential functions, was first adopted by Schwinger [13] to
allow one to write a Lagrangian for a dissipative sys-
tem. Indeed, a quick consistency test using an arbitrary
variation H can reveal (see Appendix B) that we are
able to automatically recover, from the stationarity of
this £, Maxwell’s equation for V X E as well as the
correct boundary conditions on the walls, (4), and on
the port’s plane, where the tangential components must
match those propagating through the guide (E|p = E.,
H|p =H.+2H").

Another consistency test (see Appendix C) can be done
using the undriven £ while writing H according to the
perturbative approximation given in (8), namely H &
azh;, and taking into account the cavity’s wall losses.
This immediately shows that the real frequency shift (call



it Aw; = w; —w;) due to the finite-conductivity of the
cavity walls is in agreement with estimates from classical
treatments (e.g. [16]), and is given by

wi w1
<wi - w) =To @)

This can be simplified for high-Q; cavities as

1 wh o w; 2Aw;
=) x> v 25
Qi (wi w§> wp #5)
1
Sw =w|1- , 26
wj w( 2@_) (26)

which shows, as expected [16], that the resonant fre-
quency correction for the eigenmode is small for high-Q)
cavities.

It will be convenient to generally introduce a parame-

ter, d,,, defined as
w W
bw=——"2), 2
(2-2) (21)

to represent the relative shift in a frequency w compared
to the resonant frequency w;. In the above case, for the
undriven cavity with finite-conductivity walls, it is easy
too see that d,, will be equal to —1/Q;.

J

/dV (eE* + uH2)+—§/d H” +

/ av—s-
B

whose stationarity in a; requires

aleh —

2ew?

6L = 0= 2ic;p; [~ Qi0 — (1 4+14) — i3] — % /dVei T — 4t

leading us to the dynamical law of a; that we seek

2T PB it g fydVei T
’ (1"_50) _z(1+5in)

The important result given by (31) can be recast, for a
high-@; cavity, in terms of the primed frequency regime
and @ by making use of (26), (28) and (16), to yield

ipt w;
o\ 2e'*" \ /P Be/pi + Q%,igfvdVei-J
' (1+ Be)[L — 6,,Q4]

Let us define the port’s steady-state reflection coeffi-

(31)

(32)

/daEXH n—i——/da

/dVJQ—i%/dVei-J+af
|4

The inclusion of the beam and the port terms in (23)
will further shift the frequency beyond the shift measured
due to the finite conductivity of the cavity walls. There-
fore, we can choose our frequency reference in practice
to be that of the cavity with realistic finite-conductivity
walls, wj, as given by (26). Using primes in the nota-
tion, we can extend this to the general definition of 4,
as well. In this “primed” regime, all frequency shifts
are measured relative to the undriven cavity with finite-
conductivity walls. It is easy to show that ¢/, in this
regime is given by

1 ! 2AW'
5;:&,—&—6, 5‘;5(&},_%)2 ww, (28)

We now substitute the perturbative modal represen-
tation (6)—(8) and the parameter definitions derived in
Section II to obtain the inhomogeneous L for the driven
cavity, including the field-beam interaction, whose sta-
tionarity will lead to the correct dynamical law of «;.
Starting with (23), then substituting from (11) and (18)-
(21), and using (22) to work in terms of the main variable
H, one can see (after some manipulation) that

. xHT) - n

/quh2 1—|—z a wi /dVMhQ wLoz U; —i@eiw Phwu;
2w Qe w Qe
1+ 12 4041 i +
050, i g — A% BT 29)

PipiBe, (30)

(

cient at the port’s plane by

E. E +E. ae —at
T = = =~
Einc. E+ CL+
P
_ e | _ -iet,, [Pife
= l=e P —1. (33)

A quick consistency test of the «; law in (32) may now
be executed by considering an unloaded cavity (J=0),



which would lead to a reflection coefficient given by

_ -t piﬂci _ 2\/Pinﬁc/pi \/piﬂc
B A T (W [N !
_ (Bc - 1) + Zé{th(l + ﬁc) - _ (1 B 50) - Zé{qu (34)
(1 +Be) —i6,Qe(1 + Be) (14 8c) —1i0,Q;

Setting (34) equal to zero (critical matching) will, in-
deed, lead to the expected values of 5. = 1 and §/, =
2AW Jw) = —1/Q; for the unloaded cavity.

We now proceed to calculate the integral term,
Jiy,dVe; - J, in (31) and (32). A current density J that
represents a travelling charge density is generally related
to the charge density p and the relative velocity vector,
B =wv/c, by J = pcB, where ¢ is the speed of light and v is
vector velocity. Describing a collection of charged parti-
cles as a point-charge sum (also known as a Klimontovich
sum [21]),

p= qu

oy —y;)o(z = 25),  (39)

where ¢; is the j-th particle charge in Coulomb and 4(-)
denotes Dirac’s delta function, leads to writing

= Cijﬂj

25)0(y — ¥;)0(z = 25)- (36)

For the current harmonic-field treatment, it can be
shown through Fourier analysis that the harmonic cur-
rent component J, at the same frequency w as the (E, H)
fields, is related to the time-domain representation J by

T

J:J(w):%/dtjei“t

0

qu/dtﬁj x—2;)6(y—y;)0(2—2;)e™", (37)

where T' = 27 /w is the field’s period.

In anticipation of the typical application of this anal-
ysis to axisymmetric structures, such as reentrant cavity
gaps and beam tubes, it is convenient and customary
to work in terms of the axial dimension z as the inde-
pendent variable (instead of ¢). From the properties of
Dirac’s delta function for the j-th particle’s axial dis-
placement, and since |v, ;| = v, ; here, we notice that
5(2’ — Zj) = 5(’027]‘At]‘) = ié(At]) = ﬁé(t — tj).
Equation (37) can now be rewritten as

Tqu dt Bﬁzﬂjé(xxj)a(yyj)a(t tj)et!,

(38)
where 3, is the z-component of the vector 3.

