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Despite quantum networking concepts, designs, and hardware becoming increasingly mature,
there is no consensus on the optimal wavelength for free-space systems. We present an in-depth
analysis of a daytime free-space quantum channel as a function of wavelength and atmospheric
spatial coherence (Fried coherence length). We choose decoy-state quantum key distribution bit
yield as a performance metric in order to reveal the ideal wavelength choice for an actual qubit-
based protocol under realistic atmospheric conditions. Our analysis represents a rigorous framework
to analyze requirements for spatial, spectral, and temporal filtering. These results will help guide
the development of free-space quantum communication and networking systems. In particular, our
results suggest that shorter wavelengths in the optical band should be considered for free-space
quantum communication systems. Our results are also interpreted in the context of atmospheric

compensation by higher-order adaptive optics.

PACS numbers: 03.67.Dd, 03.67.Hk, 42.50.Nn, 42.68.Bz, 42.79.Sz, 95.75.Qr

I. INTRODUCTION

Quantum networking concepts, designs, and hardware
are becoming increasingly mature and in many ways
transitioning to an engineering phase. Unlike optical
fiber which suffers an exponential attenuation with prop-
agation distance, long-distance free-space links through
vacuum experience only a quadratic loss associated with
aperture-to-aperture coupling when the propagation ge-
ometry is described by the Friis equation [1, 2]. In prin-
ciple, free-space quantum networks employing satellite-
based nodes and quantum ground transceivers with the
majority of propagation outside the Earth’s atmosphere
can enable global-scale quantum communication [3] and
architectures have been investigated [4-8]. This could
facilitate distributed quantum computation, blind quan-
tum computation, quantum-assisted imaging, and precise
timing, to name just a few proposed applications [9-11].
An enduring problem is the ideal wavelength for free-
space quantum communication over atmospheric chan-
nels, particularly in daytime conditions where filtering
sky-noise photons is a formidable challenge [12—26].

Figure 1(a) illustrates the concept of spatially filter-
ing optical noise at the field stop of an optical receiver.
A primary optic of diameter Dr defines the entrance
pupil and is followed by a field stop situated in the fo-
cal plane, a collimating lens, and a spectral filter. The
field stop defines the solid-angle field of view (FOV)
and limits the number of sky noise photons Ny trans-
mitted to the quantum detectors. In a system design,
the field stop should be made sufficiently large to min-
imize losses to the quantum signal but otherwise made
small enough to minimize the transmission of sky-noise
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photons. The choice of field stop size is closely tied to
the choice of quantum-signal wavelength, making wave-
length perhaps the most critical design criterion. Still,
the quantum-networking community has not settled on
an ideal free-space quantum communication wavelength.
For example, wavelengths of interest for satellite-Earth
quantum communication have included both the 1550-
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FIG. 1: Schematic illustrating (a) the concept of
spatially filtering sky-noise photons created by
atmospheric scattering. An entrance pupil (Dg) with
focal length f and a field stop with diameter d
determine the solid-angle FOV (Qpov). Reducing the
FOV of the receiver can reduce the number of sky
noise-photons transmitted to the spectral filter (AX).
Schematic (b) illustrates the effect of focusing in the
presence of turbulence; the aberrated wavefront results
in a broadened turbulence-limited spot (TL spot) as
compared to the diffraction-limited spot (DL spot).
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FIG. 2: The site dependent (a) atmospheric transmission 7yans and (b) spectral radiance Hy, for a receiver pointed
at zenith on the winter solstice at 1:00 PM with 50-km visibility.

nm telecom wavelength and shorter wavelengths near 775
nm [14, 20-22, 27-29]. To date, most daytime free-space
quantum-communication demonstrations have included
rudimentary analysis on the wavelength dependence of
quantum communication. For example, some have con-
cluded that 1550 nm is ideal due to lower solar radiance,
the wavelength-dependent nature of scattering, and com-
patibility with current telecom technology [23]. However,
in this case they did not consider the effects of geometric
coupling, spatial filtering strategies, or the wavelength
dependence of the focused spot size as we do in this ar-
ticle. The effort herein is to provide a careful analysis
that is linked to actual space-Earth channel atmospheric
parameters and can help guide system development as
the quantum-networking community progresses toward
the global-scale quantum internet.

To analyze the wavelength-dependence of free-space
quantum communication, we choose the decoy-state
BB84 quantum key distribution (QKD) [30-32] bit yield
as our performance metric. We simulate a satellite down-
link scenario in the presence of daytime spectral radiance
and atmospheric turbulence characterized by the Fried
coherence length rq [33]. The Fried coherence length
characterizes the dominating phenomenon determining
the signal throughput at the receiver field stop. Scintil-
lation is another consequence of atmospheric propagation
and leads to spatial and temporal intensity variations in
the focal-plane where spatial filtering occurs. In classi-
cal optical communication, scintillation leads to signal
fading that can be problematic. However, in quantum
communication protocols, scintillation itself is not prob-
lematic [34]. The statistics of quantum measurements are
not affected by scintillation but instead governed by the
time-averaged channel efficiency which, as we will show,
can be modeled using the spatial coherence rg. Thus,
scintillation will be neglected and we will derive the bit
yield as a function of wavelength and spatial coherence.

We show that shorter wavelengths generally outper-
form longer wavelengths. We also investigate how site-

specific atmospheric conditions can affect spectral filter-
ing requirements. We show that more aggressive spectral
filtering can be used to mitigate the effects of a more chal-
lenging atmosphere while still taking advantage of the
optimal spatial filtering and aperture coupling at shorter
wavelengths.

We also cast the optimization problem in terms of
higher-order adaptive optics (AQO). Although realistic
daytime atmospheres will be quite challenging, higher-
order AO allows one to correct for atmospheric turbu-
lence and in effect operate their optical receiver closer to
the diffraction limit (see Fig. 1(b)). This allows one to
use very tight spatial filtering and relax other filtering
requirements if required [20-22]. AO will likely be neces-
sary for high-performance entanglement-based protocols
where narrow-spectral filtering would significantly block
the quantum signal. Altogether, our results represent an
application-specific, yet modifiable framework for design-
ing free-space quantum channels including specifying the
optimal wavelength and the necessary filtering to achieve
high performance.

For a related analysis demonstrating the benefit of
adaptive optics for a QKD uplink, sans wavelength de-
pendence, see Refs. [35, 36]. In a low-Earth-orbit (LEO)
QKD uplink, the downward propagating beacon traverses
a different atmospheric path than the upward propagat-
ing quantum signal, and this anisoplanatism degrades the
efficacy of the correction made by the AO system. In the
downlink case, anisoplanatism is not an issue because the
transmit aperture subtends an angle smaller that the iso-
planatic angle and unlike the uplink scenario, the beacon
and the quantum signal traverse the same atmosphere
path.



II. THEORY

In this section we develop the theory necessary for es-
tablishing QKD bit yield as a performance metric. We
progress in a pedagogic way, examining the wavelength
dependence of each component contributing to the key-
bit yield. We define a LEO satellite down-link archi-
tecture similar to our earlier numerical and experimental
simulations demonstrating the benefits of AO [21, 22, 26].
Using MODTRAN, we generate wavelength dependent
transmission and spectral radiance profiles for different
site-dependent downlink scenarios. In the foothills of the
Manzano mountains outside Albuquerque NM, we expe-
rience an arid high-desert climate with desert albedos and
urban aerosols. For example, in Fig. 2 we plot the atmo-
spheric transmission 7¢,ans and spectral radiance Hy, for
a receiver pointed at zenith on the winter solstice at 1:00
PM with 50-km visibility. We will use this site condition
for the rest of the plots in this section. Considering the
high-resolution structure of the atmospheric transmission
and spectral radiance is a critical step in the optimiza-
tion problem. In a system design analysis, the detailed
spectral structure, that is, the Fraunhofer lines, should
be included around the target wavelength. For example,
whereas the spectral radiance is relatively constant near
1550 nm, we judiciously chose dips in radiance near 780
and 430 nm to analyze in this section. Specifically, we
use the central wavelengths 1549.91, 780.945, and 430.886
nm, but hereafter we will round to the nearest nanometer
when discussing these wavelengths.

