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When a quantum system is divided into two local subsystems, measurements on the two subsys-
tems can exhibit correlations beyond those possible in a classical joint probability distribution; these
are partially explained by entanglement, and more generally by a wider class of measures such as
the quantum discord. In this work, I introduce a simple thought experiment defining a new measure
of quantum correlations, which I call the accord, and write the result as a minimax optimization
over unitary matrices. I find the exact result for pure states as a simple function of the Schmidt
coefficients and provide a complete proof, and I likewise provide and prove the result for several
classes of mixed states, notably including all states of two qubits and the experimentally relevant
case of a pure state mixed with colorless noise. I demonstrate that for two qubit states the accord
provides a tight lower bound on the discord; for Bell diagonal states it is also an upper bound on
entanglement.

I. INTRODUCTION

The classic example of an entangled quantum state is
the singlet state of two spin-1/2 systems,

∣

∣Ψ−
〉

=
1√
2

(

|↑↓〉 − |↓↑〉
)

, (1)

where {|↑〉 , |↓〉} is an orthonormal basis for the Hilbert
space for each spin. This is a maximally entangled state,
meaning that measurements of the two spins, when made
along the same spatial axis, will always be perfectly cor-
related, even if the spins are space-like separated when
the measurements occur. The opposite case is a prod-
uct state, in which the two parts of the system can be
described completely independently. Partially entangled
states lie between these two extremes, and substantial ef-
fort has gone into finding ways of quantifying the precise
degree of entanglement and correlation in such states.[1–
3]
One view is that entanglement is a form of nonlocal-

ity. If this were true, an entangled state would violate
some Bell-type inequality[4] that is satisfied by any lo-
cal hidden variable model (LHVM), such as the Clauser-
Horne-Shimony-Holt (CHSH) inequality[5] for a system
of two spin-1/2 subsystems, or similar inequalities in-
volving more[6–8] or higher-dimensional[8–10] subspaces.
States can be classified by whether or not they violate
such an inequality, which all non-product pure states
do[11]. The degree of nonlocality can also be quantified,
for example by the maximal amount of random noise that
can be added to the state such that it still cannot be de-
scribed by a LHVM[12].
Alternatively, the entanglement of a state can be quan-

tified by the number of singlet states, of the form (1), it
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is equivalent to.[1, 13] For example, one can ask how
many singlets, m, can be made from n copies of the
given state in the limit that n becomes large; the ratio
m/n is called the distillable entanglement.[14] Such mea-
sures of singlet equivalence are equivalent to the entan-
glement entropy[13, 15] on pure states and satisfy certain
axioms;[16–18] these are formally known as entanglement
measures. For mixed states there are many inequivalent
measures such as entanglement of formation[14, 19], the
aforementioned distillable entanglement, entanglement of
purification[20], and logarithmic negativity[21, 22] that
give different orderings on the set of states[23, 24].
Quantum correlations can also be understood through

their ability to act as a resource for tasks in quan-
tum computation. One prominent example is quantum
teleportation[25], in which an entangled state shared be-
tween two subsystems can be used to transfer the state of
a particle from one subsystem to the other. The average
fidelity for such a transfer is linearly related to the singlet
fraction of the shared entangled state, which is its largest
overlap with a maximally entangled state with the same
subspace dimensions[26].
Among pure states, entangled states as identified via

the entanglement entropy are precisely the same as those
that violate Bell-type inequalities[11, 27] and as those
that allow teleportation with a greater fidelity than is
possible by any classical strategy[26, 28].
For mixed states, this is no longer the case. There

are entangled states that admit a LHVM and do not vi-
olate the CHSH inequality[29] even with a sequence of
measurements[30] and similarly there are states that ad-
mit a LHVM but can still be used for quantum telepor-
tation with greater fidelity than is possible by any clas-
sical strategy[31]. At the same time, there are computa-
tional tasks with quantum advantages over classical algo-
rithms that cannot be explained by entanglement[32–34],
so a different notion of quantumness versus classicality is
needed.
The quantum discord, introduced independently by
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Henderson and Vedral[35] and Ollivier and Zurek[36],
quantifies the notion of nonclassicality in mixed states;
given a state shared between two subsystems, the discord
computes how much the state of one subsystem is nec-
essarily modified, on average, by a measurement on the
other. The discord and its variants, including geometric
discord[37, 38], diagonal discord[39, 40], and others[3, 41–
45], are nonzero on most separable states[46]. There
is strong evidence to suggest that discord is the rele-
vant resource for a variety of quantum computational
tasks.[33, 45, 47–52]

In this paper, I present a new measure of quantum
correlations, the accord, defined by a simple thought ex-
periment. The rough idea is that entanglement between
two subsystems means that there is an inescapable cor-
relation between measurements made on the two; imag-
ining a game in which the holder of one subsystem, Bob,
tries to make his measurements as unpredictable as pos-
sible to the holder of the other, Alice, the measure is the
(rescaled) probability that Alice is able to guess Bob’s
measurements correctly, despite Bob’s best efforts to pre-
vent this.

The primary advantage of the accord compared with
existing measures of quantum correlations is that, be-
cause it is defined directly in terms of a simple exper-
imental procedure, it has a clear intuitive meaning; at
the same time, as I demonstrate below, the accord can
be efficiently computed for wide classes of states. The
existence of such a measure, namely one that is both
intuitively understandable and efficient to compute, is
important because it allows for new insights into other,
more commonly used measures such as entanglement and
discord. In particular, I both show that the accord pro-
vides a lower bound on discord and demonstrate the re-
markable and surprising fact that there are states with
zero accord and nonzero entanglement, thus revealing a
new type of “hidden entanglement.”

The organization of the paper is as follows: in sec-
tion II, I motivate the thought experiment and use it to
formally define the accord as a variational optimization
over unitary matrices. In section III I evaluate the accord
for pure states and prove the result, and in section IV I
prove some results for mixed states, including a simple
and efficient prescription to compute the measure on all
two qubit states. In section V I compare the accord with
existing measures from the literature. Finally, in section
VI I conclude with a summary and a discussion of the
significance of the results.

