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Breaking reciprocity with spatiotemporal modulation provides an opportunity to design
unprecedented optical, acoustic and mechanical waveguides. A main challenge is to physically
realize continuum-based metamaterials whose properties can be rapidly tuned in both space and
time at the length and time scales of the propagated waves. Here, we design a tunable elastic
metamaterial by embedding in a beam a set of permanent magnets, and placing oscillating
electrical coils coaxially adjacent to each magnet. By programming in space and time the AC
input of the coils, the magnet-coil effective coupling stiffness is modulated along with the
resonance frequency. Distinctly non-reciprocal flexural wave propagation is then experimentally
observed. In addition, robust tunability of unidirectional bandgaps and wave energy bias are
quantitatively analyzed by applying different modulation current amplitudes, material damping
coefficients and modulation frequencies. Both simplified analytical and FEM-based numerical

models of the modulated metamaterial are suggested and analyzed in support of the experimental



work. Specifically, unidirectional frequency conversions and band gaps due to the second-order
mode interactions are discussed for the first time when the large modulation amplitude is
implemented. The suggested prototype sheds light on non-reciprocal waveguiding, which could

be applied in advanced wave diodes, phononic logic, energy localization, trapping and harvesting.

I. INTRODUCTION

The fundamental principle of reciprocity, requiring that wave propagation between two points be
symmetric when source and receiver are interchanged, is a corner stone of several wave
processing techniques [1,2]. Recently, breaking reciprocity has been recognized as a mean to
design novel wave manipulation devices [3-7]. These include diodes, circulators and topological
insulators that can be applied to advanced vibration isolation, signal processing, phononic logic,
acoustic communication and energy localization, trapping and harvesting devices [3,4,8-12]. One
way to achieve non-reciprocity is to leverage harmonic generation phenomena taking place in
nonlinear materials, driven by a sufficiently large signal [6,10,13]. Another way is to introduce
an angular momentum bias, disobeying time-reversal symmetry as in media comprising
gyroscopes or circulating fluids [5,11]. A third solution to achieve non-reciprocity is the use of
dynamic materials with properties that are inhomogeneous in space and changing in time [7,14-
24]. Theoretical studies showed that such space-time modulations of the materials’ constitutive
properties could be induced in photosensitive [25,26], piezoelectric [27-33], magnetorheological
[34] and in other soft [35] materials. The wave phenomena expected to occur in such dynamic
materials were investigated theoretically and numerically and included one-way mode and
frequency conversion, one-way reflection and one-way acceleration and deceleration of elastic
and acoustic waves [17-23]. Nonetheless, fabrication has proved particularly challenging. An

experimental work was reported when unidirectional wave propagation at isolated frequencies



was observed experimentally in a discrete lattice of permanent magnets coupled to grounded
electromagnets [24]. In the study, non-reciprocity was achieved by programming the AC input of
the electromagnets so that their interaction with adjacent permanent magnets produced space and
time modulation of the effective grounding stiffness [24]. This testbed provided experimental
evidence of non-reciprocal propagation of mechanical waves at velocities of the order of 3 m/s
and over a frequency range of 20 Hz. However, (1) the proposed discrete system is only for
concept demonstration at extremely low frequency and difficult for practical one-way wave
device application, in which continuum-based materials are highly desired; (2) asymmetric
frequency responses were only experimentally demonstrated under harmonic excitations and
therefore information of non-reciprocal wave transmission and reflection are not physically

captured.

In this paper, to tackle those challenges, we design and fabricate a dynamic material displaying
non-reciprocal effects for genuine elastic waves, in the form of flexural waves in a metamaterial
beam. The metamaterial beam includes magnetic electrical coil resonant elements with coupling
stiffness modulated in space and in time (see Fig. 1). Spatiotemporal modulation of the coupling
stiffness in a pump-wave fashion is realized by properly manipulating electric currents with
different phases between electrical coils. Non-reciprocal propagation arises when waves at a
certain frequency transmit unperturbed through the metamaterial if incident from one side; while
they are scattered and partially frequency-converted if incident from the other side. The flexural
waves in the metamaterial beam travel at velocities of around 50 m/s and over a frequency range
of as high as 0.3 kHz. We experimentally demonstrate the transient non-reciprocal wave
propagation and show tunability of the information transfer by varying the modulation current

amplitudes, material damping coefficients and modulation frequencies. We support our



experimental findings by combining analytical and multi-physics numerical approaches. We
expect that this strategy may open promising avenues for designing non-reciprocal mechanical

devices.

II. DESIGN AND MODELLING OF THE MODULATED CONTINUUM-BASED

METAMATERIAL

The modulated metamaterial comprises an array of magnets and coils periodically distributed
over a host beam (see Fig. 2): magnets are rigidly bonded to the beam whereas coils are
elastically attached to it through a pair of flexible cantilevers. The assembly allows each coil to
oscillate coaxially with its corresponding magnet so that the pair form a resonating dipole (see
Fig. 2). The electric current feeding the coils is programmed to tune, within each dipole, the
magnetic coupling responsible for the magnet-coil effective coupling stiffness, or equivalently,
the dipole resonance frequency. Note that this assembly does not change the effective bending
stiffness of the host beam, but rather alters the dynamic response of the attached resonator which
in turn results in a time- and space-modulated effective dynamic mass. In order to ensure that the
modulation does not act as a source of elastic waves, the absence of net forces between coils and
magnets must be guaranteed in the rest state. Accordingly, magnets should be precisely placed at
the respective centers of the coils where the magnetic potentials are maximum or minimum. This
is achieved using 3D printed cylinders sandwiched between the magnets and the host beam (see
Fig. 2). When the coil deviates from its rest position, it creates an asymmetry in the magnetic
field of the magnet and experiences a magnetic force. The sign of the force, i.e restoring or
repelling, depends on the sign of the electric current feeding the coil whereas its amplitude,
within a linearized regime, is proportional to the magnitude of the current. To characterize the