We assume a Dt = 10-cm transmitter in a 600-km
LEO and a D = 1-m ground receiver with efficiency
Mrec = 0.5 and spectral filter efficiency nspec = 0.9. Due to
advances in superconducting nanowire single-photon de-
tector technology, we show no partiality and assume de-
tector efficiency n4et = 0.8 and detector dark count rate
faark=10 Hz for all wavelengths. The signal pulse rate
R, is assumed to be 10 MHz, and the spectral/temporal
filters are chosen to be AX = 1 nm and At = 1 ns, re-
spectively. Additional constants must be set in order to
discuss the QKD protocol, specifically, we assume that
the system noise error rate is eg = 0.5, the polarization
cross-talk error is eq = 0.01, and the error correction
efficiency is fo. = 1.22. Under a majority of the chan-
nel conditions we consider, we find that the optimal sig-
nal and decoy-state mean photon numbers (MPNs) are
w=20.7 and v = 0.1, respectively.

A. Spatial Filtering

The performance of a free-space QKD system ulti-
mately depends on the amount of signal and noise that
passes through the receiver field stop. Therefore, we will
first introduce the physics related to the focused spot
size and how this relates to field stop spatial-filtering
strategies. As one might expect, these choices permeate
throughout the calculation and we will show how they

effect the channel efficiency, noise probability, signal-to-
noise, and error rate.

1. Field of View

For a receiver with no central obscuration operating at
the diffraction limit, one can set the field stop to transmit
the central peak of the diffraction-limited Airy pattern,
thus transmitting 84% of the signal light. Accordingly,
the spatial filter diameter is

DL A
dgpot) = 2.44D7R’ (1)
where f is the receiver focal length and Dy is the receiver

aperture diameter. This choice of spatial-filter diameter
gives the diffraction limited (DL) solid-angle FOV

DL 1.22)\, 2
Uov =m(5 )" 2)

The solid lines in Fig. 3 give the solid-angle DL FOV

QL) for 1550, 781, and 431 nm (black, red, and blue
respectively). One can see, for example, that 431 nm has
~13x smaller FOV than 1550 nm. Therefore, although
the sky tends to be much brighter at shorter wavelengths
(see Fig. 2(b)), a receiver operating near the diffraction
limit would be much more restrictive of that noise. This
is the first of many competing phenomenon that are in-
herent to the optimal-wavelength problem, and this is
further complicated when considering the effects of tur-
bulence.

In the presence of turbulence, reduced spatial coher-
ence at the entrance pupil broadens the spot size in the
focal plane (see Fig. 1(b)). The so-called turbulence lim-
ited (TL) spot size can be approximated by [37]

el = don VS, (3)
where
Dpg \5/31-6/5
§= [1 T (r()\)) ] (4)

is the on-axis Strehl ratio resulting from atmospheric tur-
bulence with no wavefront correction [38],

r(A) = 7’0(>\/>\0)6/5 (5)

is the Fried coherence length, A is the wavelength, and
ro is the value measured at A\g=500 nm [38]. Through-
out this article, the symbol rq specifies the value of the
Fried coherence length at 500 nm and can be considered
a wavelength independent measure of the strength of tur-
bulence. Choosing a spatial filter corresponding to the
broadened spot size in Eq. 3 leads to the so-called TL
solid-angle FOV

oy = (122 [+ (2))) o



The dashed lines in Fig. 3 give the solid-angle TL FOV
QL (ro) for 1550, 781, and 431 nm (black, red, and
blue respectively). The wavelength dependence of the
Fried coherence length r(\) introduces another critical
phenomenon, that is, the perceived turbulence is more
intense at shorter wavelengths. This can be observed by
examining the wavelength dependence of the FOV. Al-
though the DL FOV is much smaller for the shorter wave-
length, we see that the TL FOV increases more rapidly
as ro gets small with respect to the receiver aperture size,
that is, as the spatial coherence deteriorates. For exam-
ple, when rg = 30 cm, the TL FOV is ~18x larger than
the DL FOV at 431 nm, but only ~2x larger at 1550
nm.

2. Effective ro After AO Correction

In a higher-order AO system, the aberrations of the
incoming wavefront are corrected via a fast steering mir-
ror (FSM) and a deformable mirror (DM) imprinted with
the conjugate of the wavefront error. The performance of
an AO system ultimately depends on the ability to spa-
tially resolve the wavefront characterized by rg and keep
pace with the temporal fluctuations characterized by the
Greenwood frequencies.

In Fig. 3 we plot a wide range of ry’s to show the
trend in Qgg{; as the spatial coherence approaches the
1-m receiver diameter. However, realistic conditions will
likely range from 5 cm < rp < 15 cm. For example, as-
suming a Hufnagel-Valley (HV5,7) [39] turbulence profile
and slew dependent wind dynamics we find a spatial co-
herence of g = r(500nm) ~ 5 cm and a higher-order
temporal coherence characterized by the Greenwood fre-
quency fe(500nm) ~ 301 Hz (see App. A and Ref. [26]
for more details). For reference, in this plot and through-
out the article, we include a vertical line at rg = 5 that
indicates the uncompensated atmospheric condition. We
also include an effective ro that corresponds to the resid-
ual wavefront error after AO compensation. The latter
depends on the relationship between the Greenwood fre-
quencies and the AO bandwidths, and we will discuss
this in the following.

To achieve a high degree of wavefront compensation
one should design an AO system that is on the order of
or several times faster than the Greenwood frequencies.
However, for this simulation we first asses the closed-
loop bandwidth of the system we built for our field ex-
periment reported in Ref. [26]. Despite this system only
being designed to compensate for turbulence observed
in a 1.6-km horizontal channel with stationary trans-
mit/receive stations, we show that it could provide a
relevant QKD system performance increase even if used
in a space-Earth down-link architecture where slewing
substantially increases the temporal atmospheric fluc-
tuations. Hence, assuming the closed-loop bandwidth
fe = 130 Hz, we calculate the effective closed-loop spatial

coherence r(()CL)% 37 cm (see App. A 2). We also consider
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FIG. 3: Solid-angle field of view Q) for 1550, 781,
and 431 nm (black, red, and blue respectively), plotted
as a function of rg. The solid and dashed curves
indicate the DL and TL FOVs, respectively. The
vertical lines indicate higher order AO system
performance. The line at 5 cm corresponds to no AO
correction whereas the lines at r(()CL) =37, 50, and 74
cm correspond to full AO with 130-, 200-, and 500-Hz
closed-loop bandwidths, respectively.

two other design reference points from previous numer-
ical simulations [21, 22]. Namely, a 200-Hz closed-loop-
bandwidth system yielding r(()CL)z 50 cm and a 500-Hz
system yielding r(()CL)z 74 cm as seen in Fig. 3. Through-
out the rest of this article we will only include vertical
lines at réOL) =5 cm and r(()CL) = 50 cm, but one use can
the equations in Appendix A 2 to assess the performance
of different closed-loop-bandwidth systems.