II. THE THOUGHT EXPERIMENT

I begin with an example for motivation. Two ob-
servers, Alice (A) and Bob (B), each hold one qubit,
realized as a spin-1/2 system, and the two qubits are in
some possibly entangled state. Consider in particular the

following two pure states:

∣

∣Φ+
〉

=
1√
2

(

|↑↑〉+ |↓↓〉
)

, (2)

|ψsep〉 = |↑↑〉 , (3)

where |↑〉 and |↓〉 are the eigenstates of the operator Sz.
The first state is maximally entangled and the second
is separable, so measurements made by A and B should
be more correlated in the first state; however, if A and
B both naively measure Sz, their measurements will be
perfectly correlated in either case. Likewise, if B chooses
to measure Sx while A still chooses to measure Sz, the
measurements in both cases will be completely uncorre-
lated.
But now suppose that A knows the initial state and

also knows B’s measurement axis. In that case, if B
chooses to measure Sx, when the shared state is |Φ+〉 A
can choose to also measure Sx, in which case their mea-
surements again become perfectly correlated, but when
it is |ψsep〉, their measurements will be completely uncor-
related no matter what axis A chooses for her measure-
ment.
In other words, the state |Φ+〉 can be said to be max-

imally entangled because no matter what spin compo-
nent B chooses to measure, A can always choose one to
achieve perfect correlation between their measurements,
while the state |ψsep〉 is separable because B can choose a
spin component for which, no matter what component A
chooses, their measurements will be completely uncorre-
lated. For a partially entangled state between these two
extremes, the degree of entanglement is characterized by
how correlated A can force their measurements to be by
an appropriate choice of measurement axis, even in the
worst case of the choice made by B.

A. Formal statement, version 1

I now formalize the above intuition. The setup is as fol-
lows: two observers, Alice (A) and Bob (B), share many
copies of a quantum state, ρ, in the Hilbert space H =
HA⊗HB. The subspaces held by the two observers, HA

andHB, are both d-dimensional; let {|0〉A , · · · , |d− 1〉A}
be an orthonormal basis forHA and {|0〉B , · · · , |d− 1〉B}
for HB. A and B are each capable of applying any uni-
tary transformation U ∈ U(d) to their respective sub-
space, and each has a device for perfect projective mea-
surements of some operator that is diagonal in the spec-
ified basis states and nondegenerate, for example n̂ de-
fined by n̂ |n〉 = n |n〉. An application of some U before
measurement can be thought of as making the measure-
ment in a different basis (eg Sx vs Sz in the example
above).
In the example, A was able to pick the right measure-

ment basis to guarantee correlations in the maximally en-
tangled state only because she knew both (1) the initial
state and (2) B’s choice of basis. Likewise, B was only
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able to pick a basis to guarantee a lack of correlation for
the separable state because (3) he knew the initial state.
For this first formulation of the thought experiment I as-
sume (1)-(3); these assumptions are dangerously strong,
but I will show in the second formulation that they are
not actually necessary.
I now define the correlation measure by a procedure

which for clarity I present in reverse chronological order:

3. For fixed ρ, UA, and UB, A measures n̂ after apply-
ing UA and B measures n̂ after applying UB. The
measurement coincidence probability, or MCP, is
the probability that the two measurements agree.

2. Prior to step 3, A chooses UA to maximize the

MCP, given her knowledge of (assumption 1) ρ and
(assumption 2) UB.

1. Prior to step 2, B chooses UB to minimize A’s max-
imized MCP, given his knowledge (assumption 3) of
ρ. He communicates this choice to A for use in step
2.

The value of the MCP, given UA, UB, and ρ, is

∑

nA

P (n̂A = nA)× P (n̂B = nA|n̂A = nA) (4)

where

P (n̂B = nA|n̂A = nA) = P (n̂A = nA, n̂B = nA)/P (n̂A = nA) (5)

and

P (n̂A = nA, n̂B = nA) = Tr
(

|nA, nA〉 〈nA, nA| (UA ⊗ UB) ρ (UA ⊗ UB)
†
)

(6)

where |nA, nA〉 is shorthand for |nA〉A ⊗ |nA〉B. Thus the optimized MCP, or OMCP, is

OMCP ≡ min
UB

(

max
UA

(

d−1
∑

n=0

〈n, n| (UA ⊗ UB) ρ (UA ⊗ UB)
† |n, n〉

))

. (7)

As I show in section IVA below, 1/d ≤ OMCP ≤ 1, so
to compare with other measures it will be useful to also
define a rescaled version that runs from 0 to 1 for any d,

Accord ≡ d

d− 1

(

OMCP− 1

d

)

. (8)

The name is of course a reference both to the similarity
to the discord and to the fact that the measure is based
on agreement between measurements.

B. Formal statement, version 2

The first statement of the thought experiment can be
viewed as a game: the first player, A, tries to maximize
her score by making the the two parties’ measurements
agree, while the second player, B, tries to minimize A’s
score by making the measurements uncorrelated. This
formulation requires the assumptions (1)-(3) so that both
players can make optimal choices of their measurement
bases.
The assumptions can be relaxed by viewing the op-

timization over unitary matrices in equation (7) not as
an explicit choice of the optimal change of basis, but
rather as post-facto optimization over the observed mea-
surement coincidence probability over a large set of ran-
domly chosen (or otherwise uniformly distributed) uni-

taries. The correlation measure can thus be defined ac-
cording to the following procedure:

1. B selects some random set of NB unitary transfor-
mations.

2. For each UB selected by B, A selects NA random
unitary transformations.

3. For each pair (UB, UA), A and B apply their respec-
tive transformations to many copies of the state ρ
and measure n̂, then record the fraction of the time
that the two measurements agree.

4. For each UB, they take the maximum over all the
coincidence probabilities from step 3 with that UB.

5. Finally, they take the minimum value from step 4
over all choices of UB.

This procedure evidently leads, in the limit that NA and
NB become large, to the exact same final expression given
in equation (7), and as promised assumptions (1)-(3) are
no longer needed. In principle this formulation allows for
a direct experimental probe of entanglement in an un-
known state, requiring only the ability to apply random
one-subsystem unitaries and to prepare many copies of
the desired state, but the number of measurements re-
quired is probably too large to be practical compared
with a full state tomography[53].
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C. Extension to unequal subspace dimensions

The MCP is defined in terms of the probability that the
measurements made by A and B agree, which requires
that they be able to make equivalent measurements, ie.
that the two subspaces should be isomorphic. It is thus
not obvious how to extend the measure to the case of
unequal subspace dimensions.
Supposing that the two dimensions are d1 > d2, one

option would be to arbitrarily select d2 of the d1 states
as the ones that should match; the result will not depend
on which ones are chosen, since whichever party has the
subspace of dimension d1 can apply a unitary to permute
their basis states.
To formalize this, one can use equation (7) for a d21×d21

density matrix, with d1(d1 − d2) rows and columns equal
to 0, and with the unitary matrices for whichever party
has the smaller subspace restricted to act as the identity
on the corresponding d1−d2 dimensions (thus preserving
the zero rows and columns in ρ).
In this paper I will not consider this case further.

