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Chiral, topologically protected, photonic surface states can be found at the boundary between
gyrotropic photonic crystals were a changing magnetic field induces different topology across the
interface. Typically, either photonic crystals with suitable band structure are required on both
sides of the interface to provide a bandgap and evanescent decay of the surface states away from
the interface on both sides or an outer layer with engineered material properties. In this paper
we, show the emergence of topological, unidirectional surface states at the termination of finite
gyrotropic photonic crystals with simple square lattice and C4 rotational symmetry bounded by
vacuum, eliminating the need for an outside layer to enable chiral surface modes. We start from an
infinite, time-reversal-symmetry-breaking photonic crystal with a bandgap associated with bands
with non-zero Chern numbers, different from all-zero Chern numbers in air. We then modify the
photonic crystal to move this gap below the lightline, while maintaining the Chern number dis-
continuities. Band structure calculations for a supercell approximating a photonic crystal finite
in the direction normal to the surface demonstrate the existence, dispersion, and chirality of the
surface mode. Extensive direct scattering calculations of a point source and spatial Fourier analysis,
further reveal a unidirectional free space topological surface state, which propagates anticlockwise
around the surface of a finite photonic crystal, providing a nearly foolproof way to cross-check the
surface mode band structure unaffected by back-scattering from local defects. Additionally, scat-
tering simulations allow for an independent characterization of the state dispersion and unveil the
robustness of the topological plasmonic mode propagation around the 90o bends of the structure,
being accountable only to radiation leakage. In contrast to buried topological surface states, the
observed surface modes at the photonic crystal-air interface have the advantage of being accessible
to the outside world allowing to take advantage of the defect tolerant back-scattering-free surface
modes to engineer emission from photonic crystal surfaces into arbitrary free space beam shapes
and directions.
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I. INTRODUCTION

Topological insulators are solid-state materials that ex-
hibit an insulating behavior in the bulk while supporting
the transport of electrons along their surface without any
back-scattering and dissipation, mostly unperturbed by
defects and impurities [1]. The topological effects ob-
served in solid-state physics have been translated in pho-
tonics early in the present century [2], opening the path
to the realization of exciting phenomena and photonic
devices [3–7], which can avoid the generally unwanted
back-reflection and loss that pose critical constraints in
photonic circuits. Because of their unmatched versatility
in engineering the photonic band structure, inevitably, it
was proven that photonic crystals would play a leading
role in realizing topological photonic systems. Photonic
crystals are periodic structures, with lattice constants
comparable to the wavelength of operation, that allow
or prohibit the propagation of electromagnetic waves of
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selected frequency, polarization, and traveling direction
in the interior, thus, opening photonic bandgaps, much
like the electronic bandgaps of a solid-state semicon-
ductor material [8]. Engineering the photonic crystals
bandgap has enabled the electromagnetic wave manip-
ulation, the localization, waveguiding, and resonant re-
sponse in one, two, or three dimensional systems, operat-
ing across the vast electromagnetic spectrum [9–12]. In
2008 it was shown that photonic crystals made of materi-
als with time-reversal-symmetry-breaking Faraday-effect
sustain chiral edge modes that propagate unidirection-
ally along boundaries across which the Faraday axis re-
verses, unaffected from defects and disorder [13–16], con-
stituting the photonic analog of the electronic edge states
appearing in quantum-Hall-effect systems [17]. The ini-
tial observations attracted great scientific attention and
prompted a large number of theoretical and experimen-
tal works investigating the features of topological surface
states appearing at the interfaces of topologically non-
trivial media [16, 18–23]. More recent investigations
revealed that photonic non-trivial topology can exist at
all dielectric interfaces with properly deformed lattices
of hexagonal symmetry [24–27] as well as in more com-
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plex and experimentally challenging systems comprising
broken Hermiticity [28–31].