We can now utilize (38) in the integral fv dVe;-J, and
drop the mode subscript i in e; for simplicity, to write

/dVe-J:

v

T
%qu / / dtdV e - ﬁﬁ:ja(xxj)(s(yyj)a(ttj)em

qu/dz e B'Bj eti (39)
2,

where z;, z¢ are the particle’s initial and final axial po-
sitions in the interaction zone. The electric field e; =
e;(xj,y;,t;) in (39) is now evaluated at the transverse
position (z;,y;) and time ¢; which the j-th particle will
have when it reaches the distance z down the axis. As
the j-th particle follows its own trajectory (which will be
later described by the equations of motion), the time ¢,
will play a key role in describing the phase of the rf field
that will be encountered by the particle upon its entry to
the zone of interaction with the field (the cavity’s gap).
This phase can be described in terms of the time variable
t; or, as will be seen in the next section, in terms of an
rf field phase variable, ¢;, seen by the particle.

The equation of motion for the j-th particle due to the
experienced electric Lorentz force gives

d,‘Yj Cc —iwt;
E = WRG (Eje ]) 3 (40)

where e. is the electron charge, m is the electron rest
mass and v is Lorentz’s relativistic factor. The quan-
tity mc? /e, is denoted Vp, which is approximately 0.511
MYV. Let us now introduce a convenient complex func-
tion, 7§ = ~; + 77;, whose real part is the usual Lorentz
relativistic factor and imaginary part is yet undeter-
mined. Using (40) and the fact that Re (Ee ™*) =

Re (E*e™™*), we may now write an extended version of
(40) as

dry§ c ; c
J * ﬁ wt *
— = —FE7. (& = =«
J J ‘70 %

* wt;
o 0 ej - Bje, (41)

which implies that

%7f0£6.. B iwt;
dZ V() J ,627]'

e

Using (42) in (39) gives the useful relation

zf
__ 2o g, dvj
/dVe J = Tal-e zj:qj e dz

14 Zi

2V0 i,
= T, O EJ:%A%% (43)
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FIG. 2. A simplified drawing of the geometry of a klystron
input cavity. The typical reentrant cavity shape forms a gap
(ungridded) where the electric field interacts with the beam.
The electron gun is represented as a conceptual block.

which is substituted back into a;’s law, (32), to yield

bt
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(1+ B[ — Z%Qt)

Equation (44) constitutes the sought dynamical law
governing «;, now written in terms of the particles’ ~;
functions, alongside the other system parameters, and in
a form that is ready for computation. In words, (44) gives
the steady-state’s complex amplitude «; corresponding
to a given cavity—beam setup that has a frequency shift
parameter 0, and coupling coefficient value g.. Up to
this point the discussion has been general and the de-
veloped theory is applicable to an arbitrary cavity. The
calculation of the sum involving A~ in (44) may be fur-
ther simplified for computation by considering a specific
configuration, as will be discussed in the next section.

(44)

IV. APPLICATION OF THE THEORY TO A
KLYSTRON INPUT CAVITY

A. Cavity parameters X,Y for the characterization
of beam-loading effects

We apply the theory developed in the preceding sec-
tions to an important class of systems that is exemplified
by a klystron input cavity. In such a system, the cavity
will typically have an azimuthally-symmetric reentrant
shape, with axis z that aligns with the beam pipe, as
illustrated in Fig 2. The gap approximately defines the
zone where the cavity’s rf field and the beam will inter-
act. Away from the interaction zone, the beam pipe’s
elongations and small apertures at the start and end sec-
tions of the pipe (typically leading to other drift tubes or

adjacent cavities) will not have any significant coupling
effect on the cavity’s fields, since it is assumed that any
evanescent rf fields would have died off away from the
gap. As such, the cavity—beam interaction may still be
modelled by the single-port cavity theory developed in
Section III. Given a dc beam voltage V;, the electrons
exiting the electron gun will have an initial vy value of
Yo = 1+ V,/Vh, [22]. Moreover, since we have the free-
dom to normalize u;, let us normalize it such that the
post-normalization value of p; is equal to the beam’s dc
power; namely, p, = VpIp, = p; = w;u;/Q;, where I is
the beam current. Under such conditions, |a;| can be
treated as a small parameter from the beam’s perspec-
tive, and the field interaction with the travelling particle
is viewed as a perturbation problem in which the field’s
nonzero magnitude |o;| tends to perturb the trajectory
of the particle (compared to its unperturbed trajectory
when the rf fields are absent). This will be convenient in
the following perturbation calculations.

Substituting the normalized values of u; and (y0—1) =
Vp/Vy into (44) gives

2ei¢+ -Pinﬁc/pb
(677 =

Zq] '7]

m
0+ Bl — ,Q0) - (45)

Replacing the cumbersome Klimontovich sum of point-
like particles by an approximate macro-particle distri-
bution (over sufficiently small bins in phase space) will
simplify the calculation. To this end, the charges g;
can be represented as q; = qrW;, where g = I,T
is the total charge crossing in the time period T and
W; = W;(rj(2),t;(2); 2) is a spatial weighing function
that determines the equivalent charge representation for
the j-th macro-particle. Note that the index j is now
used to refer to the macro-particles and not the original
point-like particles. Equation (45) can now be written in
terms of W; as

269" \/ P Be/ Db —
o =

S WA

*(’YD 1) w

(14 Be)[1 —16,Q:)

For the azimuthally-symmetric case in hand, the natu-
ral division for the macro-particles will be radially (over
r) and longitudinally (over ¢ or temporal phase). For n
radial bins of equal charge, which we shall call “beam-
lets”, and assuming that the initial charge density is
uniform in the beam pipe, every beamlet will be lo-
cated within a radial slice from radius a; to radius a;1,
with y = 0,1,--- ,n, ap = 0 and a,, = 71, where 7} is
the beam radius. To get the same charge per beamlet,
one must choose the beamlet radii such that they give
the same volume; a3,, —aj = ry/n. This gives the

solution a; = ryy/j/n. The midpoint radius of each
beamlet is chosen to be the center-of-mass of charge
density distribution between a; and a;4;, which gives

a?_H — 7"]2» = 7“]2- — a?. This leads to the beamlet radii

(46)

2 +1
on '

Tj=Tp (j=0,1,---,n—1). (47)



Since the charge is distributed over all times (phases)
within a period T = 27 /w, a longitudinal division into
m time bins (¢, = kAt = kT/m) or m phase bins
(¢ = k27m/m) is considered, where k is a running in-
dex, k = 0,1,--- ,m. The macro-charge summing term
>_; WjA~§ in (46) may now be written as an averaging
process, denoted (Av°); ., over the beamlets and phases,
with the understanding that the index j now runs over
the beamlet radii of the macro-particles, while the index
k runs over their phase bins;

> WiAyi=—
J

m—1n—1

ZZA7 (rj; dr) = (AY) 5k (48)

=0 i=o

Under this representation, (46) is written as

T 2 (A
(14 Be)[1 —1id,Q1) ’
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(673 =

(49)

where the term (A~v°); ), may now be computed from
Hamilton’s equations of motion.

