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An analytic description of high-order harmonic generation (HHG) is proposed in the adiabatic
(low-frequency) limit for an initial s-state and a laser field having an arbitrary waveform. The
approach is based on the two-state time-dependent effective range theory and is extended to the
case of neutral atoms and positively-charged ions by introducing ad hoc the Coulomb corrections
for HHG. The resulting closed analytical form for the HHG amplitude is discussed in terms of real
classical trajectories. The accuracy of the results of our analytic model is demonstrated by com-
parison with numerical solutions of the time-dependent Schrédinger equation for a strong bicircular
field comprised of two equally intense components with carrier frequencies w and 2w and opposite
helicities. In particular, we demonstrate the effect of ionization gating on HHG in a bicircular field,
both for the case that the two field components are quasimonochromatic and for the case that the
field components are time-delayed short pulses. We show how ionization in a strong laser field not
only smooths the usual peak structures in HHG spectra, but also changes the positions and po-
larization properties of the generated harmonics, seemingly violating the standard dipole selection
rules. These effects appear for both short and long incident laser pulses. In the case of time-delayed
short laser pulses, ionization gating provides an effective tool for control of both the HHG yield and
the harmonic polarizations [M.V. Frolov et al., Phys. Rev. Lett. 120, 263203 (2018)]. For the case
of short laser pulses, we introduce a simple two-dipole model that captures the physics underlying
the harmonic emission process, describing both the oscillation patterns in HHG spectra and also

the dependence of the harmonic polarizations on the harmonic energy.

13 I. INTRODUCTION

1 High-order harmonic generation (HHG) is an effective
15 tool for converting intense low-frequency laser radiation
16 into coherent high-frequency radiation. This nonlinear
17 light conversion process has found a wide range of prac-
tical applications in laser physics [1], including in devel-
1 opment of table-top sources of coherent X-ray light [2—
0 4], in attosecond pulse generation and attosecond spec-
troscopy [5, 6], and in ultrafast spectroscopy in general
(see, e.g., Refs. [7, 8]). The importance of HHG has con-
sequently stimulated many experimental and theoretical
u studies aimed at understanding this nonlinear process.
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s The theoretical description of HHG and other non-
linear processes in a strong nonperturbative laser field
encounters several obstacles, which remain a challenge
even a half-century after the advent of strong field
physics [9, 10]. The key challenge is the need to describe
the nonperturbative laser field on the same footing as the
field of the ionic core, as together they govern the elec-
tron dynamics. While this challenge is met by numer-
ical solutions of the time-dependent three-dimensional
Schrodinger equation (TDSE), exact solutions are only
rarely possible. Even in the single-active-electron ap-
proximation (see, e.g., Refs. [8, 11-13]), numerical sim-
ulations are feasible only in limited ranges of the laser
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parameters. For example, numerical simulations of the
nonlinear interactions in the very important regime of
intense mid-infrared (MIR) fields, e.g., for wavelengths
2 3um, are numerically extremely challenging, especially
in the case when the polarization of laser pulse is not lin-
ear. Simulations for elliptically polarized laser pulses or
for those having unusual spatial waveforms are rather
difficult and require special treatments [14-17]. Includ-
ing multielectron correlations is more difficult still, with
practical algorithms limited to the case of linear polar-
ization and restricted frequency and intensity ranges [18—
26].

Although exact numerical solution of the TDSE re-
mains the premier theoretical method, owing to its lim-
ited range of applicability, the development of quanti-
tative analytical theories, benchmarked against accurate
numerical simulations, have a role to play in the analysis
of HHG. This is especially true in parameter regions cur-
rently inaccessible to accurate numerical analysis, such
as, e.g., in the MIR frequency range. In such cases, an-
alytical methods and models can enable significant ad-
vances in physical understanding.

The workhorse of strong field physics is the strong field
approximation (SFA) [27, 28], whose essential ideas were
formulated in the 1960s and 1970s [29-33]. The main
idea is to consider the interaction of the laser field with
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an active atomic electron exactly, while either neglect-
ing the electron-atom interaction following ionization (in
zero order) or taking it into account perturbatively. This
approach leads to a formal Born-like series (in the atomic
potential) for transition amplitudes, the convergence of
which remains an open mathematical question. In prac-
tice, however, the first few terms of such an expansion
(as in the so-called “improved” SFA) are sufficient to de-
scribe the general features of HHG [27, 34-38].

Crucially, the SFA led to a very important insight
into the theoretical description of strong field phenom-
ena, namely, the applicability of the quantum orbit ap-
proach (QOA) [34, 39-42]. In terms of the QOA, the
HHG amplitude is represented as a sum of partial ampli-
tudes, each of which is associated with a complex closed
electron trajectory in the laser field. These trajectories
formally satisfy Newton’s equations, although they cor-
respond to complex starting and ending times that are
found from adiabaticity conditions [43] for the ionization
and recombination steps [34, 39-42]. In the strong field
limit, the QOA results are in good agreement with SFA
results. Moreover, the QOA provides a natural means of
including the Coulomb-induced corrections to the HHG
amplitude within quasiclassical perturbation theory [44].
(In the quasiclassical limit, the HHG process may be split
into its well-known three steps [45]: ionization, propaga-
tion, and recombination.) A similar picture of quantum
orbits also naturally arises within the analytical R-matrix
theory [46-50], which uses semiclassical perturbation the-
ory in the action to include the effects of the Coulomb
potential on strong-field-driven electron dynamics. Using
the QOA and either quasiclassical perturbation theory or
the analytical R-matrix theory, Coulomb corrections may
be derived for the first two steps of the HHG process [50-
52], including Coulomb corrections to the ionization and
recombination times.

The quantum orbits picture thus provides a natural
basis for alleviating the main drawback of the SFA, the
lack of an accurate treatment of the electron-core inter-
action. It suggests introducing ad hoc corrections to
the SFA amplitude, utilizing the known parametriza-
tion of the HHG amplitude [53, 54]. The key correc-
tions amount to replacing the plane-wave photorecom-
bination amplitude by the exact one [37, 38] and us-
ing accurate strong-field ionization amplitudes. This ap-
proach has now been successfully extended to HHG in
molecules, including multi-electron effects during ion-
ization, active electron motion in the continuum, and
recombination (see, e.g., Refs. [42, 55-60]). Applica-
tions include analysis of enantio-sentitivity of HHG in
chiral molecules [61-63], description of HHG by atoms
with initial p-orbitals [64, 65], and control of the spin-
polarization of recolliding electrons [66].

The study of strong field phenomena has also been
greatly advanced by exactly-solvable analytical models.
The first such model of an atomic system in a strong
laser field was the d-potential (or zero-range potential)
model [67]. It was used initially to describe the de-
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tachment of a weakly-bound electron in a negative ion
induced by a nonperturbative ac-field [68-70]. Later it
was extended to describe the HHG process [71, 72]. A
main drawback of the J-potential model is that its prac-
tical application is restricted to systems with weakly-
bound electrons in an initial s-state. Its extension to
the case of higher angular momenta in the initial bound
state was achieved within the time-dependent effective
range (TDER) approach [73, 74]. This method com-
bines the effective range theory for the description of
the non-perturbative electron interaction with an atomic
core [75, 76] and the Floquet-formalism-based quasista-
tionary quasienergy description of the electron interac-
tion with a nonperturbative laser field [68, 77]. It coin-
cides with the d-potential model in an appropriate limit.

In a periodic laser field, the HHG process can naturally
be treated within the TDER model using the relation
between the complex quasienergy and the HHG ampli-
tude [78]. For short laser pulses, direct application of the
Floquet formalism is impossible, but appropriate exten-
sions of the TDER model have been developed [79, 80].
A one-dimensional §-potential model has also been suc-
cessfully used to analyze HHG for the case of a few-cycle
laser pulse [81].

The main advantage of the analytical models is their
innate applicability in the low-frequency regime of MIR
laser fields, precisely where numerical simulations be-
come prohibitively expensive. The analytical structure
of the HHG amplitude in this regime has been studied
in detail [54, 80-85]. For the case of linear polarization,
these results provide a rigorous theoretical justification
for the factorization of the HHG yield as the product
of an electronic wave packet (EWP) and the exact pho-
torecombination cross section [54, 80-84], as was sug-
gested in Refs. [53, 86, 87] based upon numerical TDSE
results. However, for both the case of an elliptically po-
larized monochromatic laser field [17, 84] and the case of
a two-color laser field having orthogonal linearly polar-
ized monochromatic components [85] other parametriza-
tions of the HHG amplitude were obtained, different from
that for the case of linear polarization.

In this paper we develop an analytic description of the
HHG amplitude for the case of a laser field having an
arbitrary spatial and temporal waveform. Although ex-
perimental data exist for some complex field configura-
tions [88, 89], up to now there have been no corresponding
analytical studies. More specifically, for an active elec-
tron in an initial s-state we develop here an analytical
description of HHG applicable in the low-frequency (or
adiabatic) limit for a laser pulse having an arbitrary spa-
tial and temporal waveform. We then apply this theory
to the case of HHG driven by a bicircular laser field com-
prised of pulses having carrier frequencies w and 2w and
opposite circular polarizations. Both the low-frequency
approximation and the case of HHG driven by a bicir-
cular laser field have long histories, which we summarize
briefly and relate to the present work prior to presenting
the organization of this paper.
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The low-frequency (or adiabatic) approximation for
the case of ionization of a weakly bound electron in
a zero-range potential driven by an elliptically polar-
ized laser field was analyzed in 1980 using the quasis-
tationary quasienergy state formalism [70]. More re-
cently, an alternative adiabatic approximation formal-
ism has been employed to analyze both ionization [90]
and HHG [81] for the case of an electron bound in a
zero-range potential and interacting with a linearly po-
larized laser field; its use for the case of ionization of an
electron in a finite range potential has also been stud-
ied [91]. Most recently, the low-frequency approxima-
tion has been used to study HHG driven by bicircular
(monochromatic) laser fields [38]. The physics of the low-
frequency (or adiabatic) approximation is similar to that
used by P.L. Kapitza to describe a particle in a rapidly os-
cillating field in classical mechanics [92, 93]. Specifically,
the time-dependent (periodic in time) wave function is
decoupled into slowly and rapidly changing parts, where
the latter part is found using a basis unperturbed by the
laser field, while the slowly changing part is found includ-
ing effects of the rapidly changing part. Such decoupling
can be realized in the case of a slowly changing laser field
(relative to an atomic time scale) [91].