8. Spatial Filtering Strategies

Whereas the DL FOV is constant, the TL FOV is
a function of ry and grows with increasing turbulence
strength, in effect, maintaining signal throughput at the
expense of permitting more noise photons through the
spatial filter. The wavefront correction introduced by
AO creates a tighter focused spot, and thus allows a nar-
rower FOV. For example, the intersections with the ver-
tical line at 79 = 50 cm indicates the TL FOV one could
operate at with a 200-Hz AO system. In fact, in this case
AO would allow one to make their FOV ~20x smaller
at 1550 nm, ~52x smaller at 781 nm, and ~78x smaller
at 431 nm. This is significant because it would provide a
considerable reduction in noise while maintaining signal
throughput. The focused-spot size, the FOV, and the re-
sulting spatial-filtering are perhaps the most crucial phe-
nomenon ultimately affecting the QKD system perfor-
mance. Therefore, in each of the subsequent subsections,
one must pay careful attention to the wavelength and
spatial filtering dependence of each contribution to the
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(L) and (b) total system efficiency n(°™) for 1550,

781, and 431 nm (black, red, and blue respectively), plotted as a function of rg. The solid and dashed curves
indicate the DL and TL strategies, respectively. The vertical line at 5 cm corresponds to no AO correction and the
line at 50 cm corresponds to the effective rg of a f. = 200-Hz AO system.

key-bit yield. For more details about the competing phe-
nomenon that effect the focused spot size and the FOV,
see App. A 4.

In this article we will consider two spatial filtering
strategies. The first strategy is to choose the FOV ac-
cording to ones focused spot size, for example, free-space
coupling to detectors using a field stop diameter corre-
sponding to the average spot size for ones site condition.
The second strategy is to operate the receiver at the DL
FOV regardless of rg; this corresponds to, for example,
coupling into single-mode fiber prior to detection. These
two strategies are defined more rigorously in the follow-
ing section where we introduce the channel efficiency and
background probability.

B. Channel Efficiency

The geometric aperture-to-aperture coupling is ap-
proximated by the Gaussian beam equation [40]

1 Dj
Ngeo = 1 —exp(— im%

(7)
where w?(\) = wd(1 + 22/24()\)) is the width function,
2r = mwi /) is the Rayleigh range, wg = 0.7D7/2 is the
waist of the signal beam, and D is the transmitter aper-
ture diameter. Aperture-to-aperture coupling loss due to
turbulence-induced beam spreading is negligible in the
down-link architecture [28, 41]. This is because the re-
ceiver aperture is essentially in the near field of the aber-
ration where there is insufficient propagation distance to
cause any appreciable beam spreading. In contrast, the
focal plane is in a Fourier-transform plane of the aber-
ration where one observes significant enlargement of the
spot size, relative to the diffraction limit, and this phe-
nomenon is already introduced via Eq. 3. For the uplink

scenario and long horizontal propagation paths, where
beam spreading is significant, Eq. 7 is modified via the
beam width function [36, 40] and in some situations the
intensity distribution at the receiver may even be non-
Gaussian, requiring further analysis.

Loss at the spatial filter is defined in terms of the two
spatial-filtering strategies. The first strategy is to ac-
count for the broadened spot and increase the size of the
field stop to always pass 84% of the signal. The second
strategy is to keep the size of the field stop at the diffrac-
tion limit regardless of the broadened spot size. In the
later case, the turbulence broadened spot may be par-
tially blocked by the field stop spatial filter. To model
this we take the ratio of the spot-size areas and write the
TL and DL field-stop transmissions as

(TL)

Nps  (ro, A) = 0.84 .
Npg (o, A) = 0.84 x S,

where the Strehl S is defined in Eq. 4. These allow us to
define the total channel efficiency

0 (10, A) = Ngeo () Thrans(N) 158 (ro, A)
X Tspec Mrec Ndet s

9)

where ¢ indicates either the DL or TL strategy, and 7¢;ans
is the atmospheric transmission efficiency predicted by
MODTRAN and plotted in Fig. 2(a).

In Fig. 4 we plot the ro dependence of nSgL) and n(®
for 1550, 781, and 431 nm (black, red, and blue respec-
tively). Figure 4(a) shows the 7o dependence of the field
stop transmission and reveals the wavelength dependent
nature of focusing in the presence of turbulence, that is,
the effects of turbulence are weaker at longer wavelengths
and 1550 nm appears to have the advantage. Again, the

(OL)

intersections with the vertical lines at r5~ = 5 cm and



r(()CL): 50 cm indicate the achievable field-stop transmis-
sion efficiency for a f. = 200-Hz AO system under open-
and closed-loop operation, respectively.

Figure 4(b) shows the 7y dependence of the total sys-
tem transmission which reveals the limitation of longer
wavelengths, that is, the geometric coupling prevails and
lends an advantage to the shorter wavelengths for the TL
strategy 7T, We also see that despite the relatively low
efficiency at the field stop, with AO correction the total
channel efficiencies for the DL strategy 7P are actually
higher for 431 and 781 nm. Figure 4(b) also serves as an
illustration of the two field stop strategies. For example,
n(TL) is constant over the entire range of 7 while n(PL)
decreases once the spatial coherence degrades and begins
to broaden the spot size. One might realize the benefit
of the TL strategy if their site conditions are relatively
constant in rg, or more ambitiously, by developing higher-
order AO systems with adaptive spatial-filters. For ex-
ample, utilizing a spatial filter that adjusts according to
the effective rg of the AO system, thereby dynamically
maximizing signal throughput while maintaining noise
filtering at the field stop.

C. Background Probability

For either strategy, the number of noise photons trans-
mitted by the field stop within a time, wavelength, and
FOV window is given by the radiometric equation

i A i
NG = / dA = Hu(\) 6y (ro, o) 7 DF At, - (10)

where the integral is performed over a notch filter with
width AX = 1 nm and central wavelength \g, the spectral
radiance Hy, () is predicted by MODTRAN and given in
Fig. 2(b), At = 1 ns is the temporal detection window,
h is Planck’s constant, ¢ is the speed of light, and 7 indi-
cates either the DL or TL strategy. In Fig. 5(a) we plot
the wavelength dependence of NéDL) and in Fig. 5(b) we

plot the ry dependence of Nk(f) for 1550, 781, 431 nm.
Comparing Fig. 5(a) and Fig. 2(b) reveals a reduction of
the number of photons at shorter wavelengths. For ex-
ample, under the atmospheric conditions assumed in this
section the sky is approximately 20 times brighter at 781
nm as compared to 1550 nm, but there are only 2.5 times
the number photons for the DL strategy. This reduction
in number of photons is a result of the higher photon en-
ergy hc/\ and the more effective spatial filtering for the
shorter wavelengths, that is, the smaller FOV as a con-
sequence of the A\? dependence of Eq. 2. One should note
that the relative brightness is highly dependent on site
conditions. For example, in Sec. III we discuss how lower
visibility conditions close the gap in relative brightness.
Figure 5(b) reveals the negative effects of widening the
FOV with the TL strategy by giving the ry dependence of

Néi) for 1550, 781, and 431 nm. For example, when ry ~
50 cm and A = 431 nm, NéTL)/NéDL) ~ 7.4. This might
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FIG. 5: The (a) wavelength dependence of the number
of background photons for the DL strategy NéDL) and

(b) the r¢ dependence of Nél) for 1550, 781, and 431 nm
(black, red, and blue respectively), plotted as a function
of 9. In (b), the solid and dashed curves indicate the
DL and TL strategies, respectively. The vertical line at
5 cm corresponds to no AO correction and the line at
50 cm corresponds to the effective rg of a f. = 200-Hz
AOQ system.

suggest that the TL strategy is fundamentally flawed due
to the excess noise, but it also accommodates a boost in
signal due to the high channel efficiency as revealed in
Fig. 4(b). Therefore, the question which remains to be
answered is whether the excess noise actually translates
to increased errors and lower QKD system performance.
In the following, we reveal the performance of the TL
strategy by investigating the error rate, signal-to-noise
probability, and ultimately the key-bit yield. To do so
we must define the background probability [32]

1/0(1) (7‘07 )\) = Nél) (’I"(), /\) Nspec Nrec Ndet T 4fdark At, (11)

which has a contribution from the detector dark counts,

but is dominated by the number of photons Néi) and the
choice of strategy.



