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We use computational simulations to study the electron emission and propagation in planar
vacuum diodes. We show how space-charge affects thermionic emission from cathodes with two
different values of work function that form a checkerboard pattern of finite extent on the cathode
surface. We confirm that, for intermediate cathode temperature, the local current density from low
work function regions can exceed the space-charge limit for the entire cathode. As the cathode
temperature rises space-charge effects lead to homogeneous current density from the interior of the
emitting area and a higher current density from its periphery. We show how beam emittance and
brightness are affected, and show that the operating temperature for optimal brightness is such that
it corresponds to the transition region between source limited and space-charge limited emission.
Finally we show how beam current and beam quality depend on how fine grained the structure of
the cathode is.

I. INTRODUCTION

Cathodes, used as electron sources in a large number
of devices [1, 2], are generally inhomogeneous at the mi-
croscale whether by design or happenstance. In particu-
lar, the work function may vary along the cathode. This
may be due to, for example, the cathode being made of
many crystal grains with different facets facing the vac-
uum gap, the presence of adsorbates on the surface, or
because of inherent structure such as in the case of LaB6

cathodes. Since the work function is an important de-
terminant in the emission rate for thermionic emission,
field emission, and photoelectric emission, it follows that
any variation in work function on the cathode is likely
to lead to variations in current density over the cathode.
This variation may, in turn, have an effect on the opera-
tional characteristics of diodes and the quality of electron
beams drawn from the cathode.

Thermionic cathodes are commonly used in electron
devices as they are relatively inexpensive and robust.
The current in a thermionic diode is temperature de-
pendant, and in the source limited regime it is sim-
ply described by the Richardson-Laue-Dushman [3, 4]
law which relates the current density to the work func-
tion and cathode temperature. As the current density
increases with temperature, space-charge decreases the
electric field at the cathode surface and the diode enters
the space-charge limited regime in which the current den-
sity is traditionally described by the Child-Langmuir law
which depends on the applied voltage and spacing of the
diode. The characteristic curve relating the diode cur-
rent to the cathode temperature is called a Miram curve
and shows a smooth transition (a ”knee” in the curve)
from the source limited current to the space-charge lim-
ited current that cannot be explained by the simple forms
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of the Richardson-Dushman and Child-Langmuir laws.
To ensure a long cathode lifetime, efficient operation and
acceptable beam characteristics it is necessary for the de-
signer or operator of a device, based on thermionic emis-
sion, to have a firm understanding of the Miram curve
for the cathode. Recent work on nonuniform thermionic
emission has offered some clarity on the issue. In partic-
ular, a paper by Chernin et al. [5] has advanced under-
standing of how the Miram curve is affected via mutual
space-charge effects due to current emanating from dif-
ferent regions of the cathode, and offers a useful method
of calculating the current from a thermionic cathode with
periodically varying work function which compares favor-
ably with particle-in-cell simulations.

In this paper we will use molecular dynamics (MD)
based simulations to further investigate thermionic emis-
sion from cathodes with a nonuniform work function. As
well as investigating the effects of inhomogeneity on the
Miram curve we will examine how it affects the beam
quality, i.e. emittance and brightness. Although this
work uses a combined thermionic-field emission model
and different characteristic length scale than the work
by Chernin et al. [5], the core physics is similar enough
to offer a comparison with their work, showing common-
alities, some differences and further insight into how mi-
crostructure of the cathode is manifested in the beam
characteristics. The physics of thermionic emission from
an inhomogeneous cathode will also be examined in the
context of some recent work on space-charge influenced
emission from discrete and irregular emitters.

The paper is organised as follows. In the next sec-
tion we describe the system under study and present the
computational method. In Sec. III we show our results.
In particular, in Sec. III A we compare the currents ob-
tained from uniform and nonuniform cathodes. In the
following sections we focus on the nonuniform cathodes
with a checkerboard work function pattern. We show
how the current, emittance and brightness change with
increasing temperature (Sec. III B) and grid fineness (Sec.
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III C), respectively. Finally, in Sec. IV we summarize the
results.

II. MODEL

The system under study is a planar vacuum diode of
infinite extent. The cathode is non-emitting, except for
thermionic emission from a square patch of side length
L. The emitting area on the cathode is characterized by
a work function that has a checkerboard pattern built of
alternating high and low work function values as is shown
in Fig. 1. The number of checks can be varied to form an
N by N pattern. We do not apply any constrains on the
size of the anode, and thus it can absorb every electron
reaching its surface.

