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Attosecond pulses in the soft-X-ray (SXR) to water-window energy region o↵er the tools for
creating and studying target specific localized inner-shell electrons or holes in materials, enable
monitoring or controlling charge and energy flows in a dynamic system on attosecond timescales.
Recently, a number of laboratories have reported generation of continuum harmonics in the hundred-
electron-volt to kilovolt region with few-cycle long-wavelength mid-infrared lasers. These harmonics
have the bandwidth to support pulses with duration of few- to few-ten attoseconds. But harmonics
generated in a gas medium have attochirps that cannot be fully compensated by materials over a
broad spectral range; thus, realistically what are the typical shortest attosecond pulses that one
can generate? To answer this question, it is essential that the temporal attosecond pulses be accu-
rately characterized. By re-analyzing the soft X-ray attosecond metrology reported in three recent
experiments [1–3] using a newly developed broadband phase retrieval algorithm, we demonstrate
that the generated attosecond pulses in the first two papers have duration of about 60-as, longer
than what they have reported. Similarly, the duration from the third experiment is retrieved to
be about half of the 322-as upper limit cited in that work. We also introduce the autocorrelation
(AC) of the streaking spectrogram. By comparing the ACs from the experiments and from the
retrieved SXR pulses, the accuracy of the retrieved results can be directly visualized. Our retrieval
method is fast and accurate, and it shall provide a powerful tool for the metrology of the emerging
few-ten-attosecond pulses.

PACS numbers:

I. INTRODUCTION

Since the first report of isolated attosecond pulses
(IAPs) in 2001 [4], the majority of IAPs are generated
only in EUV (or XUV) region, with photon energy be-
low about 120 eV [5–7]. To study temporal electron dy-
namics, bond breaking, and energy flow in a bio-chemical
reaction, extension of IAPs to soft-X-ray region (SXR) is
highly desirable since SXR would excite inner-shell elec-
trons to create a localized initial hole, which would finger-
print the flow of charges (electrons or holes) and energy,
giving access to chemical processes at the most funda-
mental level with best spatial and temporal resolutions.

Within the last decade, the development of high-energy
long-wavelength driving lasers together with pulse com-
pression to few cycles has allowed experimentalists to
generate broadband continuum high-energy photons up
to 1.6 keV [8–20]. These pulses have spectral bandwidth
to support transform-limited pulses of a few attoseconds
or even zeptoseconds. However, to claim such short du-
rations would require an accurate characterization of the
spectral phase over the whole spectral bandwidth.

⇤weiweiyu@phys.ksu.edu

Recently, using two-cycle 1.80 to 1.85 µm lasers, three
groups have reported broadband SXR harmonics [1–3].
In all three experiments, streaking spectra were also mea-
sured. Two groups reported pulse durations of 53±6
as [1] and 43±1 as [2], with spectral bandwidth of 100-300
eV and 65-150 eV, respectively. Both are claimed to be
the shortest attosecond pulses in the world at the time.
In another experiment, an upper limit of 322 as (band-
width 150-350 eV) was reported [3]. These pulse dura-
tions were all obtained from the spectral phases retrieved
from the streaking spectra. Do we have an accurate al-
gorithm to retrieve the phase for such broadband pulses?
Is there a way to check whether the retrieved phase is
indeed correct? The answers to both questions, unfor-
tunately, are not positive. Such uncertainty can easily
lead to substantial error in the characterization of SXR
attosecond pulses.

In this contribution, with a new theoretical approach
and algorithm, we demonstrate that our method can ac-
curately retrieve the spectral phase of a broadband pulse,
and more importantly, we can check whether the phases
have been accurately retrieved. We then use our method
to re-evaluate the SXR attosecond pulses reported in [1–
3], to compare their results with the ones we have re-
trieved.
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II. PHASE RETRIEVAL METHOD FOR
BROADBAND ATTOSECOND PULSES

A SXR pulse in the time domain is easily obtained
via Fourier transform if the electric field in the energy
domain ESXR(⌦) = U(⌦)ei�(⌦) is available. The spec-
tral amplitude U(⌦), where ⌦ is the photon energy, can
be obtained from photoelectron spectra of some rare-gas
atoms ionized by the SXR alone since accurate photoion-
ization cross sections of rare-gas atoms are available from
experiments or theoretical calculations. To get informa-
tion on the spectral phase �(⌦), photoelectron spectra
are generated by the same SXR in the presence of a time-
delayed driving laser that is used to generate harmonics.
The resulting electron spectra vs the time delay is called
the spectrogram (or the streaking trace). The spectro-
gram is then analyzed to retrieve the spectral phase. In
this method, it is assumed that the spectrogram can be
calculated using the so-called strong-field approximation
(SFA)[21, 22]:

S(E, ⌧) =

����
Z 1

�1
ESXR(t� ⌧)d(p+A(t))

⇥e�i�(p,t)e
i
⇣

p2

2 +IP
⌘
t
dt

����
2

, (1)

where E = p2/2 is the photoelectron energy, ⌧ is the time
delay between the two pulses, A (t) is the vector potential
of the laser, d is the dipole transition matrix element,
Ip is the ionization potential of the atom, and �(p, t) =R1
t [pA(t0) + A2(t0)/2]dt0 is the action of the electron in
the laser field. Atomic units are used throughout the
paper unless otherwise stated. The vector potential A in
this equation should not be too large such that the laser
cannot contribute to the ionization of the target atom.