D. Quantum Bit Error Rate

Next, we define the decoy/signal quantum bit error
rate (QBER) [32]

oY (rg, A) + eq(1 — e~V roX)m)
YO(l) (7"07 >\) +1-— e*n("’)(ro,)\) n

E{),(ro, ) = » (12)

where n is the MPN of the signal or decoy state. In
Fig. 6(a) and 6(b) we plot the ro dependence of Er(ll)t
for 1550, 781, and 431 nm and two different ranges of
ro. Interestingly, despite Néz)()\) (and correspondingly
Yo(l)()\)) being larger for the TL strategy, the dashed
lines are nearly totally obscured by the solid lines. This
is because the probability of detecting a signal photon
1— e~ (0N 1 also increases with the TL strategy. Ap-
parently, the increase in noise is directly compensated by
the increase in signal, and in effect, the ratio in Eq. 12
remains nearly constant. This can be investigated by
keeping the first term in the expansion of 1 e oAk,
Making this substitution in Eq. 12 and rearranging terms
one can find that the QBER for DL strategy is

EOL) o eO(YO(TL) +e)+eqn™n

r,n YI)(TL) +e+ 77(TL) n ) (13)
where € = 4fgark At(1/S — 1). Therefore, one can see
that the functional dependence of the QBER for the TL
and DL strategies differ by an additive noise term € in the
numerator and denominator. When r()) increases rela-
tive to the receiver diameter Dg, the Strehl approaches
unity, the noise term € — 0, and EY(RL) = EQIL). For-
tunately, this noise term is always very small due to the
dependence on the narrow temporal filtering At and low
dark-count rate fqark, and this explains the nearly iden-
tical ¢y dependence of the QBER for the two strategies.

E. Signal-To-Noise

Next, we will investigate the signal-to-noise ratio
(SNR) which we define as the ratio of signal gain to back-
ground probability

SNRD (ro, A) = QW (ro, \) /Y (ro, A),  (14)
where
QW (ro, \) = Y (rg, A) + 1 — e~V o (15)

is the signal or decoy state gain and n is the MPN of
the signal or decoy state [32]. In Fig. 7(a) we plot the 7

dependence of SNR,(f) for 1550, 781, and 431 nm. Sim-
ilar to the QBER, we do not see a significant difference
between the two strategies, thus confirming the relation-
ship between the signal and noise for the TL strategy. To
reiterate, the TL strategy accommodates a proportional
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FIG. 6: The rg dependence of Er(v') for 1550, 781, and
431 nm (black, red, and blue respectively). The solid
and dashed curves indicate the DL and TL strategies,
respectively. In (a) the vertical line at 5 cm corresponds
to no AO correction and the line at 50 cm corresponds
to the effective r¢ of a f. = 200-Hz AO system. In (b)
we plot the range of o representative of no AO
correction. The dashed lines are nearly totally obscured
by the solid lines.

boost in signal and noise in such a way as to not increase
the error rate.

It is also useful to investigate the SNR as a function
of Strehl via the relation in Eq. 4. In Fig. 7(b) we see
that a 431 nm system can in principle outperform longer
wavelength sytems for all values of Strehl. Since Strehl
is a function of ry and A\, we now have three separate
vertical lines indicating QKD system performance with
AQO correction (see App. A 3). In effect, a given AO cor-
rection yields a lower Strehl for the shorter wavelengths.
For this reason it might be tempting to assume that the
longer wavelengths will yield better QKD system perfor-
mance. Strictly in terms of the SNR of a system with AO
correction, we see that the longer wavelengths have much
better Strehl, but the SNR can be higher at 431 nm due
to the low relative noise as is evident by the low QBER

(see Fig. 6(a) at r(()CL) = 50 cm). The SNR helps build in-
tuition regarding the performance of different wavelength
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for 1550, 781, and 431 nm (black, red, and blue
respectively). The solid and dashed curves indicate the
DL and TL strategies, respectively. In (a) the vertical
line at 5 cm corresponds to no AO correction and the
line at 50 cm corresponds to the effective rg of a
fe =200-Hz AO system. In (b) the A dependence of S
produces six vertical lines. The grouping near S =0
correspond to no AO and the vertical lines at S = 0.71,
0.37, and 0.14 correspond to a f. = 200-Hz AO system
operating at 1550, 781, and 431 nm, respectively. The
dashed lines are nearly totally obscured by the solid
lines.

systems, but ultimately one must adopt a quantum met-
ric to make any legitimate claim. Therefore, we will now
investigate the key-bit probability (KBP) and reveal how
the wavelength dependent trends in channel efficiency,
QBER, and SNR translate to actual QKD system per-
formance.

F. Key Bit Probability

To establish the KBP we must define a few more im-
portant quantities [32]. Although these are well known,
we include them here for completeness and convenience.

The single photon gain is

i Ze ;
R e Rl
(16)
(i) P )
- Q# (T07)‘) e E - 112 Yy (7‘0, )‘) )
and similarly the single photon state yield is
10000 = L (@00 e
(i) WV =G 1
- @, (ro, N e 2 — 2 Y, (ro,)\)>.
Lastly, the single photon state error rate is
0,y — Brlro, VO (ro, A)e”
ey (ro,A) = 0
Y1 (ro,A\) v (18)
_ €0 Yo(l) (To, )\)
Y (ro, N v
Finally, we define the KBP [32]
j 1 i i
Bgh(ro. ) = 5 < = QD (10, M) fee Ha[BE) (10, )]
(19)

+ Q1 (ro, A) (1 = Ha [l (rg, V)] )),

where Hy(z) = —xlogy(z) — (1 — ) logy(1 — x) is the
Shanon binary entropy formula. The KBP is used to
define the key-bit rate

NP8 a(ro, ), (20)

where N, = 0.3 is the ratio of decoy plus vacuum pulses.

In Fig. 8(a) we plot the key-bit rate as a function of
ro. Interestingly, despite the two FOV strategies yield-
ing nearly identical results for QBER and SNR, we see
a drastic difference when examining the key-bit rate. As
compared to the DL strategy, the TL strategy experi-
ences a dramatic increase in key-bit rate. This is be-
cause, quite fortuitously, the TL strategy permits a large
boost in signal gain ), without any significant boost
in QBER. Another striking feature is the relatively high
performance of the shorter wavelengths. Despite turbu-
lence effects being weaker and the sky being dimmer at
1550 nm, one can see that performance at 781 and 431
nm is better for rg > 13 cm. The only scenario where
1550 nm is a reasonable option is when rg < 13 cm and
narrower spectral filtering, narrower temporal filtering,
or tighter spatial filtering in conjunction with AO are
not viable options.