In the vast majority of the related investigations, topo-
logical effects are investigated at the interfaces between
photonic crystals, trivial or non-trivial, and another
medium that presents a bandgap or properly engineered
dispersion. However, truncated photonic crystals have
been shown to sustain the propagation of trivial bound
states at their interfaces with free space [32–37], much
like a surface plasmon polariton [38], while one-way free-
space surface states have been reported in honeycomb
magneto-optical photonic crystals [39, 40]. The discus-
sion in explicitly free space terminated photonic crystals
topological surface states mainly involves lattices with
hexagonal rotational symmetry. A dipole model involv-
ing atoms of three dimensional point scatterers, again
in a honeycomb lattice [41], and a hexagonal crystal
with antichiral edge states, have recently been shown
to sustain free-space topological surface modes [42, 43].
Other approaches to achieve free-space topological sur-
face modes involve gyromagnetic, hyperbolic metamate-
rials [44], zig-zag disk chains, and other hexagonal lat-
tices variants [45–48], including graphene enabled topo-
logical plasmons [49].

In this work we present the study of a comparatively
much more simple, realistic, and experimentally accessi-
ble photonic crystal with square lattice and C4 rotational
symmetry (different than the most investigated hexago-
nal crystals of C6 rotational symmetry) that, under prop-
erly adjusted filling ratio, sustains topological, unidirec-
tional surface modes at the interfaces with the surround-
ing free space (air or vacuum), eliminating the need for an
outside photonic crystal covering to enable chiral topo-
logical surface modes. The occurrence of topological sur-
face states at the interface to air greatly improves their
accessibility and can prove very useful for interconnects
and out-coupling in photonic circuits, applying also as
antenna arrays [50]. As with topological surface states
at the internal interface between photonic crystals of dif-
ferent topology, the topological surface mode appears in
the spectral regime between bands presenting a change in
the sum of Chern numbers of the bands below, across the
interface. We begin our investigation from the dispersion
diagrams of the infinite photonic crystal and modify its
geometry to bring the bandgap that supports emerging
topological states below the lightline. We then calcu-
late the dispersion properties of the topological plasmonic
modes by utilizing a supercell approach and we finally
demonstrate the one-way directionality of the mode by
explicitly exciting a truncated photonic crystal square
structure with a dipole source. The dispersion of the
unidirectional topological surface state is demonstrated
independently, both from the eigenmode solutions for
the supercell band structure as well as from the Fourier
analysis of the surface fields excited by a suitable point
source in the direct scattering simulation in frequency do-
main. With the scattering simulations we also quantify
the back-scattering free nature of the topological mode

and the robustness of the propagation in the corners of
the structure, i.e. the 90o bends, where due to the free
space interface, unavoidable radiation losses but no back-
scattering in the surface mode occur.

II. UNIT CELL AND SUPERCELL BAND

STRUCTURE
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FIG. 1. (a) Schematic of the gyrotropical crystal and air in-
terface that sustains the free space topological surface states.
The photonic crystal half space consists of a two dimensional,
square lattice of magneto-optical circular rods, infinite in the
vertical direction z, with radius R and lattice constant a.
The electric field is polarized along the rods axis E = E ez.
b) Schematic of the supercell of height L, consisting of a fi-
nite structure along the y padded with air and periodic along
the x direction, and boundary conditions for calculating the
dispersion of the surface mode in the finite photonic crystal.

Let us first consider the (bulk) band structure and
topological properties of the infinite photonic crystal.
The schematic layout of the photonic crystal/air inter-
face and the geometry of the supercell used to obtain
the band structure of the surface states are illustrated in
Fig. 1. The system consists of a two dimensional, rect-
angular, magneto-optical photonic crystal, made of in-
finitely long cylinders with radius R and lattice constant
a. The polarization of the field is assumed to be along the
long axis of the cylinders, E = E ez. The cylinders are
made a gyrotropic material, Yttrium-Iron-Garnet (YIG),
subject to an external magnetic field along their axis di-
rection. YIG is a ferrimagnetic material that exhibits
magnetic behavior in microwaves [51] and has been ex-
tensively studied as a constituent material for topological
photonic crystals. This material’s strong gyromagnetic
anisotropy under an external magnetic field is described
by a non-diagonal permeability tensor,