effective stiffness of the magnetic coupling, the induced force is measured by a force gauge at



controlled distances separating coil and magnet; observations are then compared to our
electromagnetic numerical simulations (see Fig. 3a). The figure indicates that the force-
displacement relationship is almost linear for displacement amplitudes ranging from -0.5 to 0.5
mm (shaded area). The vibrations subsequently studied shall be well within that range so that
linearity can be comfortably assumed. As a result, the stiffness of the cantilever beam is
effectively and linearly modulated by the current. The values of the coupling stiffness induced by
different applied currents are also measured and compared to simulated ones (see Fig. 3b); a
good agreement is observed. In addition, it can be clearly seen that the stiffness changes linearly
with the current. Note that when the metamaterial is subject to an incident flexural wave, the
moment will also be generated due to the rotational oscillation of the coil in x-y plane. However,
the generated moment is very small and can be ignored. With this analysis in mind, the coil-

cantilever-magnet system can be understood as a mass-spring resonator with a constant mass m

3
is the linear

and with a tunable spring constant, k =k, +x/ , (see Fig. 2), where k, =
b

stiffness of the cantilever beam, D, and /, are its bending stiffness and length, respectively, and x
= 1760 N/m-A is the stiffness-to-current ratio obtained from Fig. 3b. The material damping from
the cantilever beams is considered as ¢, = S k,, where £ = 8x10” s is the Rayleigh damping

coefficient. The design therefore allows the stiffness of the cantilever beam to triple from 0.5k

to 1.5k by increasing the current from -0.5 to +0.5 A.
The space and time modulation of the metamaterial is realized by applying sinusoidal AC
currents / =Iocos(kmxia)mt) in the electric coils to generate a pump wave traveling along the

positive or negative x-directions. Here /o, k,, and @, represent the modulation current amplitude,

modulation wavelength and modulation frequency, respectively. We focus on experimental



observations of non-reciprocal and tunable wave propagation due to Bragg scattering, which
requires a dynamic modulation frequency smaller than or comparable with the propagated wave

frequency.

We develop a numerical approach to calculate dispersion relations of the modulated
metamaterial beam based on the finite element method. In the analysis, components in the

metamaterial are modeled as isotropic elastic bodies governed by the Navier-Lamé equation

0’u

—(/1+,U)V(VD1)—,UV2u+p87:F,inQ, (1)

where A and g denote Lamé’s constants, and u and F represent the displacement and body force
tensors, respectively. The body forces induced by electromagnetic interactions are simulated
separately based on Ampere’s law. In the current model, the induced body forces are assumed to
be uniformly distributed in the magnet and electrical coil, which are, respectively, related to the

displacements as

F=k((u), ~(u), ). in @, ®

F= k(<u>m —<u>c ) ,1n €, 3)
where <D>m and <D>c denote averaging over the domains of the magnet and electrical coil,

respectively, Q < Q and Q, < Q are the magnet and electrical coil domains, respectively, and

k is the effective stiffness tensors representing electromagnetic interactions. Specifically,

0 O 0 O
k= 0 xl |,in Q, and k = 0 xl |, in Q. in a 2D plane stress model with 4,, and 4. being
Am AL‘

the areas occupied by the magnet and coil, respectively. Body forces vanish in domains other

than the magnet and electrical coil (€2, < Q). We consider harmonic modulation
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k=k,cos(w,r—k,X), “4)

in which k,, @, and £k, represent modulation amplitude, modulation frequency and modulation

wavelength, respectively. Due to harmonic modulations, the displacement can be expressed
u= Z u? (x) g rentrer) (5)

Substituting Egs. (2) — (5) into Eq. (1), the p-th order equations for the three domains read

(/l+,u)V(V[h(”))+,uV2u(”) :—p(pa)m+a))2 u”, in Q (6)

(/1+,Ll)V(VDJ(p))+,uV2u(p) n kaez—ka (<u(p—1) >c _<u(p—1) >m)

(7)
R K

(A+u)V (V[u(”) )+ uviu'” + k“ezkmx (<“(p_])>m - <“(p_1) >) (8)
N kaezk’“X (<u(p+1) >m _<u(p+1)>c) — —p(pwm + a))2 u(p), in Q

The coupling between modes of different orders can be clearly seen in Egs. (7) and (8). Based on
the Bloch theorem, displacements on domain boundaries in one modulation wavelength should
satisfy