To investigate the relatively high performance of the
TL FOV strategy one can rearrange Eq. 19 and find

R (0, A) = Ry (1 —

) 1 i i
PG = 5 Q) (= 0,
1)
+ q(l) (T07 )‘) Cg) (T07 )‘)) )
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FIG. 8: The (a) ro and (b) S dependence of the key-bit rate R%{% for 1550, 781, and 431 nm (black, red, and blue
respectively). The solid and dashed curves indicate the DL and TL strategies, respectively. In (a) the vertical line at
5 cm corresponds to no AO correction and the line at 50 cm corresponds to the effective rg of a f. = 200-Hz AO
system. In (b) the A dependence of S produces three vertical lines indicating AO correction.

where
¢ (ro, A) = Q" (r0, 1)/ Q) (0, \)
A (10, \) = fee Ha [ (o, )]
céi)(ro, A) = (1 — H, [egi)(ro, )\)D

The ratio of gains ¢(Y) remains relatively constant upon
switching between the filtering strategies because the
fractional loss induced by the field stop does not effect
single- and multi-photon pulses differently at such low
MPNs and channel efficiencies. Furthermore, ng) and cg)
remain relatively constant by virtue of the behavior of

(22)

the error rates Eﬁzzb and egi), respectively. Therefore, the
dominating trend in the Eq. 21 comes from the leading

factor fo). In Fig. 4(b) we showed how loss at the spatial
filter significantly reduces the channel efficiency for the
DL strategy with respect to the TL strategy. In Fig. 10
we show how this affects the signal gain by plotting the

ratio QLTL)/QELDL) as a function of ry for 1550, 781, and
431 nm. This clearly shows the drastic improvement in
signal gain for small ¢ and the TL strategy. This effect,
in conjunction with Eq. 21, reveals how the TL strategy
permits such relatively high performance.

The vertical line at 5 cm in Fig. 8(a) reveals that the
assumed atmospheric and system conditions would sup-
press the key-bit yield at the selected wavelengths. To
increase performance, one has no choice but to implement
some form of more aggressive noise filtering. For exam-
ple, the vertical line rg = 50 cm reveals the key-bit rates
attainable with AO and correspondingly tighter spatial
filtering. One can see that 431 nm and the TL strat-
egy is the optimal choice giving ~13x improvement over
1550 nm. In fact, we judiciously chose 431 nm because
it gives the largest key-bit rate in the 400 - to 1600-nm
range when using a 1-nm filter (see App. B). For refer-
ence, this level of performance is comparable to a system

without AO compensation but utilizing a 50x narrower
filter, that is, AA=0.02 nm.

In the case with AO, our simulation shows that high
QKD performance can be achieved with relatively low
system Strehls. This is somewhat counterintuitive since
it is customary to relate system Strehl to system per-
formance. However, in Fig. 8(b) we see that with the
TL strategy and a corrected Strehl near 0.1, high perfor-
mance can be achieved with 431 nm, in effect beating a
1550-nm system operating at the diffraction limit by a
factor of ~9. Moreover, for a 431-nm system, a majority
of the TL strategy performance is achievable with a low
Strehl, that is, with a Strehl of 0.1, one can achieve ~89%
of the maximum key-bit rate at that wavelength. This is
in contrast to a 1550-nm system that only achieves ~34%
of the maximum key-bit rate at a Strehl of 0.1. Next, we
will discuss how these effects relate to the speed of the
AO system.

As we outlined in App. A, the degree of AO correc-
tion ultimately depends on the ability of the AO sys-
tem to keep pace with the temporal component of atmo-
spheric turbulence, that is, the tracking and higher-order
Greenwood frequencies frg and fg, respectively. Simi-
lar to the Fried coherence length, the observed Green-
wood frequencies are more challenging at shorter wave-
lengths (see Egs. A3 and A4). For example, when fg (500
nm)=301 Hz, we find that fg(1550 nm)=77 Hz and
fa (431 nm)~360 Hz. Therefore, one might have assumed
that an AO system integrated with a free-space QKD
system will need to be faster to operate at 431 nm and
provide adequate performance. However, the preceding
study showed that a useful degree of AO wavefront com-
pensation can be achieved with AO bandwidths below
the rate of change of turbulence. In this example, even
the f. = 130-Hz system offered a substantial performance
benefit and this is further emphasized in the following.

In Fig. 9 we plot the key-bit rate as a function of



0 100 200 300 400 500
fe (Hz)

FIG. 9: The closed-loop bandwidth f. dependence of

the key-bit rate Rgg for 1550, 781, and 431 nm (black,
red, and blue respectively). The solid and dashed
curves indicate the DL and TL strategies, respectively.
The vertical line at f. = 130-Hz indicates the
closed-loop bandwidth of the system built for our field
experiment [26] whereas f. = 200 Hz and 500 Hz
indicate bandwidths assumed in previous numerical
simulations [21, 22]. The horizontal lines and color
coded markers indicate the maximum key-bit rate for
each wavelength, that is, the key-bit rate for the
receiver operating at the diffraction limit.

the closed-loop bandwidth of the AO system. First,
this plot illustrates a prevailing concept well understood
in the AO community, that is, given a certain closed-
loop bandwidth, the corrected wavefront quality relative
to the diffraction limit will be better at longer wave-
lengths. This is evident from examining the solid DL-
FOV-strategy curves in relation to that maximum key-
bit rate for f. = 500 Hz. The 1550-nm system would
be practically operating at the diffraction limit where
as the 781- and 431-nm systems fall noticeably short of
diffraction limited performance, indicated by the hori-
zontal lines and color coded markers. This is evident
from the gap between the solid curves and the respective
dots indicating the maximum key-bit rates for each of
the wavelengths. On the other hand, Fig. 9 illustrates
a less common concept, that is, perfect wavefront cor-
rection is not necessarily needed for high performance.
The dashed TL-FOV-strategy curves show that with rel-
atively slow AQO, high performance can still be achieved
despite the larger FOV and increased number of noise
photons. For example, at f. = 130 Hz, the TL FOV key-
bit rate Rg; )()\) is already quite close to the maximum
key-bit rate for each wavelength. Therefore, one should
weigh the increased technological challenges faced when
building a faster AO system with the diminishing returns
evident when already using the TL FOV strategy.

Lastly, these results strongly contradict conventional
wisdom in regards to wavelength selection. Naively, one
might presuppose that 1550 nm is the optimal choice be-
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FIG. 10: The ratio Q™™ /Q{P" for 1550, 781, and 431
nm (black, red, and blue respectively), plotted as a
function of rg. The vertical line at 5 cm corresponds to

no AO correction and the line at 50 cm corresponds to
the effective r¢ of a f. = 200-Hz AO system.

cause the sky is dimmer and atmospheric effects are more
benign. Especially in the case of AO where, as we have
shown, given a certain measure of correction, the 1550-
nm receiver will be operating much closer to the diffrac-
tion limit as compared to shorter wavelengths. Nonethe-
less, we have shown that a small amount of AO correction
can permit the advantages of the shorter wavelengths to
dominate. Namely, the larger photon energy and smaller
spot size reduce the number of background photons, and
the increased aperture-to-aperture coupling boosts the
signal. Our results in Fig. 9 reveal that a f. ~ 40-Hz
system operating at 431-nm with the TL FOV could in
principle outperform a 1550-nm system operating at the
diffraction limit. In the following section we will inves-
tigate how performance changes with more challenging
atmospheric conditions, namely diminishing visibility on
both the winter and summer solstices, and explore how
narrower spectral filtering can restore performance.