µ =





µ iκ 0
−iκ µ 0
0 0 µ0



 , (1)

which enforces the time-reversal-symmetry breaking of
the photonic crystal. Changing the direction of the exter-
nal field allows to easily modify the sign of the topology
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or turn it off all together (by controlling the off-diagonal
elements in the permeability tensor). In this case, follow-
ing parameters previously used in literature, we assume
an operating frequency of 4.28 GHz and an applied mag-
netic field of 1600 Gauss, for which µ obtains the values
µ = 14µ0 and κ = 12.4µ0. The permittivity is isotropic
and equal to ǫr = 15ǫ0. In the presence of the magnetic
anisotropy the electromagnetic equation for the infinite
photonic crystal reads:

∇× [µ(r)−1∇×E] = ǫ(r)ω2E, (2)

where µ is the matrix given by Eq. (1) and ǫ is scalar.
We begin by characterizing each band of the photonic

crystal by calculating its Chern number. The Chern
number is used to quantify the topology of the modes;
it essentially characterizes the quantized global behavior
of the wavefunctions on the entire dispersion band. Thus
each band is characterized by

Cn =
1

2π

∫

BZ

Fn(k) d
2k =

1

2π

∫

BZ

∇k ×An(k) d
2k

=
1

2πi

∮

∂BZ

〈un,k|∇k|un,k〉 dk,

(3)

where n is the number of the band, Fn(k) is the Berry
curvature (an analogue of the magnetic field in quan-
tum Hall systems), and An(k) = −i〈un,k|∇k|un,k〉 is
the Berry connection, with the Hermitian inner product
defined as 〈E1|E2〉 =

∫

d2r ǫ(r)E∗

1 · E2. Functions un,k

correspond to the normalized periodic eigenstates that
satisfy the relation |un,k(r)〉 = eikr|En,k(r)〉 where En,k

corresponds to the nth solution, or nth band, of the full
wave problem formulated in Eq. (2).
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FIG. 2. Design of a magneto-optical photonic crystal support-
ing free space sustained topological surface sates, initial step:
Bringing the bandgap formed between the bands of different
Chern numbers, +1 and −2, below the lightline. Projected
band diagram of the magneto-optical infinite photonic crys-
tal with constant lattice constant a and variable rod radius
(filling factor): (a) R = 0.11a as in Ref.15 and (b) R = 0.17a.
Yellow areas denote the bandgap between band 2, C2 = +1,
and band 3, C3 = −2. Black lines indicate the light cone.

As described in Ref. 15, the first step is to find a time
reversal symmetric band structure (absence of external
magnetic field) with a pair of photonic bands degen-
erate at discrete k-points which holds for R = 0.11a.
The application of the magnetic field and the induced
magnetic anisotropy lifts the degeneracies and generates
bands with different Chern numbers (see Fig. S4 provided
in the Supplemental Material of the document [52]). The
projected band structure and the Chern number of each
band for the case of R = 0.11a (used in Ref. 15) are pre-
sented in Fig. 2(a). The band structures are calculated
numerically by performing eigenvalues analysis in Com-
sol Multiphysics, imposing the proper Floquet bound-
ary conditions. Having numerically calculated the eigen-
frequency and electric field spatial distribution of each
eigensolution, we apply the k-space integration of Eq. (3)
and calculate the Chern number for each band. The first
band is characterized by Chern number C1 = 0, the sec-
ond by C2 = +1, and the third by C3 = −2. In contrast
the topology of the air outside the photonic crystal is
trivial with the Chern number equal to zero. The band
gap between the second and the third band is located
properly to host a topological edge state associated with
∑

Cn 6= 0 (and has been shown to do so). To enable the
emergence of a topological surface state capable of cou-
pling to evanescent decaying solutions in free space, it is
necessary that the hosting bandgap lies below the light-
line. In contrast to the interface between two photonic
crystals where this is easily accomplished by choosing the
band structures and photonic band gaps, here this has to
be accomplished by lowering the bandgap of the topolog-
ical photonic crystal relative to the lightline in vacuum
and is achieved by increasing the filling factor (radius of
the rods). Figure 2(b) presents the projected band dia-
gram and the Chern number of the photonic crystal with
R = 0.17a. As shown in Fig. 2(b), there is no change in
the Chern numbers of the lowest three bands, C1 = 0,
C2 = +1, and C3 = −2, upon adjusting the radius of the
rods, while the bandgap between bands 2 and 3 now lies
below the ligthline.