III. PURE STATES

In the special case that the state ρ is in fact a pure
state, ρ = |ψ〉 〈ψ|, equation (7) can be evaluated explic-
itly, as I now demonstrate.
The first step is to make use of the Schmidt decompo-

sition: given any pure state |ψ〉 in HA ⊗HB, there exist

unitary matrices ŨA and ŨB and nonnegative numbers
{c0, · · · , cd−1} satisfying

∑

c2i = 1, such that

|ψ〉 =
(

ŨA ⊗ ŨB
)

d−1
∑

i=0

ci |i〉A ⊗ |i〉B . (9)

The coefficients ci are unique given |ψ〉, although ŨA and

ŨB are not.
Using equation (7) with ρ = |ψ〉 〈ψ| with |ψ〉 in this

Schmidt-decomposed form, ŨA and ŨB only appear in
the combinations UAŨA and UBŨB; since the OMCP
involves optimization over both UA and UB, ŨA and ŨB
may each be assumed without loss of generality to be
the d × d identity matrix. In other words, the OMCP
depends only on the Schmidt coefficients {ci}, and thus
the state |ψ〉 can be assumed without loss of generality
to be of the form

|ψ〉 =
d−1
∑

i=0

ci |i〉A |i〉B . (10)

Equation (7), when evaluated for ρ = |ψ〉 〈ψ| with |ψ〉
from equation (10), gives

OMCP =
1

d

(

d−1
∑

i=0

ci

)2

. (11)

In the proceeding sections, I provide an intuitive picture
to explain this result, followed by a complete proof.

A. Intuitive picture

To build intuition, I begin with the case of d = 2.
Consider the state

|ψ〉 = c0 |00〉+ c1 |11〉 ; (12)

if A and B each measure immediately without applying a
unitary first, their measurements will be in perfect agree-
ment. Thus it is intuitively reasonable that to reduce this
coincidence probability, B’s goal in the first formulation
of the thought experiment, he ought to try to get as far
from this basis as possible. Viewing the qubits as spin-
1/2 systems with the state originally specified in the Sz
basis, B’s optimal measurement axis would be one in the
xy-plane.
I provide two examples: if B chooses to measure along

x or along y, that is equivalent to applying the unitary
matrix

U
(x)
B =

1√
2

(

1 1
1 −1

)

or U
(y)
B =

1√
2

(

1 1
i −i

)

, (13)

respectively. With these choices, if A naively chooses to
measure in the Sz basis, the measurement coincidence
probability will be only 50%. However, if A instead
chooses to use optimal bases, namely

U
(x)
A =

1√
2

(

1 1
1 −1

)

, U
(y)
A =

1√
2

(

1 1
−i i

)

, (14)

then the state |ψ〉 becomes in the two cases

|ψ〉xx =
c0 + c1

2
(|00〉+ |11〉) + c0 − c1

2
(|01〉+ |10〉)

(15)

|ψ〉yy =
c0 + c1

2
(|00〉+ |11〉) + i

c0 − c1
2

(|01〉 − |10〉) .
(16)

Either way, the probability that A and B’s measurements
will be the same is exactly (c0+c1)

2/2. That the specified
UA and UB are optimal is by no means obvious but can
be demonstrated by writing fully general unitaries and
explicitly performing the optimization.
For d > 2, some lessons should carry over: (1) B’s mea-

surement basis should maximally mix his original basis
states, and (2) an optimal choice for A is UA = U∗

B. (The
second point turns out not to be true for general UB, but
it is true when B makes an optimal choice.) With this
in mind, we consider the state

|ψ〉 = c0 |00〉+ · · · cd−1 |d− 1, d− 1〉 . (17)

B maximally mixes before measuring by applying the
change of basis unitary with elements

[UB]jk = ωjkd /
√
d (18)

where ωd is the dth root of unity exp(2πi/d) and j and
k run from 0 to d − 1, while A tries to unmix using
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UA = U∗
B. The resulting state is

|ψ〉 = 1

d

∑

j

cj

(

∑

k

e−2πjk/d |k〉
)(

∑

m

e2πjm/d |m〉
)

(19)

=
1

d

∑

km





∑

j

cje
2πj(m−k)/d



 |km〉 . (20)

The largest coefficients are those with no destructive in-
terference, m − k = 0, and these are precisely the ones
we wanted to maximize, corresponding to agreement be-
tween A and B’s measurements; those coefficients are all
equal, with a value of (

∑

j cj)/d. The overall probability
that the two measurements are equal is the sum of the
squares of these coefficients, precisely matching equation
(11).

B. Proof

I now prove the result. To do so, I rewrite the OMCP
for pure states in two equivalent forms:

OMCP = min
UB

(

max
UA

(

||(UA ◦ UB)c||2
)

)

(21)

= min
UB

(

max
UA

(

Tr((UAΛU
T
B ) ◦ (U∗

AΛU
†
B))
)

)

.

(22)

Here ◦ is the elementwise, or Hadamard, product, c is
a vector whose entries are the Schmidt coefficients {ci},
and Λ is a diagonal matrix whose diagonal entries are
again the Schmidt coefficients. That these are equivalent
to the OMCP is proven in Appendix A. Using these
expressions, I prove the result in two steps.

Step 1: OMCP ≥ (
∑

ci)
2/d

For any fixed UB,

max
UA

(

||(UA ◦ UB)c||2
)

≥ ||(U∗
B ◦ UB)c||2 (23)

since U∗
B is included as a possible UA on the left-hand

side, and thus

min
UB

(

max
UA

(

||(UA ◦ UB)c||2
)

)

≥ min
UB

(

||(U∗
B ◦ UB)c||2

)

.

(24)
It therefore suffices to show that

||(U∗
B ◦ UB)c||2 ≥ 1

d

(

d−1
∑

i=0

ci

)2

(25)

for all UB.

To do so, I use the lemma[54]

Tr(A)Tr(B) = dTr(A ◦B)−
d−1
∑

i=1

d
∑

j=i+1

(aii − ajj)(bii − bjj) (26)

(in Appendix B I present an alternate proof to the one in reference 54) with equation (22), finding that for any unitary
U

||(U∗◦ U)c||2 = Tr
(

(U∗ΛUT ) ◦ (UΛU †)
)

=
1

d



Tr
(

U∗ΛUT
)

Tr
(

UΛU †
)

+

d−1
∑

i=1

d
∑

j=i+1

∣

∣(UΛU †)ii − (UΛU †)jj
∣

∣

2



≥ Tr(Λ)
2

d
.

(27)

The trace of Λ is just the sum of the Schmidt coeffi-
cients, thus proving equation (25); note that as demon-
strated in the previous section the bound in equation
(25) is achieved by the matrix UB given in equation (18)
above.