In this model, the electron is removed by the SXR
and then streaked by the vector potential of the laser
until the pulse is over. To obtain the phase of ESXR,
previously the so-called frequency-resolved optical gating
for complete reconstruction of attosecond bursts (FROG-
CRAB) [21, 22] was used. It is based on the FROG
method for retrieving the spectral phase of a femtosec-
ond laser. To use the algorithm written for FROG, an
additional approximation, called central momentum ap-
proximation (CMA), has to be made by replacing the p
in the action � above by the momentum of the electron
at the center of U(⌦). This approximation is not severe
if the bandwidth is narrow, say about 10 to 20 eV. Thus,
earlier attosecond pulses were retrieved using the FROG-
CRAB method [21–23]. It is generally believed that the
method works for these narrowband pulses.

To retrieve broadband pulses, the CMA has to be
removed. Three methods have been proposed, phase
retrieval by omega oscillation filtering (PROOF) [24],
Volko↵ transform generalized projections algorithm (VT-
GPA) [25], and phase retrieval of broadband pulses
(PROBP) [26]. The PROOF is based on approximat-

ing the action � in Eq. (1) by taking the limit when A is
small, and that the streaking IR field is a monochromatic
wave. In PROOF, the streaking shift should be small,
and thus it is more sensitive to errors in the streaking
spectra. PROOF was used in [1] and [23] even when the
IR is a short few-cycle pulse. In the experiment of [2],
the spectral phase was retrieved using the ML-VTGPA
method, which is a modification of VTGPA [25] to ac-
count for photoelectrons generated from multiple shells
of the atom. In [3], the bandwidth of the SXR is about
200 eV. Using FROG-CRAB, the pulse duration obtained
was about 24 as. Based on the attosecond lighthouse
model, it was estimated that the pulse duration should
be less than 322 as.
Among the phase retrieval algorithms, including

FROG-CRAB, all are based on iterative methods. The
calculation is terminated after tens of thousands of itera-
tions when the merit is not changing. To “prove” that the
retrieved SXR pulse (also for XUV pulse) is correct, the
retrieved pulse is then used in Eq. (1) to calculate the
spectrogram. By comparing the experimental spectro-
gram with the one from the retrieved pulse visually and
ensuring that the merit has reached a specified value, it
is often deemed that the agreement is good. This proce-
dure is probably acceptable for narrowband pulses, but
not for broadband pulses.
To illustrate this point, we first compare how the spec-

trogram calculated using Eq. (1) depends on the spectral
phase. For simplicity, consider a SXR pulse in the energy
domain, ESXR(⌦) = U(⌦)ei�(⌦), with a Gaussian spec-

tral amplitude U(⌦) = U0e
�2 ln 2

(⌦�⌦0)2

(�⌦)2 and a quadratic

spectral phase �(⌦) = a2
(⌦�⌦0)

2

(�⌦/2)2 . Here we use ⌦0 = 164
eV as the central photon energy and �⌦ = 94 eV as the
full width at half maximum (FWHM) bandwidth, which
can support a transform-limited (TL) pulse (correspond-
ing to a2 = 0) of 20 as. The coe�cient a2 is a measure of
the attochirp, or equivalently we can use the parameter
R = �⌧/�⌧TL, which is the ratio of the duration of the
chirped pulse to the TL duration. Figures 1(a)-(c) com-
pare the spectrograms simulated according to Eq. (1).
The mid-IR (MIR) used is 1800 nm in wavelength, 5.7 fs
in duration, and 2.5 ⇥ 1012 W/cm2 in peak intensity.
From Figs. 1(a)-(c), visually the three spectrograms
show little di↵erence, even though their pulse durations
are 20, 90, and 177 as, respectively. To magnify their
contrast, we calculate the auto-correlation (AC or Q) of
the spectrogram, defined by

Q(⌧1, ⌧2) =

Z 1

0
S(E, ⌧1)S(E, ⌧2)dE. (2)

Figures 1(d)-(f) show the corresponding AC patterns over
one optical period. For the TL pulse, the AC shape is
close to a square in the center. As the linear chirp is
increased, the square gradually deforms and skews along
the diagonal axis. Clearly, the more the deformation is,
the larger is the linear chirp (and pulse duration). To
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FIG. 1: Theoretically calculated spectrograms (a,b,c) and the corresponding AC patterns (d,e,f). The central energy of the
three XUV pulses is 160 eV, with a FWHM bandwidth of 94 eV. The duration of the TL pulse is 20 as, while the other two
are 90 and 177 as, respectively. The MIR used in the simulation is 1800 nm in wavelength, 5.7 fs in FWHM duration and
2.5⇥ 1012 W/cm2 in peak intensity. (g) Normalized volume of the AC pattern vs pulse duration in units of the duration of the
transform-limited pulse. The normalized volume drops more slowly versus the scaled duration for broadband pulses than for
narrowband pulses, making it harder to retrieve broadband pulses. The examples assume that the XUV pules have quadratic
phases only; see text.