Next we consider a finite photonic crystal and demon-
strate topological plasmonic modes. Having established
the geometric parameters where the infinite photonic
crystal opens a bandgap below the lightline with

∑

Cn 6=
0, we proceed with calculating the dispersion diagram in
the finite photonic crystal surrounded by air that actually
supports the topological surface states. In particular, we
calculate the dispersion of the supported modes travelling
in x-direction, i.e., parallel to the interface, assuming the
supercell geometry illustrated in Fig. 1(b). Figure 3(a)
shows the dispersion of the x-travelling modes in the su-
percell as the black dotted lines, within the wavevector
range kx = [−0.5, 0.5] (normalized, in 2π/a units), as-
suming strict periodicity in the y-direction, ky = 0. The
projected band diagram of the infinite crystal is indicated
by the pink shaded areas. As observed, the eigensolutions
of the supercell lie within the bands of the infinite crys-
tal, or else, correspond to bulk propagating modes. This
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FIG. 3. The emergence of the topological plasmonic state at
the termination of a truncated uncorrugated rectangular pho-
tonic crystal for the case of R = 0.17a. (a) Black dots: Disper-
sion diagram of the x-travelling modes in the supecell. Pink
shaded areas: Projected band structure of the corresponding
infinite photonic crystal. The solid black lines denotes the
lightline. (b) Detail of (a) for ±kx near the Brillouin zone
edge, where we see the emergence of the topological surface
state. Spatial distribution of the electric field (absolute) of se-
lected eigensolutions in the green branch (c) and red branch
(d) of the surface mode below band 3.

concerns all the solutions apart from a narrow area be-
low the third band, where a slipping branch coming from
the third band with Chern number C3 = −2 appears
(one single-sided branch each for ±kx). This branch cor-
responds to a mode which is propagating neither in the
bulk crystal nor in the air; It is actually localized at their
interface. It is interesting to observe that in this case of
square photonic crystal, the free space topological mode
does not cross the second and the third band as has been
reported for the hexagonal case[41], but lies above the
lower edge of the bulk states of the third band (see the
pink shaded area of the third band around kx = 0).
Figure 3(b) presents a detail of the band struc-

ture of the supercell and the infinite photonic crystal
shown in Fig.3(a), focusing on frequencies just below the

third band, where the surface state emerges for kx =
±[0.38, 05] and normalized f = [0.4, 0.415]. We observe
the emergence of two branches, below the lightline and
with the states below characterized by

∑

Cn 6= 0 that
cross at the edge of the Brilloiun zone, kx = ±0.5. These
solutions correspond to surface modes. Figures 3(c) and
3(d) present the evolution of the spatial distribution of
the absolute value |Ez| of the surface mode electric field
of these states as kx varies. Notice that the solutions of
the green branch appear confined only at the top part
of the truncated system and the red only at the bottom
part. This is a consequence (and evidence) of the unidi-
rectionality of the surface modes. The Floquet-periodic
boundaries imposed at the side edges of the supercell
force the surface mode solutions travelling anticlockwise
to appear only in a single side of the air terminated pho-
tonic crystal structure. Focusing on the green branch
and the eigensolutions that appear on the top of the
crystal, we observe that for positive kx [right panel of
Fig 3b and field distribution at kx = +0.48 in Fig. 3(c)]
the branch exhibits negative group velocity, dω/dk < 0,
which points to −x propagating modes. As the mode
enters the negative kx regime, the group velocity [points
kx = +0.48,−0.48,−0.42 in left panel of Fig. 3(c)], be-
comes positive and the mode retains its −x propagation
direction. The opposite behavior is observed in the red
branch with modes traveling in the +x direction. In all,
this indicates the existence and anticlockwise propaga-
tion of the topological surface mode. At the crossing
points on the edge of the Brillouin zone, kx = ±0.5, both
the branches appear with the electric field being confined
both at the top and the bottom of the structure. Note
that there is another, residual, surface mode solution that
emerges just below the second band and very close to
the light line, marked as a single spot in Fig. 3(a). This
mode is extremely narrow, it emerges form the C2 = +1
band but coexist with the excited bulk modes of the finite
structure in the x direction.