III. VISIBILITY STUDY

The parameter space of atmospheric conditions is
seemingly infinite for the down-link scenario. However,
many of the effects can be studied with relatively sim-
ple analyses. For our purposes here, it suffices to in-
vestigate the effects due to changes in visibility while
at zenith. This is because as zenith angle increases,
the longer propagation path reduces transmission and
increases scattering into the channel, but these are the
same effects observed with decreased visibility. An angle-
dependent study would be redundant, except in the case
of large zenith angles where rg and fg will be appre-
ciably different than at zenith. In terms of Greenwood
frequency, the more challenging scenario is mear zenith
since the slew rate is highest. Conversely, the spatial co-



herence degrades with increasing zenith angle. However,
ro only ranges from 5 to 4 cm for pointing angles ranging
from zenith to 45 degrees. Therefore, a visibility study at
zenith is quite representative of a challenging down-link
scenario. We will consider two sun positions, namely the
winter and summer solstices at 1:00 PM.

A. Winter Solstice

In this subsection we consider medium (23-km) and
low (5-km) visibilities at 1:00PM on the winter solstice
(see Figs. 11(a-b) and 12(a-b), respectively). One will
see that a lower visibility condition decreases the atmo-
spheric transmission and correspondingly increases the
spectral radiance due to increased scattering of sunlight.
In Fig. 11(c-e) and 12(c-e) we plot the ro dependence of

Rgg for the two winter solstice visibility conditions. One
will notice that the absence of intersections with the ver-
tical line at rg=5 cm indicates that it is not possible to
generate key with a large spectral filter and without AO
compensation. With AO enabled, one will see that the
relative high performance of shorter wavelengths and the
TL strategy persists.

In Fig. 11(f) and 12(f) we plot R%& as a function of
system Strehl. Analyzing the performance as a function
of Strehl again reveals that a relatively slow AO sys-
tem would enable relatively high performance at shorter
wavelengths. Comparing the two conditions, we see that
the grouping at low Strehl in Fig. 11(f) is replaced with a
more dispersed trend in Fig. 12(f). This is a result of the
relative sky radiance at the two visibility conditions. For
example, for medium visibility, 431 nm is ~40x brighter
than 1550 nm, but only ~15x brighter for low visibility.
When considering the actual number of photons, using
the DL spatial filtering strategy and a 1-nm spectral fil-
ter, one finds that there are actually ~1.2x more 1550-
nm photons at medium visibility and ~3x more at low
visibility. In effect, the breakout in the curve is caused by
the relatively larger QBER’s at the longer wavelengths.
This can be traced back to the relationship between the
FOV’s of the systems with different wavelengths. The sky
may be dimmer at 1550 nm, but a system at that wave-
length is more susceptible to that noise as compared to
shorter wavelengths. Therefore, this reveals further ro-
bustness of the short wavelength strategy under lower
visibility conditions where the relative sky brightness in-
creases for longer wavelengths.

B. Summer Solstice

For the summer solstice, since the sun is approximately
15 degrees from zenith, we will only consider high (50-
km) and medium (23-km) visibilities. Thus far, we have
assumed a relatively large 1-nm spectral filter for our
down-link architecture. This emphasizes the robustness
of particular wavelength and strategy choices, and also
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suggests the level of performance possible when using
entangled photon sources with comparable bandwidth.
However, in this case the spectral radiance is significantly
larger due to the channel proximity to the sun angle and
we would like to demonstrate the level of filtering neces-
sary to generate key bits without the aid of AO. There-
fore, we narrow the spectral filter to AX = 0.05 nm for
both visibility conditions. In practice, one should use the
most aggressive filtering possible and be careful to exam-
ine how the choice of filter affects the number of back-
ground photons within that spectral window N, (Ao, AN)
(see Eq. 10). In effect, the choice of filter and subsequent
number of background photons can change the optimal
wavelength for key generation. For example, reducing
the filter from 1 nm to 0.05 nm takes advantage of a
narrow dip in spectral radiance and causes the optimal
wavelength to shift from 431 nm to near 405 nm (see
App. B). Therefore, in this subsection the blue curves
correspond to 405 nm.

Figures 13(a-b) and 14(a-b) show the atmospheric
transmission and spectral radiance for high and medium
visibility, respectively. In Fig. 13(c-e) and 14(c-e) we
plot the rg dependence of R%g for the two summer sol-
stice visibility conditions. One will see that the spec-
tral radiances are considerably higher as compared to the
winter solstice condition. One will also notice the rela-
tive high performance of shorter wavelengths and the TL
strategy, which persists even for more challenging atmo-
spheric conditions. Interestingly, the tighter filtering per-
mits key-bit yield even at ro ~ 5 cm with both 1550 and
405 nm for the high-visibility condition. In Fig. 13(f) and

14(f) we plot Rgg as a function of system Strehl. Tighter
spectral filtering reveals the trend in Strehl even more
clearly, that is, short wavelengths with the TL strategy
permit very high performance even with relatively low
Strehl. Therefore, our simulation demonstrates how one
can choose an optimal wavelength and filtering strategy
for even the most challenging down-link conditions.

IV. CONCLUSION

In this article we investigate the optimal wavelength
for free-space quantum communication over space-Earth
quantum channels, particularly in daytime conditions
where filtering sky-noise photons is a formidable chal-
lenge.  Ultimately, the performance of a free-space
quantum-communication system depends on the amount
of signal and noise passing through the optical receiver
spatial filter. However, the performance is an effect of
quantum phenomenon and a simple analysis can be quite
misleading. Therefore, we integrate the physics of focus-
ing in the presence of atmospheric turbulence with the
decoy-state BB84-QKD protocol, thus establishing an ac-
tual quantum-performance metric. We carefully examine
the wavelength and Fried spatial-coherence length ro de-
pendence of each component of the protocol. Namely, we
investigate the dependence on the optical receiver field
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FIG. 11: The (a-b) atmospheric transmission 7yans and

spectral radiance Hy, and (c-d) the key-bit rate Rgg for
winter solstice with medium visibility (23-km), plotted
as a function of r9. In (e-f) we have chosen 1550, 781,
and 431 nm (black, red, and blue respectively), and the
solid and dashed curves indicate the DL and TL
strategies, respectively. In (e) the vertical line at 5 cm
corresponds to no AO correction and the line at 50 cm
corresponds to the effective ¢ of a f. = 200-Hz AO
system. In (f) the A dependence of S produces three
vertical lines indicating AO correction.
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FIG. 12: The (a-b) atmospheric transmission 7yans and

spectral radiance Hy, and (c-d) the key-bit rate R%?B for
winter solstice with low visibility (5-km), plotted as a
function of rg. In (e-f) we have chosen 1550, 781, and

431 nm (black, red, and blue respectively), and the solid
and dashed curves indicate the DL and TL strategies,

respectively. In (e)the vertical line at 5 cm corresponds
to no AO correction and the line at 50 cm corresponds
to the effective rg of a f. = 200-Hz AO system. In (f)

the A dependence of S produces three vertical lines
indicating AO correction.
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FIG. 13: The (a-b) atmospheric transmission 7ans and

spectral radiance Hy, and (c-d) the key-bit rate R%B for
summer solstice with high visibility (50-km), plotted as
a function of ry. In this case we have narrowed the
spectral filter width to AX = 0.05-nm. In (e-f) we have
chosen 1550, 781, and 405 nm (black, red, and blue
respectively), and the solid and dashed curves indicate
the DL and TL strategies, respectively. In (e) the
vertical line at 5 cm corresponds to no AO correction
and the line at 50 cm corresponds to the effective rg of
a f. = 200-Hz AO system. In (f) the A dependence of S
produces three vertical lines indicating AO correction.
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FIG. 14: The (a-b) atmospheric transmission 7ans and

spectral radiance Hy, and (c-d) the key-bit rate R%g for
summer solstice with medium visibility (23-km), plotted
as a function of rg. In this case we have narrowed the
spectral filter to AX = 0.05-nm. In (e-f) we have chosen
1550, 781, and 405 nm (black, red, and blue
respectively), and the solid and dashed curves indicate
the DL and TL strategies, respectively. In (e) the
vertical line at 5 cm corresponds to no AO correction
and the line at 50 cm corresponds to the effective ry of
a f. = 200-Hz AO system. In (f) the A dependence of S
produces three vertical lines indicating AO correction.



of view, the resulting number of sky-noise photons, the
quantum bit error rate, and the signal-to-noise ratio.