delineate the relative deformation of the AC with respect
to the TL pulse, we define a normalized volume Vnorm for
each AC pattern:

Vnorm =

R R
Q(⌧1, ⌧2)d⌧1d⌧2R R

QTL(⌧1, ⌧2)d⌧1d⌧2
, (3)

in which we integrate the AC pattern (transform-limited
AC pattern) over an area of half an optical cycle T along
each axis centered at the coordinate with the maximum
value of the AC pattern (transformed-limited AC pat-
tern). Figure 1(g) shows that Vnorm drops very quickly
with R if the TL pulse is 70 as, but very slowly if the TL
pulse is 20 as. This speaks that attosecond pulses with
a broader bandwidth are much more di�cult to retrieve.
The MIR used for Fig. 1(g) has the wavelength of 1800
nm.

PROBP was first introduced in [26], where the un-
known laser and/or SXR are to be retrieved from the
spectrogram. It does not impose the central momen-
tum approximation. In PROBP, the spectral amplitude
U(⌦) of the SXR is known from the experiment. The
unknown vector potential of the streaking MIR field is
also expressed in the energy domain

A (⌦) = f (⌦) ei (⌦). (4)

Each of the unknown functions �(⌦), f (⌦), and  (⌦),
respectively, is expanded in terms of B-spline basis func-
tions

f(x) =
nX

i=1

giB
k
i (x). (5)

With some guessed parameters of these unknown func-
tions, the constructed SXR and MIR are used in Eq. (1)
to obtain the spectrogram. By comparing the resulting
spectrogram with the experiment, a genetic algorithm
is used to select the new guesses for the next iteration.
The iterative process is terminated after tens of thou-
sands steps or after some preselected merit is reached.
The PROBP method has been shown to work well for
pulses with bandwidth up to about 100 eV [26]. The
convergence becomes much slower for pulses with larger
chirps or broader bandwidths.
Since the AC appears to be a more sensitive marker of

the spectral phase than the spectrogram, in the PROBP-
AC method [27], we retrieve the phase directly from the
experimental AC patterns. The fitness function is defined
as the sum of

Ef =
X

i,j

min (Q0(i, j), Q1(i, j)), (6)

where Q0 and Q1 are the normalized input AC from the
experiment and the reconstructed AC, respectively. The
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min (x, y) is defined as the smaller of x and y. If the in-
put and the reconstructed ACs are exactly the same, the
fitness function is equal to 1. In the numerical computa-
tion, we discretize the spectrogram S(E, ⌧) and the AC
pattern Q(⌧1, ⌧2) on grid points. We use the genetic al-
gorithm (GA) to find the optimal parameters that would
minimize the function (1-Ef ) defined in Eq. (6).

For narrower bandwidth pulses, previous studies [27]
show that the PROBP-AC method converges much faster
and more accurately in examples where the FROG-
CRAB, the PROBP, and the PROBP-AC method could
all retrieve successfully. For the broadband pulses dis-
cussed here, we use the PROBP-AC method only since
the PROBP method does not converge or take a long
time to reach convergence. Besides the sole application of
the PROBP-AC method to the three experiments in this
work, we point out that the fitness function in Eq. (6)
is used here to replace the familiar root-mean-square
(RMS) method as used in [27], whose fitting strategy is to
use all the data points on an equal footing including those
with large errors. The method used in Eq. (6) requires
that at each iteration the fitted AC be a smooth function
and that the sum of Q(i, j) over the block be normalized,
for the experimental data and for the theoretical ones cal-
culated at each iteration. By taking the smaller of AC at
each (i, j) point in Eq. (6), the sum (fitness) will become
less than one. The iteration is to make this sum get as
close to one as possible, which would fit the experimental
data exactly. This method has the e↵ect of downplaying
the importance of spikes in the data points and is in favor
of achieving a globally smooth distribution of the fitted
data. We also find that this approach converges faster
since it reaches convergence monotonically.

Last but not the least, we comment on the philosophy
of introducing the PROBP-AC method for improving the
phase retrieval of broadband pulses. Since a mid-infrared
driving laser is utilized for streaking, at each time de-
lay, the photoelectron spectrum covers a wide range of
energies. In addition, if a long optical period of the
mid-infrared laser is used, more points in time delay are
needed. Generating such a large amount of data points
in streaking spectra is di�cult in experiments by itself;
at the same time, it poses a challenge for retrieving the
spectral phase. By introducing the autocorrelation in
Eq. (2) from the streaking spectra and limiting the time
delay interval to only one optical cycle, it reduces the
number of data points to be used for the analysis. No-
tice that the usage of AC is not the only way to achieve
this goal. For example, one can introduce di↵erent kinds
of moments (distinct from Eq. (2)) that would serve the
same purpose. By analyzing the AC, the noise in the
streaking spectra to some extent also is averaged out.
The smaller data set alone also makes the PROBP-AC
method computationally much faster.