Looking back at the expression for dvy¢/dz for the
macro-particle’s j-th beamlet and k-th phase in light of
(42), we see that it is given explicitly by

dv; v |
J,k i
Ik ) -
dz V() 6(7"], k)

ﬂ(’rj) tk}) ei(wt+¢k)e—i¢ai ) (50)
B(rj tr)

where t, =t + ¢ /w. Recall that u; was normalized in
a way that makes |a;| a small perturbation parameter,
describing how the rf field would disturb the particle tra-
jectory as it travels through the gap. Using perturbation
theory to characterize the behavior of v¢, we expand the
phase variables r(z), t(z) and the functions ~., 3, which
appear in (50), as power series in the small parameter
|a;]. If we momentarily drop the subscripts i, j, k, for
clarity during this calculation, we can write the expan-
sions up to second order in || as

7 =96+ lalyf + lal*y5 + O(lal), (51)
B = Po+lalpi + |al*B2 + O(laf?), (52)
=10+ lalrL + |af*ry + O(laf?), (53)
t=to+lalty +|af*t2 + O(lal*), (54)

where the first terms represent the unperturbed problem
when «; = 0 (no rf fields). Substituting the expansions
into (50) and equating terms of similar powers on both
sides, while using the initial codition v§ = 7o and the
notation Ay¢ = ¢ — vy, it can be shown that

Y = Y0, (55)
di 1 B(roto) itwtsen) —is

- _ t etlw K)o~ iPa (56

gz = %) G ) e, (56)
dAvf 1 6(T0a 0) (Wit r) ,—id

— ——e(ro,t i@itdr) g=ida (57

dz ‘/06(7‘07 0) ﬁz(r07t0) ( )

AY© = [a|Avf + [af?Avs + O(laf?), (58)

where g, tg, By represent the trajectories of the unper-
turbed problem. Consequently, the average of (57) over
the phases ¢ of the field will vanish, implying that only
the second order and higher terms will contribute to the
average of A~v°. Restoring the subscript notation i, j, k,
this observation may be now written as

(AY )k,

giving the dynamic law of «; in (49), up to second order
in |o;|?, as

= il (A95) + O(las ), (59)

it c
26 /P[Py — griemry o leal*(A95)

(14 B8.)[1 —id! Qt)
2€i¢+ mﬁc/pb ’YO 1) w‘ <A7§>

- Tt i)

Solving (60) for «; and writing (A~S) /(v0—1) explicitly
as a complex quantity,

=X —iY, (61)

gives us the final result

26i¢+ in/Bc/pb
(14 Be)(1 = 8,Q¢) + (X — 1Y)

The significance of the result in (62) stems from the
fact that the two paramaters X and Y are independent
from |co;| and only dependent on the rf field distribu-
tion (cavity shape) and the beam’s initial conditions (o).
The parameters X and Y can thus concisely characterize
any cavity setup and how it would detune under beam-
loading.

Equation (62) gives the value of «; corresponding to
a given cavity—beam system that is running with a fre-
quency shift parameter J,, and a coupling coefficient value
Be. We can now use this result to suggest a way to pre-
tune (pre-compensate) the cavity in a preemptive man-
ner before loading it with the beam, so that it is tuned
back to the nominal (w}) resonant frequency and critical
coupling when the beam is turned on. Specifically, the
reflection coefficient I' corresponding to the complex am-
plitude given in (62) can be calculated by substituting
(62) into (33), which yields (after some manipulation)

(1- 8+ 2%) —i(0,Qi+27)
I'=— — — (63)
(1 + B+ %X) "y (%Qi + %Y)

(62)

a; =

Requiring T' to vanish will immediately lead to ¢/, and
B values given by

&

Be= X, (64)

+

€ |

€&
t‘<\
>
&

5,Qi = —



Using (28) to deduce that w}/w = (1 —4/,/2) and sub-
stituting in (64) and (65) finally gives, up to second order
in 1/Q;,

Yy V2

5;g—a—ﬁ, (66)
N Y Y2\ =
ﬂCH(HZC)ﬁ%)?)X' (67)

To the lowest order (assuming high-@Q cavities) and
using practical terminology by calling w, = weoa and
W = Whot, the final result takes the simple form

Y Y
- = ot = Weo 1- ) 68

o = e oo (1-55) . (69

Be=1+X. (69)

6/

IR

Equations (68) and (69) are useful for prescribing the
frequency shift and coupling coefficient values that would
give optimal efficiency (no reflection) in practice, for a
given pair of cavity’s characterizing parameters, X and
Y. A pretuning procedure that maximizes gain based on
these results will be discussed in Subsection IV B.

Calculating X and Y for a given system is done using
(61) and (59), which imply that

[ B [ A

where (A~€) is computed, for a given system, by solv-
ing the equations of motion. This will be demonstrated
numerically in Subsection IV C and Section V. This high-
lights that the physical processes underlying the detun-
ing of beam-loaded cavities are essentially dynamic and
nonlinear. The current formulation also enables us to
calculate (A~¢) under certain conditions without hav-
ing to solve the equations of motion explicitly, by utiliz-
ing canonical transformations and infinitesimal generat-
ing functions (e.g. Lie transformations) which can calcu-
late the value of (A~v°¢) analytically (e.g [7, 8, 11, 12]). As
such, the variational formulation allows us to potentially
leverage the powerful tools of Hamiltonian dynamics to
efficiently solve beam-loading problems. This will be the
subject of a subsequent article by the authors.