For a physical implementation operating at 4.28 GHz,
a realistic system that could sustain this topological plas-
monic mode would consist of long YIG rods of radius ap-
proximately equal to R = 4.93 mm aligned in a square
lattice with a lattice constant approximately equal to
a = 29 mm. Notice that the rather narrow bandwidth
of the surface mode of about 1.8% justifies our initial
assumption for the constant material properties around
the working frequency 4.28 GHz. However, µ and κ are
typically chosen in the vicinity of the magnetic resonance
and thus the materials parameter deviation, even in this
narrow-band regime, is not absolutely negligible. In fact,
the resonant dispersion leads to a further reduction of the
bandwidth of the order of 1.5%. Further optimizations
to increase the bandwidth, such as variable geometrical
and material parameters are possible.
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III. DIRECT SCATTERING

DEMONSTRATION: UNIDIRECTIONALLITY,

BACK-SCATTERING IMMUNITY AND

ROBUSTNESS

To complement the band structure and unambiguously
demonstrate the unidirectional propagation of the surface
state obtained at the interface of the gyrotropic/air sys-
tem, we perform direct scattering simulations in Comsol
Multiphysics, assuming a finite magneto optical photonic
crystal composed of 15 × 15 rods with with R = 0.17a
(square structure). The results are shown in Fig. 4. As
illustrated in Fig. 4(a), we place a current point source,
j = I0 ez δ(r− r0), near the middle of the top edge, just
above the finite photonic crystal structure. We excite the
point source with a frequency equal to the eigensolution
of the surface branch in Fig. 3(a), f = 0.4103 (normal-
ized frequency). At this frequency, components of the
omnidirectional point source (near-)field (consisting of a
very broad spectrum of k values) couple with the free
space topological surface state of the crystal, which then
propagates anticlockwise around the surface of the finite
photonic crystal (the corresponding energy flow is shown
in Fig. S1 of the Supplemental Material document [52]).

As a topological mode, the unidirectional propagation
of the surface mode is immune to defects and impurities
such as the corners of the structure. Thus the surface
mode passes over the corners without reflection and cir-
culates around the structure; However, the impedance
discontinuity presented by the corners still leads to leak-
age into free-space propagating modes at those locations.
Due to the radiation losses, the wave returns to the point
source attenuated in amplitude, as seen in Fig. 4(a).
The panels in Fig. 4(b) and 4(c) present the scatter-
ing results for frequencies below and above the band-
width of the topological surface mode, at normalized
f = 0.4 and f = 0.411, respectively. The normalized
frequency f = 0.4 lies within the bandgap of the crys-
tal and the radiation coming from the point source is
mostly reflected by the structure (a weak coupling with
the surface mode is recorded) but no propagating modes
localized to the surface can be detected. The normalized
frequency f = 0.411 lies in the third band of the crystal
and the point source radiation couples with the propagat-
ing bulk modes of the third band of the crystal and hence
we observe diffraction patterns within the bulk photonic
crystal but again, no surface mode. It should be noted
that it is the topologically induced chirality of mode that
is responsible for the back-scattering-free propagation of
the surface mode and its insensitivity to surface scatter-
ers. The surface state is robust against disturbance of
the surface because it is protected by the topology of the
bulk photonic crystal. Also note that while topological
modes sandwiched between bandgag materials are per-
fectly dark even around defects, here we observe some
radiation as a result of being a surface mode between the
photonic crystal and the vacuum. This, however, is a
desired property for most applications, as it allows the

point sourcef=0.4103

f=0.400 f=0.411

(a)