The study of HHG driven by a bicircular laser field
was initiated over twenty years ago [94, 95]. It has be-
come a very hot topic recently, both experimentally and
theoretically, owing to the polarization properties of high
harmonics generated in such fields. Specifically, the use
of bicircular driving laser fields has been shown to pro-
duce circularly or elliptically polarized harmonics or at-
tosecond pulses [38, 88, 94-103]. Moreover, means for
controlling the polarization of the emitted coherent radi-
ation have been proposed and/or experimentally demon-
strated [64, 88, 89, 94, 95, 97, 99-110]. There exist many
important applications of isolated short laser pulses in
the extreme ultraviolet and X-ray regimes with controlled
polarization for studying chiral-sensitive light-matter in-
teractions in, e.g., magnetic materials [88, 97, 100, 111
113] or polyatomic molecules [58, 96, 101, 108, 114].

Note that existing theoretical descriptions of HHG in
a bicircular field are based on the SFA [64, 65, 95, 98,
107, 115], which ignores effects of the Coulomb poten-
tial. In a recent study [38], the low-frequency approxi-
mation is employed to analyze the HHG amplitude and
it is shown how the exact photorecombination amplitude
(for the studied atomic model) appears in that ampli-
tude. However, although Coulomb phases are introduced
ad hoc, the analysis is mainly suitable for short-range po-
tentials, as the boundary conditions for the wave func-
tion at large distances do not take into account the long-
range Coulomb interaction. Thus, additional Coulomb
corrections to the HHG amplitude (taking into account
ionization and propagation in the Coulomb field) are re-
quired [51, 52].

This paper is organized as follows. In Sec. IT we gen-
eralize our two-state TDER model for HHG, which ini-
tially was developed for a linearly polarized monochro-
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matic field [54], to the general case of a driving laser pulse
having an arbitrary spatial and temporal waveform. In
Sec. IIT we discuss the extension of our theory to neutral
atoms and positively-charged ions. A number of applica-
tions for the case of a bicircular driving field are presented
in Sec. IV, including results for both long and short driv-
ing laser fields, a comparison with numerical solutions
of the TDSE, a trajectory analysis, and, for the case of
short bicircular fields, a two-dipole model for HHG emis-
sion. We summarize our results and present our conclu-
sions in Sec. V. Some mathematical details and deriva-
tions concerning the HHG amplitude and the recombi-
nation dipole moment are presented in Appendices A,
B, C, and D. Atomic units (a.u.) are used throughout
this paper unless specified otherwise.

II. GENERAL FORMULATION AND RESULTS

FOR THE TWO-STATE TDER MODEL

In this Section we generalize the two-state TDER
model, initially developed for a linearly polarized
monochromatic field [54], to the general case of a laser
pulse having an arbitrary waveform. As was found in
Ref. [54], the use of the two-state model allows us to
confirm that the factorized result for the HHG rate in-
volves the exact TDER result for the photorecombina-
tion cross section (which is more accurate than the SFA
result), at least for an initial s-state. This model also al-
lows us to formulate the exact equations for the complex
quasienergy for a system having a dynamical continuum
and two bound states. Moreover, it allows us to extend
the low-frequency (or adiabatic) approximation initially
suggested in Ref. [70] (see also Refs. [81, 91]) to the case
of HHG, whose amplitude can be related to the system’s
complex quasienergy [78].

The adiabatic approach requires an accurate choice of
unperturbed wave functions for the active atomic elec-
tron. Indeed, if the initial state has nonzero angular
momentum, then the wave functions for the magnetic
sublevels can be mixed by an elliptically polarized laser
field [17, 84] or by a two-color field with orthogonal
linearly polarized components [16]. Since the case of
nonzero angular momentum requires these special con-
siderations, we shall restrict our considerations here to
the simplest case of an initial s-state.

The two-state TDER model and the equations for the
complex quasienergy are treated in Sec. IL A. In Sec. IIB
we develop an adiabatic approximation for the complex
quasienergy and derive adiabatic approximation expres-
sions for the HHG amplitude for a driving laser field hav-
ing an arbitrary spatial and temporal waveform. We dis-
cuss the relation of the present results to previous ana-
lytical results in Sec. I C.

A. Equations for the complex quasienergy

We shall analyse the complex quasienergy in a peri-
odic laser field with a period 7 and corresponding fre-



22 quency w, = 27/7 within the framework of TDER the- 3u
203 ory [73, 74]. The TDER theory is based on the boundary

204 condition for a quasistationary quasienergy wave function

205 De(r,t) [77, 116] formulated at small distances from the

206 core [73, T4] (see Appendix A for details):

/ / O (r, 1)Y], (Q)e™rtdQdt

= [T )+ Bule ) ()] (1)
(20 — D)2+ DUBy(e) = kT cot 6y(k), k= V2,

27 where € is the complex quasienergy, Y7, () is a spherical
206 harmonic, f,(ll’m) is the Fourier-coefficient of a periodic
w function fEm)(t) = flm(t 4 T) = 3 fibm)e-inw-t
s0 with period T = 27 /w., and §;(k) is the scattering phase
s for the [-th angular momentum channel. A wave function
302 satisfying boundary condition (1) can be composed from

2 the partial wave functions, ®™ (v, t) [74):
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317
20 where G(r,t;7',t') is the retarded Green function for ;4

w5 a free electron in a laser field with vector potential ;,
w5 A(t) [116], and Y (n) is a solid harmonic. In our ana- 4
a7 lytical model we take into account only two phases 6;(k)
w8 with [ = 0 and | = 1. Equivalently, this means that our s,
200 model atomic system has only two (s and p) bound states. s
a0 Thus, the total wave function should be composed from s,
su the partial wave functions for [ = 0, 1: 25
326

1 327

=Y > elm(r). (4) »s

1=0,1 m=—1 329
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331
sz Expansions of partial wave functions with [ = 0 and 33
a3 [ = 1 at small distances have the form (cf. Ref. [74]):
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Gt ) = (50
, A ) Fie(t—t")
Ge(t,t') = Vit — ) (5d)
, 1/ i N et ’
Aty = [ a@ - 25 [ aeae| asise
1 ¢
K(t,t) = A(t) - — y A(&)dg, (51)
where m = 0, £1, 5, = /2(e+nw;) (the square

root is taken on the upper sheet of the Riemann sur-
face), and K/ , K,, are the circular components of vec-
tors K’ and K , which are given by expressions ni; =
F(ng £ iny)/V/2, ng = n, where the vector n is either
the vector K’ = K'(t,t") or the vector K = K (t,1).
It should be noted that the first terms in Egs. (5a) and
(5b) correspond to the first few terms of an expansion
of the spherical Hankel function h;(is,r), which is the
solution of the Schrédinger equation for a free electron
with a given [ and “energy” s /2 [43]. These terms are
not affected by the laser field, while other (regular in r)
terms of Egs. (5a) and (5b) are laser-induced and tend
to zero when the laser field is turned off.

By taking into account expansions (5a) and (5b),
we match the wave function (4) to the boundary
condition (1) and obtain equations for the complex
quasienergy € and the Fourier-coefficients fy (hm),

[Bo(€ + nwy) — isg,] f00)

T/2 ¢
1 .
-1 [ [awnioowenara
—T/2—<>o
Z/ /gett AWK,
—T/2—00
x et dt! dt, (6a)
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|/
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35 Although Eqs. (6a) and (6b) are rather cumbersome,
136 their solution is greatly simplified in the adiabatic ap-
s proximation (see Refs. [70, 91, 117]). For simplicity,
13 we do not consider the resonant case between two (s
and p) atomic states, which requires detailed consider-
ation. In the adiabatic approximation for an initial s-
state, the Fourier-coefficients f7(10,0) and f(1 ™) can be
obtained from Egs. (6a) and (6b) by substituting on the

339
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w3 right-hand sides of these equations f(%:0)(t) = féo ¥ and
e F(1) = 0
(0,0)
FOO —J0 B et i) — s, !
T/2 +
T2 =0
o 1ym £(0,0) 317
Fom) % [81 (€ +nwy) — %
T/2 ¢
/ / G (t, ') K _ et dt' dt. (7b)
— T2 o

ss For n # 0, G/(t,t') in the integrand of Eq. (7a) can be
s replaced by G (t,t).

B. Adiabatic approximation for the HHG
amplitude in the TDER model

347
348

s The HHG amplitude in a strong periodic laser field
w0 can be found as the first derivative of the complex
31 quasienergy in a two-component field [78] equal to the
32 sum of the strong periodic laser field and a weak (in-
353 finitesimal) harmonic field of frequency  with electric
s vector Fo(t) = FoReleqe %], where eq is the polar-
355 ization vector. According to Ref. [78], the laser-induced
6 dipole moment is given by expression

37 where Ae is linear in the Fy correction to the complex
38 quasienergy of the target atom in the strong periodic
50 laser field.

For a short laser pulse having an arbitrary waveform,
1 the HHG amplitude can be found by replacing the iso-
s2 lated short pulse by a train of such short pulses, with the
363 period of the train equal to 7 = 27 /w,. In this case, the
s« HHG amplitude, A(€2), can be found in the limit w; — 0
s6s for fixed Q = Nw, [80]:

A(Q) = EQ* D(Q),

360

D(Q) = 9)

= lim DQ/(UT.
wr—0
s The equation for the complex quasienergy € in a strong
% periodic field and a weak harmonic field can be obtained
s from Eq. (6) by replacing A(t) — A(t), where A(t) is
w0 the vector potential of the two-component field,

+ %Im [6(26
s and A, (t) is the vector potential of the train of short
sn pulses separated in time by 7.

The detailed calculation of Ae in the TDER model is
s presented in Appendix B. Using that result, the result
s for D(2) can be presented in the form:

D(Q) = D,(Q) + D2(2) + D3(%2),

A'(t) _ AT(t) 7iﬂt}

: (10)

372

(11)

35 where each term will now be discussed in turn.
The first term in Eq. (11) for the dipole has the form:

Q) = / D, (t)e'*at,

376

(12)

t
Di(t) = ~icg(® [ 01, (e)K (e 0)ar, (13)
1 a(~Q)
98 =508 Bi(—1I, + Q) —isx /3
1 (2Q —21,)%%  KP
o(-9) = g | i g .
o — 2(Q - Ip)a C= OZIQ/T(,

s where the definition of K (¢,t') is given by Eq. (5f), that
s of G_p (t,1') by Eq. (5d), and I,, = x?/2 is the ionization
a9 potential.