Ultimately, we derive the QKD bit yield as a function
of wavelength and spatial coherence rg, and investigate
two different spatial-filtering strategies. Although the
quantum bit error rate and signal-to-noise ratio do not
change considerably with the two strategies, one strat-
egy has a clear advantage due to the boost in signal. We
show that, in general, shorter wavelengths outperform
longer wavelengths for a wide range of channel condi-
tions. For our site condition, there is a relatively large
dip in spectral radiance Hy, near 431 nm that permits the
highest QKD-system performance over the entire visible
spectrum and into the telecom band when using a 1-nm
spectral filter. This persists for several channel condi-
tions representative of a space-Earth down-link architec-
ture, namely winter and summer solstices with visibilities
ranging from 50 to 5 km. We show how aggressive spec-
tral filtering can permit high performance under challeng-
ing channel conditions, but a trade study is necessary in
the case of attenuation by a spectral filter narrower than
the bandwidth of the signal photons.

We also cast the optimization problem in terms of
higher-order AO, which allows one to correct for atmo-
spheric turbulence, in effect operating their optical re-
ceiver closer to the diffraction limit. This allows one to
use very tight spatial filtering and relax other filtering re-
quirements if necessary. For example, in order to accom-
modate an entanglement based protocol with broader-
band photons. Adaptive optics systems for shorter wave-
lengths are in general more difficult to construct due
to, for example, requiring more wavefront sensor sub-
apertures due to the wavelength dependence of the Fried
coherence length r(\). However, our results show that
even a relatively low performance AO system, for ex-
ample an AO corrected Strehl of ~0.1 at a short wave-
length, can provide significant performance benefit rela-
tive to longer wavelengths operating near the diffraction
limit. We contend that in the context of the global-scale
quantum internet mediated by free-space links, these en-
gineering concerns pose relatively straightforward prob-
lems and warrant further investigation and investment.

For space-based networks where there are no atmo-
spheric effects, the optical receivers would naturally op-
erate near the diffraction limit, and shorter wavelengths
have the clear advantage due to the increased geomet-
ric aperture-to-aperture coupling. To complete a sys-
tem design of a global-scale quantum network, an angle-
dependent study including the full effects on the Fried
coherence and the Greenwood frequencies should be con-
ducted for cases with stronger turbulence and large
Zenith angles. Lastly, the corresponding analysis for the
up-link scenario should include the spectral radiance due
to Earth shine and turbulence-induced beam spreading.
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Appendix A: Higher-Order AO Correction

1. Residual Error

In an AO system, the aberrations of the incoming
wavefront are corrected via a fast-steering mirror (FSM)
and a deformable mirror (DM) imprinted with the con-
jugate of the higher-order wavefront error [37, 42]. The
system is run in a closed-loop configuration in which a
small portion of the light output from the DM is split
off into a wavefront sensor which measures the residual
phase error (RPE) of the wavefront, and is used to up-
date the FSM and DM. This makes the RPE perhaps
the most fundamental parameter related to AO system
performance. For the open-loop case, the RPE variance
in radians ag depends primarily on the spatial coherence
at the receiver aperture. Considering the tip, tilt, and
higher-order aberrations one can write [37, 43]

) Dy \5/3
o2 o1, = 1.03(7“)) :
where the OL subscript indicates open-loop operation
and r(A) can be calculated according to [37]

}—3/5

(A1)

T()\):[O.423k2sec(ﬁz) /adhcg(h) . (A2)

0
where C2(h) is the atmospheric turbulence structure pa-
rameter, 6, is the zenith angle, a is the altitude of the
light source, and k& = 27/A. One should note that the
wavelength dependence of Eq. A2 is the origin of the
wavelength dependence of Eq. 5, that is, (k%)73/5
()\_2)_3/5 = \%/5_ Furthermore, as specified in the main
text, we assume rg is the value calculated at 500 nm and
therefore 1o = (500 nm) using Eq. A2.

A closed-loop AO system has many contributions to
the RPE [42]. However, for our down-link scenario with
a bright cooperative AO beacon, the RPE is dominated
by the systems ability to keep pace with the tempo-
ral fluctuations characterized by the tracking-Greenwood
frequency [37]

fra =5.268 x 1072 D" /% k
X [sec(QZ) / dh C2(h) v2 (h)
0

and the higher-order atmospheric fluctuations character-
ized by the Greenwood frequency [37]

(A3)
] 1/2

fo = [0.1022 k2 sec(6,) / " an () U?V/S(h)}gﬁ, (A4)
0



where vy, (h) is the altitude-dependent wind-velocity pro-
file. The total closed-loop RPE can be written in terms
of the tracking closed-loop bandwidth f;. and the higher-
order closed-loop bandwidth f. according to [37, 42]

o= (3H9) 4 (L)

This expression is independent of r( as long as ones wave-
front sensor is able to sufficiently spatially resolve the
wavefront error. Strong intensity variations in the op-
tical field can degrade the performance of an AO sys-
tem based on certain wavefront sensors. Such scintilla-
tion effects are typically attributed to deep turbulence,
large zenith angle, or horizontal propagation conditions,
whereas this article considers slant-path turbulence and
zenith angles where the scintillation effects are typically
much less severe.

Both Eq. Al and Eq. A5 can be used to find the
optical-path-difference (OPD) variance

(A5)

2 2 A2
JopD — Jib(%) . (AG)
The OPD variance is a useful quantity because it is in-
dependent of wavelength. Using Eqs. A1, A6, and 5 one
can show that

Mo\2/ Dg\5/3
wbenon =103(57) ()

(A7)

where ro is the Fried coherence length measured at
A0=500 nm. The open-loop OPD variance U%PD’OL is
a property of the atmosphere that is directly measured
by the wavefront sensor when the AO system is in the
open-loop configuration, that is, a flat DM and no tip/tilt
correction. From Eq. A7 one can see that it can be used
to infer rg. For the closed-loop case, we combine Eqs. A3,
A4, A5, and A6 to find

odpp,cy = 0.1022 f°/

x sec(6,) /0 " dn C2(h)v3/3(h)

2 (A8)
+2.775 x 10—3@) fi2DgV?

x sec(6,) [ dhCZ(h)v2(h).
0

One can see that the closed-loop OPD variance 03 pp ar,
depends on the relationship between the closed—léop
bandwidths and the temporal component of the turbu-
lence characterized by the integrals.