We note that the detuning parameters X, Y introduced
in this theory, although computed differently, can be
modelled as the conventional normalized beam-loading
conductance Gp/G and susceptance Bg /G, respectively.
Indeed, in light of equations (1), (2), (68) and (69), and
given that under beam-loaded critical coupling we must
have Qe = Qihot = Qicold/(1 + Gp/G), a simple alge-
braic manipulation can show that

Y = By /G, (71)
X =Gp/G, (72)

AQ X
Qi,cold N 1+ X ' (73)
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One can also calculate the equivalent beam quality fac-

tor Qbeamv defined by 1/Qi,hot = 1/Qi,cold+1/Qbeam; [2]
Then it is easy to deduce that

Qbeam = Q§ld . (74)

Equations (71) and (72) show that the parameters
X, Y are directly equivalent to a circuit model of a nor-
malized admittance that shunts the cavity to represent
the beam-loading effect, as would be expected. The way
these parameters are calculated in the present theory
[namely, (62) and (70)], however, is different from how
they are calculated in previous theories, e.g. [6].

B. Maximizing gain under beam loading via cavity
pretuning and shape optimization

For a given beam-loaded cavity (described by X and
Y), the law in (62) is a statement about the complex
amplitude «; that the driven cavity field will settle upon
in the steady state whilst operating at a given shifted
frequency (described by §/)) and a given coupling coeffi-
cient (described by fS.). If the cavity is unloaded, then
X =Y = 0 and (63) would imply that optimal oper-
ation happens when 5. = 1 and 0/, = 0 = w = w;
(same frequency as the cavity’s original resonant fre-
quency with wall losses included, as expected). If the
cavity is loaded, then generally X, Y are nonzero and (63)
will imply that optimal operation happens at a lower fre-
quency, 8/, & —Y /Q; = w = w![1—Y /(2Q;)], and higher
coupling value, 3. = 1 + X, as given by (68) and (69).

Consequently, if we pretune the cavity to a frequency
that is upshifted to w[1 + Y /(2Q;)] and to an overcou-
pled port with 8, = 1+ X, we effectively allow beam-
tuning to happen in a predetermined way, shifting the
frequency down to its original design value w} while guar-
anteeing that it will be simultaneously matched for maxi-
mum power gain. Assuming that the frequency detuning
is relatively small, the up or down shifting will result
in the same dynamical behavior around the stationary
point (sweet spot) of «;, and hence one pretuning step
may be sufficient (in contrast to iterative tuning steps).
These theoretical predictions confirm the empirical obser-
vations known in the practice of cavity detuning under
beam-loading conditions. In addition to predicting the
required values for frequency upshifting and port over-
coupling for a given cavity, the present theory can further
inform the designer by having the following corollaries:

(1) A high-Q beam-loaded cavity will have mazimum
gain in the average Lorentz boost (A~) when its
pretuning is done to meet the detuning conditions

8 =-Y/Q; and B, =1+ X.

Indeed, this can be proved by noticing from (59)
and (70) that for high-Q cavities we can simply



FIG. 3. The maximum detuning gain, Cimax, as a function of
beam-loaded cavity parameters X and Y.

write

4]3inﬂc(')/() - 1)X
po [(1+ e+ X)2 + (6,Q: +Y)?]

(Ay) = (75)

For any given set of X,Y parameters, considering
(A~) as a function of ¢/, and 8. and requiring that
both 9(A~v)/04!, and O(A~)/Ip. vanish, confirms
that (0/,,8.) = (=Y /Q;,1 + X) represents a crit-
ical point of the function (A~). Calculating the
terms of the Hessian matrix for second-order par-
tial derivatives of (A~) in 4§/, and fB., as well as its
determinant, D, at that critical point for (9/,, 5.)

shows that
9 (Ay) *(Av) P(Ay)
oz <% “gpe <% amope =" 19
_ P(Aq) *(Ay) 9% (Ay)
D=3 "oz o505 " (T

which confirms that (A~) has maximum gain at
the critical point. Substituting these values into
(75) gives the maximum (A~) that can be offered
by pretuning, as

-Pin(’YO - 1) X

AY)max = =. 78
(A) e (78)

If we do not take detuning into account, the value

taken by (A~) is obtained by substituting J,, = 0
and S, = 1 in (75). When compared to (A7) max,
this will give a reduction ratio R as

1 —R— (AY)none _ 4(1 +X)
Gmax <A7>max (2 + X>2 + Y2’

where G ax 1s introduced to denote the maximum
additional gain that our pretuning can achieve in a

(79)
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given system with X,Y parameters. Requiring R
to be > 1 leads to 0 > X2 +Y?2, which is impossible
to satisfy since X,Y are real parameters. There-
fore, we always have R < 1 for any choice of cavity
(any X , Y parameters), as expected in practice.

(2) For a given system (known X and Y ), it follows
that the mazimum gain obtained in (Avy) by using
the correct pretuning in frequency and couling coef-
ficient is given by

2+ X)?+Yv?

41+ X) (80)

gmax =

Maximizing Gnax can therefore be considered as
a design goal during cavity shape optimization,
where X and Y are adjusted as design parameters.
Fig 3 shows a plot for Gpax versus X and Y, high-
lighting the nonlinear behavior. In Section V four
numerical examples are presented, demonstrating
how cavities of different shapes and beam-loading
conditions can vary considerably in how much they
boost Gax upon detuning.

(3) The gain in (80) has a critical point at X =
—1 4+ V1 + Y2 that should be avoided if encoun-
tered during cavity shape design, as it represents a
minimal value for G ax.

(4) If we only pretune the system in the coupling coef-
ficient we will achieve a suboptimal gain given by

1 1 _ S
gc=§+§\/1+[Y/(1+X)] : (81)
This can be readily derived by putting ¢/, = 0 and
finding the maximum of (75) in terms of S..

