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Based on the cavity magnomechanical system, which consists of a microwave cavity and a small
ferromagnetic sphere, we propose a scheme to construct a parity-time (PT ) symmetric-like system
formed by the active magnon mode and passive cavity mode. The effective gain of the magnon mode
is achieved by resonantly driving the yttrium iron garnet (YIG) sphere and can be modulated by the
power of the driving field. We show the PT -symmetric phase transition following the variation of
magnon-photon coupling strength in microwave regime. We find that the transmission amplitudes
and time delays on the first- and second-order sidebands in the PT -symmetric-like system can be en-
hanced for three to four orders, compared to the magnomechanical system, once the magnon-photon
coupling strength is tuned to the critical point in the broken-PT symmetry regime. Particularly, we
also show the switching between different transmission spectra (amplification or magnomechanically
induced absorption) and time delay (positive or negative) on the first-order Stokes sideband, can
be achieved by modulating the power of the control field, cavity-waveguide coupling parameter and
magnon-photon coupling strength. Our study shows that the cavity magnomechanical system is
a promising platform for exploring PT -symmetric-like paradigms in microwave field, and a good
candidate for the microwave control on both the first- and high-oder sidebands simultaneously.
Our study may inspire further applications in frequency combs and low-power magnomechanical
amplifier.

I. INTRODUCTION

The non-Hermitian Hamiltonian, which is related to
parity-time (PT ) symmetry and exhibits real spec-
tra, has recently attracted extensive attentions [1–3].
PT symmetry in non-Hermitian Hamiltonian has been
manifested in various physical systems, ranging from
photonics [4–17], electronics [20–23], to acoustics [24–
28] and phononics [29–31]. Extensive researches show
that optical systems provide the most fertile ground,
where PT -related phenomena can be theoretically stud-
ied and experimentally realized. PT symmetry has been
widely applied to optical communication, signal pro-
cessing and propagation, including the enhancement of
optomechancially-induced transparency [32, 33], absorp-
tion [34] and amplification [35], nonreciprocal light prop-
agation [36], unidirectional invisibility [37–39]. Besides,
it is also useful for enhancing nonlinearity [40, 41] to re-
alize, e.g., optomechanical chaos [42], laser absorber [43],
coherent perfect absorber [44], sensors [45–47], and other
nonlinear effects [48–50].

Based on the similarity between the optical and mi-
crowave fields, PT symmetry has also been studied ex-
perimentally and theoretically in microwave regime uti-
lizing the LRC circuit [20–23], flat microwave cavities
(microwave billiard) [51] and circuit QED system [52].
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Though conceptually striking, experimental demonstra-
tion of PT symmetry remains freshly explored in mi-
crowave systems. Besides, due to the difficulty of realiz-
ing ideal PT symmetry abided by the stringent require-
ment of balanced gain and loss, here we study the PT -
symmetric-like behavior with non-ideal balance based on
the hybrid cavity-magnon system, which works in mi-
crowave regime.
The cavity-magnon system [53–71] we consider here,

which is attracting increasing attention, consists of a
three-dimensional rectangular microwave cavity and a
highly polished single-crystal yttrium iron garnet (YIG)
sphere inside. Due to its high spin density (4.2 × 1021

cm−3), the magnon inside the YIG sphere can achieve
strong and even ultrastrong coupling to the microwave
cavity [61–66]. By dissipation engineering, a non-
Markovian interaction dynamics between the magnon
and the microwave cavity photon can be achieved, which
enables us to build a magnon gradient memory to store
information in the magnon dark modes [67]. Moreover,
by hybridizing the cavity-magnon system with a super-
conducting qubit, the coherent strong coupling between
magnon and qubit, as a result of the virtual photon me-
diation, has been demonstrated [68, 69]. The magne-
tostrictive effect in YIG sphere also provides an alter-
native mechanism to establish a highly tunable hybrid
system, i.e., cavity magnomechanical system [70]. In
this case, the YIG sphere hosts the magnon and phonon
modes simultaneously, which are coupled to each other
through the magnetostrictive interaction. The intrinsic
great tunability, low loss and promising integration with
other opto- or electromechanical elements make cavity
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magnomechanical system also a good candidate to study
PT -symmetry.

Motivated by the works [32–35] and based on the cavity
magnomechanical system [70], we propose to construct a
PT -symmetric-like system with the passive cavity and
active magnon modes. Our proposal is different from
previous ones, which introduce gain to microwave cav-
ity photons, either by directly engineering an active mi-
crowave cavity [58] or in virtue of the feeding fields by
tuning the power ratio and phase difference between dif-
ferent ports [59]. We implement our idea by introducing
gain to the magnon mode, in the way of resonantly driv-
ing the YIG sphere. In contrast to the blue sideband
driving case [72–81], the resonant driving guarantees the
stable steady state value of system. Besides, compared to
active-cavity-case, the gain of the magnon mode can be
easily modulated by the power of the control field without
changing the other parameters. The effective gain of the
magnon mode, mainly coming from the counter-rotating
magnon-phonon interaction terms [80, 81], greatly en-
hances the fields on the first- and second-order side-
bands. Such enhancement can be used to control the
amplitude and time delay of the output field. The condi-
tion to optimize these abilities will be demonstrated by
the response of the system to the power of the control
field, magnon-photon coupling strength, and the cavity-
waveguide coupling parameters. Particularly, the rela-
tion between the PT -symmetric-like behavior and the
magnon-photon coupling strength will be studied.