U, ="U,, 9)
where q is the propagating wave vector, and U, and U, are the displacements on the two
boundaries. Combining Egs. (6) — (9) and solving the eigenvalue problem for @ with given q, the
dispersion relations can be obtained. In this study, 2D plane stress models are employed for
simplicity.
In the absence of the modulation (setting p = 0), the dispersion relations, (a1, k), of free
waves propagating in the metamaterial are numerically obtained by the commercial software
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COMSOL and plotted in Fig. 4a (red solid curves), where a denotes the lattice constant (see
Appendix A for geometric and material parameters of the design). Scattered waves are expected
due to the presence of the spatiotemporal modulation based on the phase matching condition'”.
In Fig. 4a, only first-order wave modes due to the modulation (d” + @, & + k) and (” -
O, k¥ - k) are plotted in green and purple dotted curves, respectively, to graphically examine
the phase matching condition. Phase matching conditions are satisfied at the intersections of
those curves, and wave modes are coupled: when one is incident, the others are scattered,
modifying wavenumbers and frequencies on dispersion relations. As shown in Fig. 4a, we
identify four simple pairs (P, — Ps) of the coupled modes, which are non-symmetrically
distributed to break time-reversal symmetry. For pairs P; and P4, the two coupled modes
propagated along the same direction will interchange their energies'’, whereas, pairs P, and Ps
represent two coupled modes propagating along opposite directions, in which one mode will be
transformed to the other mode'’. Figure 4b shows the resulted dispersion relations of the
undamped modulated metamaterial according to a developed numerical model, where the pump
wave is propagated along the positive x-direction with /o = 0.25 A. The modulation wavenumber
and modulation frequency are selected as m/2a and 80 Hz, respectively. As illustrated in Fig. 4b,
unidirectional band gaps are clearly seen near those intersections. Attention will be specifically
given to frequencies around 170 and 200 Hz, where quad-mode coupling appears. That will
generate new non-reciprocities among multiple wave mode conversions, such that simple pairs
are unable to remain independent of each other: P, and P, are coupled; P; and P4 are also
coupled. As a result, when the incident wave is around 285 Hz (shaded grey area), scattered
waves can be translated in both transmitted and reflected domains with frequencies being around

205 and 125 Hz, respectively (dashed circles). However, when the incident wave is around 250



Hz (shaded yellow area), scattered waves can only be found in the reflected domain but with two
different frequencies being around 170 and 90 Hz (dashed squares). Changing the incident
direction in both of the two frequency regions will cause the scattered waves to disappear,

producing non-reciprocal wave propagation.

ITII. EXPERIMENTAL RESULTS

Experimental tests were conducted to demonstrate the non-reciprocal wave propagation in a
finite modulated metamaterial beam with 15 unit cells (see Fig. 5). Flexural waves are excited by
a shaker fixed on the host beam near the sample. Concentrated 20-peak tone-burst signals with
different central frequencies are used to demonstrate non-reciprocal wave propagation at desired
frequencies in the modulated metamaterial. By programming in space and time the AC input of
the coils, modulated electrical signals are generated with the digital controller, amplified by
power amplifiers and finally applied on electrical coils to generate the pump wave. Two
piezoelectric sensors (APC International, Ltd. Material: 850, disk thickness and diameter: 0.25
and 6.5 mm) are bonded on both ends of the metamaterial to measure transmitted and reflected
wave signals with a digital oscilloscope. Figures 6a and 6b show frequency spectra of
transmitted and reflected transient waves in the modulated metamaterial for central frequencies
at 250 Hz and 285 Hz, respectively. For the purpose of clear comparisons, experimental
measurements are plotted in the left column and corresponding numerical simulations are plotted
in the right column. The amplitude of the modulation current, Iy, is first selected as 0.25 A.
Numerical simulations are based on a Rayleigh damping coefficient £ = 8x10” s in the
cantilever beams®®. In the figure, “forward/backward” modulation denotes the modulation

current travelling in the same/opposite direction as the incident flexural wave, which is
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analogous to positive/negative wavenumber in Fig. 4b, respectively. When the tone-burst
incident wave is centered at 250 Hz (see Fig. 6a), amplitudes of the transmitted wave with the
forward modulation are almost the same as those without the modulation, indicating that
scattering due to the modulation is negligible; whereas, for the backward modulation, amplitudes
of the transmitted wave decay around 250 Hz, demonstrating the unidirectional band gap
behavior (shaded yellow area in Fig. 4b). It is understood that the wave component in the band
gap region is not totally attenuated because the metamaterial is of finite length and the
modulation-induced band gap is due to Bragg scattering. In the reflection spectra, two peaks near
170 and 90 Hz are clearly seen when the backward modulation is applied, in agreement with
dispersion predictions for unidirectional wave mode conversions in Fig. 4b. Note that small
bumps in transmission as well as reflection spectra with frequency intervals of 80 Hz from 250
Hz are caused by the scattering at interfaces between the host beam and the modulated
metamaterial. In the experimental results noise artifacts are evident at 80 Hz and at its higher
harmonics, attributable to tiny misalignments between coils and magnet cylinders. Overall, good

agreement between experimental and numerical results is observed.

The non-reciprocal wave propagation is also tested when the central frequency of the incident
wave is changed to 285 Hz (see Fig. 6b). It is evident that the transmitted wave amplitudes are
unaltered for the metamaterial with the backward modulation. In contrast, amplitudes of the
transmitted wave in the metamaterial with the forward modulation are significantly decreased
from both numerical and experimental results, demonstrating again the unidirectional band gap
behavior in another frequency region (shaded gray area in Fig. 4d). However, compared with the
case in Fig. 6a, converted wave components in both transmitted and reflected domains are small.