(b) (c)

point
source

point
source

Air

Air Air

no surface mode
(at lightline in air)

no surface mode
(outside bandgap in PC )

- +Re{E }z

FIG. 4. Demonstration of the free space, one-way topological
surface state propagating bound to the interface between the
gyrotropic crystal and air at selected frequencies. (a) For a
normalized frequency f = 0.4103, the surface state is well de-
fined and propagates localized to the surface, anticlockwisely
around the circumference of the finite photonic crystal con-
sisting of 15 × 15 gyrotropic rods with R = 1.7a. (b) For a
normalized frequency f = 0.4, i.e., below the surface mode
band, the dipole radiation is mostly reflected and no mode
localized to the surface is present. (c) For a normalized fre-
quency f = 0.411, i.e., above the extent of the surface mode
band, the dipole radiation couples with the bulk propagating
mode of the third band of the crystal and again no surface
mode is present.

controlled outcoupling form the photonic crystal assisted
by the topological surface mode.

Additionally, we utilize an alternative way to calculate
and verify the surface mode band structure directly from
the surface fields of the scattering simulation. In particu-
lar, we estimate the surface mode dispersion directly from
frequency domain simulations of a finite photonic crystal
by analyzing a cross-section of the surface fields along the
boundary of the photonic crystal. The surface modes is
excited by a remote point source and the spatial distri-
bution of the surface fields is collected as function of fre-
quency. To obtain cleaner results, we apodize the spatial
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distribution Ez(y) by an appropriate windowing function
to minimize the disturbance from the corners and finite
length of the sampling surface. Also, we use a sufficiently
large crystal of 11×121 rods to improve the spectral res-
olution. We then perform a Fourier analysis (numerical
FFT along the spatial dimension of the sample), where
the sharp peak in the resulting Fourier spectrum then
traces the surface mode dispersion in (k, ω)-space.
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FIG. 5. Direct determination of the band structure of the
chiral topological surface modes on a finite gyrotropic pho-
tonic crystal. (a) Retrieved surface mode dispersion: The
blue symbols are the data points from the Fourier analysis
of the surface fields, the black line the data from the super-
cell calculations. (b) Geometry and typical field distribution
Re {Ez} of the surface modes on the finite photonic crystal
excited by a point source in frequency domain. The green
line indicates the cross-section along which the electric field
is sampled for Fourier analysis.

The results are shown in Fig. 5. The left panel,
Fig. 5(a), shows the retrieved dispersion of the chiral
topological surface mode (blue data points) superim-
posed on the dispersion relation obtained from the su-
percell method (solid black line). The gray shaded area
indicates the light cone in air. Figure 5(b) illustrates the
geometry and typical field distribution Re {Ez} of the
surface mode, excited by a (k-broadband) point source,
where the green line indicated the path along which the
fields are sampled for the Fourier analysis. The field dis-
tribution shown corresponds to a normalized frequency
of f = 0.4103. We find excellent agreement between
the two methods. The direct, Fourier analysis method
avoids the need of ”unwrapping” the usually quite com-
plicated supercell band diagram and gives directly phys-
ically intuitive results. Thus it is shown, that the direct
frequency-domain scattering method to obtain the sur-
face mode dispersion is an excellent, nearly foolproof way
to cross-check the surface mode band structure. In the
Supplemental Material [52], in Fig. S4 we demonstrate a
comparison of the retrieval approach in topologically triv-
ial against a non-trivial free space surface states [37, 53],

which further supports the efficiency of the the direct
frequency-domain scattering method to obtain the sur-
face mode dispersion.
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FIG. 6. Full dispersion relation retrieved form the Fourier
analysis of the electric field along the edges L1 (left edge),
L4 (top edge), L3 (right edge), and L2 (bottom edge), around
the circumference of an 61×61 rods finite photonic crystal, as
schematically depicted in Figure 7a. The unidirectional topo-
logical surface mode (propagating counterclockwise around
the photonic crystal) can be clearly seen at around f = 0.41,
occurring only for negative k// near the lower edge of the third
band and outside the light cone (dotted white line). Tails of
the bulk modes produce the bright spots in the supercell pre-
dicted bulk frequency bands.