� (Step 1)

Step 2: OMCP ≤ (
∑

ci)
2/d

For any fixed unitary matrix U0
B,

min
UB

(

max
UA

(

||(UA ◦ UB)c||2
)

)

≤ max
UA

(

||(UA ◦ U0
B)c||2

)

,

(28)
so it suffices to find some U0

B such that

||(UA ◦ U0
B)c||2 ≤ 1

d

(

d−1
∑

i=0

ci

)2

(29)

for all UA. Unsurprisingly, this is again achieved by the
UB given in equation (18), as I show now. With that
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choice of U0
B, we get

||(U ◦ U0
B)c||2 =

1

d

∑

jk

cjck

[

∑

l

ei(2π/d)l(k−j)U∗
ljUlk

]

.

(30)
The expression in square brackets can be written as an
inner product between two vectors:

∑

l

ei(2π/d)l(k−j)U∗
ljUlk = 〈v|w〉, (31)

vl = ei(2π/d)ljUlj , (32)

wl = ei(2π/d)lkUlk. (33)

Using the Cauchy-Schwarz inequality, this inner product
satisfies |〈v|w〉| ≤ ||v|| ||w||, and since U is unitary, each
row and column of U is a normalized vector so that ||v|| =
||w|| = 1. Thus

||(U ◦ UB)c||2 ≤ 1

d

∑

jk

cjck =
1

d

(

d−1
∑

i=0

ci

)2

, (34)

completing the proof of equation (29). The bound in that
equation is achieved by UA = U0

B
∗
.

� (Step 2)

In combination, the two inequalities OMCP ≥ (
∑

ci)
2/d

and OMCP ≤ (
∑

ci)
2/d prove equation (11).

IV. MIXED STATES

I now turn to the more general case of mixed states.
The problem of calculating entanglement measures on
mixed states is notoriously difficult, with only a few,
such as negativity, being computationally tractable in
general.[55] The OMCP/accord, too, is quite difficult to
evaluate for general mixed states, and I do not have a gen-
eral solution analogous to equation (11) for pure states.
However, substantial analytical progress is still possible.
In particular, I prove universal upper and lower bounds
on the OMCP, and I present exact results for several par-
ticularly important classes of mixed states, most notably
all states of two qubits and all mixtures of a pure state
with colorless noise.

A. Upper and lower bounds

The upper bound of the OMCP is exactly 1, since it is
defined as an optimized probability. This is achieved by
maximally entangled pure states as demonstrated in the
previous section.
The lower bound is 1/d; this is the probability that A

and B’s measurements agree when their shared state ρ
is completely uncorrelated. The presence of correlations
should not decrease this probability if A makes a good

choice of basis, so it is natural to conjecture that for any
ρ, OMCP ≥ 1/d. Furthermore, a measurement coinci-
dence probability of at least 1/d should be achievable by
a strategy that does not depend at all on any correlations
between the two subsystems that might happen to exist.
This is indeed the case.

Proof: Let UB be fixed. Then the probability that B

measures outcome i is P (n̂B = i) = 〈i|UBρBU †
B |i〉 where

ρB is the reduced density matrix on B given by the par-
tial trace of ρ over subsystem A. Assume without loss of
generality that P (n̂B = 0) ≥ P (1) ≥ · · · ≥ P (d− 1).

Likewise, P (n̂A = i) = 〈i|UAρAU †
A |i〉. When UA

is the identity matrix, there is some ordering of the
probabilities, P (n̂A = σ0) ≥ P (σ1) ≥ · · · ≥ P (σd−1),
where σ is some permutation. A can then choose UA
to be the permutation matrix for σ−1, in which case
P (n̂A = 0) ≥ P (1) ≥ · · · ≥ P (d− 1).
For that choice of UA, the probability that A and B’s

measurements agree is

d−1
∑

i=0

P (n̂A = i)× P (n̂B = i) ≥
d−1
∑

i=0

P (n̂A = i)× 1

d
(35)

where the inequality follows by viewing each side as a
weighted sum of the probabilities on subsystem A; going
from the left-hand side to the right-hand side increases
the weights given to the smaller probabilities and de-
creases the weights given to the greater ones. The factor
of 1/d can then be pulled out of the sum, and the sum
on probabilities for subsystem A of course gives 1.
This shows that for any ρ and any UB, there exists

some UA (in fact, some permutation matrix) such that
MCP ≥ 1/d. Thus the maximum over all UA is also
at least this large, and since this is true for all UB the
minimum over UB is as well. In other words, for any
state ρ, OMCP ≥ 1/d.

�

Thus 1/d ≤ OMCP ≤ 1, and hence the accord of equa-
tion (8) runs from 0 to 1 as intended.

B. Classical states

Classical states are those for which there exists a
complete set of projective measurements that leave the
state invariant; these are precisely the states of the
form[41, 42, 44, 45]

ρ =

d−1
∑

i,j=0

aij
∣

∣ψAi
〉 〈

ψAi
∣

∣⊗
∣

∣ψBj
〉 〈

ψBj
∣

∣ (36)

where
{∣

∣ψAi
〉}

is some orthonormal basis of HA and like-
wise for B. That is, ρ is diagonal in a basis of orthogonal
separable states. In this case, the OMCP is exactly 1/d,
corresponding to random chance and a total lack of cor-
relation.
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Proof: Substituting ρ into the MCP from equation (7),
the MCP factorizes for each term in the sum on i and j:

MCP =

d−1
∑

i,j=0

aij
∑

n

∣

∣ 〈n|UA
∣

∣ψAi
〉 ∣

∣

2 ×
∣

∣ 〈n|UB
∣

∣ψBj
〉 ∣

∣

2
.

(37)

Because the states
∣

∣ψAi
〉

form an orthonormal basis for

HA, there exists a change of basis matrix ŨA such that
∣

∣ψAi
〉

= ŨA |i〉A for all i, where |i〉A is an element of
the same standard basis as |n〉A. Since UA is optimized

over, UAŨA can be renamed to UA; in other words, we
can assume without loss of generality that

∣

∣ψAi
〉

= |i〉A,
in which case the expression 〈n|UA

∣

∣ψAi
〉

is nothing but

the matrix element UAni. Making this substitution and
following the same steps for B, the OMCP becomes

min
UB



max
UA





∑

i,j

aij
∑

n

∣

∣UAni
∣

∣

2 ×
∣

∣UBnj
∣

∣

2







 . (38)

Now suppose that UB is any unitary for which all ele-

ments are equal in magnitude,
∣

∣UBnj
∣

∣

2
= 1/d. Then the

expression to optimize is just

1

d

∑

i,j

aij
∑

n

∣

∣UAni
∣

∣

2
, (39)

and the inner sum is exactly the norm of the nth row of
UA, which is 1. This leaves (

∑

aij)/d, and because ρ is a
normalized density matrix the sum on a is 1 as well. In

other words, there exists a UB for which

max
UA





∑

i,j

aij
∑

n

∣

∣UAni
∣

∣

2 ×
∣

∣UBni
∣

∣

2



 =
1

d
(40)

and thus the minimum over UB is no larger than this. So
OMCP ≤ 1/d.
The opposite inequality, that OMCP ≥ 1/d, has al-

ready been shown above to hold for any state ρ. The two
inequalities, taken together, prove that OMCP = 1/d as
claimed.