The second term in Eq. (1

- /OO Do (t)dt

Ds(t) = 292/ G, (t,t)K'(t,t")e" " at', (15)

se1 where K'(¢,t') is defined in Eq. (3). For @ > I, >
322 w (where w is the carrier frequency of the driving laser
se3 pulse), the term Ds(t) is much smaller than D, () and
4 can be neglected. Indeed, since I, > w, the integral in
85 £ can be estimated using the saddle point method. The
386 saddle points for the integral (15) are given by

1) has the form:

380

(14)

K?(tt) = —2(I, + Q), (16)



ser while for the integral (13) they are given by the equation

K"(t,t') = =21, (17)
s Obviously, the solutions of Eq. (16) have larger imagi-
s nary parts than the corresponding solutions of Eq. (17),
s0 resulting in Do (t) being exponentially small compared
sn to Dy (t). Physically, the dipole D2 (£2) describes a sup-
392 pressed harmonic generation channel in which the bound
303 electron, instead of tunneling, emits a high-energy har-
monic and then returns to the initial state by absorbing
driving laser photons (cf. the discussion in Ref. [36]).
The third term in (11) can be presented as follows:

394
395

396

Dy(Q) = /_ " Dy, (18)

Ds(t) = —ifﬁ /gfzp(t,t’) /t F(¢)e™*dedt’,(19)

o7 where F'(t) = —0A(t)/0t. The integral (19) is also small
3 compared to the integral in Eq. (13) for Q@ > I, > w.
30 Indeed, if w and F are the carrier frequency and the
wo strength of the laser pulse, then A(¢) is of the order of
w F/w, while the integral over £ in Eq. (19) is of the order
w of F/Q. Thus D3(Q) is Q/w times smaller than D;(Q)
a3 for © > w. Therefore, by analyzing the three terms in
w Eq. (11), we find that only D4 (€2) contributes in the case
w05 that Q> I, > w, ie., D(t) ~ Dl(t).

The dipole moment D;(Q2) in Eq. (12) can be evalu-
w7 ated analytically in the adiabatic limit (as shown in Ap-
w8 pendix C) and D(Q) can then be presented in the form:

D(Q) =) d;.

406

(20)

w9 Each partial sub-cycle dipole d; is associated with a
a0 closed real trajectory, which starts at the moment t;- and
au finishes at time ¢;. Starting and returning times are given
a2 by solutions of a system of transcendental equations:

K| K/ =0, (21a)
K2
K, K/
K72 4 2 —— —F (K- K))
Agj = - J
T2t —t)) F’_K|. F! ’
7 j it

as where K/ = K'(t;,t), K = 0K'(t;,1})/0t;, K; =
as K(t;,1}), Fj = F(t;), and FJ’ F(t;) Equation (21a)
x5 shows that at the starting time t;- the kinetic energy of
a6 the electron in the laser field is minimal, while Eq. (21Db)
a7 ensures that at the moment of return the electron has
as kinetic energy £ — AE;. The sub-cycle dipole can be
a0 presented in a factorized form:

dj - a;tun)algprop)fmc(E)’ (22)

a0 where each of the three factors is discussed below.

The tunneling ionization factor, ag-mn), is given by
22 the detachment amplitude in the adiabatic approxima-
23 tion [51, 118] [see Eq. (13) in Ref. [51]]:

421

W

P

37

g

a(tun) _ Cx E €

S ENVEro

%J = 1/2];0 +KJ/-2,

S(p.t) = / ; {% [p+ A + Ip} ',

1 L
[
ti—t; Ju

w25 The factor ag-tun) describes the ionization step in the

26 three-step scenario of HHG [45].

The propagation factor, aProP)

. J
428 S1011:

iS(pj 7t/j) ,

(23)

24 Where

2
F? - K

b; =

a7 , is given by the expres-

—iS(pj,t;)+iQ; L, .
;PTOP) =3 € J (24)

(t; —t';)3*\/K; - K

29 where Izzj =K;/ V2E. This factor describes the propa-
0 gation of the EWP in the continuum from the moment
of ionization, t;-, to the moment of recombination, ¢;.

The last factor in dj, frec(E), is the exact amplitude
w33 for radiative recombination to the ground state with [ =
a4 0 in the two-state TDER model for the electron with
s wave vector k (k = v/2E), whose direction coincides with
136 the polarization vector of the emitted linearly polarized
437 photon [54]

a

431

432

kAR
frcc(E) = chm

x [1 - 4%3 (1 - 22'75) (1 + z’?é)z (eml(’f) - 1)} .(25)

s where k = k/k. [Note that if one neglects the scattering
a0 phase, i.e., if one sets d1(k) = 0, the result (25) reduces
a0 to that in the Born approximation (cf. Ref. [54]).]

The analytic approach developed above does not take
into account depletion of the ground state due to tunnel-
ing ionization. To overcome this limitation, we introduce
the depletion factor, P;, for each partial dipole d;:

I(F (f))dt] ,

P; = exp [—%/ T(F(t))dt — %[
(26)

ss where T'(F') is the detachment rate for the initial state
us in a DC field with strength F. This factor describes
a7 depletion effects at the moment of ionization and recom-
xs bination in the adiabatic limit [81]. Taking into account
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the depletion factor, D(2) has the form:

D(Q) =Y P;d;. (27)

With given D(2), the dimensionless spectral density
of the emitted radiation is given by (see, e.g., Ref. [80]):

Q4
e

ID(Q)*,

p(82) (28)

~
~

where ¢ 137 is the speed of light. Substituting the
explicit form of the dipole moment (27) into Eq. (28)

and taking into account that

03 9
Orec(B) = 55 | frec(E)I", (29)
we obtain the spectral density p(£2) in the form:
p(Q) = W(E)orec(E), Q=E+1I,, (30)

where W (E) is the EWP. The explicit form of W(E) is
obvious from Egs. (28) and (29):

W(E) = (31)

J J

™ tun rO

7k ZPJ-@( ) qProp)
J

We note that the result (30) is applicable for Q > I,.

C. Connection with alternative analytic
approaches and studies

1. Quantum orbits approach

The workhorse for treating strong field phenomena is
the QOA [34, 39, 41]. In the framework of this approach,
the HHG amplitude is presented as a sum of partial am-
plitudes, each of which is associated with a closed com-
plex electron trajectory in the laser field. Although these
trajectories are associated with complex times, they still
satisfy classical Newton equations. The complex closed
trajectories are determined by their starting (¢') and re-
turning (¢) times, which are the solutions of the system
of equations [34, 39, 41]:

K"?(t,t) = —x2,
K?(t,t') = 2E.

(32a)
(32b)

As shown in Ref. [119], in the limit Im wt’ < 1 the solu-
tion of the system of equations (32) reduces to the solu-
tion of the system of equations (21). Thus, the present
approach is a limiting case of the more general QOA.
However, in contrast to the quantum orbits theory,
the present approach associates partial HHG amplitudes
with classical (real-valued) closed trajectories. These
simplify the classical interpretation of HHG as well as the
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numerical issues associated with finding the contribut-
ing trajectories: the solutions of Eq. (21) together with
Eq. (C11) may be used as a starting guess for the solu-
tions of the system (32). In the tunneling regime, they
almost match the solution of Eq. (32) (for details, see
Ref. [119]).

2. Analytic expansion of the HHG amplitude in terms of
extreme trajectories

The analysis of real classical trajectories shows that
near some energies F =~ Eé@x two classical trajectories
coalesce into one [120-122]. This coalescence results in
a singularity in the harmonic spectral density that is
known as a caustic. The occurrence of this caustic re-
sults from the fact that high-order derivatives (in time

t) of the action S(t,t') approach zero near the energies

E = BE$, [120-122]. In the simplest case, the condi-
tion for appearance of a caustic is that the second-order
derivative (with respect to t) of the classical action S(¢,t')
is zero, i.e., it coincides with the condition for an ex-
tremum of the energy gained by the electron in the laser
field.

As shown in Refs. [80, 83, 123], the HHG amplitude can
also be presented as a sum of partial amplitudes, each as-
sociated with an extreme trajectory in which the electron
returns to the origin with energy Eé@x For a linearly
polarized field, the electron propagates in the continuum
with zero initial momentum and the extremum in the en-
ergy gained is given by the zero of the derivative of the
vector K (t,t") with respect to time ¢:

K'(t,t') =0, (33a)
OK (t,t')
—a = 0. (33b)

Expanding solutions of Eq. (21) near the roots of Eq. (33)
(which do not depend on the energy FE), it can be
shown (see details in Appendix D) that expansion of the
HHG amplitude in terms of extreme trajectories coin-
cides asymptotically (in an energy region not too close
to caustics) with the results of the present approach.

III. EXTENSION TO THE CASE OF NEUTRAL
ATOMS HAVING AN ACTIVE s-ELECTRON

The Coulomb field changes the laser-induced electron
dynamics significantly. Even though the analytical de-
scription of these effects is challenging, the low-frequency
(adiabatic) regime allows for simplifications. Our result
for D(€2) [see Egs. (20) and (22)] was obtained within
an analytical model that supports two nonzero scatter-
ing phases with [ = 0 and [ = 1. Equivalently, this
means that the electron moves in a short-range poten-
tial supporting two bound states. Within this model, we
derived (for the case of a short driving laser pulse hav-
ing an arbitrary waveform) the factorization of the HHG



s28 yield in terms of an EWP and the ezact recombination
cross section for this two-bound-state system. This re-
sult suggests an appropriate extension of the result for
D(Q) to the case of an atom whose active electron, in
an initial s-state, experiences a long-range Coulomb po-
tential. The extension consists, first, in simply replacing
the model-dependent photorecombination cross section
factor, oyec(E), in Eq. (30) with its atomic counterpart,
which properly takes into account the atomic dynamics
in a Coulomb field relevant to the recombination process.
Second (and less simple), one must also introduce appro-
priate Coulomb corrections to the EWP factor, W (E),
in Eq. (30).

In the low-frequency (adiabatic) limit, the influence of
the Coulomb potential on the EWP factor can be taken
into account by introducing quasiclassical Coulomb fac-
tors [44, 51, 124-126]. The Coulomb correction for the
EWP factor of the HHG amplitude was discussed briefly
in Sec. V of Ref. [51]. It was argued there that, to a
good approximation, this Coulomb correction can be in-
troduced only in the ionization factor. (A more detailed
analysis of the Coulomb phase corrections for the HHG
amplitude in the quasiclassical approximation was dis-
cussed recently in Ref. [52].) Therefore, we modify the
ionization factor (23) by multiplying it by the Coulomb
correction @Q; [51]:
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Q; = QWMLRY, (34)
Z/k
3
7) 2K [ 2
Qggat = (F) ) FJI = F/ja
J
_ 1 Z/k
R; = ,

where Z is the charge of the residual atomic core (where
Z =0 and 1 for negative ions and neutral atoms, respec-
tively).