C. Calculation of (Av°) through the Hamiltonian
and the equations of motion

The discussion in Section IV A has indicated, us-
ing perturbation theory for a Klystron input cavity
with an initially-uniform beam distribution, that (A~¢)
can be approximated by its second-order term average,
(A9 ~ |ai*(A%5), which then allows us to com-
pute the correct detuning parameters (X and Y') for the
beam-loaded cavity. In this section, we calculate (A~°)
by solving the equations of motion for v¢ and averag-
ing its value over a finite (and relatively small) num-
ber of macroparticle beamlets and phase bins, as dis-
cussed in Section IVA. We start by deriving the La-
grangian, £, and Hamiltonian, §), functions for the field
and particle—field interaction, while taking z as the in-
dependent variable and working in cylindrical spacial
coordinates (7,0, z). Taking a Minkowski space with a
metric signature (4, —, —, —), a four-vector for position
dxt = (edt,dr,rdf,dz) and a four-vector for potential
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TABLE I. Scaling of different quantities in the action integral. The first row lists the quantities being scaled. The second row
shows the corresponding measuring units needed to effect the scaling. Subscripts i here indicate any of the components 7,0, 2.

distance v, (i 7« r A [} FE;

B; Energy P:* P; p.®  pe po £ 1

mc mc? mc?

ec ec ecA

f
X

Qx|+
o] o+.

A c 1 1

ecApo

mc 2 mc 2

e mc me X me  mec®  meA me  meA
c

a P denotes mechanical momenta. Note that before scaling: p, = Pr + e Ar, pt =
b p; denotes canonical momenta. Note that after scaling: p,. = P, + A, pr =

AP = (D/c, Ay, Ap, A.), where @ is the scalar potential
and A is the vector potential, we can write the action in
terms of the integral of relativistic invariants as

final final zf
I=— / me ds — / e Aydat = /dz £, (82)
initial initial Z;

where ds = /dx,dxt = Ve2dit2 — dr2 — r2d62 — dz2 and
the integration domain is from an initial phase space state
to a final one.

V(eiy? =2 — ()2
where here the dot denotes the total derivative in z
(e.g. 7 = dr/dz). If we isolate dt, we arrive at the re-
lation ds = cdt\/1— 32 — 32 — 2 = cdt/y. Equating
these two expressions for ds, we obtain the useful rela-
tion

Isolating dz leads to ds = dz

1 \/ ct)? — (rf)2 — (83)

Similarly, the term A,dz* = ®dt — A,dr — rAydf —
A.dz can be reduced by isolating dz to obtain A,dx* =
dz(®t — A7 — Agrf — A,). Equation (82) thus becomes

Zf

I= —mc/dz [\/(ct.)2 — 72— (rf)? —

Zi

ecc (@i — A — Agrf — Az)] . (84)

We scale the different quantities in (84) to simplify
practical computation, by measuring them using Table I.
The footnotes of Table I also include connecting formulae,
before and after scaling, for mechanical and canonical
momenta that will be shortly discussed. Denoting scaled
quantities with an over-bar, (84) now becomes

Zf

I= —mc/)\di {\/152 — 72— (FGT)Q -

Zi

+ (&»Z — A7 — Ay — Az)] . (85)
The scaled Lagrangian £ can thus be deduced as
£ = 8(r0,i,r, é i 2)

— —\/t2—7‘2

— 1= ®i+ A7+ Agih + A, (86)

—Energy —ec®, and pg/r = Py + ecAg.

—Energy — ®, and Po/r = Po + Ap.

Using £ we can now define canonical momenta. To
avoid confusion with symbols p and P for power, in the
following equations we use the symbols P for mechanical
momenta and p for canonical momenta. The canonical
momenta are

_ 08 2 _
Pr = ﬁ = = = = + Ar7 (87)
\/t2 2 (7:0)2 _
9L —t _
pr=—== = — = - (1)7 (88)
875 \/t2 _ ,,;2 _ <F€>2 _
08 70

= |3

= = = — — +A97 (89)
00 \/t'Q — 72— (7)2 — 1

Note that, after scaling, relation (83) becomes

\\Hw

\/t2 — 72— r@ (90)

which can be combined with (87)—(89) to give the fol-
lowing useful relation, relating the generalized velocities

(?,f,?é), the potential fields, 4 and canonical momenta
(p_ra Po, F;t) as

tT Y - 77
5= \/t2—r2—(r9)2—1
= ! -(91)
V (Pt + @)2—(pr — A,)2—(po /T — Ag)>—1

Considering our phase-space canonical variables to be
C_I = (,Fa éaﬂ7ﬁ = (F;Taljevﬁt) We may now use Legendre
transformation [8, 9], = >, ¢;p; — £, to find the Hamil-
tonian as

5= —\/(p1 + )2—(p, — A,)2—(po/7 — Ag)*—1 - A..

(92)

One of the benefits of the Hamiltonian formalism is its
ability to easily reveal symmetries and conserved quan-
tities in the dynamical system, allowing us to identify
cyclic (ignorable) variables and to exploit this knowledge
to reduce the computational burden as much as possible
[7,9]. Indeed, for the problem in hand we take advantage
of the symmetry in 6 to reduce the number of the equa-
tions of motion to be solved from 6 to 4 or 5 equations, as
will be shown below. The conservation of the azimuthal
canonical momentum py underlies this fact (also known
as Busch’s theorem in [22]). Different field configurations



(terms) can be included into or removed from (92) in a
straightforward manner, before solving for the equations
of motion. For brevity, we demonstrate this through two
cases with different field configurations (ignoring space
charge effects).

In the first case (case I') no focusing magnetic field is
present (no confinement), where we take pg = 0,4y =
0,® = 0, with assumed initial conditions P,, = Py, =
0,v% = 14 V/Vy. In the second case (case II) a fi-
nite magnetic field is allowed (axial confinement), where
we take ® = 0 with the same initial conditions for the
first case. It is noted that the strength of B, in practi-
cal klystron applications is usually around 1.5 times Bril-
louin’s magnetic flux [1-3]. For case II, it is assumed that
B, is uniform in the radial direction. It is also assumed
to be zero (B,,Ag = 0) at the electron gun’s position,
after which it ramps up linearly in the axial direction to
reach its fixed amplitude after a distance z = [y from the
gun and stays uniform along the axis thereafter. In this
model, Iy is chosen to be (L — g)/6, where L is the beam
pipe length and g is the gap width (see Fig 2).

