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1Ginzton Laboratory, Stanford University, 348 Via Pueblo Mall, Stanford, California 94305, USA
2Max-Planck-Institute of Quantum Optics, Hans-Kopfermann-Str. 1, Garching 85748, Germany

A transducer of single photons between microwave and optical frequencies can be used to realize
quantum communication over optical fiber links between distant superconducting quantum com-
puters. A promising scalable approach to constructing such a transducer is to use ensembles of
quantum emitters interacting simultaneously with electromagnetic fields at optical and microwave
frequencies. However, inhomogeneous broadening in the transition frequencies of the emitters can
be detrimental to this collective action. In this article, we utilize a gradient-based optimization
strategy to design the temporal shape of the laser field driving the transduction system to mitigate
the effects of inhomogeneous broadening. We study the improvement of transduction efficiencies
as a function of inhomogeneous broadening in different single-emitter cooperativity regimes and
correlate it with a restoration of superradiance effects in the emitter ensembles. Furthermore, to
assess the optimality of our pulse designs, we provide certifiable bounds on the design problem and
compare them to the achieved performance.

INTRODUCTION

Current superconducting quantum systems are able
to achieve non-trivial quantum computational tasks [1]
and connecting them as nodes of a quantum internet
can realize scalable, distributed quantum computing [2].
Since superconducting quantum systems operate at mi-
crowave frequencies, there are technological restrictions
to directly connecting distant systems. Commercial mi-
crowave cables are dominated by thermal noise at room
temperature and hence cause huge loss over long dis-
tances. On the other hand, cryo-cooled superconducting
transmission lines are low loss but limited to short dis-
tances [3]. Optical photons are better ‘flying’ qubits;
they can be transmitted with low loss over long dis-
tances through optical fibers. To connect superconduct-
ing quantum systems, there is a necessity to realize co-
herent transduction systems that can convert photons
coherently and bi-directionally between microwave and
optical frequencies.

Many approaches have been proposed to construct
such transducers [4, 5]. Microwave-to-optical transduc-
ers couple fields oscillating at the respective frequen-
cies through a non-linear medium that can be driven
externally to bridge the gap between these frequency
regimes. The different types of non-linear media that
have been studied so far are, electro-optic materials [6–
11], magnon modes [12–14], optomechanical systems [15–
29], and broadly, ensembles of atomic systems [30–45].

Solid-state emitters (like color centers in diamond
and silicon carbide and rare-earth ions doped in crys-
tals) can have transitions coupling to both microwave
and optical fields. They provide an attractive platform
for implementing transducers owing to the possibility
of integration with superconducting quantum systems

∗ These authors contributed equally to this work.

[46, 47] and scalability afforded by rapidly developing
nano-fabrication techniques [48–50]. However, single de-
fects are often only weakly coupled to the microwave and
optical fields, leading to low transduction efficiencies. An
approach to overcoming this limitation is to use ensem-
bles of such emitters coupling to the same microwave
and optical channels the coupling strength is then en-
hanced proportionally to the number of emitters as a
consequence of the formation of a collective superradiant
state of the emitters [51–56].

In practical devices, emitters do not have identical res-
onant frequencies [57–59] this inhomogeneous broaden-
ing in the resonant frequencies prohibits the formation
of a collective superradiant state and lowers the trans-
duction efficiencies. However, the temporal shape of the
lasers driving the emitter ensembles can be experimen-
tally tuned — this opens up the possibility of using quan-
tum control techniques to compensate for inhomogeneous
broadening in the emitter ensemble, restore superradi-
ance, and improve transduction efficiencies.

Quantum control techniques have traditionally been
employed to control the state of quantum systems [60, 61]
like ions [62, 63], atoms [64–66], superconducting qubits
[67–69], and solid-state emitters [70, 71]. Furthermore,
several previous works have also applied quantum con-
trol techniques for addressing inhomogeneous ensembles
for various quantum technology applications. However,
most of these previous results consider an inhomogeneous
non-interacting ensemble, in which case the system can
be effectively analyzed with the density matrix of a single
emitter obtained by averaging the individual inhomoge-
neous emitter trajectories. Several results related to con-
trollability of such systems have been previously provided
[72–75], together with analytical [76–82] and numerical
techniques [75, 83–97] to discover optimal controls. The
problem of restoring superradiance in an inhomogeneous
ensemble is distinct from the settings considered in these
works in two key aspects — first, we must necessarily ac-
count for the collective interaction between the different
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Figure 1. (a) Schematic of a three-level system ensemble-based transducer device. (b) Scaling of transduction efficiency with
increasing number (N) of three-level systems in a homogeneous ensemble for different cooperativities C (we keep γ fixed
and vary Γ to vary cooperativity). (c) Decrease in the transduction efficiency through randomly inhomogeneously broadened
ensembles of N = 10 emitters with increasing inhomogeneous broadening ∆ for different cooperativities C. For each value of the

inhomogeneous broadening ∆, 100 randomly broadened ensembles are created by sampling the emitter detunings δ
(i)
µ , δ

(i)
opt from

a Gaussian distribution with standard deviation equal to ∆. Each plot point corresponds to the mean over the 100 ensembles
with inhomogeneous broadening equal to the corresponding value of ∆ and the shaded regions represent the standard deviation.
(d) Transduction spectra of ensembles (N = 10, C = 0.1) with varying inhomogeneous broadening ∆.

emitters mediated by the optical and microwave fields
by considering the state of the entire ensemble while de-
signing the optimal control. Second, the model that we
use is severely limited in terms of the control parame-
ters available — we do not assume that each emitter is
individually accessible as practical experimental setups
can only easily apply a single control signal across all the
emitters.

Our approach to solving this design problem is to use a
time-dependent scattering theory framework [98] to pose
the problem of inhomogeneity compensation as a con-
trol problem — this framework not only allows us to ac-
count for the collective interaction between the emitters
as mediated by the optical and microwave fields, but also
account for properties of the emitted and absorbed pho-
tons in the resulting quantum control problem. For the
emitter based transduction system, we solve the resulting
control problem using a gradient-based optimization al-
gorithm to demonstrate an order of magnitude improve-
ment in the transduction efficiencies. Furthermore, to

assess the optimality of the resulting solution, we calcu-
late provable upper bounds on the transduction efficien-
cies achievable by designing the temporal shape of the
laser drive. Our work is closely related to, but distinct
from Ref. [66] wherein a similar framework was used to
design quantum controls for mediating interactions be-
tween ensembles of emitters with controllable transition
frequencies to implement quantum memories.

RESULTS

The transducer model being considered in this article is
schematically depicted in Fig. 1a. The emitter ensemble,
with each emitter considered to be a three-level system,
is coupled to microwave and optical modes with coupling
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Figure 2. (a) Fourier transform of the input microwave
field (Gaussian waveform). Dashed lines are representative
of the individual emitter frequencies in a random ensemble
(N = 10, ∆ = 200γ). (b) Amplitudes of the harmonic com-
ponents of the optimized Ω (t) designed for the same ensem-
ble. (c) Comparison of the transduction spectrum of the same
ensemble with and without optimized drives applied — the
transduction spectrum with the optimized drive is computed
using a Floquet scattering theory approach [99].

operators Lµ and Lopt respectively, where

Lµ =

N∑
i=1

√
γµσ

i
µ and Lopt =

N∑
i=1

√
γoptσ

i
opt. (1)

Here, γµ and γopt are the decay rates of the emitters
into the microwave and optical modes respectively, N is
the number if emitters in the ensemble, and σiµ and σiopt

are the lowering operators for transitions of the ith emit-
ter in the ensemble. In addition to coupling to the optical
and microwave modes, each emitter can also decay into
additional loss channels, modeling unwanted radiative
and non-radiative losses, with decay rates Γµ and Γopt

from the excited states |eiµ〉 and |eiopt〉, respectively. Fur-
thermore, the transition between the two excited states
is driven by a laser with envelope Ω (t).