We study the field-assisted thermal emission using the
method developed by Jensen [6]. The current density
injected into the system is described with the general
formula

J(F, T ) = ARLDT
2n

∞∫
−∞

ln
[
1 + en(x−s)

]
1 + ex

dx , (1)

where F is the electrostatic force due to the field acting
on an electron at a point on the cathode surface. It de-
pends on the bias voltage applied between the electrodes
(V0) and the space-charge due to the electrons in the gap.
T stands for temperature,

ARLD =
qmk2B
2π2~3

is the Richardson constant, q and m are the electron
charge and mass, while kB and ~ represent the Boltzmann
and Planck constants, respectively.

n(F, T ) =
βT
βF

is the ratio between the temperature energy slope factor
βT = 1/kBT and its field counterpart, i.e. the field en-
ergy slope factor βF . For the thermal dominated regime
it takes the form [6]

βF =
π

~F

√
mΦ
√
l ,

where Φ stands for the work function and

l =
q2

4πε0

F

Φ2

is a dimensionless parameter. Finally, the s function in
Eq. 1 is

s(F, T ) = βFφ ,

here φ = (1−
√
l)Φ is the image charge reduced barrier.

The formula (1) describes all three emission regimes,
i.e. field and thermal emission as well as the intermediate
range where the impact of both processes is comparable.

FIG. 1. Work function on the emitting area of the cathode
surface. Yellow color indicates the areas of lower work func-
tion Φ1 = 2.0 eV while the blue one represents the regions
where the work function takes the higher value Φ2 = 2.5 eV.
The letters indicate the checks for which the partial currents
are shown in Fig. 6.

However, the forms of βF and the function s(F, T ) de-
pend on the regime chosen. In this paper we focus on the
field-assisted thermal emission, in this regime the parti-
cles are extracted from the cathode due to the thermal
energy while the external electric field serves the twofold
purpose of reducing the surface barrier via the Schottky
effect and sweeping electrons away from the cathode.

After determining the current density injected into the
system (Eq. 1) we use the Metropolis-Hastings algorithm
to find favourable spots for the electrons to be released
from the cathode surface. Further, we perform high res-
olution molecular dynamics simulations of particle ad-
vancement which include full Coulomb interactions of
electrons and we determine the current and beam quality
features such as emittance and brightness.

The current is calculated according to the Ramo-
Shockley theorem [7],

I =
q

d

∑
i

(vz)i ,

where d is the gap spacing and vz the z-component of
the electron instantaneous velocity and the summation
is carried out over the contributions from all electrons in
the gap.

The lateral spread of the electron beam in the x direc-
tion and its disorder are characterized by the statistical
emittance [8, 9],

εx =

√
〈x2〉 〈x′2〉 − 〈xx′〉2 ,

where x denotes the position of an electron along the
x-axis and x′ the slope of the trajectory. The emittance
for the y-axis, εy, is calculated analogously. In our model
the z-axis originates at the cathode and is normal to its
surface.

Another important parameter describing the beam
quality is the brightness, which measures current den-
sity per unit solid angle. As a measure of brightness, B,
we use the following [8]

B =
2I

π2εxεy
.
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FIG. 2. Evolution of the current for cathodes with uniform
work functions (Φ, red and yellow lines) and for a checker-
board cathode with N = 6 (blue line). The applied voltage is
set to V0 = 100 V and the temperatures are T = 2500 K (a)
and T = 3000 K (b), respectively. The line description shown
in Fig. (b) is valid for both figures.

FIG. 3. Steady state current versus temperature for cathodes
with uniform work functions (Φ, red and yellow lines) and for
a checkerboard cathode with N = 6 (blue line). The black-
dahed line represents the average of currents from the uniform
cathodes. The applied voltage is set to V0 = 100 V.

In this paper we show some pertinent results from sim-
ulations that were performed for emitters of side length
L = 1 µm in a vacuum diode of gap spacing d = 1
µm. We calculate the currents from emitters of uniform
work function, but we focus on structures with two values
of work function on the emitting region of the cathode,
which we set to Φ1 = 2.0 eV and Φ2 = 2.5 eV. The cor-
responding areas form a checkerboard-like pattern con-
sisting of N ∈ (2; 48) alternating squares in each row and
column, Fig. 1.

It is important to note that in the following simula-
tions, cathode temperature may be driven as high as 4000
Kelvin, which is clearly beyond any realistic temperature
range for actual cathodes. The reason for doing this is
that this work is part of a series of investigations on the
effect of charge discreteness, cathode inhomogeneity and
small emitter sizes being undertaken by our group. In
that work the diode system we have been investigating

is of emitter side length and diode spacing on the or-
der of 1 µm and with the work function values described
above [10, 11]. The reader should also note, that even
though the emitting area is of small dimension, it is pla-
nar and embedded in an infinite planar cathode. Thus,
there is no enhancement of the applied electric field by
the emitter. In order to get good statistics and drive the
current well into the space-charge limit, while using the
aforementioned parameters, it was necessary to allow the
cathode temperature to become as high as 4000 Kelvin.
As we will later demonstrate, this does not alter the main
findings of this paper which can be understood to apply
to more realistic thermionic cathodes as well.