2. Effective Fried Coherence Length and
Closed-Loop Bandwidth

We wish to interpret the rq dependence of the key-bit
yield Rxp and each of the contributing phenomenon in

15

1.0
200 Hz no AO
0.8
0.6
e
o
& 0.4
0.2 \
\
0.0 -
0 200 400 600 800 1000
Oopp (NM)

FIG. 15: The system Strehl for 1550, 781, and 431 nm
(black, red, and blue respectively), plotted as a function
of oopp. The vertical lines at 144 nm and 980 nm
indicate the ocopp of a closed- and open-loop 200-Hz
AO system correcting for an atmosphere characterized
by r9 = 5 cm, respectively. The horizontal lines indicate
the achieved closed-loop Strehl at each wavelength.

terms of AO. To do so, we would like to establish an effec-
tive rg corresponding to residual-turbulence effects after
AO correction. Hence, we will assume for the moment
that the RPE variance for open- and closed-loop opera-
tion are equal. This permits one to equate Eqs. Al and
A5 and use Eq. 5 to solve for rg:

A 6/5
r{@) = 1.033/5 (70) Dy

[y (e

where the superscript CL indicates that this ry is the
effective spatial coherence during closed-loop operation.
In other words, with AO, a given combination of fqg, fe,
fra, and fi. yields the same optical receiver performance
that would be achieved without AO in an atmosphere
described by r(()CL)
find

L1735 (A9)
|

. Similarly, one can solve for f. and

7OV = g [1.03(%)5/3(%)2

ro A
T fra\? e
B (5 fre ) ] ’

where in this case the superscript OL indicates that this
fc is the effective closed-loop bandwidth of open-loop op-

eration. In other words, C(OL) is the closed-loop band-
width that yields no improvement over open-loop optical
receiver performance. It also serves as the lower bound
when investigating the f. dependence of Eq. A5. Either
of these equations can be used to show the relative im-

provement AO can provide. In the main text we do this

(A10)
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FIG. 16: The linear angle FOV for 1550, 781, and 431 nm (black, red, and blue respectively), plotted as a function
of oopp for (a) 0 to 500 nm and (b) 500 to 1000 nm. The solid and dashed curves indicate the DL and TL FOV’s,

respectively. The line at copp = 980 nm corresponds to

and 104 nm correspond to full AO with 130-, 200-

by including vertical lines indicating the effective r¢ of
AO correction and by plotting the key-bit rate as a func-
tion of f. in Fig. 9.

In Ref. [26] we carefully show how one can calcu-
late the Fried coherence and slew dependent Green-
wood frequency for a circular orbit passing through
zenith. The emphasis therein was to indicate the equiva-
lent horizontal-path propagation length corresponding to
slant-path propagation. Since in the present analysis we
have limited our study to zenith, we set 8, = 0 and using
the slant-path expressions with Dr=1 m, the 1xHVj5 7
turbulence profile, and the Bufton wind model we find

r(500nm) = rg = 5 cm,
fc(500 nm) ~ 301 Hz,
frc(500nm) ~ 43 Hz.

(A11)

In our field experiment we built a f. = 130-Hz AO sys-
tem for compensation of temporal characteristics corre-
sponding to a 1.6-km horizontal channel where the max-
imum observed fg was approximately 60 Hz. For the
LEO down-link case that we consider here, one would
in practice build a faster AO system that can more ef-
fectively compensate for the temporal component of the
turbulence which is enhanced due to slewing. For exam-
ple, we conducted detailed simulations considering both
200-Hz and 500-Hz AO systems in Refs. [21, 22]. For
this simulation, we will assume a tracking bandwidth
fte = 60 Hz and consider these three higher-order AO
bandwidths in order to demonstrate there is not a sharp
cutoff in effectiveness and even a relatively slow system,
that is, a system slower than the observed Greenwood
frequency, can still provide a substantial boost in QKD
performance if the proper spatial filtering strategy is im-
plemented. Therefore, using frq = 43 Hz, fq = 301 Hz,
and f;. = 60 Hz in Eq. A9 we find r(()CL) ~ 37, 50, and 74
cm for f. = 130, 200, and 500 Hz respectively. We will

no AO correction whereas the lines at ocopp = 184, 144,

, and 500-Hz closed-loop bandwidths, respectively.

use these values in the main text to indicate examples of
closed-loop AO operation.

3. Strehl

Another performance parameter closely related to AO
systems is the system Strehl. Using Eq. Al and A6 in
Eq. 4, one can rewrite the Strehl as

1 27\ 21-6/5
=i+ robe(T) ]
This is significant because it shows that a AO system has
a wavelength-dependent system Strehl. For the present
analysis we use g from Eq. A1l and substitute Eq. A7
into Eq. A12 to find oopp,or. = 980 nm. Using 6,=0,
Dr=1 m, the 1xHVj5,7 turbulence profile, the Bufton
wind model, and tracking bandwidth f;. = 60 Hz one can
use Eq. A8 and find oopp,cr, =~ 184, 144, and 104 nm for
fe=130-, 200-, and 500-Hz higher-order-bandwidth AO
systems, respectively.

In Fig. 15 we plot the system Strehl for 1550, 781, and
431 nm (black, red, and blue respectively) as a function
of oopp. The vertical line on the left indicates the copp
corresponding to closed-loop operation with f;. = 60
Hz and f.=200 Hz. The horizontal lines indicate the
achieved closed-loop Strehl at each wavelength. There-
fore, one can see that a short-wavelength closed-loop AO
system will operate at a much lower system Strehl. In the
main text we investigate how this affects the performance
of the QKD system.

(A12)

4. Spot Size

The wavelength dependence of the sky background Hj,
and the geometric coupling are important components



of the optimization problem, but the most fundamen-
tal physics pertains to the focused spot size and it’s de-
pendence on wavelength. Equation 5 shows that longer
wavelengths are affected less by a given atmospheric con-
dition, but Eq. 1 shows that, in the absence of turbulence,
the focused spot is larger, resulting in either more loss at
the spatial filter or more noise, depending on the spatial
filter strategy. The shorter wavelength has a smaller fo-
cused spot but is impacted more by the atmosphere. We
will now investigate these competing trends in terms of
the residual error. Using Eq. A12 in Eq. 3 one can write

TL DL 1 27\ 273/5
dipot) - dépot) |:1 + ﬁ O—%PD (T) :| ) (A13)

which can be used to find the TL FOV

A 1 27\ 213/5) 2

(A14)
In Fig. 16 we use Eq. A14 to plot the solid-angle FOV as a
function of OPD standard deviation oy, (this figure is an
analog to Fig. 3 which was a function of 7¢). This open-
loop scenario can be seen in Fig. 16(b) where one will
notice that the strong wavelength dependent atmospheric
effects are dominant here and the FOV’s are larger for
the short wavelengths. In Fig. 16(a) we plot the range
for a well-functioning AO system. One will see that in
the range 300 nm < oopp < 400 nm there is a transition
where the wavelength dependence of spot size begins to
dominate and shorter wavelengths permit smaller FOV’s.

Appendix B: Optimal Wavelength for Decoy-State
BB84-QKD

We chose wavelengths near 1550 and 780 nm because
these are common wavelengths considered for space-
Earth quantum communications. To find a true opti-
mal wavelength we investigate the wavelength depen-
dence of the key-bit rate Régg for 1:00 PM on the win-
ter solstice with high visibility over a large wavelength
range. In Figs. 17(a) and 17(b) we plot the key-bit
rate for two different wavelength ranges. We assume an
AO system with f;. = 60 Hz and f. = 200 Hz yield-
ing r((,CL) = 50 cm. Furthermore, the black and gray
curves represent the key-bit rate for 0.05-nm and 1-nm
spectral filters, respectively. One can see that although
the sky is generally brighter and transmission is poorer
at shorter wavelengths, the key-bit rates are generally
higher. In Figs. 17(b-d) we zoom in to the shorter wave-
length range and reveal the optimal wavelength for the
site condition using the two different filters. For the 1-nm

filter we find the optimal wavelength )\gL? ™) — 430.886
nm and for the 0.05-nm filter there is a convenient peak
at ,\g‘;{"”“m) = 404.694 nm (see Figs. 17(c) and 17(d),
respectively).
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