For emitter ensembles formed out of identical emitters,
the transduction efficiency is determined by the cooper-
ativity of the individual transitions, Cµ = γµ/Γµ for mi-
crowave and Copt = γopt/Γopt for optical, as well as the
number of emitters. We assume γµ = γopt = γ, Γµ =
Γopt = Γ, and Cµ = Copt = C = γ/Γ in our simulations
for simplicity of analysis. Fig. 1b shows the transduction
efficiency of this system as a function of the number of
emitters for different emitter cooperativities due to the
formation of a collective superradiant state between the
different emitters, this efficiency asymptotically reaches
1 on increasing the number of emitters. Furthermore,
the number of emitters needed to obtain high efficiency
increases with a decrease in the cooperativity of the in-
dividual emitters. We point out that for high microwave
and optical cooperativities, near unity transmissions can
be obtained with a single emitter and consequently it is
unnecessary to use emitter ensembles. We thus focus on
low cooperativity emitters in the remainder of this arti-
cle. On introducing inhomogeneous broadening into the
emitter frequencies, the efficiency of the transduction sys-
tem decreases (Fig. 1c) for large inhomogeneous broad-
ening, the emitters do not form a collective superradiant
mode and the transduction spectrum simply comprises
of the individual transduction spectra of the emitters in
the ensemble (Fig. 1d).

Since the laser pulse Ω(t) couples the microwave and
optical transitions, we expect that unwanted variations
in the transition frequencies can be compensated for by
modulating the temporal form of this laser. However, in
practical transduction systems, it is difficult to address
individual emitters with separate lasers and consequently
any modulation of Ω(t) impacts all the emitters. This
makes designing the laser pulses difficult and calls for
an application of numerical optimization techniques. We
thus pose its design as maximizing the total power ob-
tained in the optical mode when the emitter ensemble is
excited with a single photon in the microwave mode:

max
Ω(t)

∫ ∞
−∞

dt |aopt(t)|2

subject to i
d|ψe (t)〉

dt
= Heff (Ω(t)) |ψe (t)〉+ aµ(t)L†µ|G〉,

aopt(t) = −i〈G|Lopt|ψe (t)〉. (2)

where the time-domain wave-packets of the single mi-
crowave input photon and optical output photon are de-
scribed by aµ (t) and aopt (t) respectively, |ψe〉 is the state
of the emitters in the ensemble, |G〉 is the ground state of
the ensemble, and Heff(Ω) is the non-Hermitian effective
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Figure 3. Optimized drives countering inhomogeneous broadening. (a) Transduction efficiency and (b) improvement in the
transduction efficiency through randomly inhomogeneously broadened ensembles of N = 10 emitters with increasing inho-
mogeneous broadening for different cooperativities C when the optimized drives are applied. For each ∆, optimized drives
are designed for each of the same 100 randomly generated ensembles with inhomogeneous broadening equal to ∆ as used in
Fig. 1c. Before running the optimizations, for each ensemble, the input photon is frequency-shifted to match the highest peak
of the unoptimized transduction spectrum. Also, the initial condition for the optimization is Ω (t) = (Nγ + Γ) /2, which is
a constant drive that maximizes the transduction efficiency through a homogeneous ensemble with the same decay rates (see
Appendix C). Improvement is defined as the ratio of the efficiencies with and without the optimized drive applied. Each plot
point corresponds to the mean over the 100 ensembles with inhomogeneous broadening equal to the corresponding value of ∆
and the shaded regions represent the standard deviation.

Hamiltonian of the system when all the emitters are uni-
formly driven by a laser with amplitude Ω. We point out
that the constraints are simply the input-output equa-
tions describing the dynamics of the transduction process
under excitation with a single photon [98, 100, 101] —
details of their derivation can be found in Appendix A.
Furthermore, since experimentally realizable laser pulses
will be band-limited, we parametrize Ω (t) as a finite sum
of harmonics,

Ω(t) =

Nh∑
n=0

Ωn cos(nω0t+ φn), (3)

consequently constraining its bandwidth to be Nhω0.
The design problem (2) can be solved using off-the-shelf
gradient-based local optimizers. The gradient of the ob-
jective function in problem (2) with respect to the pa-
rameters Ωn, φn can be computed using the time-domain
adjoint variable method [102, 103] (details available in
Appendix E).

As an example, we consider a transduction system with
N = 10 inhomogeneous emitters excited with a single
microwave photon with a Gaussian spectrum. Figure 2a
shows the spectrum of the input photon, with the dashed
lines depicting the resonant frequencies of the transduc-
tion spectra of the individual emitters. Given its narrow
bandwidth, we expect the input photon to effectively only
interact with a single emitter, leading to a low transduc-
tion efficiency comparable to what can be achieved by us-
ing just one emitter instead of many. The optimized drive
obtained on solving problem (2) is depicted in Fig. 2b —
as can be seen from Fig. 2c, the transduction spectrum in

the presence of the optimized drive shows improvement
relative to the one with constant (unoptimized) drive.

Statistical studies of performance of the optimiza-
tion procedure for different sets of emitter frequencies
is shown in Fig. 3 — Fig. 3a shows the optimized trans-
duction efficiencies and Fig. 3b shows the improvement
in the transduction efficiencies. We observe that the im-
provements are larger at higher inhomogeneous broaden-
ing. Furthermore, the cooperativities of the emitters set
a limit on improvement that can be obtained by shap-
ing the laser pulse — as can be seen from Fig. 3b, the
improvements are generally smaller for lower cooperativ-
ities.