III. RESULTS

In this section we present the results of our simulations
of field-assisted thermal emission from cathodes with uni-
form and nonuniform work functions. In particular, we
compare Miram curves obtained from both types of struc-
tures, and we show how the tiling of the emitting area
affects the transverse structure and quality of the beam
emanating from the cathode as a function of applied po-
tential and cathode temperature.

A. Comparison of uniform and checkerboard
cathodes

Thermionic emission from a cathode is strongly influ-
enced by the work function. In Figs. 2 and 3 we com-
pare the thermionic current in a diode for three different
work function configurations: a uniform work function of
2.0 eV, a uniform work function of 2.5 eV, and a 6 by
6 checkerboard structure where the work function alter-
nates between the two aforementioned values. All other
determining parameters are held the same. For t < 0 the
bias of the applied voltage is such that it suppresses any
current from the cathode. At t = 0 the applied potential
is reversed and set to a finite value which allows the elec-
trons to travel from the cathode to the anode. In both
graphs shown in Fig. 2 we see how the current increases
with time as the initially emitted electrons traverse the
diode gap. Once the gap has been filled the current set-
tles to a steady state. For a temperature of 2500 K, as
shown in the upper graph of Fig. 2, the steady state cur-
rent is source limited and the current for the 2.5 eV work
function cathode is nearly an order of magnitude smaller
than that for the 2.0 eV cathode. At 3500 K the steady
state current is independent of work function, indicat-
ing that it is now space-charge limited. Note that the
current can momentarily exceed the space-charge limit
as the initial burst of electrons reaches the anode after
approximately 0.3 ps.

The temperature dependence of the steady state cur-
rent for the three systems is shown in Fig. 3. The three
Miram curves show the characteristic transition from the
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FIG. 4. Total steady state current and its contributions from the areas of lower (Φ1 = 2.0 eV) and higher (Φ2 = 2.5 eV) work
function versus temperature for a checkerboard cathode with N = 6 [(a)-(d)] and the corresponding brightness [(e)-(h)]. The
applied bias voltage: V0 = 100 V [(a) and (e)], V0 = 50 V [(b) and (f)], V0 = 20 V [(c) and (g)], and V0 = 1 V [(d) and (h)].
The line description shown in figure (d) is valid for all figures in the upper row. The Greek letters in Figs. (a) and (b) show
points on the Miram curves corresponding to the values of temperature and applied voltage for which the dependence on the
work function grid fineness is studied in Sec. III C.

Richardson-Laue-Dushman current to the space-charge
limited current. Interestingly, the characteristic ”knee”,
in the transition region between the two current regimes,
is present even when the work function is uniform. This
is different from the results reported by Chernin et al.
[5] for a uniform work function where a sharp transition
takes place, and the ”knee” appears only when the cath-
ode has a non-uniform work function. However, their
results were based on an infinite emitting area whereas
our simulations are based on a finite emitter. This indi-
cates that the Miram curve may also be affected by edge
effects, as is known to be the case for space-charge limited
emission and field emission from finite area emitters. We
also note that the emitting surface of the checkerboard
cathode is equally divided between areas associated with
each value of the work function. Nonetheless, the total
current can be significantly larger than the algebraic av-
erage of the currents from the uniform systems, at least
for N = 6.

B. Temperature effects on a checkerboard surface

The coexistence of checks with two distinct work func-
tions results in variation in current density across the
emitter. This can be seen in the left column of Fig. 5,
which shows electron density at the cathode surface for
different values of the cathode temperature. For lower
temperatures the electron density reflects the underlying
structure of the work function shown in Fig. 1. Conse-
quently, the currents originating from the areas of differ-
ent work function contribute differently to the total cur-
rent. In Figs. 4(a)-4(d) we look separately at the current