To further analyze this behavior, we develop an semi-analytical model to calculate transmission
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and reflection coefficients of the finite modulated metamaterial beam, P = wt@)/wo and +” =

wr(p)/wo for the mode with the order p, where wy, wt@) and w,? denote amplitudes of the incident,
p-th order transmitted and p-th order reflected waves, respectively (see Appendix B for detailed
methods and model validations). It illustrates that, in the presence of the material damping in
cantilever beams, converted waves for incidence near 285 Hz are almost completely absorbed
and the absorption effects due to the material damping are stronger than those for incidence near
250 Hz (see Appendix C for details). To better evaluate damping effects, the non-reciprocal
energy transport of the modulated metamaterial is quantitatively characterized by the energy bias,
log(74/T»), where the total transmittances with forward (f) and backward (b) modulations, 7; and

T}, are defined as the summation of each wave mode

@,

5
&L @, + pa, @, +po )
' p=P @,

Surprisingly, it is found that the largest energy biases occur when small material damping is
applied, although the phase matching condition cannot be exactly satisfied. On the other hand,
sufficiently large damping coefficients can turn off non-reciprocal wave effects in space-time

modulated metamaterials (see Appendix C for details).

To study the effects of the modulation amplitude, Figures 7a and 7b illustrate frequency spectra
of transmitted and reflected transient waves in the modulated metamaterial with modulation
amplitude 7, = 0.42 A for the central frequencies 250 Hz and 285 Hz, respectively. Compared
with the results in Fig. 6, (lp = 0.25 A), it is evident that increasing the amplitude of the
modulation current leads to stronger non-reciprocity. In particular, the non-reciprocal

transmission amplitude bias with forward and backward modulations becomes larger, and the
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reflected waves caused by the modulation induced scattering have higher amplitudes, indicating
stronger wave mode conversions. This is understandable, as increasing the modulation amplitude
is analogous to increasing the scattering mismatch. The observed wave phenomena are also
supported by the dispersion relations of the modulated metamaterial with amplitude /o = 0.42 A

(See Fig. 4c¢).

IV. NON-RECIPROCAL TUNABILITY OF THE CONTINUUM-BASED SYSTEM

To fully characterize the non-reciprocal tunability of the system, the defined energy biases are
estimated analytically as a function of the modulation amplitude /, (see Fig. 8a), modulation
frequency (see Fig. 8b) and modulation wavenumber (see Fig. 8c). In the calculation, f is kept
as 8x107 s, and other parameters are also the same as the previous examples. As illustrated in
Fig. 8a, two non-reciprocal frequency regions near 250 (log(7,/T5) > 0) and 285 Hz (log(7/T}) <
0) are clearly seen, where transmittances are obviously different for forward and backward
modulations. Overall, the analytical prediction agrees well with experimental and numerical
results from Figs. 6 and 7. As also shown in Fig. 8a, bandwidths of the two non-reciprocal
frequency regions are almost linearly broadened by gradually increasing the amplitude of the
modulation current from 0.1 to 0.5 A. To further qualify this linear behavior, the unidirectional
band gap edge frequencies around the intersection are analytically derived based on the

perturbation method as (see Appendix D for details)
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w, =" + —, for 250 Hz (11)

(FOA—I + l_‘—1‘/\0 )

2, A -
arr
and strong wave conversion frequency boundaries are expressed
2
oxl, (a)(o) (a)(o) ~w, ) p’)

w, =" + , for 285 Hz (12)

- 2 AN

,_m . . . . . .
where p’'=—2, " is the frequency at the intersection of dispersion curves (see Fig. 4a), and
a

other parameters are detailed in Appendix D. The frequency prediction based on Equations (11)
and (12) is also plotted in Fig. 8a for comparison especially with stronger modulations. It is

clearly illustrated that the non-reciprocal frequency boundaries are indeed proportional to /.

It is worth mention that increasing the modulation amplitude to 7, = 0.5 A will trigger second-
order mode coupling (&” + 2@y, k&© + 2k,) and (&” - 2@, k'© - 2k,,), and scattered waves
are then composed of not only the first-order coupling modes but also the second-order coupling
modes. This phenomenon is illustrated in Fig. 9a: wave dispersion relations are numerically
calculated for an undamped metamaterial with modulation current [y = 0.5 A. Second-order
modes, (a)(o) + 2, kx(o) + 2k,,) and (a)(o) -2, kx(o) - 2ky,), are plotted in the figure. The pair, Ps,
which couples the fundamental and the second-order modes, generate a unidirectional gap near
255 Hz (shaded area), due to the stronger modulation. Wave transmission tests were conducted
in an undamped modulated metamaterial beam with 25 unit cells to examine the second-order
gap. Figure 9b shows the transmission frequency spectra with different forward modulations,

where a broader band incident signal is used. Only the first-order gap appears for the modulation
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current /o = 0.25 A. Increasing I, to 0.5A, the second-order gap is clearly seen (shaded area),
which agrees well with the dispersion predictions in Fig. 9a. Experimental validation of the
second-order gap with the current design presents challenges, as the material damping makes the

second-order non-reciprocity negligible, unless extremely large currents are used.