By substituting (92) into the canonical equations of
motion, §; = 9h/0p;, pi = —9h/dq;, where here i indi-
cates the components r, 0 or t, we arrive at the explicit
equations of motions for each case, which can be solved
numerically. After some algebraic manipulation, we can
cast the final equations of motion conveniently in terms
of v, P, Py, the fields E,., F., B, and the variables r,t, z
for practical computation, as given below. In addition
to the equations of motion, we also include the equation
for the imaginary quantity 4 defined in Subsection IV A,
since both v and ¥ are needed in (70) for the deduction of
X and Y. As expected, it is noted that in both cases, pg
is conserved (pg = 0). It is also noted that, since ® = 0,
we have ¥ = —p;.

For case I, we have the equations

) P,

e e (93)

e

Ve o
P, =i Re [E,(F,[,2)] —Re[By(F,1,2)]  (95)
? =7 Re [E,(F,1,2)] + Re [E.(F,1, 2) (96)
§ =7 Im [E,(7,1,2)] +Im [E.(7,F,2)]  (97)

and for case II, the more general of the two cases, we

N

FIG. 4. Geometry and dimensions of the x-band cavity ana-
lyzed in the first example. The figure shows the upper-half of
the cavity’s cross-section. Electric field streamlines are shown
in gray. Dimensions are in mm.

have
;e Pr (98)
Vi -P2-Pr-1
i— e (99)
VA2 -P2-P3 -1
= _ |59 [Bz(r, 2) + l?)r/r] (100)
Jir-PE-P—1
+i Re [E,(7,1,7)] — Re [By(7,1,2)]  (101)
SR N e
? =7 Re [E,(F,,2)] + Re [E.(7,1,2)]  (103)
5 =7 Im [E.(7,1,2)] +Im [E.(7,1,2)]  (104)

Note that the generalized velocity ] equation is given
by If’g/\/’_y2 — ISE — |53 — 1 and can be calculated from the

other quantities found in (98)—(103), but it does not enter
explicitly or independently into this simultaneous set of
equations for the motion. As expected, if the magnetic
focusing field is removed from case II, Py vanishes and the
equations degenerate to those of case I. This is because
in such scenario Ay would be zero everywhere, and since
po = const = 0 = 7(Py + Ap), with zero initial azimuthal

momentum assumed, then Py will remain zero.

V. NUMERICAL EXAMPLES

In this section we apply the theory developed in Sec-
tions III and IV to four cavity examples. The theory will
predict the beam-loading effects on frequency and cou-
pling coefficient, providing insight into how the detuning
can be compensated for and how cavity design can be
improved to boost gain in (A~v). The first example is
for an x-band cavity, while the second example uses a c-
band cavity that is similar to that used in previous stud-
ies [2—4] to allow for comparison of beam-loading trends.



TABLE II. Instances of beam-loading experienced by the c-
band cavity shown in Fig 5 under fixed perveance of 0.375
pPervs. The columns show the detuning predictions by the
presented theory as well as the frequency shift predictions
reported in [2]. The latter is shown in brackets.

Vi (kV) I, (A) B.(T) Af(MHz) B X Y
40 3 1.3 —0.46 (—0.2) 1.22 022 001
150 21.8 13 —041(-1.2) 1.15 0.15 0.81
250  46.9 13 —0.36 (—1.4) 1.09 0.09 0.72
350 776 26  —032(—1.2) 1.07 0.07 0.64
450  113.0 2.6  —0.29 (—1.2) 1.06 0.06 0.58

The third and fourth examples are a c-band cavities with
the same frequency and loading conditions as the second
example, but with different shapes to demonstrate how
shape can influence the X,Y parameters and the maxi-
mum gain achievable by pretuning. For demonstration,
we opt to calculate the first example according to the de-
veloped equations for case I (no magnetic confinement)
and the two other examples according to the equations
for case II (with finite magnetic confinement).

The first example comprises the cavity shown in Fig 4,
whose cold resonant frequency is 11.424 GHz. For copper
walls this cavity exhibits @; = 3778. The cavity has
the dimensions shown in the figure and is driven by a
beam with V;, = 60 kV and I, = 10 A. Calculating (A~°)
using the equations of motion (93)—(97), then using (70),
(68) and (69) to extract parameters gives us: X = 0.49,
Y = 1.40, a frequency shift of Af = —2.11 MHz and
new coupling coefficient value of 5. = 1.49 for critical
coupling.

If we pretune this cavity during design to operate at a
small upshift of 2.11 MHz and coupling coefficient of 1.49
(instead of 1), then it will be detuned back to the original
frequency when the beam is turned on, and it will then
be critically matched as well. With such pretuning we
will achieve a gain of Gyax = 1.37 (equivalent to 1.4 dB)
compared to the untuned case, according to (80).

For the second example we consider a cavity of a sim-
ilar shape, but tuned to the frequency 5.08764 GHz [di-
mensions are shown in Fig 5(a)]. This cavity structure,
which is almost identical to that studied in [2-4] except
for small fillet rounding around the gap corners, is cho-
sen to facilitate the comparison of beam-loading trends
as predicted by our theory and those studies. Using
copper walls for this example, the cold quality factor is
@; = 5017. We analyze this example using the equations
of case II, (98)—(104), to measure the effect of perveance,
beam voltage and beam current on beam loading, in a
manner similar to [2]. It was reported in [2] that chang-
ing the beam voltage and current separately, while having
the same perveance, will not affect beam-loading consid-
erably and the frequency shift will be negligible. If the
voltage is held fixed, however, then the frequency was
reported to decrease almost linearly with the perveance
(or current). These trends seem to agree with the re-
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FIG. 5. Geometries and dimensions of the c-band cavities an-
alyzed in the second (a), third (b) and fourth (¢) examples.
The figures show the upper-halves of the cavity cross-sections.
The cavity in (a) is similar to the one studied in [2-4]. Pro-
files of the “mushroom” and “inverted-mushroom” cavities in
(b) and (c) are drawn with piecewise-elliptic functions, with
guiding dimensions shown (to-scale). The cavity in (b) gives
highest maximum gain, Gmax, upon pretuning compared to
the one in (a) and (c). Electric field streamlines are shown in
gray. Dimensions are in mm.