�

To summarize, the OMCP achieves its minimum possi-
ble value, 1/d, when ρ is diagonal in a basis of orthogonal
separable states. One might think that this implies that
the OMCP achieves its minimum value on all separable
states, but that is not the case, as I show below.

C. Pure states with colorless noise

One particularly experimentally relevant class of mixed
states consists of pure states mixed with colorless noise;
the latter is represented by the maximally mixed state,
1/d2, where 1 is the d2×d2 identity matrix. Such a state
is written as

ρ = x |ψ〉 〈ψ|+ (1− x)
1

d2
(41)

for some x ∈ [0, 1]. The evaluation of the OMCP is actu-
ally quite easy: since the second term is invariant under
conjugation by any unitary transformation, the OMCP
becomes

x×min
UB

(

max
UA

(

∑

n

〈n, n| (UA ⊗ UB) |ψ〉 〈ψ| (UA ⊗ UB)
† |n, n〉

))

+
(1− x)

d
= x×OMCP(|ψ〉) + (1− x)

d
. (42)

The OMCP for |ψ〉 is just the pure state result as com-
puted in section III.

D. Isotropic states

Isotropic states are those that are invariant under
conjugation by any transformation of the form U ⊗
U∗.[56, 57] These are states of the form

ρ = p
∣

∣Φ+
〉 〈

Φ+
∣

∣+ (1− p)
1− |Φ+〉 〈Φ+|

d2 − 1
(43)

where p ∈ [0, 1] and |Φ+〉 is the maximally entangled
state

∣

∣Φ+
〉

=
1√
d

d−1
∑

n=0

|nn〉 . (44)

The isotropic states are notable because they allow for
substantial analytical progress in calculating the entan-
glement of formation for any d.[58]

For p ≥ 1/d2, this is in the form of a pure state plus
colorless noise, as discussed in the previous section, with
x = (p− 1/d2)/(1− 1/d2). The OMCP for a maximally
entangled state is 1, so the OMCP for an isotropic state
with p ≥ 1/d2 is 1/d+ (p− 1/d2)(1− 1/d)/(1− 1/d2).

The case of p < 1/d2 must be treated separately. Con-
sider the case of x < 0 in equation (41). When calculat-
ing the OMCP, the result is the same as in equation (42)
except that because x is negative, when it is pulled out
of the optimizations the minimization over UB becomes
a maximization and the maximization over UA becomes
as minimization. The result, in the case that |ψ〉 = |Φ+〉,
is that the first term is exactly 0.
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To see this, first note that an OMCP of 1 means that
no matter what basis B selects for his measurement, A
can always select a basis to guarantee that their mea-
surements agree. Instead of selecting this UA, A first ap-
plies this UA and then the permutation matrix sending
|0〉A 7→ |1〉A 7→ · · · 7→ |d− 1〉A 7→ |0〉A, thus guarantee-
ing that her measurement will never agree with B’s.
Thus in the case of p < 1/d2, the result is just (1−x)/d

or 1/d+(1/d2−p)/(d−1/d). Putting both cases together,
the result is

OMCP =
1

d
+

∣

∣p− 1
d2

∣

∣

1− 1/d2
×
{

1/d, p < 1/d2

1− 1/d, p ≥ 1/d2
. (45)

Note that these arguments apply equally well when
|Φ+〉 is replaced by any other maximally entangled pure
state, so the OMCP with such a replacement will be iden-
tical. In particular, for d = 2, replacing it by the singlet
state gives the commonly-studied class of Werner states,
those which are invariant under conjugation by U ⊗ U .
These states are separable for all p < 1/2,[29] demon-
strating that the OMCP is in general not minimized on
separable states.

E. Two qubit states

Finally, I present exact results for all two qubit states.
As in the exact computation of the geometric discord,[37]
the first step is to write the state ρ in Bloch decomposed
form:

ρ =
1

4





1⊗1+
3
∑

i=1

xi σi⊗1+
3
∑

i=1

yi 1⊗σi+
3
∑

i,j=1

tij σi⊗σj





(46)
where 1 is the 2× 2 identity matrix, the σi are the three
Pauli matrices, xi = Tr

(

ρ (σi⊗1)
)

, yi = Tr
(

ρ (1⊗σi)
)

,

and tij = Tr
(

ρ (σi ⊗ σj)
)

. For a density matrix of the
form ρ = ρA ⊗ ρB, the MCP for a specified UA and UB

is Tr
(

UAρAU
†
A ◦ UBρBU

†
B

)

; the proof is similar to the

one given in appendix A for equation (22). This can
be applied individually to each term in equation (46).
The first term is invariant under any unitary conjugation,
giving Tr(1 ◦ 1) = 2. The second and third terms both
give 0, since for any matrix M , Tr(1◦M) = Tr(M ◦1) =
Tr(M), and Tr(UσiU

†) = Tr(σi) = 0. Thus

MCP =
1

4



2 +
∑

ij

tijTr
(

UAσi U
†
A ◦ UBσj U †

B

)



 . (47)

This can now be explicitly computed for fully general
unitaries of the form

U =

(

cos(θ)eiφ sin(θ)eiψ

− sin(θ)ei(ϕ−ψ) cos(θ)ei(ϕ−φ)

)

. (48)

Carrying out this computation gives

MCP =
1

2

[

1 + r̂TA · T · r̂B
]

(49)

where T is the matrix with entries tij and

r̂A =





sin(2θA) cos(φA − ψA)
sin(2θA) sin(φA − ψA)

cos(2θA)



 , (50)

r̂B =





sin(2θB) cos(φB − ψB)
sin(2θB) sin(φB − ψB)

cos(2θB)



 . (51)

The two unit vectors r̂A and r̂B are determined by the
unitaries UA and UB respectively, and furthermore this
map from unitaries to unit vectors is surjective, so the
optimizations over UA and UB can be replaced with un-
constrained optimizations over r̂A and r̂B:

OMCP =
1

2

[

1 + min
r̂B

(

max
r̂A

(

r̂TA · T · r̂B
)

)]

. (52)

Next, the matrix T is real and hence has a singular value
decomposition T = O1DOT2 where O1 and O2 are real
orthogonal matrices and D is diagonal, with its diagonal
elements being the singular values of T . But multiply-
ing an orthogonal matrix by a unit vector gives some new
unit vector, and since the unit vectors are both optimized
over the full unit sphere, this means we can assume with-
out loss of generality that O1 = O2 = 1.
The optimization can now be carried out explicitly.