While it is intuitively expected that improvement in
transduction efficiency with the application of an opti-
mized drive is due to recovery of superradiance, this can
be made more concrete by studying the Floquet eigen-
states of the optimized (time-dependent) effective Hamil-
tonian. The superradiance in an eigenstate |φ〉 of the
propagator over one time period of the effective Hamil-
tonian, can be quantified with the metric,

f [|φ〉] =
2

N
√
γµγopt

∣∣〈G|Lopt|φ〉〈φ|L†µ|G〉
∣∣. (4)

For a homogeneous ensemble, the metric is 1 for two
eigenstates formed by the drive-induced hybridization of
superradiant states corresponding to the microwave and
optical transitions. Furthermore, it is 0 for the remain-
ing eigenstates since they are subradiant/dark. Since
the eigenstates for an inhomogeneous ensembles are not
perfectly superradiant or subradiant, their corresponding
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Figure 4. (a) Comparison of the superradiance metric for ensembles with inhomogeneous broadening ∆ = 200γ with and
without optimized drives applied (data for optimized and unoptimized cases are dodged in the plot for visual clarity). After
generating the optimized drives used in Fig. 3, we compute the metric for all eigenstates of each of the 100 random ensembles
with inhomogeneous broadening ∆ = 200γ by numerically diagonalising the propagator over one time period of the effective
Hamiltonian. Each plot point and associated error bars correspond to the mean and standard deviation (over the collection
of ensembles with ∆ = 200γ) of the maximum value of the superradiance measure f [|φ〉] over all Floquet eigenstates |φ〉. The
dashed line denotes the same for a homogeneous ensemble. As we increase Γ to decrease the cooperativity, the metric is larger on
average in the unoptimized case. We attribute this to the simultaneous increase in the unoptimized drive Ω (t) = (Nγ + Γ) /2
overshadowing the constant inhomogeneous broadening ∆ = 200γ (see Appendix D). (b, c, d) Density plots (obtained by
kernel density estimation using Gaussian kernels [104]) of the superradiance measure for eigenstates of the 100 ensembles with
inhomogeneous broadening ∆ = 200γ, (b) C = 0.01, (c) C = 0.1, (d) C = 1.

metric lies between 0 and 1 and quantifies the extent of
their subradiant or superradiant character. Figure 4a in-
dicates that an application of the optimized drive statisti-
cally increases the value of this metric, indicating partial
recovery of superradiance. The density plots in Fig. 4(b,
c, d) show the distribution of the superradiance metric
of the eigenstates of an inhomogeneously broadened en-
semble.

The results discussed above indicate that pulse-shaping
the laser can be used to improve the performance of
transduction systems. However, the optimized laser
pulses can only be computed if the emitter frequencies
are known. For systems with large number of emitters,
such characterization might not be practical at scale and
it would be desirable to find an optimized pulse which is
robust to the specific frequencies of the emitters and de-
pends only on their distribution. To design such a laser

pulse, we modify the optimization problem (2) to

max
Ω(t)

1

Ns

Ns∑
n=1

∫ ∞
−∞

dt
∣∣∣a(n)

opt(t)
∣∣∣2

s.t. i
d|ψ(n)

e (t)〉
dt

= H
(n)
eff (Ω(t)) |ψ(n)

e (t)〉+ aµ(t)L†µ|G〉,

a
(n)
opt(t) = −i〈G|Lopt|ψ(n)

e (t)〉, (5)

where we generate Ns inhomogeneous emitter samples
from the same inhomogeneous broadening distribution
and find a laser pulse that Ω(t) that optimizes the av-
erage transduced power over all the samples. The su-
perscript over a quantity in problem (5) indicates that
that quantity is computed for a specific sample. We de-
sign such a drive, shown in Fig. 5a, for a training set of
Ns = 100 random ensembles with inhomogeneous broad-
ening ∆ = 200γ and with the input-photon being inci-
dent at the resonance of a homogeneous ensemble. Figure
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Figure 5. Transduction efficiency improvement with uncustomized optimization. (a) Amplitudes of the frequency components
comprising the uncustomized drive. (b) Density plots of the transduction efficiency through 100 ensembles (test set) with
∆ = 200γ, C = 0.1 for three cases – (green) no optimized drive is applied and the input photon is fixed at the resonance of a
homogeneous ensemble, (orange) no optimized drive is applied but the input photon is frequency-shifted to match the highest
peak of the unoptimized transduction spectrum for each inhomogeneous ensemble, and (blue) the uncustomized optimized drive
is applied and the input photon is fixed at the resonance of a homogeneous ensemble.

5b shows the resulting improvement in transduction ef-
ficiency from applying the optimized drive to a test set
of 100 random ensembles that are generated from the
same inhomogeneous broadening distribution, indepen-
dently of the training set. While there is significant im-
provement over the unoptimized case, we point out that
simply shifting the spectrum of the input photon without
shaping the driving laser pulse results in similar improve-
ments. Therefore, it is not expected that this optimized
drive is restoring superradiance in the emitter ensem-
ble, rather it is effectively matching the resonance of the
transduction spectrum to the input photon in a manner
robust to the specific emitter frequencies. This could still
be technologically useful since this optimized drive is ag-
nostic to the specific emitter frequencies, thus obviating
the need to characterize the emitter resonances. Further-
more, if many transducers are to be operated simultane-
ously, experimentally realizing and supplying drives cus-
tomized to each transducer can be challenging to scale —
having a common, uncustomized drive would solve this
problem.

Finally, we address the question about the optimality
of the laser pulses calculated using the gradient-based
optimization algorithm. Since the optimization problem
(2) is non-convex, we can only solve it locally and calcu-
lating the solution globally will likely be hard. However,
one method to assess how close the laser pulses obtained
above are to the globally optimal solution is to calculate
upper bounds on the achievable transduction efficiency
and compare it to the locally optimized results.

The physically motivated idea behind calculating such
an upper bound is to note that the efficiency is limited by
the amplitude of the emitters in their excited state while
interacting with the input photon, as well as the time that
the emitters spend in the excited state. More rigorously,

in the presence of the incident single-photon wave-packet
as well as a decay of the excited state, the time-integrated
norm of the excited state amplitude |ψe(t)〉 cannot be
arbitrarily high. Consequently, an upper bound on the
transduction efficiency can be obtained by simply max-
imizing the emitted photon energy as only constrained
by this norm, which translates to solving the following
optimization problem

max
Ω(t)

∫ ∞
−∞
|aopt(t)|2 dt

subject to

∫ ∞
−∞
‖|ψe(t)〉 − |ψe,0(t)〉‖22 dt ≤ ε

aopt(t) = −i〈G|Lopt|ψe(t)〉, (6)

where |ψe,0(t)〉 is a reference state, ‖.‖2 denotes the l2-
norm, and ε is parameter that can be considered as the
solution of the following optimization problem:

max
Ω(t)

∫ ∞
−∞
‖|ψe(t)〉 − |ψe,0(t)〉‖22 dt

subject to i
d|ψe (t)〉

dt
= Heff (Ω(t)) |ψe (t)〉+ aµ(t)L†µ|G〉.

(7)

We point out that since by construction ε provides an
upper bound on the integrated norm of the difference of
the excited state from the reference state for all allowed
laser pulses, the optimization problem 6 is a relaxation
of the original non-convex optimization problem (prob-
lem 2). Therefore, the solution of problem 6 provides an
upper bound to the (global) solution of problem 2.

Problem (6) is a quadratically-constrained quadratic
program and bounds on its optimal value can be cal-
culated by using the principle of Lagrangian duality
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[105, 106] (see Appendix F). However, computing ε,
which is required to solve problem 6, again requires solv-
ing a non-convex problem (problem 7). In order to get
around this issue, as outlined in appendix F, we construct
a provable upper bound, εc on ε which can also be used
together with problem 6 to obtain an upper bound on
the transduction efficiency. We point out that this bound
will be looser than the one obtained on using ε, i.e., the
tighter the bound on the norm of the excited state, the
better the bound on the transduction efficiency.