III. NEW RETRIEVAL OF ATTOSECOND
PULSES FROM PREVIOUS EXPERIMENTAL

DATA

To elaborate the advantage of using the AC instead
of the spectrogram for spectral phase retrieval, in Figs.
2(a,e), we show the spectrograms from experiment with
the one obtained from the retrieved pulse reported in [2].
We calculate the ACs from these two spectrograms, and
the results are shown in Figs. 2(b,f). The AC patterns
are expected to repeat reasonably well for each optical cy-
cle of the MIR laser. We label several blocks (blocks 1-7),
and one can see that the ACs from the experiment and
from the simulated pulse do not agree well. Similarly,
in Figs. 2(c,g), the spectrograms from the experiment
and from the simulated pulse of [1] are compared, and
their corresponding ACs are compared in Figs. 2(d,h).
Clearly, the latter shows that the experimental one and
the retrieved one do not match well. Such discrepancy
means that the SXR pulses reported in these experiments
were not accurately retrieved. These results also demon-
strate that the ACs serve as a good metric for evaluating
the quality of the broadband SXR pulses retrieved, inde-
pendent of whatever retrieval method is used.

Here, first we report the re-analysis of the data from
Ref [2]. In this experiment, the pulse was retrieved from
the ML-VTGPA method. Here we use the PROBP-AC
method. The experimental streaking spectra shown in
Fig. 2(a) covers a few optical cycles but they do not
repeat very well as expected. In particular, in the region
near (E, ⌧)=(75 eV, 2 fs), the spectrogram signal is about
30%-40% higher. From Fig. 2(a), it appears that the
data from ⌧ = �9 fs to �1 fs is better behaved, thus we
choose to analyze the AC in block number 5 as the best
case. Analysis has also been made for other blocks. They
are documented in the second paragraph of Section B of
the appendix.

The ACs for block number 5 from the experimental and
the retrieved pulses from [2] are shown in Figs. 3(a) and
(b), respectively. We can see that they show little resem-
blance. Using our PROBP-AC method, the resulting AC
is shown in Fig. 3(c). It is much closer to the experimen-
tal data given in Fig. 3(a). In our PROBP-AC method,
the spectral amplitude of the SXR is obtained from the
experiment. The vector potential of the 1800-nm MIR
laser is also retrieved. From our results, we reconstruct
the intensity of the SXR in the time domain, see Fig.
3(d). Our result does not agree very well with the one
reported in [2]. The FWHM pulse duration from our
new evaluation is 62 as, as compared to 43 as reported
in [2]. In Fig. 3(e), we compare the spectral phases. The
phase obtained in [2] is very small over the whole spectral
range, thus they retrieved a near-TL pulse. Our result
from PROBP-AC shows large chirps away from the cen-
tral energy. Note that the linear term in the spectral
phase has been removed. Thus, the spectral phases pre-
sented in Fig. 3(e) show the phases that contribute to
the pulse duration beyond the TL pulse. The reason for
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FIG. 2: Experimental spectrograms and corresponding AC patterns. The two left columns are from [2] and the two right
columns are from [1]. The upper row data are from the experiments and the lower row data are from the reconstructed
theoretical data using the retrieved SXR and MIR pulses. Each pair along the column should match well if the retrieval is
accurate.

the discrepancy between the present result from [2] is fur-
ther discussed in Sec. B and C of appendix. On the other
hand, the better agreement of Fig. 3(c) than Fig. 3(b)
with the experimental data Fig. 3(a) is a good indication
that the present retrieved result is more accurate. We can
also calculate the merit of the retrieved pulses (see Sec.
IV of SI) using the AC or the spectrogram. From the AC,
our ( [2]) merit is 0.03 (0.09), and from the spectrogram
is 0.010 (0.019), both showing our method obtains better
merits. Fig. 3(f) compares the retrieved vector poten-
tial of the two methods. On femtosecond timescales the
agreement between the two retrieved vector potentials is
quite good.