For any r̂B, A can choose r̂A = r̂B ≡ r̂, in which case
r̂T · T · r̂ becomes

∑

i r̂
2
i di, where d1, d2, d3 ≥ 0 are the

singular values of T . Because r̂ is a unit vector, this is a
weighted sum of the three singular values, which B can
minimize by putting all the weight on the smallest one.
In other words,

min
r̂B

(

max
r̂A

(

r̂TA · T · r̂B
)

)

≥ min
r̂

(

r̂T · T · r̂
)

= min({di}).
(53)

On the other hand, suppose that B chooses r̂B to lie
in the direction corresponding to the smallest singular
value; eg. if d1 ≤ d2, d3, then r̂B = (1, 0, 0)T . In that
case, r̂TA · T · r̂B becomes r̂A1 d1 which A maximizes by
choosing r̂A = (1, 0, 0)T as well, giving d1. Thus

min
r̂B

(

max
r̂A

(

r̂TA · T · r̂B
)

)

≤
(

max
r̂

(r̂j dj)

∣

∣

∣

∣

dj = min({di})
)

= min({di}). (54)

The two inequalities (53) and (54) together prove that the
optimization over r̂A and r̂B gives exactly the minimum
singular value of the matrix T .
I now summarize the result: given any 4 × 4 density

matrix ρ, the OMCP is found by the following steps:

1. Compute the matrix T with elements tij =
Tr
(

ρ (σi ⊗ σj)
)

2. Find the smallest singular value of T ; call it s

3. OMCP = (1 + s)/2; accord = s
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Although it is not strictly speaking an analytical expres-
sion, this is an extremely efficient numerical computa-
tion.
One important consequence of this result is that the

OMCP and accord are symmetric in the two subsystems
for d = 2: when A and B are swapped, the result is to
send T to T T , but any matrix and its transpose have the
same singular values.
One might hope to extend this approach to higher di-

mensions. The three Pauli matrices in equation (46) can
be replaced with corresponding higher-dimensional trace-
less Hermitian matrices, such as the Gell-Mann matrices
for d = 3,[59] and one can generate the (d2−1)× (d2−1)
analogue of T ; the natural conjecture is that the accord
is again just the smallest singular value of this matrix.
Although this is true in certain special cases, such as the
isotropic states discussed above for which all the singu-
lar values are equal, it is sadly not true in general. The
reason is that, although for any d the optimization over
unitaries can be rewritten in terms of an optimization
over (d2 − 1)-dimensional unit vectors, in general this
mapping from the unitary group U(d) to the orthogonal
group O(d2 − 1) is not surjective; consequently, the op-
timization over the unit vectors depends on the allowed
regions of the hypersphere and on how those regions are
transformed by the matrices O1 and O2 from the singu-
lar value decomposition of T . Thus the simple reasoning
used for d = 2 above no longer applies.

V. COMPARISON WITH OTHER MEASURES

The accord can be compared with commonly used mea-
sures of entanglement and of quantum correlations more
generally. In particular, I consider the four notions of
quantum correlations discussed in the introduction: non-
locality, as seen in violations of Bell-type inequalities; en-
tanglement, as captured by the entanglement of forma-
tion; teleportation fidelity; and discord. These measures
and the OMCP all agree on pure states, in the sense that
each one is a function only of the Schmidt coefficients
of the state[17] and furthermore that each is minimized
on the same set of states, namely product states. No-
tably, the teleportation fidelity is linearly related to the
singlet fraction[60], which for pure states is identical to

the OMCP, (
∑

ci)
2
/d,[28] and the concurrence[61, 62]

for two qubit states, which is in bijection with the en-
tanglement of formation, is identical to the accord. (See
Appendix C for a simple proof of the pure state singlet
fraction.) Note that one additional common measure,
the 1/2-Rényi entropy[63], evaluates to 2 log(

∑

ci) and
is thus also closely related to the accord.
For mixed states, the various measures are no longer

equivalent. To illustrate this fact, and to situate the ac-
cord among the existing measures, I evaluate each one
exactly for the isotropic states as defined in equation (43)
with d = 2; the results are shown in Figure 1(a). Non-
locality is demonstrated by the violation of the CHSH

inequality for p > (1 + 3/
√
2)/4.[2, 64][65][66, 67] En-

tanglement is shown via the concurrence, which can be
computed efficiently.[61, 62] Teleportation fidelity is re-
placed by the linearly related singlet fraction to empha-
size that the latter is no longer equal to the OMCP on
mixed states. The singlet fraction and the discord are
computed exactly using results from references 68,69 and
70,3 respectively.
On the isotropic states, accord and discord appear

quite similar: they are both zero only for the maximally
mixed state, and they even share their maximum values
at p = 0 and p = 1. In fact, the two are related by a sim-
ple formula for the d = 2 isotropic states; the discord is
D = I−J(a) where I is the quantum mutual information
and

J(a) =
[

(1 + a) log2(1 + a) + (1− a) log2(1− a)
]

/2 (55)

where a is the accord.[3, 70]
This does not generalize. In fact, there are other

classes of states where the accord appears to match the
entanglement instead. To demonstrate this, I consider
the class of states ρ that are diagonal in the Bell basis:

∣

∣Φ±
〉

=
1√
2
(|00〉 ± |11〉) (56a)

∣

∣Ψ±
〉

=
1√
2
(|01〉 ± |10〉) (56b)

In particular, consider Bell diagonal states with diagonal
elements (1/2, x/2, (1 − x)/2, 0). For all states of this
type, both concurrence (and therefore any entanglement
measure) and accord are exactly zero, while the discord
is

3

2
+
x

2
log2

(x

2

)

+
1− x

2
log2

(

1− x

2

)

−J
(

1

2
+

∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

)