The Fourier analysis of the frequency-domain field dis-
tributions resulting from the scattering of a suitable
delta-source provides us with the powerful tool to es-
timate the dispersion properties but also allows the cal-
culations of the power flow characteristics of the surface
mode in the various parts of a structure. Additionally,
with the Fourier analysis we are also able to directly de-
termine the directionality of the modes for the various
branches in the dispersion relation, which is not trivial
in the supercell calculation because of the additional sym-
metries imposed by the boundary conditions. To do so
we return to a square, finite photonic crystal consisting
of 61 × 61 gyrotropic rods, the geometry of which is il-
lustrated in Fig. 7(a). Using a point-source located near
the middle of the upper edge of the structure, we obtain
the relevant scattering simulations and perform a Fourier
analysis of the electric field distribution along the sur-
face of the finite photonic crystal to calculate the surface
mode dispersion relation and surface energy flow in each
edge segment, i.e., L1 (left edge), L4 (top edge), L3 (right
edge), and L2 (bottom edge) as schematically depicted
in Fig. 7(a). The results for the full dispersion band
retrieved form the FFT analysis for each edge segment
are presented in Fig. 6. Both the bulk and the surface
mode appear as bright traces in the dispersion diagrams
(the bulk modes sustain fields along the edges where we
record the fields). For orientation the lightline in air is
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indicated by the dotted white line. The second panel, L4,
expectedly shows the strongest field as it is closest to the
point source, but also suffers the most from the superim-
position of the near- and propagating field of the point
source overshadowing the surface modes. We can easily
identify the unidirectional topological surface mode, oc-
curring only for negative k// near the lower edge of the
third band and outside the light cone. The chiral surface
mode associated with the lower edge of band 3, excited
by the point source in the middle of the top edge L4,
can be clearly traced from L1, to L2, to L3, propagating
only counterclockwise around the photonic crystal and
proving the unidirectionality of the mode. The direction
of the propagation is inherited by the third band with
Chern number C3 = −2. Figure 6b, especially in panel
L4, also contains a hint of a clockwise propagating chiral
surface mode occurring only for positive kx, just below
the lower edge of the second band with C2 = +1 and very
close to the lightline. This would correspond to the ana-
log mode seen in the supercell band structure [Fig. 3(a)]
but the numerical resolution in this case is marginal at
best. Nevertheless, the change from counter-clockwise
propagation for the band 3 surface mode to clockwise
propagation for the mode associated with band 2 would
be commensurate with the change in Chern number for
the two topologically nontrivial bands.

Further details of the Fourier analysis concerning the
chirality/unidirectionality, robustness of the (3rd band)
topological surface mode against back-scattering, and the
unidirectional energy flow, attenuated only by leakage
into free space propagating modes are provided in Fig. 7.
As already mentioned above, Fig. 7(a) shows the setup
of the FFT analysis. Figure 7(c) shows the evolution of
the magnitude of the electric field, |Ez |, of the surface
mode along the edges L1, L2 and L3 for a frequency of
f = 0.41 (normalized). The amplitude is globally nor-
malized by the mean value of |Ez| in segment L1. We
observe that the mean electric field is approximately con-
stant in each segment as there is no material loss or back
reflection at the corners, which would lead to the appear-
ance of standing wave patterns. We note that this refers
in particular for the mean value since the proximity to
the photonic crystal rods induces sinusoidal modulation
of the surface fields showing in the short-wavelength os-
cillations. The superposition of fringe propagating fields
from source and corner leakages contributes to the mi-
nor, long-wavelength modulations, especially around the
transition points from L1 to L2 and L2 and L3, corre-
sponding to the corners of the structure and leading to
the sharp local peaks observed in Fig. 7(b). Considering
the levels of the electric field amplitude at f = 0.41, we
observe that through the propagation in the L1 segment
the mean absolute field is equal to 1 and it becomes 0.7
in the second segment L2 and 0.5 in the third corner,
indicating a 70% transmission coefficient in each corner,
with the remainder lost to radiation leakage, but no re-
turn loss in the surface mode. The spatial Fourier spectra
along the edge segments for a fixed frequency f = 0.41
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FIG. 7. (a) Finite photonic crystal structure schematic with
the edges (L1-L4) along which the Fourier analysis and en-
ergy flow calculation, cross-sections P1-P3 are performed. (b)
Transmission coefficient derived from the FFT data calculated
along the peripheral edges L1, L2 and L3, shown in (d), for a
single frequency, f = 0.41, in comparison to the correspond-
ing transmission coefficient derived by calculating the energy
flow through the cross-sections P1, P2 and P3. (c) The mag-
nitude of the electric field Ez plotted at the peripheral edges
L1, L2 and L3 for a frequency f = 0.41. (d) Spatial FFT
spectra of the electric field in segments L1, L2, and L3, for
f = 0.41, clearly showing the unidirectionality of the surface
mode.