Besides the modulation amplitude, the modulation frequency is also an important parameter in
tuning the non-reciprocity, especially for desired non-reciprocal frequency bands. Figure 8b
shows non-reciprocal energy biases of the modulated metamaterial beam with different
modulation frequencies, where the Rayleigh damping coefficient in resonant beams is kept at
8x10” s and Iy = 0.25 A. Note that the two non-reciprocal bandgap frequency regions are almost
linearly shifted with the increase of the modulation frequency and energy biases become smaller
at higher frequencies than those at lower frequencies, indicating wave conversion amplitude
varies at different frequencies. In Fig. 8c, the energy biases are calculated analytically with
different modulation wavenumbers, k,,. In the calculation, the modulation frequency, Iy and £
are kept as 80 Hz, 0.25A and 8x10” s, respectively, and other parameters are the same as
previous examples. It can be evidenced from the figure that the non-reciprocal frequency region
near 285 Hz is slightly shifted to higher frequencies with smaller energy biases when the
wavenumber is decreased, and the non-reciprocal behavior is almost disappeared when 2n/(k,.a) >
12. On the other hand, the non-reciprocal frequency region near 250 Hz firstly occupies higher
frequencies and then gradually shifted to lower frequencies when the wavenumber is decreased,
and the largest energy biases are found around 2m/(k,a) = 10. Finally, it can be concluded that
both the non-reciprocal frequency and energy bias can be easily tailored electrically through

proper selections of the modulation parameters.

V. DISCUSSION
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In summary, we introduce a new strategy to design electrically modulated elastic metamaterials
with coupling stiffness modulated in space and in time by programmably pumping AC currents
into coils and demonstrate, experimentally and theoretically, tunable non-reciprocal flexural
wave propagation. The tunability on the wave non-reciprocity are characterized quantitatively in
terms of the modulation current amplitude, the material damping coefficient and the modulation
frequency. The design is compact, robust, and highly flexible in tailoring non-reciprocal
frequency regions and wave energy bias ratios. The current method provides a unique
configuration that realizes dynamic wave transportation through multi-physical structural
response. Our device may open new opportunities in structural dynamics and in the design of

advanced mechanical insulators, diodes, circulators and topological insulators.
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FIGURES

Incident *

Transmitted

Coupling stiffness

Fig. 1 Physical realization of an elastic metamaterial with inner stiffness electrically modulated
in space and in time. The modulation is realized with spatiotemporally programmed electric
currents passing through electrical coil-based resonators in the metamaterial. An example of non-
reciprocal wave propagation is illustrated in the figure: When a wave with the frequency of a
incident from the right to the left will transmit through the modulated metamaterial without
frequency conversions, whereas when the wave with the frequency of @ incident from the left to

the right will be scattered, and multiple frequency conversions will be found in reflected waves.
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Fig. 2 Design of the modulated metamaterial. The photo shows the fabricated metamaterial
samples. The modulated metamaterial comprises an array of magnets and coils periodically
distributed over a host beam: magnets are rigidly bonded to the beam whereas coils are
elastically attached to it through a pair of flexible cantilevers. The coil-cantilever-magnet system
can be understood as a mass-spring resonator with a constant mass m, and with a tunable spring

constant, k(). The material damping of the cantilever is represented by co.
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Piezoelectric™. «
sensor

Fig. 5 Experimental setup of the wave transmission test. Flexural waves are generated by a
shaker fixed on the host beam near the sample. 20-peak tone-burst signals centered at 250 and
285 Hz are excited in experiments. Two piezoelectric sensors are attached on the host beam to
both ends of the metamaterial to measure transmitted and reflected waves, respectively.

Modulated currents are generated by a digital controller and amplified with a power amplifier.
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measured and corresponding numerically simulated transmitted and reflected wave signals in the
frequency domain: a the incident wave is centered at 250 Hz; b the incident wave is centered at
285 Hz.
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Fig. 8 Non-reciprocal tunability of the modulated metamaterial. a Analytically calculated non-
reciprocal energy bias of the modulated metamaterial beam with different modulation current
amplitudes, where the Rayleigh damping coefficient in cantilevers and the modulation frequency
are selected as 8x10” s and 80 Hz, respectively. Dotted lines denote frequency boundaries of
non-reciprocal frequency regions calculated based on the perturbation method. b Analytically
calculated non-reciprocal energy bias of the modulated metamaterial beam with different
modulation frequencies, where the Rayleigh damping coefficient in cantilevers remains 8x107” s
and [y = 0.25 A. ¢ Analytically calculated non-reciprocal energy bias of the modulated
metamaterial beam with different modulation wavenumbers, where the Rayleigh damping
coefficient in cantilevers and the modulation frequency are selected as 8x10” s and 80 Hz,

respectively, and [, = 0.25 A.
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Fig. 9 Unidirectional band gaps induced by higher-order mode interactions. a Numerically
simulated dispersion relations of an undamped metamaterial beam, for modulation current /, =
0.5 A. Scattering of the second-order mode is observed. b Numerically simulated transmission

spectra of undamped metamaterial beams with forward modulations, for 7y = 0, 0.25 and 0.5 A.
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APPENDIX A:

GEOMETRIC AND MATERIAL PARAMETERS

Fig. 10 Schematic of the geometric setup of the metamaterial.