Thus, in the case of neutral atoms, the total and partial
dipole moments become [109]:
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D(Q) =Y Pid;, d;=Q;al"alP? fio(E), (35)
J

where fiec(E) is the ezact photorecombination ampli-
tude. For calculating P; we use the expression for the
decay rate in a DC field [127]. The form (35) of the par-
tial dipole moment agrees with previous parametrizations
of the HHG yield in terms of the EWP and the photore-
combination cross section [53, 54, 82, 83, 87]. The accu-
racy of this extension to the case of a laser pulse having
an arbitrary waveform is discussed in Sec. IV B.
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IV. RESULTS FOR HHG IN BICIRCULAR
FIELDS WITH OPPOSITE HELICITIES

We present here the application of the general the-
ory presented above to HHG in bicircular driving laser
fields. In Sec. IV A we consider the case of long bicir-
cular driving laser pulses. In Sec. IVB we compare our
analytical results for the case of short bicircular driving
laser pulses with results of numerical solutions of the 3D
TDSE. In Sec. IV C we provide a trajectory analysis of
our analytical results. Finally, in Sec. IVD we develop
(and present the physical basis for) a two-dipole model
of HHG emission that provides a clear explanation of our
short, bicircular pulse HHG results and indicates a means
for controlling the polarization of the harmonics.

A. Bicircular field with monochromatic
components

We consider here the case in which both components of
the bicircular field are long pulses. They have frequencies
w and 2w and polarization vectors e, = (e, + ie,)/v2
and es, = (e, — ie,)/V2. The electric field when the
two components have equal amplitudes, F, is

F(t) = F[Re(eye ™") + Re(eane 2")]. (36)
For circularly polarized components with opposite helic-
ities we have es, - e, = 1 and eo, - €9, = €, - €, =
es., ey = ey, - e = 0. Angular momentum and par-
ity conservation selection rules require that the gener-
ated harmonics have energies (3n + 1)w or (3n — 1)w
and that harmonics with the energy 3nw are forbid-
den [94, 95, 106, 128]. These selection rules become par-
ticularly transparent when one notes that the magnetic
quantum number, m;, of the electron remains unchanged
after absorbing a pair of circularly polarized photons with
opposite helicities (with polarization vectors e,, and ea,, ),
i.e., after absorbing the energy 3w. Also, in order for the
electron to recombine with the atom (in its initial s-state)
by emitting a harmonic photon, one must have m; = +1,
i.e., the active electron must absorb either one more or
one less photon of energy w as compared to the number
of photons absorbed with energy 2w.

These general results can also be obtained from the
analytical expression (20) for the dipole D(Q) (i.e., ne-
glecting depletion effects). Indeed, owing to the tem-
poral symmetry of the laser field, Eq. (21) is invariant
with respect to the substitutions: ¢ — ¢ + nT/3 and
t — t+nT/3, where T = 27 /w and n is an integer. Thus,
all joint solutions of Eq. (21) can be reduced to the “fun-
damental” solutions {to ;,tp ;}, so that t; =t'o ; +vT/3,
t; = to; + vT/3, where v is an integer number. Funda-
mental solutions can be defined by setting an additional
condition for tj ; or to,;: e.g., ty ; € (0,7/3) with v = 0.
Obviously, under these substitutions all scalars, which
define D(Q2) in Eq. (35), remain unchanged.



eis  In order to establish the symmetry relation for the vec-
tor kj = K (t;,t,)/v2E, we present this vector as a sum

of two vectors:

619

620

kj = k) + kP, (37)
61 Where [Cf Eq. (5f)]
tj
A (lw 1 ’ Al (g)dé-
BV = —— | Ayty) - Ju, A& . (39)
! V2E tj =t

62

N

and A,(t) is the vector potential corresponding to the
field component with frequency lw (I = 1,2). It can be
explicitly confirmed that
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(k;w>)i = o= (kgf’j))i , (39a)
(l?:f“’)i — T (fcff;’))i , (39D)

where 12:(()1‘;) are vectors E§lw) calculated with the sub-
stitutions ¢; — toj, t; — t, ;. Taking into account the

symmetry relatlons (39), we obtam for the +-components
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of the vector Izzj a more complex symmetry relation:

R )
Taking into account the invariance of the scalars and

the symmetry relations (39), we can present the =+-
components of the vector D(Q) in the form:

D+ () ZZ(do,j-’%o,j) ( <w>) Ze 2z (2

J
(1), e )|

where dAo_j are vectors dj calculated with the substitu-
tions t; — to j, t; — t; ;. Summation over v in Eq. (41)
can be performed analytically based on the relations:

N

hm fo —325:17—371

(40)
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sin [(2N +1)72]

sin (%)

= , (42a)

(42b)

63!

a

and the dipole (41) can be presented in the final form:
D (92) = 3wi[Q — (3n F 1)w]

3 ) ),

Equation (43) explicitly shows the orders of allowed har-
monics and also that each harmonic has only one nonzero
cyclic component (plus or minus), which indicates that
63 the emitted harmonic is circularly polarized and that the
s0 two nearest harmonics have opposite helicities.

(43)
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Figure 1. Analytically calculated HHG spectrum (a) and the
degree of circular polarization (b) for the hydrogen atom inter-
acting with a long w — 2w bicircular field, with oppositely po-
larized components, the same peak intensity, I = 1014W/ cm?,
A = 2mc/w = 1.6 pm, and a trapezoidal envelope with a to-
tal duration of 10 optical cycles of the fundamental and 1
optical cycle linear turn-on and turn-off. Thick solid (black)
lines: analytic results with depletion included; thin solid (red)
lines: analytic results without depletion. The inset figure in
(a) shows the shape of the HHG spectrum on a wide energy
scale.

s Note that ionization of an atomic system in a long
o2 laser pulse may play a crucial role in forming HHG peaks.
&3 Indeed, when depletion is significant, the depletion fac-
tor P; affects the constructive or destructive interfer-
ence in the coherent summation of partial dipoles gen-
erated during successive ionization bursts, thereby wash-
ing out the sharp peak structure at the allowed energies
Q= (3n + 1)w in the HHG spectrum (see Fig. 1).

To model the bicircular field with two monochro-
matic components, we consider in our analytical calcu-
lations two circularly polarized pulses with trapezoidal
envelopes, with linear turn-on and turn-off in one optical
ss3 period of the fundamental (Toy o = 27/w), and a total
ss¢ duration of 10 fundamental cycles (Tiot = 10x27 /w) with
ess constant peak intensity. In Fig. 1 we present both HHG
ss6 spectra and the degree of circular polarization [129, 130],
es7 £, of the harmonics calculated both with and without
ess inclusion of depletion effects:
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Im [D,(Q)D; ()]

[Da(Q) + Dy ()

£=- (44)

0 Our analytical results in Fig. 1 without inclusion of de-
pletion effects explicitly show sharp peaks at the energies
Q = (3n F 1)w, for which the degree of circular polariza-
tion is +1. These results are in agreement with previous
s studies [94, 95] and with the above discussion. The ana-

ess lytic results in Fig. 1 with inclusion of depletion clearly
es show the broadening and shifting of the HHG peaks as
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Figure 2. Dependence of the scaled return energy, ¢ = E /u,,
where u, = F?/(4w?), on the jth trajectory’s ionization time,
t}, and travel time, At;. Panel (a): results for the no deple-
tion case; panel (b): results including depletion. The laser pa-
rameters are the same as in Fig. 1. The color scale shows the
relative contributions of the dipoles, o |d;|. Panel (¢): sketch
of the dominant closed classical trajectory for Q = I, + 4u,
(red line beginning and ending at the origin with the elec-
tron moving counterclockwise) together with the correspond-
ing electric field trajectory (black line) drawn from ionization
(blue circle) to recombination (red square). The thin blue line
shows the electric field trajectory for the entire pulse.

well as the changed polarization properties of the emitted
harmonics.

In order to clarify the origin of these changes, we plot
in Fig. 2 the dependence of the return energy on the ion-
ization (t;) and the travel (At; = t; — t}) times both
without (in panel a) and with (in panel b) depletion ef-
fects. In each optical cycle there are three ionization
bursts. The properties of the laser-induced electron tra-
jectories generated during the flat-top part of the laser
pulse are the same from burst to burst [see the shape of
the trajectory in Fig. 2 (c¢)]. The constructive interfer-
ence of their contributions results in the sharp peaks in
the HHG spectra when depletion is ignored. Trajectories
born during the turn-on and turn-off of the pulse have
slightly different ionization and recombination times, for
the same harmonic number, but their contributions are
not significant.

The main contribution to the HHG spectrum comes
from the short trajectories with small travel times At; <
T/2, where T = 27 /w. With inclusion of the depletion
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tial dipoles d; that correspond to larger ionization times
[see Fig. 2 (b)]. Thus, only a few partial dipoles with
unequal contributions determine the dipole D(2). The
small number of unequally-weighted partial dipoles leads
to the broad “peaks” in the HHG spectra and changes
the polarization properties of the harmonics (including
even polarization reversals) [see Fig. 1(b)].

B. Comparison of adiabatic approximation and
numerical TDSE results

To check the accuracy of our extension of the TDER
model to the case of neutral atoms, we have compared
our analytical results [obtained using Egs. (28), (20),
and (35)] with the numerically calculated HHG spectra
obtained by solving the 3D TDSE:

OY(r.t) [ VP
= = —7+U(7’)+r-F(t) P(r,t),

(45)
where F'(t) is the electric field of the laser pulse and U(r)
is the atomic potential. To avoid the Coulomb singularity
at the origin and to obtain faster convergence of the nu-
merical simulations at rather long wavelengths, we have
used a smoothed Coulomb potential:

! [tanh(r/a) + (r/b)sech®(r/a)] ,

r

U(r) = (46)
where a = 0.3 and b = 0.46. The values of a, b ensure
that the energy of the ground state of the potential U(r)
coincides with that of atomic hydrogen. Moreover, the
potential (46) provides similar behavior of the photoion-
ization (or photorecombination) cross section from an ini-
tial s-state as for the bare Coulomb potential. The spec-
tral density, p(2), is calculated as the Fourier-transform
of the laser-induced dipole acceleration a(t):

p(Q)‘*|a£i?| : a(Q)::./fm eMa(t)dt,  (47)
where
a(t) = —F(t) — @|VU(r)[y). (48)

The electric field was parameterized in terms of the inte-
gral of the vector potential, R(t), as follows:

QA1) _ OR(t)

F(t) = -5, A==
R(t) = Ry(t) + Ra(t — Ty),

(49a)
(49b)
R;(t) = ;fi(t)(ex cosw;t + miey sinw;t), (49c)

filt) = 722t (49d)

ss effects, the partial dipoles d; are unchanged, but their 7s where each component ¢ = 1,2 of the field F(¢) has inten-
se7 contributions are now governed by the factors P;. These 0 sity F, carrier frequency w; (w1 = wa/2 = w), ellipticity
s factors gradually suppress the contributions of the par- =1 7; (1 = —n2 = 1), duration 7; = 27N, /w (full width at
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Figure 3. Comparison of TDSE and adiabatic approxima-
tion (AA) results [see Eq. (35)] for the HHG spectral density,
p(€2), of the H atom, on both large (a,b) and fine (c,d) en-
ergy scales, and for the degree of circular polarization, £, of
the harmonics (e,f) for two different bicircular driving laser
fields (49). For each field the peak intensity for both compo-
nents is I = c¢F?/(87) = 10" W/cm?, w1 = w2/2 = w, and
the number of cycles is N1 = N2 = 3, with time delay T4 = 0.
Results in panels (a,c,e) are for A\ = 2r¢/w = 1.8 pm and
those in panels (b,d,f) are for A = 2.2 um. Solid (black) lines:
TDSE results; dashed (red) lines: AA results.

half maximum of the intensity), and number of cycles N;.
Also, in Eq. (49b) Ty is the time delay between the two
components, with a negative time delay indicating that
the 2w-pulse precedes the w-pulse.