(57)
for J defined above.
The two classes of states together suggest that

{ρ|C(ρ) = 0} ⊃ {ρ|A(ρ) = 0} ⊃ {ρ|D(ρ) = 0}, where
C, A, and D are the concurrence, accord, and discord.
Informally, this could be summarized by saying that the
accord is an intermediate measure between entanglement
and discord. As a further demonstration, I show in
Figure 1(b) and (c) the accord versus the concurrence
and versus the discord for 106 randomly generated Bell
diagonal states; for all such states, C(ρ) ≤ A(ρ) and
J(A(ρ)) ≤ D(ρ) where J is given by equation (55). In
this sense the accord is both an upper bound on the en-
tanglement and a lower bound on the discord, at least
for this class of states.
The story is less clear when considering all two qubit

states, for which the inequality C(ρ) ≤ A(ρ) is vio-
lated. This is demonstrated in Figure 2(a), which shows
concurrence versus accord for 106 states found by trac-
ing out two sites in randomly generated four qubit pure
states.[71] There was no particular reason why that in-
equality should hold in general, so its violation is not in
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FIG. 1. (a) Various measures of quantum correlations computed for isotropic states of the form given in equation (43) with
d = 2. Entanglement, teleportation fidelity, nonlocality, and nonclassicality are captured by concurrence, singlet fraction,
violations of the CHSH inequality, and the discord respectively. The accord appears similar to the discord. (b) Accord (A)
versus concurrence (C) for 106 randomly generated Bell diagonal states. Evidently these satisfy C(ρ) ≤ A(ρ). (c) Accord
versus discord (D) for 106 randomly generated Bell diagonal states. These satisfy J

(

A(ρ)
)

≤ D(ρ) where the function J is
defined in equation (55).
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FIG. 2. (a) Accord versus concurrence for 106 arbitrary two qubit states found by tracing out two sites of random four
qubit pure states[71]; a line showing C(ρ) = A(ρ) is provided as a guide to the eye. The inset shows the distribution of
(accord − concurrence), computed as a histogram with 103 bins. Surprisingly, it is possible for states to be entangled while
having no measurement correlations. (b) Accord versus discord, computed by numerical optimization, for 105 arbitrary two
qubit states, again found by tracing out sites from four qubit pure states.[72] The solid line shows the conjectured bound
J (A(ρ)) ≤ D(ρ); the bound is never violated. The dashed line shows the relation for pure states. (c) Accord versus discord
for 105 two qubit states drawn from a different distribution.[71]

itself surprising. On the other hand, the figure also re-
veals that there are states with zero accord and nonzero
entanglement, which is quite unexpected. Recalling the
definition of the accord, this means that it is possible to
choose a local basis for one subsystem that completely
negates the correlations between measurements made on
the two qubits. This seems to suggest that the entan-
glement in such states is somehow hidden or less useful;
although reminiscent of the idea of bound entanglement
that cannot be used for distillation[73], it must not be
equivalent because all entangled states of two qubits are
distillable[74].

This surprising result can be clarified somewhat by
further examination of the Bloch representation, equa-
tion (46). The accord does not depend at all on the
coefficients xi or yi; in fact, these coefficients precisely
determine the reduced density matrices on the two sub-
systems: ρA = (1+ x · σ) /2 and ρB = (1+ y · σ) /2.
Thus the accord has no dependence whatsoever on the
local states, only on the correlations; this applies not just
to two qubit states, but to any d. The same is not true

for the entanglement (nor for the discord), so it seems
likely that entanglement in states with no unavoidable
measurement correlations in fact comes from the coef-
ficients {xi} and {yi}, ie. from the local reduced den-
sity matrices. This is indeed the case. Any state with
those coefficients equal to 0 is equivalent under local uni-
taries to a Bell diagonal state, [75] and Figure 1(b) clearly
demonstrates that for any such state C(ρ) ≤ A(ρ).

The lower bound on the discord, on the other hand,
appears to hold even for arbitrary states, though the ev-
idence is only numerical. I again generate random two
qubit states by tracing out two qubits from four qubit
pure states. Drawing 105 random states from each of
five different distributions for the four qubit states, and
in each case computing the discord of each mixed state
by numerical optimization, the bound J (A(ρ)) ≤ D(ρ)
is never violated. I show accord versus discord for two
of the pure state distributions[71, 72] in Figure 2(b) and
(c), with a line giving the bound for comparison.
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VI. DISCUSSION

In this work, I have introduced a new measure of
quantum correlations, the accord, defined by a sim-
ple thought experiment. I have computed its value
for a pure state of two d-dimensional subsystems to be
[

(
∑

ci)
2 − 1

]

/

(d− 1), where the ci are the Schmidt co-

efficients of the state, and I have furthermore explicitly
computed the value on several important classes of mixed
states, including all states of two qubits and all pure
states plus colorless noise.

For pure states the accord is closely related to the max-
imal singlet fraction and hence to the teleportation fi-
delity, and it is also a simple function of the 1/2-Rényi
entropy. For two qubit pure states it is equal to the con-
currence.

For mixed states the accord lies approximately between
entanglement and discord. In particular, there are classes
of states for which entanglement is zero while both accord
and discord are generically nonzero, and also classes for
which entanglement and accord are both zero while dis-
cord is not. In fact, for all two qubit Bell diagonal states,
or equivalently all states with a maximally mixed local
density matrix for each of the two qubits, zero entangle-
ment implies zero accord, and zero accord implies zero
discord; on these states, accord is a tight upper bound
on the concurrence and is in bijection with a tight lower
bound on the discord.

The statement that accord lies between entanglement
and discord becomes approximate when considering the
more general case of all mixed states. For arbitrary two
qubit states, the accord continues to provide a tight lower
bound on discord, but the bound on entanglement is
sometimes violated. Most notably, there are states with
nonzero entanglement and zero accord. In other words,
there exist entangled states of two qubits for which, when
one qubit is measured in a particular basis, measure-
ments of the two qubits will be completely uncorrelated
regardless of the measurement basis chosen for the second
qubit. This remarkable and unexpected behavior reveals
a new type of hidden entanglement that is possible only
in mixed states.

This novel insight into the nature of mixed state entan-
glement demonstrates the value of studying measures like
the accord that are designed to be as intuitively clear as
possible. In particular, the accord formalizes one of the
most intuitive pictures of entanglement, based on the cor-
relations between measurements of two subsystems, and
hence a comparison between the accord and other mea-
sures like entanglement and discord allows a clear picture
of how they do or do not conform to this kind of intuitive
understanding. This, combined with the fact that it can
be efficiently computed on several very important classes
of states, makes the accord a valuable and interesting
measure of quantum correlations.