Table 1. Geometric and material parameters of the metamaterial

Host beam (Polycarbonate)

Resonant beam (RGD 720)

Young’s modulus | 2.6 GPa | Young’s modulus | 1.05 GPa
Mass density 1190 kg/m’ Mass density 1180 kg /m3
Thickness (/) 2.6 mm Thickness 0.6 mm

a 50 mm lb 14 mm

b 14 mm Wp 3.5 mm

Ly 1.0 mm Iy 3.0 mm
Magnet (Neodymium) Electromagnet (Coil)

Young’s modulus | 160 GPa Weight 15¢g
Mass density 7500 kg/m’ Height 4.8 mm

Height 3.2 mm D, 16 mm
d, 7.9 mm Di 8.2 mm
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APPENDIX B: SEMI-ANALYTICAL MODELING OF THE MODULATED
METAMATERIAL BEAM

We consider a slender beam with periodically attached mass-spring resonators (Fig. 11). The
thickness of the beam is denoted by /4, and the springs in the resonators are modulated in space
and in time. The lattice constant and modulation wavelength are represented by a and L,
respectively. In this study, N mass-spring resonators are contained within one modulation
wavelength. Each mass is my, and the spring constants are represented by ki, k», ... ky within a

modulation wavelength. Material dissipation is defined by the damping constant c.

Yosl1 (n+1)-th  (n+2)-th (n+N)-th

Xn+1

Fig. 11 Schematic of the analytical model of the modulated beam.
According to Euler’s beam assumptions, the governing equation of the slender beam can be

written as

o*w(x,t I*w(x,t) &
Do%‘ﬂoh%:zfﬂ(f)ﬂx—%)a (B1)

where w, Dy and py are the displacement in the vertical direction, bending stiffness and mass

density of the beam, respectively, and the point force F,, due to the attached resonator is

F (0= (1. ()= w(Xt)) 4, (aYst(t) ~ aw(;jn,t)} o azgzz(t) , (B2)
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in which X, and Y, denote the coordinate and the vertical displacement of the n-th resonator,

respectively. The modulated spring constants are assumed as
k, =k, +k,cos(m,t—k,X,), (B3)

with @, kn, ko and k, the modulation frequency, modulation wavenumber, unmodulated stiffness
and amplitude of the modulated stiffness, respectively. It should be noticed that the modulated
pumping wave propagates in the positive x-direction. Considering the periodicity of the spring

constants in time (Eq. (B3)), the local displacement field in the n-th unit cell can be assumed as

+oo

w, (x)= ] w? (x) e ) (n-1)a < x<na, (B4)
oo
where w,) is the p-th order displacement. Similarly, the displacement of the masses and point

forces applied on the beam can be expressed

Z Yn( p) i(po,t+ar) (B 5)
p=—co

Z F pw t+(ut (B6)
p=—oo

Substituting Eq. (B4) into the homogeneous governing beam equation, the general solution of the

p-th order displacement can be found as

W(p) :Ar(lp) zk,x+B kpx +C( )6 px+D,(1p)€_kpx. (B7)

n

1
pOh(pwnz+a))2 !
D, '

where kp —[

Equation (B3) can be rewritten in exponential form as

km (eia)mte—iqb,, + e—ia)mteigb” )
k =k, + > , (BS)
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in which ¢, =k X .
Combining Egs. (B4), (B5) and (B8) with Eq. (B2), the p-th order equation of motion for the n-th

mass-spring resonator is obtained as

(ko +ic, (0+ pw, ) —m, (0+ pa)m)z)Y(p) +

| (B9)

kmef””"
2

(ko +ic, (0+ pa, ))wff’) (0)+

It can be found from Eq. (B9) that the displacements of orders p — 1, p and p + 1, are coupled
with each other due to the modulation. Equation (B9) can also be written in matrix form by

truncating the orders of the displacements from —P to P, as

HY, =G,W,, (B10)
where
Yn = |:Yﬂ(’P) Yﬂ(*P”) Yn(o) Yn(P*I) Yn(P)]T ,

F,=JH'G W, (B11)
where
F, = [ FUP R Fo FD F"(P)T ,

J:ah'ag([mo(a)—pa)m)2 mo(a)—(p—l)a)m)2 . M@ mo(a)+(p—1)a)m)2 mo(a)+pa)m)2Tj.

Using Eq. (B7), Equation (B11) can be rewritten again as

F,=JH!G RA,, (B12)
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where

Continuity conditions on the displacement, rotational angle, bending moment and shear force are

required at x = X,,, implying, respectively, for the p-th displacement

AP 4 Bl 4 )Gt 4 plr 3 _ AP 4 B 4 ) 4 D),
( lk a lkpa p . (p) . (p) (
ik, 4,7\ —ik Bn le +kan e’ —k Dn 1e lkpAn —ik,B,” +k,C," kan ,
2 ( —l’fp” kya _12 4(p) _p2p(p) 2 ~(p)
pAn k B +kan +kan | kpAn kan +kan +kan R