Next we re-examine the SXR pulse generated by a two-
cycle pulse near 1.8 µm reported in [1]. Their spectrum
extends from about 100 to 300 eV; the bandwidth is 94
eV and the TL pulse is 20 as. This pulse was retrieved
in [1] based on the PROOF method which approximates
the SFA, Eq. (1), under the condition that the streak-
ing MIR is monochromatic and that the vector potential
of the MIR is very weak. In this experiment, the target
atom for the streaking spectra is helium. Fig. 4 summa-
rizes the retrieved results of [1] using PROOF and from
our PROBP-AC method. Fig. 4(c) shows the AC from

our retrieved result. It agrees better with the AC from
the experimental data in [1] shown in Fig. 4(a) than the
AC obtained from the retrieved SXR using PROOF (Fig.
4(b)). The pulse duration retrieved from our method is
61 as, while from PROOF it is 53±6 as. Even though
the pulse durations are quite close, the PROOF result
shows a larger spectral phase change from 50 eV to 300
eV. Such large phase variation results in a structured
long tail of the SXR pulse in the time domain, as seen
in the blue-dashed line of Fig. 4(d). Note that the in-
tensity of the second peak there is about 0.34 of the cen-
tral peak, and thus the electric field at the second peak
is 60% of the main peak. The result from PROBP-AC
gives a smaller spectral phase, and a much better be-
haved SXR pulse in the time domain, see the red line in
Fig. 4(d). The retrieved two-cycle MIR pulse is shown in
Fig. 4(f) (The PROOF method assumes that the MIR is
monochromatic). Based on the comparison of the ACs in
Fig. 4, it is fair to say that the PROBP-AC result is more
accurate. This is also supported by the merits between
this work and the PROOF method, 0.036 vs 0.061 based
on the ACs, or 0.012 vs 0.032 using the spectrograms (see
section D of appendix).

We also retrieve the streaking data from [3]. The cen-
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FIG. 3: (a)Experimental AC pattern and, (b) the retrieved AC pattern from [2]. (c) The retrieved AC pattern from the present
method. (d) The retrieved temporal intensity envelope, (e) the spectral phase of the SXR, and (f) the vector potential of the
MIR. The retrieval is obtained from the AC pattern of block 5 in Fig. 2(c). In (d-f), the solid red lines are from the present
retrieval method and the blue dashed lines are from [2].

tral photon energy of the SXR is at 250 eV, with a band-
width of about 200 eV, corresponding to a TL pulse of
about 10 as. Ionization of the SXR on Kr atoms would
generate most of the photoelectrons from the 3d. Fig.
5(a) shows the experimental spectrogram. Due to the
weak signal, the spectrogram does not show clean oscil-
lation with respect to the optical period of the Mid-IR
pulse. Since the spectrogram shows good oscillatory be-
havior from 15 to 35 fs in Fig. 5(a), we calculate the
AC in this range, and the result is shown in Fig. 5(b).
Using this AC pattern, we retrieve the spectral phase.
The retrieved time-domain intensity profile is shown in
Fig. 5(c). It has a FWHM pulse duration of 165 as,
about half of the upper limit of 322 as reported in [3]
based on the attosecond lighthouse model. The spec-
tral phase obtained from our retrieval method is given
in the inset of Fig. 5(c). Comparing the AC using the
retrieved pulses, as shown in Fig. 5(d), it does show an
overall global agreement with Fig. 5(b), but clearly the
details are di↵erent. Due to the broader bandwidth and
higher photon energies and thus the weaker signals and
longer time (about 10 hrs) in collecting the spectrogram,
it is not clear that the 165-as duration retrieved is the
“shortest” pulse that can be obtained for this broadband
pulse. Since broader bandwidth would incur larger chirps
in the spectral phase away from the center, a shorter TL
pulse may not necessarily be a better way for generating
a shorter attosecond pulse below 50 or 60 as.

Before concluding this section, we mention that ad-
ditional details about our retrieval methods are given
in the appendix. In Section B of appendix we present

pulses retrieved from di↵erent blocks. In Section D of
appendix we compare the streaking spectra from the ex-
periment with the one we retrieved. We also report the
pulse retrieved from all the blocks covering the full time
delay period carried out in the experiment, instead of
just one block. Finally we confirm that the pulse de-
rived from the PROBP-AC cannot be further improved
by using PROBP, with the initial input from the result
of PROBP-AC, to retrieve the pulse from the streaking
trace.

IV. DISCUSSION

One of the grand challenges of ultrafast and attosecond
physics is to generate even shorter light pulses in the soft
X-ray region for probing inner-shell electron dynamics
of materials. Often it was assumed that one would just
have to keep generating continuum harmonics over ever
increasing bandwidth. This would work if the spectral
phase can be compensated over the whole broad energy
region. As addressed in [3], there is still no practical
method available to do that. In the meanwhile, accurate
phase retrieval of a broadband pulse using the spectro-
gram has been shown to be very slowly converging. In
this work, we show that phase retrieved directly from the
autocorrelation of the spectrogram is more e�cient and
more accurate. We also demonstrate that correct phase is
retrieved when the AC from the experimental data agrees
with the AC from the retrieved pulse. The PROBP-AC
method is expected to provide a faster and more accurate
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FIG. 4: (a) and (b). AC patterns from the experimental and the retrieved spectrograms reported in Ref. [1], respectively. (c)
Reconstructed AC pattern from the present method. (d)Temporal intensity envelopes of the SXR. (e) Spectral phase of the
SXR retrieved and (f) vector potential of the MIR retrieved from the present method. In (d) and (e), the red solid lines are
from the present method, and the blue-dashed lines are from the PROOF results of Ref. [1].