One additional benefit arising from its definition in
terms of a clear experimental procedure is that the ac-

cord is relatively easy to explain to beginning students of
quantum mechanics and even to non-physicists, certainly
compared with most measures of entanglement, and thus
it could also prove useful for education and outreach pur-
poses.
There is certainly more work remaining to be done. It

may be possible to make progress on the efficient evalu-
ation of the accord for general mixed states beyond the
two qubit case by a careful consideration of the hyper-
sphere geometry alluded to at the end of section IVE.
Additionally, in this paper I have computed the accord
only for the case where both subsystems HA and HB

have the same dimension, d; it would be interesting to
pursue the more general case of dA 6= dB as mentioned
in section II C.
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Appendix A: Pure state OMCP simplification

Here I show that for a pure state ρ = |ψ〉 〈ψ|, where |ψ〉
has Schmidt coefficients {ci}, equation (7) is equivalent
to the simpler formulations given in equations (21) and
(22).
For this special case, the MCP becomes

∑

ijn

cicj 〈i, i| (UA ⊗ UB)
† |n, n〉 〈n, n| (UA ⊗ UB) |j, j〉 .

(A1)
This expression can be written as the tensor network
shown in Figure 3(a); edges in the network indicate ten-
sor contraction, and for nondiagonal matrices the arrows
point inwards for the row index and outwards for the
column index. Each diamond tensor Λ is the diagonal
matrix with diagonal entries c1 through cd, and the filled
circle represents a higher dimensional identity tensor, for
which any element with all indices equal is 1 and all oth-
ers are 0.
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This tensor network can now be manipulated using the
identities shown in Figure 4. Following the steps shown

in Figure 3(b) immediately gives equation (21), and sim-
ilarly following the steps in Figure 3(c) gives equation
(22).

Appendix B: Proof of Hadamard trace lemma

Here I present an alternative proof of equation (26) to the one given in reference 54. The proof proceeds by direct
expansion of the second term on the right-hand side:

d−1
∑

i=1

d
∑

j=i+1

(aii − ajj)(bii − bjj) =

d−1
∑

i=1

d
∑

j=i+1

aiibii +

d−1
∑

i=1

d
∑

j=i+1

ajjbjj −
d−1
∑

i=1

d
∑

j=i+1

aiibjj −
d−1
∑

i=1

d
∑

j=i+1

ajjbii (B1a)

=
d−1
∑

i=1

d
∑

j=i+1

aiibii +
d
∑

j=2

j−1
∑

i=1

ajjbjj −
d−1
∑

i=1

d
∑

j=i+1

aiibjj −
d
∑

j=2

j−1
∑

i=1

ajjbii (B1b)

=

d−1
∑

i=1

(d− i)aiibii +

d
∑

i=2

(i − 1)aiibii −
d−1
∑

i=1

d
∑

j=i+1

aiibjj −
d
∑

i=2

i−1
∑

j=1

aiibjj (B1c)

= (d− 1)

d
∑

i=1

aiibii −
d
∑

i=1

∑

j 6=i

aiibjj (B1d)

= d

d
∑

i=1

aiibii −
d
∑

i=1

d
∑

j=1

aiibjj (B1e)

= dTr(A ◦B)− Tr(A)Tr(B) (B1f)

This is precisely the desired result.

Appendix C: Pure state singlet fraction

I include this calculation of the singlet fraction for pure
states primarily to demonstrate the power of the tensor
matrix notation used in Appendix A, which allows for an
almost trivial proof.
For a pure state |ψ〉, the singlet fraction is the

maximum over all maximally entangled states |ψm〉 of

|〈ψm|ψ〉|2. There exist ŨA, ŨB, UA, and UB such that
|ψ〉 satisfies equation (9) and |ψm〉 = (UA ⊗ UB) |Φ+〉,
where |Φ+〉 is defined in equation (44). The maximiza-
tion over |ψm〉 becomes a maximization over UA and UB.
Then the inner product 〈ψm|ψ〉 is given by the tensor

network shown in Figure 5(a). The lower filled circle is
just the identity matrix and can be remove from the net-
work. Then all four unitary matrices can be multiplied
together, giving some new unitary U ; the inner prod-
uct is now given by the network in 5(b), which is just

Tr(UΛ)/
√
d = (

∑

i Uiici)/
√
d. But

∣

∣

∣

∣

∣

∑

i

Uiici

∣

∣

∣

∣

∣

≤
∑

i

|Uiici| ≤
∑

i

ci (C1)

and both bounds are achieved for U = 1. Thus the
maximum of |〈ψm|ψ〉|2 is (

∑

ci)
2/d, which as claimed in

the main text exactly matches the result for the OMCP.
Appendix D: Entangled state with no accord

In section V above, I showed the surprising fact that
states can have quite large entanglement even with nearly
zero accord. In fact, it is possible to find a state with
precisely zero accord and nonzero entanglement. To gen-
erate such a state, I begin with a nonnegative 3 × 3 di-
agonal matrix T with one of the diagonal entries being 0
and the other two random. I then compute O1T O2 for
random orthogonal matrices O1 and O2, and also ran-
domly pick values for {xi} and {yi}. Then the state ρ
using equation (46) is guaranteed to have zero accord.
After checking that this is a valid density matrix, ie. it is
positive semidefinite, the concurrence can be computed.
One example state ρ found by this method is given by:
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FIG. 3. (a) Tensor network representation of equation (A1).
Each node is a tensor, and lines indicate tensor contraction.
Filled circles are higher dimension identity tensors, the dia-
monds are diagonal matrices whose diagonal entries are the
Schmidt coefficients, and for nondiagonal matrices inward ar-
rows indicate the row index and outward arrows the column
index. (b) Derivation of equation (21) using the identities
from Figure 4. The circle labeled c is a vector whose entries
are the Schmidt coefficients. (c) Derivation of equation (22).

= =

=

=

=

FIG. 4. Tensor network identities used in deriving equations
(21) and (22). The notation used is defined in the caption of
Figure 3.

FIG. 5. (a) Tensor network representation of 〈ψm|ψ〉 from the
calculation of the singlet fraction. (b) The network immedi-
ately simplifies to this one, where U is some unitary matrix.
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ρ =







0.1547077 −0.0937756− 0.0097791i 0.0032410− 0.0780971i −0.0490784− 0.0004913j
−0.0937756+ 0.0097791i 0.2401018 0.1384087 0.0790484− 0.0248949i
0.0032410+ 0.0780971i 0.1384087 0.1802319 −0.0179682+ 0.0434231i
−0.0490784+ 0.0004913i 0.0790484+ 0.0248949i −0.0179682− 0.0434231i 0.4249586






.

(D1)
The interested reader can check that this state indeed has the claimed properties. (Note that due to rounding, the
accord is about 3× 10−8 rather than exactly 0.)
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