—ik,a

F(P)
ik, a n
—kC A" + 2B e Sy

pnl

»? P p _ 3 3 3 3 (
+k e kan e =~k A +k +kan ~k,D,”
0

(B13)
Equation (B13) can also be written in matrix form for the vector of displacement from orders —P

to P, as
P A, =QA, +VIJH/G RA,. (B14)
A local transfer matrix related A, to A, is defined as
(B15)
where E, =Q, + VJH; G, R. The global transfer matrix covering unit cells within a modulation
wavelength can then be expressed
T=T,T, Ty, (B16)
which satisfies A; =TA,. It can be found from Eq. (B3) that the modulation is also periodic in
space. By applying the Bloch theorem, we can write
EA, =“"PA,, (B17)
where £, is the wave wavenumber of the propagating flexural wave. Combining Egs. (B16) with

(B17), gives an eigenvalue system
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EPAL =TA, (B18)
from which wavenumbers can be determined for given frequencies. The analytical model is
validated by comparing its dispersion relation with the one calculated numerically (Fig. 12).
Good agreement can be clearly seen from the figure. Note that moments in small cantilever

beams are ignored in this analytical study, which is a valid approximation for frequencies below

400 Hz.
~ 1
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Fig. 12 Comparisons of dispersion relations of the modulated metamaterial beam calculated with

the developed numerical and analytical models, for current amplitude of 0.25 A.

Beside the dispersion calculations, the transfer matrix can also be used to calculate transmission
and reflection coefficients, as well as transmittance and reflectance [34], by applying proper

boundary conditions.
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APPENDIX C: EFFECTS OF THE MATERIAL DAMPING

Absolute values of transmission and reflection coefficients of different modes are estimated
analytically with I, = 0.25 A (Fig. 13), where ¢, = wiwo and r, = w,"/wy where wy, w” and
w," are the amplitudes of the incident, n-th order transmitted and n-th order reflected waves,
respectively. The calculations consider a modulated metamaterial beam with 15 unit cells
sandwiched between two infinite host beams. A propagating flexural wave is incident from one
infinite host beam to the metamaterial, and transmitted and reflected waves are measured from
the other and incident host beams, respectively. We focus on two non-reciprocal regions with
incident frequencies at around 250 and 285 Hz. In Fig. 13a, only strongly coupled modes are
illustrated, other weakly coupled modes are ignored. As shown in Fig. 13a, 7, has a dip at around
285 Hz when the modulation is forward (shaded area). Due to the mode coupling of the pair P,
energy lost at around 285 Hz is partially scattered to the transmitted wave at around 205 Hz, as a
peak appears in 7.} at these frequencies (shaded area). This scattered transmitted wave is reflected
at boundaries between the metamaterial and the host beam, producing the peak in ., at around
205 Hz (shaded area). Most importantly, we observe another peak in 7., at around 125 Hz with a
much higher amplitude (shaded area), which is caused by the energy exchange between pairs P;
and P, through the quad-mode coupling at around 205 Hz. This contrasts with previous studies
where no energy exchanges between different pairs; P; and P, now “communicate”. The
reflected waves produced by the coupling between pairs as well as reflections at metamaterial
boundaries cause the non-reciprocal transmittance for incidence at around 285 Hz. Conversely,

for the backward modulation, the incident wave lost at around 250 Hz (a dip in #, shaded area) is

partially scattered to the reflected wave at around 170 Hz (a peak in r.;, shaded area), due to the
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mode coupling of the pair P;. The scattered wave is multiply reflected at metamaterial
boundaries and contributes to the peak in ¢, at around 170 Hz (shaded area). Due to the coupling
between pairs Ps and P4 at around 160 Hz, another peak in 7., appears at around 90 Hz (shaded
area). The non-reciprocal transmittance for incidence at around 250 Hz is caused by these
reflections.

We now introduce a Rayleigh damping coefficient (B = 8x10” s) in the resonant cantilever
beams. The resulting absolute values of transmission and reflection coefficients of different
modes are shown in Fig. 13b. Distinct changes are observed for the transmission and reflection
coefficients as compared with the undamped modulated metamaterial. Specifically, the
differences in transmission coefficients for forward and backward modulations decrease
significantly and the frequency ranges become much broader. The scattered waves in both the
transmitted and reflected domains are markedly suppressed, due to the material damping. Two
small amplitude scattered waves in the reflected domain are found for the backward modulation
with 250 Hz incidence (Shaded areas), whereas transmissions and reflections are nearly flat for
the forward modulation for 285 Hz incidence (Shaded areas), indicating the absorption effects

from material damping are stronger than those for incidence near 250 Hz.
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Fig. 13 Analytically calculated absolute values of transmission and reflection coefficients of
different modes, for Iy = 0.25 A: a Undamped modulated metamaterial beam; b damped

modulated metamaterial beam, with Rayleigh damping coefficient in resonant beams of 8x107s.

Finally, in Fig. 14, we consider the effects of material damping on non-reciprocal energy
transport in terms of the energy bias, for [y = 0.25 A with other parameters unchanged.
Surprisingly, it shows that the largest energy biases occur for small material damping, although
the phase matching condition cannot be fully satisfied, and that sufficiently large damping

coefficients can nullify non-reciprocal wave propagation behavior in space-time modulated

metamaterials.
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Fig. 14 Analytically calculated non-reciprocal energy bias of a modulated metamaterial beam

with different Rayleigh damping coefficients, where /o = 0.25 A.