sults from the current analysis, under similar conditions
of magnetic flux confinement. Table II shows the be-
haviour under fixed perveance, while Table III shows the
behavior under fixed voltage. Calculations from the pre-
sented theory and from [2] are compared in the two ta-
bles. It is noted that, whilst the two sets of results agree
on the trend of behavior, the presented theory seems to
predict a shift that is relatively less acute than that pre-



TABLE III. Detuning experienced at different instances of
beam-loading for the c-band cavity shown in Fig 5(a) and
under fixed beam voltage V;, = 240 kV. The rows show the
detuning predictions by the present theory as well as the fre-
quency shift predictions reported in [2] (within reading ac-
curacy of curves given in [2]). The last column gives the
approximately linear trends of detuning for the present the-
ory compared to the PIC simulations in [2] and the L-5782
weather radar klystron cited in [2].

I, (A) 118.0 164.5 187.5 211.4 235.2 slope
Af: MHz MHz MHz MHz MHz |MHz/uPervs
(1) This Theory —1.0 —1.4 —1.6 —1.8 —2.0| circa —1
(2) L-5782 rdr [2] - circa —2

(3) PIC sim. [2] —3.4 —50 —6.4 —7.2 —8.2|circa —4.9
This Theory, 8. 1.24 1.36 1.38 1.43 1.48
This Theory, X 0.24 0.36 0.38 0.43 0.48
This Theory, Y  1.95 2.72 3.10 3.50 3.90

-0.8

-1.0°

-1.2¢

-14f

-1.61

Af (MHz)

-1.81

-2.0¢

-22

120 140 160 180 200 220
Ip (A)

FIG. 6. Frequency shift experienced by the c-band cavity
shown in Fig 5(a) under fixed beam voltage V;, = 240 kV and
varying perveance (current), as predicted by the presented
theory, with sample current values chosen to match those pre-
sented by [2]. The almost linear trend is in agreement with
general trend reported in [2], but with a lower slope. See Ta-
ble III and text for details.

dicted by [2].

Fig 6 shows the approximately linear behaviour of
Af with beam current, at a fixed voltage of 240 kV
and 1.3 Tesla confinement. Our theory predicts a trend
where frequency is shifted by approximately —1 MHz per
pPerv. This should be compared by the prediction of
—4.9 MHz/pPerv in the PIC simulations reported in [2]
and with the estimation rate of —2 MHz/uPerv given for
the L-5782 weather radar klystron, cited in [2].

Let us consider this cavity at the loading point of
Vp = 240 kV I, = 235.2 A (see Table III), and pretune
it to operate at a small upshift of 2.0 MHz and coupling
coefficient of 1.48, then it will be detuned back to the
original frequency when the beam is turned on, and it
will then be critically matched as well. With such pre-
tuning we will achieve a gain of G.x = 3.61 (equivalent
to 5.6 dB) compared to the untuned case, according to
(80).
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Finally, consider the c-band structures shown in
Fig. 5(b) and 5(c), as two cavities that are designed to
operate at the same frequency as the second example
above (5.08764 GHz), but with a different, piecewise-
elliptical profile shapes. Analysing these two cavities
using the same equations, (98)—(104), and under same
beam-loading point (V3 = 240 kV I, = 235.2 A) taken
for the previous example, we obtain for the mushroom-
like cross-section [see Fig. 5(b)]: X = 0.75, Y = 6.26,
Af = —2.43 MHz and 8. = 1.75, for copper walls
with a cold @; of 6555. For the inverted-mushroom
profile [see Fig. 5(c)] we obtain: X = 0.61, ¥ = 5.09,
Af =—-2.01 MHz and 8. = 1.61, with a cold @; of 6456.
This results in the former having G,.x = 6.69 (equivalent
to 8.3 dB) and the latter having Gyax = 5.09 (equivalent
to 7.1 dB), according to (80). This indicates that the
mushroom-like cavity in Fig. 5(b) has the highest Guax
value of the three cavities in Fig. 5, giving almost twice
the gain-ceiling obtained by using Fig. 5(a); an advan-
tage for using the shape in Fig. 5(b) in practice. This
highlights how the X,Y parameters can inform shape
optimization to maximize Gy, during cavity design.

VI. CONCLUSIONS

A variational theory for beam-loaded cavities has been
presented, where the beam—field interaction is formulated
as a dynamical problem. The general theory, which is
applicable to an arbitrary cavity setup, is applied to the
important class of cylindrical structures exemplified by a
klystron input cavity, to extract the laws that govern de-
tuning under beam loading. Two important parameters,
X,Y, were extracted to characterize the cavity under
beam loading. With the help of these parameters, the
cavity detuning behavior is predicted and a pretuning
procedure is proposed to bring the cavity back to nomi-
nal resonance and to maximize gain in (A~). It is shown
that the detuning parameters X,Y can be also used to
optimize the cavity’s shape during the design process,
futher maximizing the gain achieved by pretuning. The
presented theory uses Hamiltonian formalism to express
the underlying physics and computations in a relatively
straightforward manner. The powerful methods found in
Hamiltonian dynamics and infinitesimal canonical trans-
formations (e.g. Lie transformations) are now directly ac-
cessible for the beam loading problem.
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Appendix A: Derivation of some preliminary
parameters

For the intrinsic quality factor Q; we can see that (12)
is arrived at by writing

Qi = Wiﬂ =w; Sy dV (#|H|2
B, "Re [ oy da 3
ol [y, dV(“|h *+
' | |?Re(1 — 4) fov da h?
[, dVh? e[, dVe? u;

= Wj = = W;—.
ffav da ¥ ffav da h} Di

The relation between the scaled energy terms in (13)
is readily obtainable by

$1E1)
(Ex H*)-n
|ev|)

1 1

1 —im
=~ [ aVelE]? = S ai]? [ dVee?
2 2
1% 14
Lo
= —§|ai| dVee || “ug,
14
and, similarly, P, = |a;|*p;.