tools for characterizing narrow as well as broadband at-
tosecond pulses in the future, to enable temporally well-
characterized attosecond SXR pulses for studying ultra-
fast electron dynamics in matter.
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APPENDIX A: sensitivity of the AC pattern to
attochirp on the wavelength and intensity of the IR

laser field

The sensitivity of the AC pattern to attochirp (only
linear chirp is considered in this section) on the wave-
length and intensity of the IR laser field is illustrated in
Fig. 6 (a) and (b). We define a parameter R, which is
the ratio of the duration of the chirped pulse to the du-
ration of the transform-limited pulse (20 as in this case),
to indicate the amount of attochirp. The change of the
metric volume from the autocorrelation (AC) pattern as
a function of R, i.e. the slope in Fig. 6, would reflect how
easily the SXR or XUV pulses can be retrieved. A larger
slope means a better sensitivity to the spectral phase,
which leads to a faster convergence and a better perfor-
mance of the phase retrieval process. Ideally one would
like to choose intensity and wavelength of the streaking
laser field that give steeper slopes in Figs. 6 (a) and (b)
if possible.
The laser parameters used in Fig. 6 are the same as

those in Fig. 1 except for the IR intensities and wave-
lengths. In Fig. 6 (a), we fix the IR intensity to 2.5⇥1012

W/cm2 and vary its wavelength. The metric volume de-
creases monotonically with R in all cases. Based on our
calculations for three di↵erent wavelengths, the best sen-
sitivity is achieved at 800 nm, while the performance be-
comes lower when we either increase the wavelength to
1800 nm or decrease the wavelength to 400 nm.
In Fig. 6 (b), we plot the dependence of the metric

volume from the AC pattern as a function of R for var-
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FIG. 5: (a) and (b). Experimental trace and the derived AC pattern from [3], respectively. (d) The AC obtained from the
present retrieved pulse. It is only in marginal agreement with the one in Fig. 5(b). (c) Envelope of the temporal intensity of
the SXR; the inset is the spectral phase. Both are from the present retrieval method.

ious IR intensities at the fixed IR wavelength 1800 nm.
It is shown that the slope decreases with decreasing IR
intensity, which indicates that the streaking contrast is
weaker at a lower IR intensity and makes the retrieval
method less sensitive to the spectral phase. This would
imply that the low IR intensity required for the PROOF
method is less favorable.

APPENDIX B: E↵ect of multiple photoionization
channels

In Fig. 3, our PROBP-AC method accounts for pho-
toelectrons ejected from the 5p, 5s, and 4d subshells of
Xe. It is noted that in Gauminitz et al Ref.[2], only 5p
and 5s electrons are included. Fig. 7 shows the yields of
photoelectrons, which is given by the product of dipole
intensity and the XUV intensity |d (E)|2|EXUV (E)|2, for
each of the three channels. The dipole data and the XUV
intensity, as functions of the photoelectron energy E, are
identical to those used in Ref.[2]. Note that from 40 to
60 eV, the dominant contribution to the photoelectron
spectra is from the 4d channel. In the range from 60 to
75 eV, both 5p and 5s channels have significant contri-
butions to the spectra. The 4d channel becomes insignif-
icant for electron energy above 63 eV. Above 75 eV, the
5p channel becomes the dominant channel. As the en-
ergy is above 80 eV, the intensity of the 5p channel is at
least one order of magnitude larger than those from the
5s and 4d channels.

Fig. 8 shows the retrieved spectral phase and Fig. 8
shows the retrieved intensity of the XUV in the time do-

main, by including only 5p, and only 5s and 5p, respec-
tively, and are compared to results including all three
channels. By including all three channels we obtained
pulse duration of 62 as. By including only one or two
channels, the retrieved pulses are 74 and 72 as, respec-
tively. For comparison, in Ref.[2], only the 5p and 5s
channels were included and they retrieved a pulse dura-
tion of 43 as.

Dependence of phase retrieval from di↵erent blocks

The PROBP-AC methods can retrieve the pulses from
just one block of the AC, or from a few blocks. By cover-
ing the spectrograms over a few MIR optical cycles may
in principle average over the noises in the signals. How-
ever, this procedure is preferred only if the noises are
completely random. In the main text, by analyzing the
spectrogram in Fig.2(a), we noted that the spectrogram
taken before ⌧ = 1 fs appears to be better behaved. Thus,
we chose block 5 to retrieve the XUV and the MIR pulses,
to obtain the results shown in Figs. 3(d-f). Indeed, the
spectrogram in Fig. 2(a) was found to have 30%-40%
higher signals in the region near (E,⌧)=(75 eV, 2 fs).
Such singular behavior is not expected in the spectro-
gram and it is likely due to noises. Thus, phase retrieval
including data from this region is less desirable. To elab-
orate this point, we note that blocks 1 and 2 (which is
equivalent to 4) contain data from this undesirable re-
gion, while blocks 3, 5 (equivalent to 7), and 6 do not
contain those data. We use the same retrieval method
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FIG. 7: Contributions of photoelectrons from di↵erent subshells to the ionization of Xe by the SXR in the experiment of Ref.[2].
The photon energy is expressed as E+IP for each subshell. The sharp cuto↵ near 100 eV for 4d shell is due to the spectral
range of the SXR pulse.