are shown in Fig. 7d. Once again we observe that we ob-
tain only negative k solutions which is a consequence of
the one-way propagation of the topological modes. Look-
ing at segment L1 at k = −0.465, we record a narrow
peak with magnitude 65.7. The magnitude of the FFT
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at the opposite k = +0.465 is equal to 0.02, which trans-
lates in a practically zero reflection coefficient (the exact
value is 0.03%), another proof that the topological mode
has zero back-scattering. Note that there are also some
small peaks in other k values which is a consequence of
the coexisting free space radiating fields that are gener-
ated in the corners (and the source). Similar reflection
values are calculated for segments L2 and L3. To cal-
culate the transmission from segment L1 to segment L2
we obtain the ratio between the intensity of the peak in
the FFT analysis at the point k = −0.465. Thus, for
frequency f = 0.41, the power transmitted from segment
L1 to segment L2 is equal to 70%. Since there are no
material losses, the remaining power is radiated though
the L1L2 corner. Analog we calculate a similar radia-
tion loss percentage in the corner L2L3. Alternatively
we can calculate the transmission and radiation loss in
each corner by calculating the energy flow through the
cross-sections P1, P2, and P3 shown in the schematic
shown in Fig. 7(a). Figure 7(b) presents the spectral evo-
lution of the transmission and radiation loss calculated
by the FFT analysis (blue points) and the power flow
calculations (red points) as a function of the frequency.
Some small discrepancies are attributed to the finite size
of the structures and cross-sections, the possible contri-
bution of bulk fields, etc. We observe the tendency that
for higher frequencies we obtain higher transmission in
the segments and, therefore, lower radiation loss in the
corners, which is a consequence of the surface mode’s de-
creasing wavelength and increasing confinement to the
photonic crystal surface (this tendency can be seen also
in Fig. 5).

IV. CONCLUSIONS

We have shown the emergence of topological, unidi-
rectional surface states at the interface of finite, simple
square lattice, gyrotropic photonic crystals with air, elim-

inating the need for an outside photonic material to en-
able chiral surface modes. We demonstrated the chiral-
ity and dispersion of the surface state in supercell band
structure calculations and by direct scattering of a point
source from a finite photonic crystal. Our study revealed
a unidirectional topological plasmonic state which prop-
agates anticlockwise around the finite photonic crystal,
unaffected by defects and back-scattering. The scatter-
ing study in particular allowed for an independent mea-
surement of the surface state dispersion not relying ex-
clusively on supercell calculations and proved that the
direct frequency-domain scattering method to obtain the
surface mode dispersion is an excellent, nearly foolproof
way to cross-check the surface mode band structure. In
contrast to buried topological surface states, the observed
surface modes at the photonic crystal/air interface have
the advantage of being accessible to the outside world,
allowing to take advantage of the defect-tolerant back-
scattering-free surface modes to engineer emission from
PC surfaces into arbitrary free-space beam shapes and
direction.
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