The external quality factor Q. equation (14) is reached
also by writing

Ue _ wi Jy dV (ulHJ? + ¢|E[)

Qe=wip =75 [ da (B x H?) -7
Wi 26— dem) [ dV (nH? — eEQ)
2 J,da (E. x H) -1
—wie 8 [ dVeE?  —wiem %8902 [ dVee?

~ [ da (E.x H.)-n a2 [ da (e, x hy) 7
we_2m¢f quH2 - aquh2
[ da (E. x H.)-n agfpda (ep X hy) -1

The emitted power, P., can be written as

‘ 2
e

1
zi/daEexH:~fL:| /daepxhp-ﬁ (A1)

p p

The term fp da e,xhy -1 in (Al) may be extracted
from (15) and (11) as

/da (ep x hy) - = ‘2” /dVee
p eQe
_ 2wiaiui 2wl ag]Pug
aZQe |ac[Qe

Equation (A2) is now reused to find expressions for the
power inputted through the port, Py, given in (17), and

. (A2)
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consequently the ratio |a™|/|a.| given in (18), as follows

1 + +% la*]? -
Pin:—§ da ET x H = da ey, x hy, -1

p P
_ la® | | wiu; _oipt a™2a? wiu;

=e
‘ae|2 Qe ag Qe ’

|(l+| _ 1 PinQe _ ew)ai PinQe

|ael B |ovi] Wil - «; Wil

Appendix B: Consistency proof for the proposed
cavity Lagrangian £ in equation (23)

The cavity’s driven Lagrangian £ was given in (23) as

. .
Ezi/dV(eE2+uH2)+2L/da (BE. x H,) -7
w
14 p
1+i o 2 e
+——¢ [ da H*+= [ da (E.x H")-n. (Bl)
2w w
v p

Consider for a moment the first (volume integral) term
n (B1), which we shall call £, and let us now use (22)
to work in terms of H as the main variable, then we can
write

Ly = %/dV (eE? + pH?)
|4

1

5Ly = / av [ (V x 6H) - (V X H—J)+u5H-H} .

2
(VXH—J) e

—IWe

Utilizing the vector identity V-[0H x (V x H — J)] =
(VxOoH) - (VxH-J)—0H -V x (VxH-—J) and
using Divergence theorem now gives

-1
0Ly = ﬁ/dV6H~V x (V x H—J)—I—/qu6H~H
€
v

-1
+f27{daﬁ-5H><(V><H—J)
€w

- /dV5H~ <ZV><E+,uH> +L ]{da SH-# x E
w w
oV
= /chSH- (ZVXE—HLH) +2 / da SH-7 x E
w w
14 wall
i R
+;/da 6H|,-nx E|,,

p

(B2)

where we have decomposed the surface 9V into the part
covering the walls and the part covering the port. If



we now add the rest of the terms from (B1) and force
0L to vanish for an arbitrary d H variation, it is easy to
see that the volume and surface integrals must vanish
for arbitrary 0 H, forcing their integrands to satisfy the
following relations

V x E =iwuH, (B3)
E\p:E67 H|p:He+2H+ (on port), (B4)
nxE=(1-:¢fH (on walls), (B5)

which are exactly Maxwell’s second equation and the
boundary conditions expected at the walls and the port,
as required.

Appendix C: Derivation of frequency shift due to
cavity wall losses using the undriven Lagrangian £

Consider the undriven Lagrangian, including only the
effect of cavity wall-loss and denoting the corresponding
frequency by wi,

1 1
_ §/dV (B2 + puH?) + — . (C1)

and let us apply the modal approximation of (8), as well
as (22) with J set to zero, to give

o

L= 2/dV(eE2+uH2

\%
_;/dV{evx,fQ) +pH2}+Z§/daH2
174
1 2
:/dV[ oL (Vxhy) > +pa’h ] L+i 2§/dah2
2 we
174

1“ 2g/dah2 C2)

1/dVa2 p2 [1— (& :
B) i MY w;
174

where in the last step we exploited the relation given in
(11). If we use (20) in (C2) to convert the surface integral
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into a volume integral, we can write

2 )
1 w; (1+4) w;
Z | dvaiuhil1i— 2 bl
2/ VO[Z,U/ i [ (w;) + Q'L w;
v

1 5 owi [wi  w;  (141)
5 /dVozi,uhi o L% " + 0, | (C3)
14

L

9

It is now easy to see that, by invoking the stationarity
of L, equation (C3) will, indeed, lead to the expected
result (as given in classical treatments, e.g. [16]) for the
complex frequency shift due to the finite-conductivity of
the cavity walls,

wh o ow; 141
o W) e (€

Qi
which can be simplified for high-@Q; cavities as

2Aw; 1+
Wiy 110 (C5)

w; Qi
Although the shifted frequency in (C5) is complex in
general and may be written as w; = wj, + iw; ,, with

the imaginary part representing dampmg effects it can
be readily shown that the same form of equation (C5) is
found for the real frequency shift (w; — wi ). Indeed,
one can write
1+i 20w, 2(wj,
Qi w;

—w; + zw;x) _ 2(Aw;r + zw;x)

/ ol
wz’,r + Zwvl,:c

)

! ol
wi,r + Zwi,:c

whose real and imaginary parts can be separated and
solved simultaneously to give

w,
Wiw = s (C6)
“= 13520,
2Aw; w'i,'r Wi __ 1 (07)
;,r Wi w; r Qz’
=w;, Zw; (1 2221> (C8)

As expected [16], the frequency correction for the
eigenmode is small for high-@Q cavities. The small imag-
inary part’s relative magnitude is of the same order-of-
magnitude as the frequency correction; O(1/Q;). Note
that, for the type of time-harmonic variational formula-
tion used in Section III, the frequency enters the driven
Lagrangian formalism as the real frequency [13]. There-
fore, in Section IIT we use the notation 2Aw;/w;, drop-
ping the r subscript in w} for simplicity, with the under-
standing that we are dealing with real frequencies.
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