and dipole parameters as we use in analyzing block 5
to analyze block 1, 2, 3 and 6. The results are shown
in Figs. 9 and 10. In Fig. 9, on the top row, the ACs
of each block obtained from the experiment of Ref.[2]
are compared to the ACs generated from our retrieved
pulses, shown in the bottom row, respectively. Clearly,
one can see that they exhibit very good overall agreement
for each pair. In Fig. 10(a), the spectral phases retrieved
from blocks 1 and 2 are very close to each other, but they
are very di↵erent from the ones retrieved from blocks 3
and 6. We note that the latter are in good agreement
with the one reported in Fig.3(e) retrieved from block 5.
In fact, from blocks 3, and 6, we retrieved pulse durations
of 61 as and 60 as, respectively, which are very close to

the 62 as retrieved from block 5. In contrast, from blocks
1 and 2, we retrieved pulse durations of 90 as, and 80 as,
respectively. The intensity profile in the time domain for
the five retrieved pulses are shown in Fig. 10(b). Results
from blocks 1 and 2 are quite di↵erent from blocks 3,5,
and 6. Based on these results, we would suggest that the
“noise” in the spectrogram near (E,⌧)=(75 eV, 2 fs) in
Ref.[2] contributes to this di↵erence. We also note that
pulse duration alone is not a good representation of the
temporal behavior of the SXR attosecond pulses since
the intensity profile can still di↵er significantly, see the
intensity profile obtained from block 3 as compared to
those from blocks 5 and 6 in Fig. 10(b).
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FIG. 9: Experimental AC patterns (a-d) and their corresponding AC patterns (e-f) retrieved using the PROBP-AC method
for the four blocks indicated. Good agreement has been achieved in each case.

APPENDIX C: Comparison of merits

To compare the di↵erence between the experimental
and retrieval results, we define the merit by:

"f =

MP
i=1

NP
j=1

|foutput (i, j)� fexp (i, j)|2

MP
i=1

NP
j=1

|fexp (i, j)|2
, (7)

where foutput (i, j) is the two dimensional output from
the retrieval, fexp (i, j) is the experimental data, M and
N are the number of grid points on the time delay and the
photoelectron energy, respectively. The function f could
be the streaking trace (S) or the AC pattern. Before mak-
ing any comparison, we normalize streaking traces and
AC patterns with respect to their maximum values such
that they have values between 0 to 1. If the retrieval re-
sults foutput (i, j) match perfectly with the experimental
data fexp (i, j), then the merit "f = 0. We calculate the
traces and ACs using the SXR phases and vector poten-
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FIG. 10: Retrieved spectral phases (a) and the temporal intensity envelopes for for Block 1,2, 3 and 6, respectively.

tial of the MIR retrieved from the PROBP-AC method.

Table I summarizes the merits for the retrieval of ex-
perimental data based on our PROBP-AC method and
with the retrieved pulse using ML-VTGPA from Ref.[2].
We use 40 ⇥ 40 grid points for the AC in the region of
⌧1 2 [�4 fs, 0 fs] and ⌧2 2 [�8 fs,�4 fs] for the retrieval
and merit calculations. More points are used for compar-
ison of the streaking traces. A total of 200 grid points in
time delay axis (�10 fs to 10 fs) and 320 grid points in
energy axis (40 eV to 140 eV) are used. Table I shows
that the merit using PROBP-AC method including 5p,
5s and 4d channels give the best merits, using both the
streaking spectrogram or the AC pattern. If the contribu-
tion of photoelectrons from 4d is not included, i.e., only
including 5s and 5p, then the merits increase slightly,
meaning that the retrieval is not as good as the one in-
cluding all three channels. This is consistent with the
results in Fig. 8. On the other hand, the merits cal-
culated using the experimental and the retrieved spec-
trograms provided from Ref.[2] show significantly larger
merits, for both calculated from the streaking traces or
from the AC patterns. Based on the comparison of the
AC patterns in Fig. 3 of the main text and the merits
shown in Table I, we believe it is fair to claim that the
SXR pulses retrieved from this work is more accurate.

Similarly, we compare the merits using the experimen-
tal data of Ref.[1]. We use 121⇥ 121 grid points for the
AC in the region of ⌧1 2 [�2 fs, 4 fs] and ⌧2 2 [�2 fs, 4 fs].