To solve the TDSE numerically, we employ a split-
step method based upon a fast Fourier-transform along
the Cartesian coordinates z, y, and z [16, 17]. The use
of Cartesian coordinates is because of the lack of spatial
symmetry in the problem. For an atomic system in a
strong MIR field, the numerical solution requires a large
spatial grid owing to the large excursion amplitude of
the electron motion, < F/w?. For an intensity I = 104
W /em?, the simulations for A = 1.6 um and A = 1.8 ym
require for convergence N, = N, = 1024 (the number
of grid points in z and y), and for A = 2.2 ym and \ =
2.4 pm they require N, = N, = 2048. For the z-axis, the
number of grid points is N, = 256. The temporal and
spatial steps were chosen to ensure convergence of the
numerical results: At = 0.025 a.u.,, Az = Ay = Az =
0.325 a.u. The absorbing boundaries (using the method
in Ref. [131]) have a width of 30 a.u. in the x and y
directions and 15 a.u. in the z direction.

In Figs. 3-5 we compare numerical TDSE and adia-
batic approximation results. We find excellent agreement
for the high-energy parts of the HHG spectra, for which
the adiabatic approximation is justified. For harmonic
energies close to the ionization potential, we observe dis-
crepancies owing to the contributions of terms that were
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Figure 4. Comparison of TDSE and adiabatic approximation
(AA) color-coded results for the H atom HHG spectral den-
sity, p(92), (a,b) and degree of circular polarization, &, (c,d)
for a bicircular field (49) with peak intensity I = 10" W /cm?
for each component, wi w2/2 = w, N1 = Ny = 3 cycles,
and A = 27¢/w = 1.6 pm plotted as a function of the two-
color time delay Tq (in units of 7' = 27 /w) and the harmonic
energy . Panels (a) and (c¢): TDSE results; panels (b) and
(d): AA results, which were plotted with the same resolution
as the numerical TDSE results.

omitted in the adiabatic approximation (see the discus-
sion in Sec. IIB).

We list here some key observations from the TDSE
and adiabatic approximation results presented in Figs. 1
and 3-5:

(i) In contrast to the case of linear polarization, HHG
spectra for bicircular fields do not show well-pronounced
plateau structures with abrupt cutoffs [see the inset fig-
ure in Fig. 1(a) and Figs. 3(a) and 3(b)].

(ii) Both the HHG yield and the degree of circular po-
larization exhibit an oscillatory dependence on the time
delay between the fundamental and the second harmonic,
which can be exploited to control the polarization of the
generated harmonic radiation (see Fig. 4).

(iii) For a fixed time delay, the HHG spectrum does not
exhibit sharp peaks at 2 = (3n £+ 1)w; the oscillatory
structure can be tuned by the two-color time delay, lead-
ing to the emergence of seemingly forbidden harmonics
with £ = 3nw (see Figs. 3 and 5).

(iv) There is no symmetry in the HHG yield or in the po-
larization properties with respect to positive versus neg-
ative two-color time delays (see Figs. 4 and 5).

C. Trajectory analysis

As numerical solutions of the TDSE for MIR wave-
lengths are prohibitively expensive and not very flexible
for detailed analyses, we carry out a trajectory analy-
sis using the adiabatic approximation instead. The key
quantities are the ionization and recombination times
satisfying Eq. (21).

Our trajectory analysis starts with Eq. (21a), which we
solve with respect to the ionization time, t;, considering
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the recombination time, ¢;, as a parameter. Depending
on the time delay between the two components of the bi-
circular field, there are several branches of solutions of the
transcendental Eq. (21a). We plot in Fig. 6 the depen-
dence of the ionization factor on the recombination time,
with the separate curves in Fig. 6 for a given time delay
corresponding to the different branches of the solution of
Eq. (21a). Changing the time delay changes the magni-
tude of the ionization factor dramatically [e.g., compare
the results in Fig. 6(e) with those in the other panels].
Thus the time delay between the two components of the
driving pulse can “optimize” the classical trajectories,
thus enhancing (or otherwise controlling) ionization.

The constraint on the recombination time is given by
Eq. (21b). Once Eq. (21a) is solved with respect to
the ionization time t’, Eq. (21b) is the transcendental
equation that must be solved for t;. Real solutions of
Eq. (21Db) exist for some range of energies E. Thus the
joint solution of Egs. (21a) and (21b) gives the sets of
times {t,%;} that determine the closed classical trajec-
tories. The marked points in Fig. 6 are the values of the
ionization factor corresponding to the desired solutions of
the system (21) for a given harmonic energy. For some
time delays and energies F, there are no real solutions,
such as, e.g., for the long time delays, Tq = +47, in
Fig. 6, whose curves thus have no marked points for the
three energies E/ = 2u,, 3uy, and 4u, for which there are
solutions for other time delays. For such long time de-
lays, real solutions exist only for small energies, £ < 2u,,
[see, e.g., Fig. 8(a)].

Trajectories with the shortest travel times are similar
to the one shown in Fig. 2(c). Trajectories with long
travel times have several turning points (cf. Fig 7). For
large negative time delays, we find surprisingly long tra-
jectories. These are initially driven by the 2w-component
of the pulse near the ionization time, and then brought
back by the w-component near the recombination time.
We did not observe similarly long trajectories for large
positive time delays (i.e., when the 2w component of the
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Figure 6. Dependence of the tunneling ionization factor (in-

cluding the depletion factor), |’Pja§tun)| [cf. Egs (23), (26)],
on the recombination time, t;, for seven different time delays
between the two components of the bicircular pulse: (a) ref-
erence results for a single-color linearly polarized pulse with
I =10" W/cm?, A\ = 1.6 ym, and N; = 4; (b) Ty = 0,
(C) Ty = —T7 (d) Ta = T7 (e) Ta = —3T, (f) Ta = 3T,
(g) Ta —4T, (h) T4 = 4T. Symbols mark the ioniza-
tion factors at the recombination times for F = 2u, (blue
squares), E = 3u, (red circles), and E = 4u, (black trian-
gles). Results in panels (b)-(h) are for a bicircular field (49)
with A = 1.6 pm, I = 10" W/cm?, Ny = 4, Ny = 2.

driving field arrives later).

The physics underlying the presence of such long tra-
jectories for negative time delays and their absence for
positive delays is as follows: the momentum gained from
the 2w-field is less than half that gained in the w-field.
Thus, the w-component of the field can overcome the
electron’s outgoing spiral motion in the circularly polar-
ized 2w-field, even at lower field strengths. The converse
is not the case. Specifically, in the 2w-field the electron
moves along an outgoing spiral arc (see the left panel in
the first row in Fig. 7). When the contribution of the
w-field to the electron momentum becomes comparable
with that of the 2w-field (see the middle panel of the first
row in Fig. 7), it turns the trajectory around and brings
it back along an incoming spiral trajectory, returning the
electron to the origin after some time (see the right panel
in the first row in Fig. 7).

The existence of closed classical trajectories with
nonzero initial momentum in a circularly polarized field
is not surprising and has been discussed in Ref. [132]. In
a bicircular field, the 2w-component gives the electron an
initial “kick” (i.e., its initial momentum), following which
the w-component then returns the electron to the origin.
The energy gained along such a long closed trajectory
is of the order of 2u, (or less). The plateau structures
associated with these trajectories are shorter than those
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evolution of the pulses. The calculations were done for the
same laser parameters as in Fig. 6 with Tq = —4T'.

observed for the short travel time trajectories produced
by bicircular fields having small two-color delays.

The spike-like behavior of the ionization factor ob-
served for a time-delayed bicircular field [see Figs. 6(b)-
(d)] contrasts with its rather flat behavior for the case of
linear polarization [see Fig. 6(a)]. At some energies, the
ionization factor may reach a maximum value, decreas-
ing gradually with further increases in the return energy,
thereby suppressing the contribution of the correspond-
ing harmonic dipoles d; (see Fig. 8) and resulting in a
gradual decrease in the HHG yield. In contrast, for lin-
ear polarization, the ionization factor is almost flat for a
wide range of return times, leading to a well-pronounced
plateau. For large two-color time delays, the ionization
factor behaves similarly to the case of linear polariza-
tion [see Figs. 6(e)-(h)] and hence the plateau structure
is more pronounced.

D. The two-dipole model and time-delay control of
HHG yields and polarizations

The adiabatic approximation results in Figs. 6 and 8
show that for moderate time delays between the bicir-
cular pulses there are two contributing trajectories that
determine the properties of the partial dipoles associ-
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ated with the most important two ionization bursts [see
Eq. (22)]. The HHG spectrum can thus be described as
the emission by a system of two dipoles oscillating at fre-
quency ). More specifically, these are two non-collinear
dipoles having a mutual angle o and a phase difference @,
as sketched in Fig. 9. This contrasts to the case of a long
bicircular pulse, whose field has a trefoil shape that allows
it to be described as three phase-locked dipoles having a
relative angle of 120° between one another. Varying the
time delay between the two components in a short bi-
circular pulse provides a means for controlling both the
magnitudes of the two dipoles and the relative phase be-
tween them and hence a means for controlling both the
HHG yields and the harmonic polarizations, as we show
below.

According to Eq. (35), the magnitudes of the two
dipoles are mainly determined by the ionization (includ-
ing depletion effects), which is controlled by the time de-
lay (see Fig. 6). The relative phase between two dipoles
is given by the difference of the two classical actions for
the electron moving along the two closed trajectories:

B = AS + Qs — ta), (50)
AS = S(tlatll) - S(t27t/2)7

where S(t,t') is given by Eq. (C3). The angle « is slightly
sensitive to the time delay, but varies around the value
of 120°.