Fig. 6 shows numerical studies of the upper bounds
calculated on the transduction efficiency together with
its comparison with the locally optimized results. In
our numerical studies, we solve problem 6 to compute
both a certifiable bound, which uses the upper bound
εc on ε, and a heuristic bound calculated with only lo-
cally optimal solutions of problem 7. We observe that,
as physically expected, the bounds decrease on aver-
age with increasing inhomogeneous broadening and are
higher for higher cooperativities. Furthermore, the op-
timized transduction efficiencies are within an order of
magnitude of the bound, which provides us with an es-
timate of the performance of the optimization method
used in the paper.

DISCUSSION

In this article, we have used gradient-based inverse
design of the temporal shape of the driving field as a
technique to compensate for the effects of inhomogeneous
broadening to help realize more efficient transducers. We
demonstrated that optimized driving fields can lead to
improvement in transduction efficiencies and showed that
this improvement can be correlated with restoration of
superradiant effects. Finally, to characterize the limits
of the performance of time-dependent drives obtained by
optimization-based design, we calculated upper bounds
on optimal transduction efficiencies.

Our design method is applicable to different physi-
cal platforms including color centers or rare-earth ions
in solid-state hosts. The techniques used in this ar-
ticle can be extended to ensembles that are orders of
magnitude larger by frequency-binning the randomly dis-
tributed transition frequencies [107]. We will explore this
direction in future work. In some physical systems the
transition frequencies of the emitters can be modulated
(for e.g., via Stark effect in VSi centers in SiC). Previous
research [108] has shown that direct modulation of the
transition frequencies can also be used to compensate for
inhomogeneous broadening in a cavity-QED setting. We
anticipate that optimization-based design for transduc-
ers can also be applied with the direct modulation as the
degree of freedom instead of the driving field.

Regarding experimental implementation of our design
method, pulse shaping of the laser drive should be achiev-
able by using a commercial electro-optic intensity mod-
ulator — we assume in our simulations that the high-
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Figure 6. Heuristic and certifiable upper bounds and un-
optimized and optimized transduction efficiencies calculated
for ensembles with N = 3 emitters and cooperativities (a)
C = 0.01, (b) C = 0.1, (c) C = 1. For each ∆, 100 random en-
sembles are generated with inhomogeneous broadening equal
to ∆. For each such ensemble, optimized drives are designed
to improve transduction efficiency by using a local optimizer
to solve problem (2). Then, using the state obtained by solv-
ing the input-output equation with the aforementioned op-
timized drive as the reference state, heuristic and certifiable
bounds are calculated. Each plot point corresponds to the
mean over the 100 ensembles with inhomogeneous broaden-
ing equal to the corresponding value of ∆ and the shaded
regions represent the standard deviation.

est harmonic component in the drive has a frequency
of 1 GHz (γ = 10 MHz). The experimental feasibility
of designing photon emission and scattering properties
by time-modulating solid-state emitters has been demon-
strated before [108–110], albeit with modulation methods
different from a laser drive.
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METHODS

Simulations

We discretize the input-output equations (the con-
straints in problem (2)) in time and simulate the dynam-
ics to calculate the transduction efficiency using finite-
difference methods. For the customized case, i.e., when
the drive is designed for a specific ensemble, we use
the L-BFGS-B optimization algorithm. We employ the
stochastic optimization algorithm Adam [111] to design
the uncustomized driving field.
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Appendix A: Input-output equations

The Hamiltonian describing the ensemble is,

Hsys(Ω(t)) =
∑
i

[
δiµσ

i†
µ σ

i
µ + δioptσ

i†
optσ

i
opt

]
+
∑
i

Ω(t)(σi†µ σ
i
opt + H. c.), (A1)

where the transition operators σiµ,opt are defined in the main text. We point out that the laser field is actually

Ω (t) eiωLt, where ωL is the central frequency. The Hamiltonian in Eq. A1 is obtained by going into a rotating frame
to remove the term oscillating at ωL from the drive.

The Hamiltonian of the entire system, i.e., the microwave and optical waveguide modes together with the ensemble
is,

H = −i
∫
dx

(
a†µ,x

∂

∂x
aµ,x + a†opt,x

∂

∂x
aopt,x

)
+
(
a†µ,x=0Lµ + H.c.

)
+
(
a†opt,x=0Lopt + H.c.

)
+Hsys, (A2)

where aµ,x and aopt,x are the spatial annihilation operators for the microwave and optical waveguide modes respectively
[98] and the coupling operators Lµ and Lopt are defined in the main text. The terms in Eq. A2 with the operators
Ls where s ∈ {µ, opt} represent the ensemble-waveguide interaction.

We define the number operator,

Ne =

∫
dx

(
a†µ,xaµ,x + a†opt,xaopt,x

)
+

N∑
i=1

(
σi†µ σ

i
µ + σi†optσ

i
opt

)
, (A3)

which commutes with the HamiltonianH. We consider an initial state with a single photon in the microwave waveguide
mode. Thus, the state of the whole system is restricted to the single-excitation subspace at all times, and we assume
the following ansatz for the state at time t in the Schrödinger picture,

|ψ (t)〉 =

∫
dx α (x, t) a†µ,x|vac〉 ⊗ |G〉 ⊗ |vac〉+ |vac〉 ⊗ |ψe (t)〉 ⊗ |vac〉+ |vac〉 ⊗ |G〉 ⊗

∫
dx β (x, t) a†opt,x|vac〉,

(A4)

where |vac〉 is the vacuum state of a waveguide mode and |G〉 =
⊗N

i=1 |g〉 is the ground state of the ensemble.
Given this ansatz, Schrödinger’s equations for the system are,

i
d

dt
|ψe (t)〉 = Hsys|ψe (t)〉+ α (0, t)L†µ|G〉+ β (0, t)L†opt|G〉 (A5)

∂

∂t
α (x, t) = − ∂

∂x
α (x, t)− iδ (x) 〈G|Lµ|ψe (t)〉 (A6)

∂

∂t
β (x, t) = − ∂

∂x
β (x, t)− iδ (x) 〈G|Lopt|ψe (t)〉, (A7)

Solving Eq. A6 and Eq. A7 for α (0, t) and β (0, t),

α(0, t) = aµ(t)− i

2
〈G|Lµ|ψe(t)〉 (A8)

β(0, t) = − i
2
〈G|Lopt|ψe(t)〉, (A9)

where aµ (t) = limt0→−∞ α (t0 − t, t0) describes the time-domain wave-packet of the input photon in the microwave
waveguide mode. Similarly, aopt (t) = limt1→∞ β (t1 − t, t1) describes the time-domain wave-packet of the output
photon in the optical waveguide mode. From the solution of Eq. A7 we have,

aopt(t) = −i〈G|Lopt|ψe(t)〉. (A10)

Substituting Eq. A8 and Eq.A9 into Eq. A5, we have,

i
d

dt
|ψe (t)〉 =

(
Hsys −

i

2
L†µ|G〉〈G|Lµ −

i

2
L†opt|G〉〈G|Lopt

)
|ψe (t)〉+ aµ(t)L†µ|G〉. (A11)
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We point out that L†sLs = L†s (Pe + |G〉〈G|)Ls = L†s|G〉〈G|Ls where s ∈ {µ, opt} and Pe is the projector onto the
excited state space spanned by {|eiµ〉, |eiopt〉 : i ∈ {1, . . . , N}}. Thus, Eq. A11 can be rewritten as,

i
d

dt
|ψe (t)〉 =

(
Hsys −

i

2
L†µLµ −

i

2
L†optLopt

)
|ψe (t)〉+ aµ(t)L†µ|G〉. (A12)

Furthermore, the decays from the excited states of the emitters into various loss channels besides the waveguides

can be captured in a similar manner by adding terms like − iΓ
i
s

2 σi†s σ
i
s|ψe (t)〉 where s ∈ {µ, opt} to the right side of

Eq. A12. Then we have,

i
d

dt
|ψe (t)〉 = Heff(Ω(t))|ψe (t)〉+ aµ(t)L†µ|G〉, (A13)

where,

Heff(Ω(t)) =

(
Hsys(Ω(t))−

∑
i

(
iΓµ
2
σi†µ σ

i
µ −

iΓopt

2
σi†optσ

i
opt

)
− i

2
L†µLµ −

i

2
L†optLopt

)
. (A14)

Eq. A13 and Eq. A10 (upto a phase factor of i) are the input-output equations used in our simulations.