APPENDIX D: NON-RECIPROCAL FREQUENCY BOUNDS

The frequency boundaries in the two non-reciprocal frequency regions are estimated based on a
perturbation approach, which is demonstrated in this section. Here, we assume the discrete forces
from the resonators are continuously distributed along the beam, and the governing equations for

the beam and its continuous attachments are

82 k t _ 84
o200 5y, O o)
m, 3°w k(¢ -
= ) ®2

where w represents the vertical displacement of the continuous attachments and

k(t) =k, +k, cos(q,x—m,t) with g,, the modulation wavenumber. Equations (D1) and (D2) can

be written in matrix form as
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2 4

Ma—2\|l+K\|1+D%\|1:0,
X

ot
in which
v=[w W,
Pt 0
M: O % )
a
k() k()
K= a a
k() k(o) |
a a
D:[DO O]
0 O

Without the modulation (%, = 0), the solution to Eq. (D3) can be assumed as

i(gx—ax)

vy =Ye ,

where ¢ is the wavenumber. The unmodulated dispersion relation is then

m 1
D' =| ppTe—1 |
v (p" a 1—a)2/£z§j

k,
with Q2 =%,
m,

In the presence of the modulation, we rewrite Eq. (D3) as

9° 9
M—vy+Ky+D—wy=0.
aﬂ"’ v x4\ll

According to the Bloch theorem, the solution to Eq. (D6),  , can be written as

i((]x—ﬁ)t)

\Tl:‘i‘(qu—a)mt)e ,
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(D3)

(D4)

(D5)

(Do)

(D7)



where ¥ is a periodic function, and

Note that 0¥, dg and dw are on the same order of k,,. Substituting Eq. (D7) into Eq. (D6), the

leading order equation reads

(M(iw+w”’;_§j +K+D(iq+qm%] J‘P:O, (D8)

where & =¢,x—®,t. With the Fourier expansion, we have

Y=> ¥~ (D9)

J=—oo

Combining Egs. (D8) and (D9), the j-th order Fourier component is governed by

(—M(wﬂwm)z+K+D((1+qu)4)‘1’j =0, (D10)
T
with P, ={%—(w0+jwm)2 %} .

On the other hand, the first-order equation can be expressed

4 ! af

0
—2idw| io+w, — M- 4z5q(zq+qm —j
( afj 95

2
M(z‘aﬁa)mij +K+D zq+q — ]
(D11)
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Now considering modes ¥, and ¥, are coupled ( Dyq, =(p0h+%

—_— 0)2 and
a 1—w§/ﬂsJ °

. |
D, (qy+ ja,)=| poh+ 22

— 3T (a)0 + ja)m)z), and the leading order solution then
a 1_((00 +Ja)m) /Qo

become
Y=VY,+"¥,, (D12)
where Vy and V; are the amplitudes of the two modes. Similarly, the Fourier expansion can be

applied again

O = iallfjel’ff. (D13)

Jj=—oo

Combining Egs. (D9) and (D11) — (D13), we can derive
(-Me; +K +Dg; ) 8, =(2600,M —4544;D) ¥V, - 5K ¥ 1, (D14)
(-M&’ +K+Dq’ ) SY, =(25wwM-459¢'D) ¥ V, - 5K WV, . (D15)
In order to ensure the solutions 6'¥, and ¥, to be bounded, Equations (D14) and (D15)

should satisfy
¥, (2000,M —4544,D) ¥V, —¥ 0K ¥ ¥, =0, (D16)
¥, (200w M—469¢'D)W V, —¥ 6K WV, =0. (D17)

From Egs. (D16) and (D17), one can obtain

2
k (oo p
SwA, —8qT, _M
Ny . -0, (D18)
m a)Oa)p
—f’ 50)Aj—§q1“j

where
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a

2
k —arp . 2
AO,j = 2(00,_/‘ poh LO—O’JWZOJ +p'k_0

2
k., —a; m
1—‘o,j =4q3,].D0[ - ao"] 0] )

with @, =) + Jj@, and q,=9,* Jq,,. For the pair coupled with the two modes propagating in

opposite directions, a unidirectional frequency band gap would open [18]. The unidirectional

band gap edge frequencies (i.e. near 250 Hz) can be found by imposing [18]

90w _

—=0
250" (D19)

As a result,

o, = " +

I - 2 .
T A +T_A
2\/A0A]—( 0 ;I-}r—l 0)
0+ -1

(D20)

On the other hand, for the pair coupled with the two modes propagating in the same direction, a
unidirectional gap in the wavenumber domain would open [18]. As a result, explicit frequency
boundary expressions cannot be easily found. To characterize the strong wave conversion
frequency regions for this case (i.e. near 285 Hz), we first find ow at ¢ =0 and then

implement a factor « to estimate those frequency boundaries as

2

okl (a)(o) (a)(o) -, )p’)
2JAA

For the case demonstrated in the main text, ¢ is selected as 0.5.

w, ="+

(D21)
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APPENDIX E: SAMPLE FABRICATION

The fabrication processes of the sample are shown in Fig. 2. The modulated metamaterial is
fabricated by first gluing magnetic cylinders onto 3D printed cylinders (Step 1). The glued
samples are then bonded on a surface of a host (Polycarbonate) beam with intervals of the lattice
constant (Step 2). Subsequently, electrical coils are mounted into the 3D printed holders (Step 3),
with each holder containing two cantilever beams. Finally, the ends of cantilever beams are

bonded onto the host beam with proper alignments between magnets and coils (Step 4).
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