Calculating the HHG yield and the degree of circu-
lar polarization for this two-dipole model D(2) = d; +
dae™™® [using Egs. (28) and (44)] leads to the expressions:

04did
p(Q) = 2013 2[5 4 cosacos D] , (51a)
sin a sin ®
= 51b
¢ J +cosacos®’ (51b)
where § = (d? +d3)/(2d1d2) and o ~ 120°. If the
relative phase between the two dipoles is ® = 2mn

or ¢ m + 27n, then according to Eq. (51) lin-
early polarized light is emitted with intensity p(2)
O*dyda/(2¢) [§ 4 cos a] (where the “+” sign corresponds
to the first phase and “—” to the second one). Al-
ternatively, if @ m/2 + wn then elliptically polar-
ized light is emitted with |{| = sina/d and intensity
p(Q) = Q*d? + d3)/(4c?). Calculation of the maximum
and minimum values of the polarization £ with varia-
tion of the phase ® gives |{| = sina/(0v1 — 02 cos? a)
with intensity p(Q) = Q*(d? + d3)/(4c?) [1 — 672 cos® .
Thus, by varying the phase ® one can control the ellip-
ticity over a wide range.

According to Eq. (50) applicable to our two-dipole
model, the phase ® is determined by the sum of two
terms. One term is a linear function of the harmonic
frequency € with coefficient t; — t3. The other term
is the difference AS, which depends on the time delay
and can be changed by varying Tq. For fixed laser pa-
rameters, the difference t; — t5 is about one-third of the
period T, so that the phase ® « 27(Q/3w) induces a
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Figure 8. Dependence of the scaled return energy ¢ = E/up [where u, = F?/(4w”)] on the ionization time ¢} of the jth
trajectory and the travel time At; for the bicircular field (49) with A = 1.6 um, I = 10"*W /cm?, N1 = 4, N> = 2, and different
two-color time delays: (a) Tq = —5T"; (b) Ta = —2T; (¢) Ta = 0; (d) Ta = T; (e) Ta = 2T; (f) the case of linear polarization
for I =2 x 10* W/cm?. The color scale shows the relative contributions of the dipoles, o< |d;].

regular oscillation pattern in the HHG spectrum with a
period 3w (see Figs. 3 and 10). The maxima of these
oscillations can be tuned to the positions of the forbid-
den harmonics by changing the time delay between the
two incident pulses in the bicircular field [109]. Thus, for
AS = (2n+ 1)m (where n is an integer), Eq. (5la) gives
maxima for Q@ = 3Nw, and, according to Eq. (51b), at
these maxima & = 0.

We emphasize that our two-dipole analysis assumes a
linear dependence of ® on €2 and the equality t; — to =
T'/3. This analysis is not applicable over the entire HHG
spectrum. Hence, some deviations from the simple two-
dipole model can be observed. However, by tuning the
time delay between the two bicircular pulses, the loca-
tions of the maxima of the HHG spectrum oscillations
at Q = 3Nw, as well as the linear polarization of these
“harmonics,” can be produced over any finite range of
values of the harmonics €.

Our two-dipole model also cannot in general describe
the entire HHG spectrum, as the shape of the HHG spec-
trum in particular energy regions depends significantly
on the number of contributing trajectories, which de-
pends in turn on the two-color time delay. In Fig. 11
we present HHG spectra for different time delays over a
much larger energy region than in Fig. 10. If there is only
one contributing trajectory, then the HHG spectrum ex-
hibits a smooth dependence on the scaled energy (see
Fig. 11 for Ty = T and Ty = —T over the energy ranges
4 < E/uy, <band 4.5 < E/u, < 5, respectively). As dis-

d e-iQt+i¢4
4

Figure 9. Sketch of the two-dipole model system.
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Figure 10. Illustration of the 3w periodicity of both the HHG
spectral density, p(€2), (a, b) and the degree of circular po-
larization, &, (c, d) as functions of the harmonic number Q/w
for five different time delays, T, and for the bicircular field
parameters as in Fig. 6 (for which, w = 0.0285 a.u.). (a)
and (c): Solid (red) lines (HHG yield is multiplied by four):
Ta = 0; dashed (blue) lines (HHG yield is multiplied by three):
Ta = T; dash-dot (black) lines: Tq = 27. (b) and (d): Solid
(red) lines (HHG yield is multiplied by four): Ty = 0; dashed
(blue) lines (HHG yield is multiplied by three): Ty = —T;
dash-dot (black) lines: Ty = —2T.

cussed above, if there are two contributing trajectories,
the HHG spectrum shows a regular large-scale oscillation.
For small electron return energies, there are several con-
tributing trajectories and their interference induces both
large-scale and fine-scale oscillations.

In general, few trajectories contribute at large har-
monic energies and the few non-dominant trajectories
only slightly perturb the smooth dependence associated
with one dominant trajectory (see Fig. 11 for Ty = 2T
for 2.7 < E/u, < 3.7) or the large-scale oscillations as-
sociated with two dominant trajectories (see Fig. 11 for
Ty = 2T for 1.5 < E/u, < 2.7). As also shown in Fig. 11,



Figure 11. HHG spectral density, p(Q2), as a function of the
electron’s scaled return energy, E/u, for five different time
delays, T;. Laser parameters are the same as in Fig. 10 and
up = F?/(4w?) = 0.88 a.u. (a) Dashed (blue) line: Ty
T'; dash-dot (black) line; Ty = 27". (b) Dashed (blue) line:
Ta = —T; dash-dot (black) line: Tg = —27". In both panels,
the solid (red) lines (with the HHG spectral density, p(2),
multiplied by four): Ty = 0.

increasing the time delay (from +7T to +2T), one ob-
serves about an order of magnitude increase in the HHG
yield in the high-energy part of the spectrum [109]. This
enhancement originates from the favorable conditions for
tunnel ionization at large time delays [see Fig. 6(e)]; how-
ever, it comes at the cost of a significant reduction in
the HHG cutoff energy. For some energies the analyti-
cal HHG spectra show discontinuities or sharp peaks [see,
e.g., the peaks in Fig. 11 (a) for Tq = 2T near the energies
E/u, = 1.65, 2.7 and 3.7]. These unphysical peculiari-
ties are related to limitations of the analytic approach,
which cannot be used for energies at which the product
K ;- K, is close to zero [cf. Egs. (24) and (35)]. These en-
ergies correspond to the bifurcation points (caustics) at
which two trajectories coalesce, which requires a special
treatment [120-122]. The largest of these energies gives
an upper limit of energies for which the present analytic
approach is applicable.

The most significant prediction of our two-dipole
model analysis is that the time delay, Ty, between the
two-color components of a short bicircular field provides
a sensitive means of controlling the polarization proper-
w2 ties as well as the yield of the generated harmonic light
o3 at a fixed harmonic energy, 2. This HHG control is most
s effective if the time delay is of the order of a few periods,
oss 1, of the w-field of the few-cycle bicircular driving pulses.
oss These predictions are illustrated in Fig. 12, which shows
o7 the dependence of the harmonic yield and the degree of
s circular polarization on the time delay for four different
s harmonic energies. Fine-scale oscillations are observed in
oo both the HHG yield and the degree of circular polariza-
o1 tion for large negative time delays owing to the contribu-

96!

S

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

15

1 . e
0.5 N R v

-3 -2 -1 0 1

Time delay (in units of T)

Figure 12. Dependence of the HHG spectral density, p(2),
(a) and the circular polarization degree, £, (b)-(f) on the two-
color time delay, T}, for four harmonic energies, (2. Solid lines:
) = 2.26 a.u.; dashed lines: ©Q = 2.7 a.u.; dot-dashed lines:
Q) = 3.14 a.u.; dotted lines: €2 = 3.57 a.u. Results are for the
same laser parameters as in Fig. 6.

tions of more than two dominant bursts in the harmonic
dipoles (see Fig. 12 for Ty < —2T). For small negative
time delays and for positive time delays, the oscillation
pattern is regular and results from the contributions of
the two dominant dipoles. Most importantly, the results
in Fig. 12 clearly show that variation of the two-color
time delay over a single period T allows one to change
the polarization of a given harmonic from left to right cir-
cular without changing the helicities of the two bicircular
field components of the driving laser pulse.
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V. SUMMARY AND OUTLOOK
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w3 In this paper we have used TDER theory, for a sys-
tem with two bound states, to develop an analytic de-
scription of HHG driven by a laser field with an arbi-
trary waveform. The applicability of our approach re-
quires the smallness of the imaginary part of the cor-
responding saddle-point ionization time, which obtains
for the case of a laser field with a sufficiently low car-
rier frequency (or frequencies). In this description, the
laser-induced dipole moment is a coherent sum of par-
tial dipole moments, whose properties (direction, phase,
and magnitude) are determined by the classical (real)
times of ionization and recombination. These times de-
termine the closed classical trajectories along which the
w16 ionized electron starts, with minimal kinetic energy, in
o the laser field [see Eq. (21a)] and returns back with the
s Kinetic energy corresponding to harmonic emission with
0 frequency 2 [see Eq. (21b)]. The partial dipole moment
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w2 a product of three factors [see Eq. (22)]: the ionization 1o
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factor, the propagation factor, and the exact photorecom-
bination amplitude. This result theoretically justifies the
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an EWP and the exact TDER photorecombination cross
section (for the case of an active electron in an s-state)
for a laser field having an arbitrary waveform.

The results for our TDER model system were extended
to the case of a neutral atom, in which the Coulomb
field effects are crucial, by making two modifications: (i)
Using closed form analytical TDER expressions for the
laser-induced dipole moment in which we introduce the
Coulomb corrections in Eq. (34) for the ionization factor;
and (ii) Replacing the TDER photorecombination ampli-
tude by its atomic counterpart. Our precise numerical
solutions of the 3D TDSE for a low-frequency bicircu-
lar field were found to be in excellent agreement with the
analytical results for the H atom (see Figs. 3-5), thus con-
firming the accuracy of our analytical description. This
analytical model provides one with reliable tools to an-
alyze HHG in intense MIR driving fields composed of
multiple phase-locked colors with complex polarization
states.

Our analytic results for the yields and the polariza-
tions of the generated harmonics were obtained for the
cases of both long and short time delays, T, between the
two components of the bicircular pulses. In both cases
we demonstrated the crucial role of ionization, which
changes drastically the shapes of HHG spectra and the
polarization properties of the emitted harmonics. In the
case of long time delays, the ionization factor reduces
the number of partial dipoles (trajectories) that con-
tribute to harmonic emission at a particular frequency,
thus smoothing the sharp peaks at Q = (3N + 1)w dic-
tated by dipole selection rules. Moreover, ionization also
affects the polarization properties of the emitted har-
monics, leading to deviations from the simple predictions
based on the dipole selection rules.