Appendix B: Inhomogeneous broadening and transduction efficiency

We study how collective action of the emitters can be used to boost the effective cooperativity. For a homogeneous
ensemble of size N , we define the operator-valued vectors,

Σµ =

σ
1
µ
...
σNµ

 ,Σopt =

σ
1
opt
...

σNopt

 .

Next, we consider a change of basis through the action of a N ×N unitary matrix V on the vectors defined above.

Sµ = V Σµ =
(
Sµ,1, . . . , Sµ,N

)T
Sopt = V Σopt =

(
Sopt,1, . . . , Sopt,N

)T
. (B1)

The transformation V is defined such that

Sµ,1 =
1√
N

N∑
i=1

σiµ

Sopt,1 =
1√
N

N∑
i=1

σiopt. (B2)

After the transformation, and assuming that γµ = γopt = γ, Γµ = Γopt = Γ, the effective Hamiltonian becomes,

Heff =

[(
δµ −

iΓ

2

)
S†µSµ +

(
δopt −

iΓ

2

)
S†optSopt

]
+ Ω(S†µSopt + H. c.)− iNγ

2
S†µ,1Sµ,1 −

iNγ

2
S†opt,1Sopt,1, (B3)

where S†sSs′ :=
∑N
i=1 S

†
s,iSs′,i for s, s′ ∈ {µ, opt}. It can be seen from Eq. B3 that the effective Hamiltonian is diagonal

in the basis B

B = {S†+,1|G〉, S†−,1|G〉, . . . , S†+,N |G〉, S†−,N |G〉} (B4)

where S†+,i =
(
S†µ,i + S†opt,i

)
/
√

2, and S†−,i =
(
S†µ,i − S†opt,i

)
/
√

2. It is apparent that, in the diagonal basis, there are

only two bright states {S†+,1|G〉, S†−,1|G〉}; the other states don’t couple to the waveguides due to orthogonality. The
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effective coupling rates of the bright states are enhanced by N times to Nγµ and Nγopt, hence, the cooperativities are
enhanced by N times too. As the effective cooperativity scales linearly with the size of the ensemble, the maximum
possible transduction efficiency should increase concurrently. For ensembles that are large enough, the maximum
possible transduction efficiency should saturate to unity.

In the presence of inhomogeneous broadening, the advantage from scaling the number of emitters vanishes. The
basis B identified earlier is no longer the diagonal basis for the effective Hamiltonian and the argument that we made
in the case of a homogeneous ensemble that led to the scaling of the effective cooperativity can no longer be made.
The collective action of the emitters, i.e., superradiance, is hampered by the differences in the emitters. In fact, with
increasing inhomogeneous broadening, the maximum possible transmission drops to values corresponding to only a
single emitter.

Appendix C: Maximising transduction efficiency through a homogeneous ensemble

For a homogeneous ensemble, as there are only two bright states {S†+,1|G〉, S†−,1|G〉} that couple to the waveguides,
the ensemble can be equivalently considered to be a single emitter system with the coupling rates to the waveguides
enhanced by N . The effective Hamiltonian of the equivalent single-emitter system is,

Heq =

(
δµ −

i(Γ +Nγ)

2

)
S†µ,1Sµ,1 +

(
δopt −

i(Γ +Nγ)

2

)
S†opt,1Sopt,1 + Ω(S†µ,1Sopt,1 + H. c.). (C1)

The transduction spectrum τ (ω) through this system is given by [98],

τ(ω) =
∑

s∈{+,−}

〈G|LoptS
†
s,1|G〉〈G|Ss,1L†µ|G〉
ω − Es,1

(C2)

where E±,1 are the eigenvalues of Heq. Assuming δµ = δopt = 0, Eq. C2 leads to,

|τ(ω)| = NγΩ

|(ω − E+,1)(ω − E−,1)| (C3)

where E±,i =
(
− i(Γ+Nγ)

2 ± Ω
)

. For |Ω| ≤ (Nγ + Γ) /2, |τ (ω) | peaks at ω = 0, with

|τ(0)| = NγΩ

Ω2 +
(
Nγ+Γ

2

)2 . (C4)

Hence, |τ (0) | is maximized when Ω = (Nγ + Γ) /2 and in that case, |τ (0) | = Nγ
Γ+Nγ . We point out that when

|Ω| � (Nγ + Γ) /2, the transduction spectrum has two peaks at ≈ ±Ω, with |τ (±Ω) | = Nγ
Γ+Nγ . As high drive strengths

can be experimentally undesirable, we use the constant drive of least strength that maximises the transduction
efficiency, i.e., Ω = (Nγ + Γ) /2, as the benchmark against which the optimized drives are judged.

Appendix D: Hybridisation of eigenstates of a homogeneous ensemble with the introduction of inhomogeneity

Consider the following separation of the effective Hamiltonian of an inhomogeneous ensemble into a Hamiltonian
representing a homogeneous ensemble (H0) and a perturbation term representing the inhomogeneity (V ),

Heff = H0 + λV (D1)

H0 =
∑
i

[
− iΓ

2
σi†µ σ

i
µ −

iΓ

2
σi†optσ

i
opt

]
+
∑
i

Ω(σi†µ σ
i
opt + H. c.)− i

2
L†µLµ −

i

2
L†optLopt (D2)

V =
∑
i

[
δiµσ

i†
µ σ

i
µ + δioptσ

i†
optσ

i
opt

]
. (D3)

Defining, |E±,i〉 = S†±,i|G〉, the eigenstates and eigenvalues of H0 are,
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H0|E±,1〉 =

(
− i(Γ +Nγ)

2
± Ω

)
|E±,1〉 (D4)

H0|E±,i〉 =

(
− iΓ

2
± Ω

)
|E±,i〉, i 6= 1 (D5)

(D6)

With the introduction of the perturbation, the first order correction to the eigenstate |E+,(1)〉 is,

|E+,1〉 → |E+,i〉+ λ
∑
i 6=1,

s∈{+,−}

|Es,i〉
〈Es,i|V |E+,1〉
Es,i − E+,1

+ λ|E−,1〉
〈E−,1|V |E+,1〉
E−,1 − E+,1

. (D7)

The second term in Eq. D7 evaluates to zero and,

V |E+,1〉 =

(
δ1
µ + δ1

opt

)
2

|E+,1〉+

(
δ1
µ − δ1

opt

)
2

|E−,1〉. (D8)

Thus, the perturbation changes the eigenstate as,

|E+,1〉 → |E+,1〉 −
λ(δ1

µ − δ1
opt)

4Ω
|E−,1〉. (D9)

This indicates that the relevant frequency scale to compare the inhomogenous broadening to is the drive strength Ω,
which explains the variation of the superradiance metric with cooperativity in the unoptimized case in Fig. 4a. The
unoptimized drive strength is chosen to be Ω(t) = (Nγ + Γ) /2 and as cooperativity is reduced by increasing Γ, the
unoptimized drive strength increases, whereas the inhomogeneous broadening remains constant. Consequently, the
hybridisation of the eigenstates away from that of a homogeneous ensemble decreases and the superradiance metric
is higher on average.