coming from the areas of higher and lower work function,
respectively. For the applied voltages used the current
turns on only when the cathode is heated to 1500 K. For
lower temperature electrons are emitted solely from the
areas of lower work function. With increasing tempera-
ture, the areas of higher work function start contributing
to the emission. As current rises with increasing tem-
perature and the space-charge limit is reached, the cur-
rent is evenly distributed between the high and low work
function areas. Interestingly, the current from the low
work function region reaches a maximum value before
decreasing as more of the current comes from the high
work function regions. This is in accordance with results
obtained by Chernin et al. [5] and is readily explained as
follows. When the temperature is so low that the current
density from high work function checks is negligible, the
low work function areas do not experience space-charge
effects from their nearest neighbors. Thus the current
density from them may be higher than that predicted
by the classic Child-Langmuir law, as has been shown in
previous studies [12, 13]. However, as the temperature
increases the current density from the high work function
areas increases as well. Thus the space-charge effect from
that current on the neighboring low work function checks
increases in turn. Consequentially, the current density
from the low work function areas is reduced. Further in-
creasing the temperature enhances this space-charge in-
teraction until the current density across the interior of
the emitting surface becomes uniform. Note that as the
gap voltage is decreased (and subsequently the space-
charge limited current) the temperature, at which the
current from the low work function region peaks, is re-
duced. The temperature at which the two contributions
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FIG. 5. Local density of electrons at the cathode (left column)
and anode (right column) for V0 = 50 V and for temperatures
T = 2100 K [(a) and (b)], T = 2500 K [(c) and (d)], T = 3000
K [(c) and (d)], and T = 3500 K [(g) and (h)]. The yellow
dashed lines in the right column indicate the size and position
of the cathode.

become equal also decreases with applied voltage, but
saturation below the tungsten melting point occurs only
for very low voltages, Fig. 4(d). Here only up to 350 elec-
trons are in the vacuum gap at each time, and thus small
fluctuations of their number result in considerable noise.

Fig. 5 shows further the effects of space charge. In
this figure the gap voltage is 50 V but the temperature
is varied from 2100 K to 3500 K. The left column of the
figure shows the development, with temperature, of elec-
tron density at the cathode using a normalized color map
where darker colors imply higher density. For lower tem-
perature the density reflects the underlying work func-
tion and the checkered pattern remains apparent, but as
the temperature is increased the density becomes more

FIG. 6. Steady state currents emitted from single areas of
lower work function (Φ1 = 2.0 eV) situated along the diagonal
(a) and originating from the neighboring areas of higher work
function (Φ2 = 2.5 eV) (b) for the applied voltage V0 = 50 V.
The positions of the particular checks (A, B, C, a, b, c) are
defined in Fig. 1.

FIG. 7. Emittance (x and y coordinates) versus temperature
for the checkerboard with N = 6 and the applied voltage
V0 = 100 V (a) and V0 = 20 V (b). The linear regression was
calculated for T > 2000 K.

uniform except that it is more pronounced at the emit-
ter edges as would be expected from previous studies of
space-charge limited current from a finite emitter [14].
Note that for T = 2100 K the emission rate is low
enough that statistical flutter partially obfuscates the
checkerboard structure which becomes more apparent at
T = 2500 K. Fig. 6 shows the partial currents coming
from the areas marked A, B, C, a, b, and c in Fig. 1.
The upper part of the figure shows the partial currents
from low work function checks, and indicates that the
current from check, A, which is at the emitter edge is
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FIG. 8. Steady state current (a), the x component of emit-
tance (b), and brightness (c) versus the number of checks for
the four points indicated in Figs. 4(a) and 4(b). The values
of applied bias voltage and temperature associated with the
Greek letters are listed in Table I. The line description shown
in Figs. (a) is valid for all figures.

higher than that from the interior checks, B and C, and
that space-charge saturation occurs in the interior before
it does so at the edge. The lower part of Fig. 6 shows
the partial currents from high work function checks. We
note that as for the low work function case, the partial
currents from the interior checks are almost identical and
lower than from the edge one (a).

In the right hand column of Fig. 5 we show the local
density of electrons at the anode. Up to T = 2500 K the
beam envelope is hardly changed, but the initial checker-
board structure of the beam is destroyed, Figs. 5(b) and
5(d). The beamlets originating from the areas of lower
work function spread and squeeze the beamlets formed
by electrons released from the checks of higher work func-
tion. With increasing current density, the space-charge
effect affects the beam profile in two ways. On one hand
it widens and rounds the beam envelope, on the other
hand it pushes electrons towards the beam center. Al-
though, somewhat deformed, the original square shape of
the emitting area can still be recognized at T = 2100 K
and T = 2500 K. At T = 3000 K the beam cross section
becomes more circular with a large fraction of electrons
concentrated in its center, Fig. 5(f). At T = 3500 K the
beam has a circular cross section with the diameter ap-
proximately twice as large as the emitter edge. The den-
sity of electrons forms a sharp peak centered in the mid-

point α β γ δ
V0 [V] 100 100 50 50
T [K] 2500 3000 2500 3000

TABLE I. Applied bias voltage and temperature for the line
description in Fig. 8.