In the case of short time delays, we demonstrated that
the time delay controls the ionization and recombination
times, thus allowing one to control HHG yields and, most
important, the polarizations of the emitted harmonics.
Enhancement of HHG yields can be effected by control-
ling the ionization factors in the contributions of differ-
ent partial dipoles associated with successive ionization
bursts. Varying the time delay may increase the HHG
intensity by creating favorable conditions for ionization
(conditioned on the return of the launched trajectory).

For the case of a few-cycle bicircular laser field, both
the shape of the HHG spectrum and the polarization
properties of the emitted harmonics can be modeled by
assuming the major contributions stem from two domi-
nant dipoles with different orientations and magnitudes.
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w74 This two-dipole model accurately predicts the oscillation 112
w75 patterns in the HHG spectrum and the dependence of nxn term series expansion in energy is used for Bj(e). These
s the degree of circular polarization of the harmonics on u2 two terms are parameterized in terms of the scattering
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the harmonic energy. Efficient control of the HHG pro-
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cess is achieved by varying the classical actions of the two
dominant trajectories, which is accomplished by chang-
ing the time delay between the two-color components of
a short bicircular pulse.

Finally, we have focused in this paper on the simplest
case in which the active electron is in an initial s-state.
The case of an initial p-state requires a separate analy-
sis owing to the facts that there are three contributing
magnetic sublevels and that the recombination amplitude
to these states or their linear combinations has a tensor
form [cf. Eq. (12) in Ref. [84]]. These features may lead
to a parametrization of the induced dipole moment that
prevents one from factorizing the HHG yield in terms
of an EWP and the photorecombination cross section
for the case of an arbitrary driving laser pulse waveform
(cf. Refs. [84, 85]). On the other hand, the study of HHG
from p-states for the case of a general driving laser pulse
waveform may suggest improvements of current schemes
for HHG-spectroscopy.
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Appendix A: Justification of the boundary condition
in Eq. (1) for strong laser field processes

The boundary condition for the stationary state wave
function ¥ (r) of a weakly-bound electron in static mag-
netic and electric fields was formulated in Refs. [75, 76]:

JRZG R

=BT ) B )]
(21 — )20+ DBy (€) = K2 H cot 6 (k),

(A1)
k= /2.
Equation (Al) is based on the well-known expansion of
a scattering wave function for a low-energy electron in a
short-range potential (see Sec. 132 in Ref. [43]). Its range
of applicability is given by the inequality ka < 1, where a
is the radius of the short-range potential. In calculating
the energy of a weakly-bound electron in two station-
ary potentials with predominantly different ranges (i.e.,
short- and long-range potentials) [75, 76], it is assumed
that the energy is located near the continuum threshold
and, to simplify the dependence of B;(€) on energy, a two-

length and the effective range [43].
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At first sight, the boundary condition (A1) cannot be
employed for fast electrons.
fast electrons the major contribution is given by small
distances (kr < 1), i.e., the electron effectively “feels”
the potential at smaller distances than the actual radius
a of the short-range potential. Based on this physical as-
sumption, a model may be proposed for which an atomic
potential has an effective radius @, for which the condi-
tion ka < 1 is fulfilled. Thus the expansion (Al) can
be formally applied, although the scattering phase can-
not be expanded in a series in k2. This model is known
as the hard-sphere model formulated in terms of a pseu-
dopotential [133] (see also Ref. [134]).

The boundary condition (A1) should be modified for
the case of the long-range, periodic-in-time electron-laser
interaction [73, 74]. Indeed, in accord with the theory
of quasistationary quasienergy states [77, 116], the wave
function for a complex quasienergy e has the form,

(I)e(,rut)a

where 7T is the period of the electron-laser interaction,
and the periodic function ®.(r,t) is the solution of the
equation,

U(r,t) =e o (r,t), P (r,t+T)= (A2)

Hyo(r)+V(r,t) —i—| ®(r

) = b (r,t).  (A3)

In Eq. (A3), Ho(r) = —V?/2 + U(r) is the unperturbed
Hamiltonian, where U(r) is the atomic potential, and
Vr,t) =
the electron-laser interaction,

Vr,t)=r-F(t), (A4)
where we have used the length-gauge dipole approxima-
tion for V(r,t) in which F(¢) is the electric component
of the laser field.

As we have discussed in Ref. [74], the two potentials,
U(r) and V(r,t), are significant in two very different ra-
dial ranges: the potential U(r) is important for r < a,
whereas the potential V' (r,t) is significant for r > a.
Thus, for r ~ a the electron can be considered to be es-
sentially free. In this region, Eq. (A3) can be analyzed by
omitting the potentials U(r) and V(r,t). Hence, for the
l[-wave channel, the solution of Eq. (A3) can be sought
in a form similar to that in Eq. (A1l). Owing to the time
derivative in Eq. (A3), the solution for energy e can be
“replicated” by that for “energy” &, = € + nw; by sub-
sequent multiplication by the exponential e~""wr?t,

1200
wy; = 27m/T. The desired result for the periodic solution vor small (see Sec. IIB), we write € as the sum e

for r ~ a thus has the form,
/ D(r )7 (2)d2
_ Z f(l m) P ST )

+Bl(5n) (7‘ + - )} e inwrt g, = e+ nw,, (A5)
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where fn ) are Fourier coefficients of a periodic function
fEm@)y =3 film g=inwrt Gince the sum in Eq. (A5)
is over all n, it assumes that &, may be large. How-
ever, the convergence of the Fourier series to the func-
tion f(-™)(t) dictates an exponential decrease of the co-

efficients fr(f’m) for large |n| [74]. Hence, there is some
effective upper limit (&) for the energies &, that con-
tribute, which allows one to estimate @, i.e., @ ~ 1/1/2&,
thus ensuring the validity of the condition /2&,a < 1.
Consequently, in Eq. (A5) one may use the parametriza-
tion of B;(£,) in terms of the exact scattering phases
0;(k) (without expansion in k) [cf. Eq. (A1)] up to ener-
gies ~ &.

Appendix B: Derivation of Ac¢ in Eq. (8) and the
harmonic amplitude (11) in the TDER model

In the strong-field, low-frequency regime (in which the
carrier frequency of the laser pulse is much smaller than
the ionization potential I, of the atom), A(t,t') > 1
and integrals containing G.(¢,¢’) are exponentially small
[see Egs. (5d), (5e), (6), and (7)]. In the adiabatic ap-
proach one retains terms that are of first order in these
exponentially small quantities and ignores those of higher
order [81, 90, 91]. Thus the equation for the complex
quasienergy, €, of the initial s-state in the two-component
field can be obtained from Eq. (6a) for n = 0 by substitut-
ing f(00)(t) = féo,o) and coefficients fr(Ll"m) from Eq. (7b)
for the function f(1™)(t). We also neglect the contri-
bution of the laser field to the function G.(¢,¢') in the
second term on the right-hand side of Eq. (6a) by mak-
ing the substitution Ge(t, ') — et /[\/2mi(t — t')3/2].
Thus, in the adiabatic approximation, the equation for
the complex quasienergy takes the form:

— Z%O

T/2

-7/ m/
T/2 ¢

Tfo‘”” / /

—T/2—

Bo(e)
1A(t t'y _ } eie(tft’)

dt'dt
V2mi(t — t/)3/2

(B1)

zé(t t )f(l ,m) (t/)
\/_ t— tl)3/2

K! dt'dt,

where A(t, ') and K/ are given by Eqs. (5e) and (3),
respectively, with the substitution A(t) — A(t).

Assuming that the harmonic field amplitude, Fg, is
€ +
Ae, where ¢ is the complex quasienergy in the strong
periodic field alone and Ae gives a correction linear in
Fo. Specifically, ¢g obeys Eq. (B1) for Fo = 0, in which
the strong field is given by the vector potential A, (t),
and Ae x Fo.

In order to obtain an explicit expression for Ae, we
expand the left- and right-hand sides of Eq. (B1) in a
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1200 series in Fo up to first order. As a result, we obtain the 1210 following expression for Ae:

T/2 A (t,t)Fico (t—1') /
= Fo -GQ)+ F5-G(=Q)]dt'dt
Ae NTV /772 (t— t/)3/2 [Fo-G(Q)+ F, - G(-Q)]

Nfoo .00 zm: [ )(Fo m.f( I 4 a(— Q) (FS)m /Y m)} , (B2)
eleoT e~ _ 1 - i (260 _ 29)3/2 (260)3/2
a(Q) = 29\/—/ =Y (1 + - ) dr = — {\/%4— 20 - } 7 (B3)

T/2

A= 9B(eo) / / (t,t") _ 1} eteo(t=t") ! dt
Oeg \/—260 V2 'T (t —t/)L/2

~T/2
T/2 t ieg(t—t) (Lm) (¢
- Z V3 / ) e g, (B4)
T2 =00 V2mi(t —t)1/2

, 1 t i 715215 7th
Glut.t) = G) = g5 [ A e - / At (B5)
t/

wu where AL (8, #) = A(t,t')|po—0. Owing to the accuracy i is the scattering length and r( is the effective range [43].
12 of the adiabatic approximation for long wavelength laser 122 Note that C,; in Eq. (B6) is the dimensionless asymptotic
1213 fields, one may replace the exact complex quasienergy 12 coefficient that determines the behavior of the field-free
1214 in the field A, (¢) by its unperturbed value (¢p — —I,) 1222 bound s-state at large distances:

s in the integrals (B2)-(B4) [70]. Moreover, without loss

216 of accuracy, Eq. (B4) can be evaluated for the field-free Yo(r) ~ v/RCx
1217 case, for which the last two integrals equal zero:

(#), Kk=+/2I,. (B7)

Nmrg—rt =207k (B6) Substituting the explicit form of the coefficients fj(vl’m)
f Eq. (7b) into Eq. (B2) and noting that (a - b) =
118 To obtain Eq. (B6), we have replaced B(ep) in Eq. (B4) by o rolm a- (7b) into Eq. (B2) and noting that (a - b)
w1 the effective range expansion B(ep) & ag ' +7rgeo, where ag 126 > (—1)™@mb_yn, we obtain Ae in the form:

m=—1

[ T/2 A () =il (t—t")
Ae = — NT /T/2/ t_t/3/2
e ZQta(Q)FQ~K7.(t,t’) ey (- Fg - K- (t,
Bl(—Ip—Q)—i%ziN/?) Bi(—=I,+ Q) —i N/3

x {FQ-G(QH—F;;-G(—QH— O avar, (BS)

vz where sy = /2(—1, £Q), @ = Nw,, and K, (t,t') is 1% tuting (B8) into Eq. (8), and then taking the limit (9)
128 given by Eq. (5e) with the substitution A(t) = A, (t). w3 for fixed €, we obtain the dipole moment D(Q2) in the
e Doing the integrals in Eq. (B5) by parts, we trans-  form (11).