Appendix E: Efficient calculation of gradients with the time-domain adjoint variable method

In this appendix, we describe how the adjoint variable method can be used to calculate the gradient with respect
to all the parameters describing the laser drive efficiently in only two simulations (named forward and backward
simulations).

First, we rewrite Eq. A13 and Eq. A10 as,

i
dy(t)

dt
= (H0 + Ω(t)H1)y(t) + vµaµ(t) (E1)

aopt(t) = v†opty(t), (E2)

where y (t) := |ψ (t)〉 is the vector describing the state of the ensemble, and

H0 :=
∑
i

[
δiµσ

i†
µ σ

i
µ + δioptσ

i†
optσ

i
opt

]
−
∑
i

(
iΓµ
2
σi†µ σ

i
µ −

iΓopt

2
σi†optσ

i
opt

)
− i

2
L†µLµ −

i

2
L†optLopt (E3)

H1 :=
∑
i

(σi†µ σ
i
opt + H. c.) (E4)

vµ := L†µ|G〉, vopt := iL†opt|G〉 (E5)

We discretize the total simulation time range [0, T ] into N−1 steps of duration δt each. On this grid, the differential
equation Eq. E1 can be discretized as,

y[k + 1] = U [k] (y[k]− iδt aµ[k] vµ) k ∈ {0, . . . , N − 2} (E6)

y[0] = 0 (initial condition), (E7)

where, U [k] := exp (−i δt (H0 + Ω[k]H1)), Ω[k] := Ω (kδt), y[k] := y (kδt) , aµ[k] := aµ (kδt). We refer to solving this
system of equations as the forward simulation.
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The transduced power in the optical mode can be expressed in terms of the result of the forward simulation as,

P =

N−1∑
k=0

|aopt[k]|2 =

N−1∑
k=1

|v†opty[k]|2. (E8)

The latter sum starts from k = 1 as y[0] = 0 is enforced as the initial condition.
The derivative of P with respect to the drive at the lth time step is,

∂P

∂Ω[l]
=

N−1∑
k=1

r[k]†
∂y[k]

∂Ω[l]
+ C.c., (E9)

where, ‘C.c.’ means ‘complex conjugate’ and r[k] :=
(
v†opty[k]

)∗
vopt.

We construct the following block vectors and matrices,

y :=


y[1]
y[2]

...
y[N − 1]

 r :=


r[1]
r[2]

...
r[N − 1]

 a := −i δt


aµ[1]vµ
aµ[2]vµ

...
aµ[N − 1]vµ

 (E10)

M :=


0 · · · 0

U [1]

U [2]
...

...
. . .

0 · · · U [N − 2] 0

U :=


U [0] 0 · · · 0

0 U [1] · · · 0
...

...
. . .

...
0 0 · · · U [N − 2]

 . (E11)

The only non-zero blocks in the matrix M are the subdiagonal blocks.
The forward simulation Eq. E6 can now be written as,

y = My + Ua (E12)

As ∂U [k]
∂Ω[l] = 0 if k 6= l, taking the derivative of Eq. E12 with respect to the drive at the lth time step results in,

∂y

∂Ω[l]
= M

∂y

∂Ω[l]
+ p[l] (E13)

⇒ ∂y

∂Ω[l]
= (1−M)−1p[l] l ∈ {0, . . . , N − 2} (E14)

where 1 is the identity matrix and,

p[l] =

 0ld×1

α[l]
0(N−l−2)d×1

 (E15)

α[l] =
∂U [l]

∂Ω[l]
(y[l] + δt aµ[l] vµ). (E16)

In Eq. E15, d is the dimension of the state vector y (t) and 0m×n is a zero matrix of dimension m× n. To calculate

α[l], we estimate the derivative ∂U [l]
∂Ω[l] by a finite difference.

Using Eq. E14 in Eq. E9, we have,

∂P

∂Ω[l]
= r†(1−M)−1p[l] + C.c. (E17)

We define a vector q =
(
q[1], q[2], . . . , q[N − 1]

)T
such that,

q† := r†(1−M)−1 (E18)

⇒q = M†q + r (E19)
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Using the definition of M and expanding out Eq. E19 in terms of the elements of q and r results in the following
system of equations,

q[N − k] = U [N − k]†q[N − k + 1] + r[N − k] k ∈ {2, 3, . . . , N − 1} (E20)

q[N − 1] = r[N − 1]. (E21)

We refer to q[k] as the adjoint variables and to solving this system of equations (Eq. E20 and Eq. E21) as the backward
simulation. The initial condition for the backward simulation is provided at the final time point unlike the forward
simulation.

Once the forward and backward simulations are done, the gradient with respect to the drive at each time step can
be computed just with an inner product of two d−dimensional vectors,

∂P

∂Ω[l]
= q†p[l] + C.c., (E22)

⇒ ∂P

∂Ω[l]
= q[l + 1]†α[l] + C.c. (E23)

The chain rule can then be used to compute the gradient with respect to the harmonic parameters Ωn and φn,

∂P

∂Ωn
=

N−2∑
l=0

∂Ω[l]

∂Ωn

∂P

∂Ω[l]
=

N−2∑
l=0

cos (nω0lδt+ φn)
∂P

∂Ω[l]
(E24)

∂P

∂φn
=

N−2∑
l=0

∂Ω[l]

∂φn

∂P

∂Ω[l]
=

N−2∑
l=0

−Ωn sin (nω0lδt+ φn)
∂P

∂Ω[l]
(E25)

Appendix F: Derivation of Lagrange duals of problems (2, 6), and upper bound on the optimal value of
problem (7)

In this appendix, we show that the Lagrange dual for optimization problem (2) leads to a trivial bound, then we
derive the Lagrange dual for the distance-constrained problem (6), and finally provide a derivation for the upper
bound εc on the optimal value of problem (7).

For notational clarity, we rewrite problem (2) in the following manner,

max
Ω(t),y(t)

∫ ∞
−∞

y(t)†voptv
†
opty(t) dt (F1)

subject to
dy(t)

dt
= −i(H0 + Ω(t)H1)y(t)− ivµaµ(t), (F2)

where y (t) := |ψe (t)〉 and H0, H1, vµ, vopt are defined in Eqs. E3, E4, E5.