A total number of 160 grid points in time delay axis (�4
fs to 4 fs) and 40 grid points in energy axis (50 eV to 350
eV) are used for the streaking traces. The results are
shown in Table II. Note that the retrieved spectrogram
used for the analysis was generated by us using the pulse
parameters reported in Ref.[1]. From Table II, we note
that in both cases, the PROBP-AC method gives smaller
values for the merit, thus demonstrating that the SXR
pulses are more accurately retrieved using the PROBP-
AC method than reported in the original paper.

"S "AC

PROBP-AC (with 5p+ 5s ) 0.012 0.042
PROBP-AC (with 5p+ 5s+ 4d) 0.010 0.030
ML-VTGPA (with 5p+ 5s ) 0.019 0.090

TABLE I: Merits of the streaking traces ("S) and the AC
patterns ("AC)for the experimental data of [2] obtained using
di↵erent retrieval methods. The merit from ML-VTGPA is
obtained from the spectrogram retrieved in [2].

The e�ciency of the GA depends sensitively on the
choice of B-Spline functions parameters, the order k and
the number of B-Spline functions n. Experimenting on
the choice of the input parameters for the GA is neces-
sary. Our strategy to overcome the problem is to run
over di↵erent combinations of (n, k) for a few genera-
tions (about 200 in this work) and pick the basis set
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"S "AC

PROBP-AC 0.012 0.036
PROOF 0.032 0.061

TABLE II: Merits of the streaking traces ("S) and the AC
patterns ("AC) for the experimental data of [1]. To obtain the
merits for the PROOF method, we generated the spectrogram
based on the published pulse parameters in the cited paper,
and the MIR laser is assumed to be monochromatic as in the
PROOF model.

with fastest descent in fitness function. Based on our
observations, running k from 5 � 7 and n from 10 � 14
would often guide us to select the best n and k for our
cases. One last freedom in the B-spline basis function is
how one places the (n+ k) knots in the energy regime of
interest. Our experiences show that placing more knots
near the central energy of the XUV pulse always allows
a faster evolution of the GA to the optimal solution. De-
tails of the technical of GA and B-Spline functions can
be found in ref. 27 of the main text.

All the calculations will be converged at about 2000
generations (2 hours).

APPENDIX D: Additional tests on the PROBP-AC
results

In the main text, we focus on the retrieval of the SXR
pulses using only one block of the autocorrelation pat-
tern. Using Block 5, in Figs. 3(a-c) we demonstrated
that the AC from the experimental data is much more
accurately reproduced from our retrieved pulse than the
one reported in [2]. One would like to see such compar-
ison on the streaking traces as well since it is the actu-
ally measured experimental data. Fig. 11 provides such
a comparison for the streaking trace from t = �8 fs to
t = 0 fs, see Fig. 2(a) in the main text. From this figure
(Fig. 11), one can definitely say that the streaking trace
generated from PROBP-AC (c) is in better agreement
with the experiment (a) than the one retrieved in [2](b).
One notes, however, the contrast of streaking traces in
Fig. 11 is not as sharp as the ACs seen in Figs. 3(a)-3(c).
This is in agreement with Fig.1 in the main text. It is
the main reason for us to favor the retrieval from the AC
patterns.

In Figs. 9 and 10, we show that pulse durations re-
trieved from blocks #3 and #6 give the pulse duration
of about 61 as. These blocks are generated from streak-
ing spectra for negative time delays (t < 0) in Fig. 2(a) in
the main text. In this figure, a strong signal is seen near
t = 3 fs in the streaking spectra. Using blocks 1 and 2,
where each block covers this strong signal, we obtain the
pulse duration of 90 and 80 as, respectively. In the main
text, we report pulse durations of these two portions of
the streaking spectra separately since we believe that the
localized strong signal in the streaking spectra is not ex-

pected. Clearly one can argue that the whole streaking
spectra should be analyzed together. In Figs. 12 (a, b)
we report the results by analyzing all the blocks using
PROBP-AC. The spectral phase and the temporal inten-
sity of the SXR obtained using all the blocks of the whole
streaking trace are compared to the one obtained from
block #1. It shows that the retrieved SXR is 85 as– close
to the 90 as from block #1 alone. This is not surprised
since the localized strong signal (30% higher) dominates
the whole streaking trace.
Another issue that one might raise is whether the re-

trieved pulse using PROBP-AC which is based on the
AC alone can be further improved. This can be done
using the result from PROBP-AC as the input to the
PROBP method where the experimental streaking trace
is directly used for the retrieval. In Figs. 12(c,d) we show
that further iterations using PROBP on the streaking
trace has not produced any noticeable change on spectral
phase and the temporal intensity profile. In obtaining the
results shown in Figs. 12(c,d), the PROBP-AC method
took 90 minutes. We then continue and run PROBP for
another ten hours. No improvement was found.
This is consistent with our prior tests (not shown)

based on theory-generated data that PROBP-AC
method can retrieve the input phase of the SXR pulse
accurately, whereas the PROBP was unable to reach con-
vergence.
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