FIG. 9. Local density of electrons at the cathode for the
applied voltage and temperate associated with the letter β
(Table I) and for a different number of checks in each row
and column: N = 2 (a), N = 12 (b), and N = 36 (c).

dle of the beam and monotonically decreases outward,
Fig. 5(h). Interestingly, at such high temperatures the
largest number of electrons is emitted from the cathode
boundaries, Fig. 5(g), but the space-charge forces totally
redistribute them during the 0.3 ps transit between the
electrodes.

To characterize the beam we calculate its emittance
and brightness. The former increases nearly linearly with
temperature for the range that is under study as can
be seen in Figs 7. Once the number of electrons in the
system is large enough to mask statistical fluctuation,
the transverse emittance is seen to be symmetric. The
brightness is a ratio between the emitted current and the
emittance. Initially, all three parameters increase with
temperature. When the space-charge effects become rel-
evant the increase of current, and thus also of brightness
slows down. Interestingly, the brightness attains a maxi-
mum value approximately at the peak value of the partial
current from the low work function area, as can be seen
in Figs. 4(e)-4(h). This means that the optimal opera-
tional point for beam brightness is in the ”knee” region
of the Miram curve.

C. Grid effects

Finally, we show how the fine-grain structure of the
checkerboard affects the beam properties. We do this by
varying the number of checks on the emitter while main-
taining the edge length. We present results for four differ-
ent combinations of temperature and gap voltage listed
in Table I, which are also shown in Figs. 4(a) and 4(b).
In all studied cases the current and brightness increase
with the number of checks, Figs. 8(a) and 8(c), while the
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emittance decreases, Fig. 8(b). When the emitting sur-
face is divided into four checks the electron distribution
is structurally similar to that which would be found in
four independent emitters of uniform work function, ex-
cept that we see diminished emission from the corners of
the low work function checks that abut each other at the
center of the emitter. This is due to mutual space charge
effects between those two checks. Mutual space-charge ef-
fects between adjacent emitters are known to vary rapidly
with decreasing distance between them [15, 16], and as
the number of checks is increased the effect is to decrease
the spacing between them, causing stronger space-charge
coupling until the emitting area may be considered to be
practically uniform and further increase in the number of
checks has no effect. Indeed, this is can be seen in Fig.
9(c) where the electron density at the cathode shows the
same type of symmetric structure as would be the case
for a cathode of uniform work function. It should be
noted that the current, emittance, and brightness from
this ”apparently uniform” emitter with a large number
of checks neither equivalent to that of a uniformly low or
high work function, nor that of their average value. In
fact the current that can be drawn from a fine grained
emitter will always be less than that drawn from a uni-
form emitter of low work function.

IV. CONCLUSIONS

In this paper we have examined current and beam
characteristics for field assisted thermionic emission from
an emitter of finite dimension and inhomogeneous work
function in a planar diode. Our results show that, with
increasing temperature, the current initially comes from
areas of low work function, even to such an extent that
the Child-Langmuir current density is locally exceeded,
but eventually it becomes evenly distributed across the
centre of the emitting area of the cathode irrespective
of local work function. This is in accordance with re-
sults obtained by Chernin et al. [5]. However, we also
demonstrate that the soft ”knee” in transition from the

source-limited to space-charge-limited parts of the Mi-
ram curve can be obtained from a cathode of homoge-
neous work function. This is different from the results
of Chernin et al. [5], and is most likely due to the fact
that in our case the emitter area is of finite size as com-
pared to their model which uses periodic boundaries so
that the emitting area is effectively infinite. Thus, edge
effects and transverse beam expansion are likely to in-
fluence results. In a paper by Longo [17] the smooth
transition from thermionic to space-charge limited emis-
sion is related to a shape factor, α, which is dependent
on the disorder of the emitting surface of the cathode.
With the data described in this paper, it is not possible
to discern the edge effects, due to limited emitter size,
completely from the effects of varying work function.

We showed how emittance and brightness of the beam
from the cathode are dependant on the temperature, and
that there is an optimal temperature value to maximize
the brightness. This coincides with the temperature at
which the partial current from low work function regions
is maximized in the ”knee” of the Miram curve. We also
showed how the current, brightness and emittance are af-
fected by how fine grained the checkerboard pattern for
the work function is. Brightness and current increase to
an asymptotic value with increasing fineness of the cath-
ode patterning. Nonetheless, the source-limited current
from a cathode with alternating low and high work func-
tion checks is always lower than that from a cathode with
uniform low work function at the same temperature, ir-
respective of how fine grained it is.
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