1. Lagrange dual for problem (2)

Introducing the dual variables η (t), the Lagrangian for problem (2) is:

L(y(t),Ω(t); η(t)) =

∫ ∞
−∞

y(t)†V y(t) dt+ 2

∫ ∞
−∞

Re

[
η(t)†

(
dy(t)

dt
+ iH1Ω(t)y(t) + iH0y(t) + ivµaµ(t)

)]
, (F3)

where Re[.] denotes the real part of a complex number and V := voptv
†
opt. We point out that V is a positive-definite

matrix.
Integrating by parts the term with the derivative of the state in the equation above, we have,

L(y(t),Ω(t); η(t)) =

∫ ∞
−∞

y(t)†V y(t) dt+ lim
T→∞

2 Re
[
η(T )†y(T )− η(−T )†y(−T )

]
+ (F4)∫ ∞

−∞
2 Re

[
z(t)†y(t)

]
dt+

∫ ∞
−∞

2 Re
[
i η(t)†vµaµ(t)

]
, (F5)
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where

z(t) := −dη(t)

dt
− iH1Ω(t)η(t)− iH0η(t). (F6)

The Lagrange dual function g (η (t)) is given by,

g(η(t)) := sup
y(t),Ω(t)

L(y(t),Ω(t); η(t)), (F7)

where sup denotes the supremum. As the matrix V is positive-definite, the supremum of the Lagrangian over y (t)
is unbounded as the norm of y (t) increases, and hence the dual function is unbounded too. Therefore, in this case,
Lagrangian duality reveals a trivial upper bound on the transduced power.

2. Lagrange dual for problem (6)

The Lagrangian for problem (6) is

L(y(t);λ) =

∫ ∞
−∞

y(t)†V y(t) dt+ λ

(
ε−

∫ ∞
−∞
‖y(t)− y0(t)‖22 dt

)
(F8)

=

∫ ∞
−∞

y(t)† (V − λ1) y(t) dt+ λ

(
ε−

∫ ∞
−∞
‖y0(t)‖22 dt

)
+

∫ ∞
−∞

2 Re
[
z(t)†y(t)

]
dt (F9)

where y0 (t) := |ψe,0 (t)〉 is the reference state, λ is a dual variable and z (t) := λy0 (t). The corresponding dual
function is,

g(λ) = sup
y(t)

L(y(t);λ) (F10)

=

{∫∞
−∞ z(t)† (λ1− V )

−1
z(t) dt+ λ

(
ε−

∫∞
−∞ ‖y0(t)‖22 dt

)
, if λ1− V ≥ 0

∞, otherwise
(F11)

To obtain the least upper bound, the dual function has to be minimized, leading to the following Lagrange dual
problem,

min
λ,β(t)

∫ ∞
−∞

β(t) dt+ λ

(
ε−

∫ ∞
−∞
‖y0(t)‖22 dt

)
subject to β(t) ≥ z(t)†(λ1− V )−1z(t)

λ1− V ≥ 0,

where we have introduced additional dual variables β (t).

3. Upper bound on ε∗

Eq. E1 can further be rewritten as,

dy(t)

dt
= (−iHsys(Ω(t))−D)y(t)− ivµaµ(t) (F12)

where Hsys (Ω (t)) is defined in Eq. A1 and,

D :=
∑
i

(
Γµ
2
σi†µ σ

i
µ +

Γopt

2
σi†optσ

i
opt

)
+

1

2
L†µLµ +

1

2
L†optLopt. (F13)

Using the fact that D† = D, the time-evolution of the norm of the state can be written as,

dy(t)†y(t)

dt
= −2y(t)†Dy(t) + 2 Re

[
−iy(t)†vµaµ(t)

]
(F14)

≤ −2dminy(t)†y(t) + 2 Re
[
−iy(t)†vµaµ(t)

]
, (F15)
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Figure 7. Temporal mode overlap-based design of drives. The amplitude |aopt (t)|2 of the output photon’s temporal wave-packet
after transduction by an ensemble of emitters with N = 10, C = 0.1, ∆ ≈ 61.61γ, and under the application of drives obtained
by locally solving problem (G1) for (a) n = 0, aµ (t) = ϕ0 (t) and (b) n = 1, aµ (t) = ϕ1 (t). The curves labelled ‘Target’
represent the (amplitude of the) Hermite-Gaussian modes ϕ0 (t) , ϕ1 (t), respectively. The improvement in the transduced
output power in the desired target modes are (a) ≈ 61.05× and (b) ≈ 62.43×. The ratio of the output power in the target
mode to the total output power are (a) ≈ 99% and (b) ≈ 98.6%. The input photon’s central frequency is fixed at the resonance
of a homogeneous ensemble for both cases.

where dmin is the smallest eigenvalue of D.
From the inequality (F15) we have,

‖y(t)‖22 ≤
∫ t

0

e−2dmin(t−τ)2 Re
[
−iy(τ)†vµaµ(τ)

]
dτ (F16)

≤
∫ t

0

2e−2dmin(t−τ)‖y(τ)‖2‖vµaµ(τ)‖2 dτ (F17)

≤
∫ t

0

2e−2dmin(t−τ)‖vµaµ(τ)‖2 dτ := d(t), (F18)

where, to go from (F17) to (F18) we use the fact ‖y (t) ‖2 ≤ 1, ∀t .
Therefore, ∫ ∞

−∞
‖y(t)− y0(t)‖22 dt ≤

∫ ∞
−∞

(‖y(t)‖2 + ‖y0(t)‖2)
2
dt (F19)

≤
∫ ∞
−∞

(√
d(t) + ‖y0(t)‖2

)2

dt := εc (F20)

Appendix G: Design of optimized drives with overlap-based objectives

Quantum information can be encoded in the temporal modes of photons for the purposes of quantum communication
[112]. Such encoding would necessitate a transduction process that preserves the fidelity of the transduced photon’s
wave-packet to specific temporal modes. We demonstrate in this appendix that it is possible to extend our design
method to compensate for inhomogeneous broadening and produce improvements in transduction efficiency while
preserving the overlap with a specified temporal mode.

To achieve this, we pose the design of the drive as maximising the overlap of the output photon’s temporal wave-
packet with a specified Hermite-Gaussian function [113]. For example,

max
Ω(t)

∣∣∣∣∫ ∞
−∞

dt ϕn(t)aopt(t)

∣∣∣∣2 (G1)

subject to i
d|ψe (t)〉

dt
= Heff (Ω(t)) |ψe (t)〉+ aµ(t)L†µ|G〉, (G2)

aopt(t) = −i〈G|Lopt|ψe (t)〉. (G3)
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Figure 8. Effect of noise on optimized drives. (a) Density plots (obtained by kernel density estimation using Gaussian kernels
[104]) of the transduction efficiency through 100 ensembles with inhomogeneous broadening ∆ = 200γ, C = 0.1 for three cases
– (green) no optimized drive is applied, (blue) optimized drives (custom-designed for each of the 100 random ensembles) are
applied, (red) noise (e = 50) is added to the customized optimized drives. For all cases, the input-photon is frequency-shifted to
match the highest peak of the unoptimized transmission spectrum. (b) Statistics of the transduction efficiency with increasing
noise percentage (e) in the optimized drive compared with the noiseless optimized and unoptimized cases. Lines denote the
mean of the transduction efficiency over 100 ensembles and the shaded areas and error bars denote the standard deviation.

where ϕn (t) is the nth-order Hermite-Gaussian function (normalized to unity) [113] — if the input microwave
photon occupies the nth-order Hermite-Gaussian mode, i.e. aµ (t) = ϕn (t), we solve G1 to design a drive such that
the output optical photon’s power is concentrated in the nth-order mode too. We solve problem (G1) for a randomly
generated inhomogeneous ensemble with N = 10 emitters and input microwave photons occupying the 0th- and 1st-
order Hermite Gaussian modes (n = 0, 1). Fig. 7 shows that we observe improved transduction efficiencies into the
desired output target mode in both cases. Furthermore, the ratio of the power in the desired output target mode to
the total transduced output power is close to 99% in both cases.