23 form (B5) to the following more appropriate form for

1231 further analysis: 1237 Appendix C: Analytic evaluation of the dipole
) . 1238 moment (12) in the adiabatic limit
e—th , e—th , ,
G(Q) = WKT(tvt ) - 202 KT(tat )
0A.(t) 2w Before estimating the dipole moment (12), we estimate
L —i0¢ _ 94/t )
+QQ2 /t, Fr(&)e g, Fr(t) = ot (B9) a0 the integral in Eq. (13) using the saddle point method.

va The saddle points (¢,) are given by the equation:
12 where K. (t,t') is given by Eq. (3) with the substitution
v A(t) — A.(t). Taking into account Eq. (B9), substi- K"?(t,t) = —2I,, (C1)
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where ¢, =t/ (t) is the v-th complea: root of Eq. (C1). 15 Equation (C8a) shows explicitly that the electron leaves
We consider only those roots, #,, that have positive imag- 1266 the atom at the moment #/,,, which ensures minimal ki-
inary parts, since the adiabatic transition to the contin- 127 netic energy at this moment. [Note that Eq. (C8a) for
uum state starts from a bound state with negative energy 16 the case of linear polarization of the laser field reduces to
—1I, [43]. After saddle-point integration over ¢, D;(t) ueo K'(t,t',) = 0.] Equation (C8b) determines the “under-
takes the form: o barrier” part of the tunneling time:

K (L 1)) (t,7,)

D, (t) ~ —iC L g(Q), C2 = v
1(1) zy: e s’ @ AL = 2 (C11)
where wn A simplification of F(t,#',) in Eq. (C9) is achieved using

Lt 2 v Eq. (C8a) and the relations,
sttt =5 [ |4 - de'| ac 0
/ 2 Jy K/(t,?y) — _F(FV) + w,
Lt —t), (c3) =

9?8(t,t) OK'(t,t) o= o F({,) 2K'(t,t),)
an(t) = 253G 1) _ k) SELE) K'(t.7,) = -F(@,) - ,
w T PR &t) L t—t,  [t-t)?
_ [F(t’ )-K'(4,t) + 21, ] (C4) =7 which lead to the following expression for F(¢,t/,):
v Y=t

5 —
Substituting Eq. (C2) into Eq. (12), we obtain: F(t,7) \/F ) - K'(t.t,) F(t), (C12)

iSO (4 ¢! F(t) = OF(t) (C13)
_ —zCZ / 3/2“ L )(t) g(Q)dt, (C5) 3t

1272 We emphasize that the expression under the square root
wrs in Eq. (C12) is positive, because it is given by the sec-
w2 ond derivative of K'*(¢,t') in ', which is positive at the
S,(t) = S(t,t,) + Q. (C6) 127 minimum of K’Q(t,t’):

where

Since the contributions of the roots t/,(¢) in the sum 192K (t,1)
over v in Eq. (C5) are determined by their imaginary 9 By
parts, the roots with the smallest imaginary parts give )
the major contributions. Thus, we represent ¢, as a sum +K'(t,t,) - K'(t,t,) > 0.
of its real and imaginary parts: t/, =/, + zAt’ where

v

t', and At/ are real and 0 < wAt, < 1 (where w is " [Note that K'(t,#/,) = 0 for the case of linear polariza-
v v . . .
the carrier frequency of the laser pulse). Substituting 2™ tion and Eq. (C11) in this case reduces to the well-known

this form for ¢, in the left hand side of Eq. (C1) and 2 result Aty, = “//|F(t/'//)|']
expanding it in powers of iAt, up to second order, we =  FOr small At), (wAt), < 1), we can calculate a,,(t) (C4)
obtain: ve and the action S(¢,t) (C3) by expanding them in series

_ _ ) _ g3 up to the first and third order respectively in At!:
K"?(t,t,) +i2At, K'(t,1,) - K'(t,1,) _ =
. _ L ay (t) ~ i, F2(t, 1), (C14)
(Al K20, 7,) + K'(17,) - K'(1,7,)] BT
S(t,t)~ St,t,)+ - —2. C15
— _1%27 (07) ( I/) ( ) 3 f(t,tlu) ( )
where K'(t,1,) = OK'(t,t')/dt’ and K'(t,t,) = v Taking into account Eqs. (C11), (C14), and (C15), we

= K/2(t7 Fu)

t'=t],

t'=t",’ . . . )
K (t,t)/ ot o_p - Separating real and imaginary obtain Dy (¢) in Eq. (C2) in the form:
parts in Eq. (C7), we obtain two equations: _ %SEthu;
3F(t,t
_ 02%S ( /) Dl(f) = —\/;CZ < — —
K7, K67 = “555| =0 (cm) T\t T F(1,T)
2 T2 72 - SOV K (LT,
(AL F(,T,)7 = (L, T, (C8b) R ) (cag)
where (t=t)
_ - — — — s The dipole moment (C16) involves two rapidly varying
F(t,t,) = \/K’Q(t t',)+ K'(t,t',) - K'(t,1,),(C9) s exponents: one (the “tunneling exponent”) is associated

. — e with tunneling, while the second (the “propagation ex-
x(t, 1) = /K2 + K?2(t,t,). (C10) 1260 ponent”) is governed by the classical (real-valued) action
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1290 for an electron moving in the laser field along a closed 1313 Appendix D: Expansion of the laser-induced dipole
o1 classical trajectory from the moment #/,, until the time ¢. 11 near the caustic points

e In the tunneling regime (in which wk/F < 1, where
1203 F' and w are the laser field strength and frequency), the

Z: "Sirciiiﬁitgloeisgs;i?’n‘fbycgi’ziscs)rH(lclulcnl; ;?S,tg?]r ‘Elk“ll?t?s t}tls 1321 of .the.z HHG amplit.ude in ‘Ferms of extreme trajectories
o cstimate the Fourier-component of Dy (£), we can tgeat 1322 coincides asymptotically with the results of the present
A 1323 approach. For simplicity, we confine our analysis to the

127 the tunneling exponent as a “smooth” function. As a case of a linearly polarized field described by the vec
o . . 1324 -
1208 Tesult, the position of the stationary phase of the inte- 125 tor potential A(f) = eA(t), where e is the real polar-

o gral (12), where Dy(t) is given by Eq. (C16), can be 16 ization vector. For this vector potential, the system of

1o found from the equation: . . .
4 w2 equations (33) can be rewritten in a “scalar” form [see

— — 1328 Eqs. (56) and (57) in Ref. [80]]
K2(t,t, K2t t, dt’,
, )—( (2’ )+I> =E, (C17)

120 In this Appendix, we seek to show that an expansion

2 dt
va where E = Q—1I,,. Differentiating Eq. (C8a) with respect At — ft/tit’ =0, (Dla)
dt', B
102 to ¢, we obtain 7 in the form: Ft)+ A(tl)f : ﬁ(t/) o (D1b)
ar, 1 { K(tt,) K'(t,t,)
dt (t =) F(t,¥,)? t—=t w9 where F(t) = —0A(t)/0t. Expanding the left hand sides
—-F{,) [K(t,t,)— K’(t,?,,)]} ) (C18) w20 of the equations in the system (21) near the solutions,
131 t§C1) and tg(d), of Eq. (D1a), we obtain ¢ and ¢; in the
1303 Thus the equation for the stationary phase point is: 133 form: ’
K(t.t,)?
K07 =E+ AE,(t), (C19) (@) )
2 p @y PO B = B
J - F(t (cl) C ’ a)
130+ Where (tj ) J
— _ (4)
K'(t,7,)? + k2 d¥, (£) _ 4 (a Lmax — B
AB (1) = B L) TR dly o ti =t & P (D2b)
2(t—1',) dt j

130s which we interpret as a quantum correction to the energy ) )
16 gained by the electron in the laser field (cf. Ref. [34]). % where the + signs designate the branches of the square

17 In order to simplify the notations further, we introduce ** root function and where we have used the notations,

1308 here a single index, j, to enumerate the joint solutions of
1300 Egs. (C8a) and (C19), which we present as a pair of real
o times {t},¢;}. These pairs satisfy the system of equations BU)  — 1

i [cf. Egs. (C8a) and (C19)): mex 2 F(t F(t (D)
. (ch) ¢ c

K, K/ =0 (C21a) C_f_FQ(tij ) _F(tj(l))+F(t( ) A4 (e

3 J )
K z Fe) " F(t,)
TJ =FE — Agj, (C21b) ARD (e _ (e

K K’ J J J
K'? + K2 2 t—t - B (K - K) ,

A&j = — 2(t‘- —) F’2 K F » 135 Further expanding S and K - K near the extreme times

b i Tt

1336 t;-(d) and tj(d), we obtain

here K} = K'(t;,t}), = OK'(t;,t;)/0t, =
1312 Wher / / (J Ig) / ) (J ])/ J S(pj,t;)—S(pj,tj)—f—Qtj
ws K(t,1), Fj = F(t}), Fj = F(tj). Evaluatlng the ) )
1 integral (12) using the stationary phase method with ~ S(t_(cl) t"(d)) Q) 4 2 (Exax — B)*/
ws D1 (t) from (C16) and recalling that D(t) ~ Di(t) (see 70 ! 3 VG ’

s Sec. IIB), the dipole amplitude D()) can be presented . :
w7 in the final form (20). K; K;~F21/¢( G — E).
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133 Substituting these expansions in Eqgs. (23), (24), (34), 13 The result (D3) can also be obtained by expanding the

13 and (35), we obtain d; in the form:
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1379
1380
1381
1382
1383
1384
1385
1386
1387
1388
1389
1390
1391
1392
1393
1394
1395

1340
1341

23 1342

c Z/k
()

max T 1343

1344

1345

H3
exp {—m] exp {iS(tj(d),t;(d)) + iQtj(d)}

Airy function in the HHG amplitude of Ref. [80] (see
also Ref. [123]) in an asymptotic series for negative ar-
guments. Note that although our analytical calculation

is valid for E < EY)., the result (D3) can be analyt-

ically continued to the region E > Er(ggx; the result is
that sin[---] in (D3) should be replaced by the exponent

_EG) )3/2
2 M] /2. Thus, the present theory overlaps

J
asymptotically with the results of Ref. [80]. The case of
elliptical polarization is more cumbersome to treat ana-

X - 1346 exp[—— Y
cl 3 .
Py APRG B - B
(4)  _ \3/2 1348
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