Appendix H: Effect of noise in optimized drives

Experimental realizations (through laser pulse shaping) of the optimized drives generated by our design procedure
will be subject to random noise in the form of intensity fluctuations. In this appendix, we analyze the effect of noise
on the performance of optimized drives. For a time-dependent optimized drive Ω (t), we consider multiplicative noise
of the following form,

Ωnoisy(t) = Ω(t) (1 + Et/100) , (H1)

where Et are independent and identically distributed random variables with the following (uniform) probability
densities parametrized by a variable e,

pEt
(x) =

{
1
2e if x ∈ [−e, e]
0, otherwise

. (H2)

We apply the noise described above to customized optimized drives designed for 100 randomly inhomogeneously
broadened ensembles of size N = 10 and ∆ = 200γ. Fig. 8 shows that even as the noise percentage parameter e is
increased up to 50, the performance of the optimized drive decreases only slightly.
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coupled spin dynamics: Design of NMR pulse sequences by gradient ascent algorithms,” Journal of Magnetic Resonance
172, 296–305 (2005).

[86] Justin Ruths and Jr-Shin Li, “A multidimensional pseudospectral method for optimal control of quantum ensembles,”
The Journal of Chemical Physics 134, 044128 (2011).

[87] Chunlin Chen, Daoyi Dong, Ruixing Long, Ian R. Petersen, and Herschel A. Rabitz, “Sampling-based learning control
of inhomogeneous quantum ensembles,” Physical Review A 89, 023402 (2014).

[88] Jr-Shin Li, Justin Ruths, Tsyr-Yan Yu, Haribabu Arthanari, and Gerhard Wagner, “Optimal pulse design in quantum
control: A unified computational method,” Proceedings of the National Academy of Sciences 108, 1879–1884 (2011).

[89] Justin Ruths and Jr-Shin Li, “Optimal Control of Inhomogeneous Ensembles,” IEEE Transactions on Automatic Control
57, 2021–2032 (2012).

[90] Gabriel Turinici, “Stochastic learning control of inhomogeneous quantum ensembles,” Physical Review A 100, 053403
(2019).

[91] Sen Kuang and Xiaoke Guan, “Robustness of continuous non-smooth finite-time Lyapunov control for two-level quantum
systems,” IET Control Theory & Applications 14, 2449–2454 (2020).

[92] Re-Bing Wu, Haijin Ding, Daoyi Dong, and Xiaoting Wang, “Learning robust and high-precision quantum controls,”
Physical Review A 99, 042327 (2019).

http://dx.doi.org/ 10.1088/0953-8984/28/21/213001
http://dx.doi.org/ 10.1088/0953-8984/28/21/213001
http://dx.doi.org/ 10.1038/s41467-020-16790-9
http://dx.doi.org/ 10.1103/PhysRevA.82.012339
http://dx.doi.org/10.1103/PhysRevA.90.032329
http://dx.doi.org/10.1103/PhysRevA.74.022312
http://dx.doi.org/10.1103/PhysRevA.74.022312
http://dx.doi.org/ 10.1103/PhysRevA.77.043806
http://dx.doi.org/ 10.1088/1367-2630/16/5/055012
http://dx.doi.org/ 10.1038/s41534-020-00346-2
http://dx.doi.org/ 10.1103/PhysRevA.101.022321
http://dx.doi.org/ 10.1103/PhysRevA.101.022321
http://dx.doi.org/10.1088/1367-2630/16/9/093022
http://dx.doi.org/10.1038/nature12919
http://dx.doi.org/ 10.1103/PhysRevA.73.030302
http://dx.doi.org/ 10.1109/TAC.2009.2012983
http://dx.doi.org/ 10.1109/TAC.2009.2012983
http://dx.doi.org/10.1103/PhysRevA.75.043409
http://dx.doi.org/10.1103/PhysRevA.70.063412
http://dx.doi.org/10.1088/1367-2630/2/1/006
http://dx.doi.org/10.1103/PhysRevA.70.052318
http://dx.doi.org/10.1103/PhysRevA.70.052318
http://dx.doi.org/ 10.1103/PhysRevA.86.022315
http://dx.doi.org/ 10.1103/PhysRevA.86.022315
http://dx.doi.org/10.1088/1751-8121/abdba1
http://dx.doi.org/ 10.1137/17M1140327
http://dx.doi.org/ 10.1103/PhysRevLett.51.775
http://dx.doi.org/ 10.1016/0079-6565(86)80005-X
http://dx.doi.org/10.1103/PhysRevA.85.022302
http://dx.doi.org/10.1103/PhysRevA.85.022306
http://dx.doi.org/ 10.1016/j.jmr.2004.11.004
http://dx.doi.org/ 10.1016/j.jmr.2004.11.004
http://dx.doi.org/10.1063/1.3541253
http://dx.doi.org/ 10.1103/PhysRevA.89.023402
http://dx.doi.org/10.1073/pnas.1009797108
http://dx.doi.org/10.1109/TAC.2012.2195920
http://dx.doi.org/10.1109/TAC.2012.2195920
http://dx.doi.org/10.1103/PhysRevA.100.053403
http://dx.doi.org/10.1103/PhysRevA.100.053403
http://dx.doi.org/ 10.1049/iet-cta.2019.1156
http://dx.doi.org/ 10.1103/PhysRevA.99.042327


21

[93] Yingying Sun, Hailan Ma, Chengzhi Wu, Chunlin Chen, and Daoyi Dong, “Ensemble control of open quantum systems
using differential evolution,” in 2015 10th Asian Control Conference (ASCC) (2015) pp. 1–6.

[94] Shuo Wang and Jr-Shin Li, “Free-endpoint optimal control of inhomogeneous bilinear ensemble systems,” Automatica
95, 306–315 (2018).

[95] Sen Kuang, Peng Qi, and Shuang Cong, “Approximate time-optimal control of quantum ensembles based on sampling
and learning,” Physics Letters A 382, 1858–1863 (2018).

[96] L. Van Damme, Q. Ansel, S. J. Glaser, and D. Sugny, “Robust optimal control of two-level quantum systems,” Physical
Review A 95, 063403 (2017).

[97] Ameneh Arjmandzadeh and Majid Yarahmadi, “Quantum Genetic Learning Control of Quantum Ensembles with Hamil-
tonian Uncertainties,” Entropy 19, 376 (2017).

[98] Rahul Trivedi, Kevin Fischer, Shanshan Xu, Shanhui Fan, and Jelena Vuckovic, “Few-photon scattering and emission
from low-dimensional quantum systems,” Physical Review B 98, 144112 (2018).

[99] Rahul Trivedi, Alex White, Shanhui Fan, and Jelena Vučković, “Analytic and geometric properties of scattering from
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