The paper is organized as follows. In Sec. II, we intro-
duce the theoretical model of the cavity magnomechani-
cal system and derive the equations of motion for the sys-
tem variables. In Sec. III, we first study the magnome-
chanical system, i.e., assume that there is no coupling
between the magnon and cavity, to show how the gain
of the magnon mode can be achieved by resonantly driv-
ing the YIG sphere. Then we study the transmission of
the first- and second-order sidebands of the control field
for the magnomechanical system. We also show the con-
trollable phase transition in the PT -symmetric-like sys-
tem composed of the passive cavity and active magnon
modes. In Sec. IV, we study the influence of the PT
symmetry on the sideband response of the output field.
We demonstrate the tunability between different trans-
mission spectra (amplification or magnomechanically in-
duced absorption) and time delay (positive or negative)
on the first-order stokes sideband. Moreover, the ampli-
fication of transmission amplitude and gain-dominated
group delay on the second-order Stokes sideband [82] are
also shown in Sec. IV. We finally summarize our results
in Sec. V. The derivations of the total Hamiltonian are
given in Appendix A, while the stability of the system is
discussed and shown in Appendix B. The explicit pro-
cesses for deriving the amplitude of the transmitted field
in the total cavity magnomechanical system is shown in
Appendix C.

FIG. 1: (Color online) (a) Schematic diagram of the cavity
magnomechanical system that consists of a three-dimensional
cavity (orange) and a YIG sphere (darkgreen). Usually the
YIG sphere is placed near the maximum microwave magnetic
field of the cavity mode, and a uniform magnon mode is ex-
cited by the uniform external magnetic field (H) applied along
the z direction. The ellipse with darkgreen-dashed curve
(zoom-in view) denotes the deformation caused by the mag-
neostrictive force, that is, the mechanical oscillation is pro-
duced. A control field with the frequency ωc and amplitude
sc is applied directly to the YIG sphere via port 1, while a
probe field with the frequency ωp and amplitude sp is ap-
plied through port 2. Port 3 is used for the measurement of
transmission. (b) The equivalent coupled-harmonic-resonator
model. The parameters κa, κm and γm denote the decay rates
of the microwave cavity, magnon and mechanical resonator
modes, respectively. The magnon mode is coupled to the
cavity mode with strength g, while G is the coupling strength
between the magnon and the mechanical resonator. (c) Fre-
quency spectrum of the cavity magnomechanical system. The
control field is applied resonantly to the magnon mode, i.e.,
their effective frequency detuning ∆̄m = ωc − ωm − Gx̄ = 0.
Here x̄ is the average displacement of the mechanical res-
onator. The frequency of the cavity mode is detuned from
the control field by ∆a = ωc − ωa. The optical response of
the cavity mode is probed by a weak field, whose frequency
detuning to the control field is labeled by ∆ = ωp − ωc. The
first- and second-order sidebands are marked with colorful
lines.
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II. THEORETICAL MODEL

A. Hamiltonian

As schematically shown in Fig. 1(a), we consider a
cavity magnomechanical system, consisting of a three-
dimensional rectangular microwave cavity and a YIG
sphere. The equivalent physical model of this hybrid sys-
tem is shown in Fig. 1(b). Due to its material and geo-
metrical properties, the YIG sphere, which is placed in-
side the cavity, hosts the magnon and mechanical modes,
simultaneously. As shown in the zoom-in view of the YIG
sphere in the right part of Fig. 1(a), a uniform magnon
mode with the frequency ωm = γH is excited, when an
external magnetic field H is applied along the z direc-
tion of the rectangular cavity. Here γ is the gyromag-
netic ratio. The magnetostrictive effect causes deforma-
tion of the spherical geometry and produces mechanical
oscillations, which affect the magnon excitation in turn
and thus lead to the coupling between the mechanical
resonator and the magnon. In our proposal, a control
field at frequency ωc with power Pc is applied directly
to the magnon mode, while a weak microwave signal at
frequency ωp with power Pp is used to probe the cavity
response. The amplitudes of the control and probe fields
are normalized to sc =

√

Pc/~ωc, sp =
√

Pp/~ωp, re-
spectively. In the rotating reference frame of the control
field at the frequency ωc, the Hamiltonian of the cavity
magnomechanical system can be written as

H = −~∆aa
†a− ~∆mm†m+

p2

2meff
+

1

2
meffΩ

2
mx2

+~g
(

am† + a†m
)

+ ~Gxm†m

+i~
√
ηmκm

(

scm
† − s∗cm

)

+i~
√
ηaκa

(

spe
−i∆ta† − s∗pe

i∆ta
)

. (1)

Here a (a†) and m (m†) are the annihilation (creation)
operators of the microwave cavity and magnon modes
with resonant frequencies ωa and ωm, respectively. The
parameter g denotes the coupling strength between cav-
ity and magnon modes, which decay at the rates κa and
κm, respectively. x and p are the position and momen-
tum operators of the mechanical degree of YIG sphere
with effective mass meff and angular frequency Ωm. The
mechanical mode in YIG sphere decays at the rate γm.
The parameter G denotes the magnon-mechanical cou-
pling strength caused by the magnetostrictive effect. The
exact values of the system parameters in our work are
referred to relevant experiment in Ref. [70] and located
in the microwave regime. Specifically, we use the cavity
TE011 mode, which decays at the rate κa/2π = 1.675
MHz and resonates at ωa/2π = 7.86 GHz. The magnon
mode decays at the rate κm/2π = 0.56 MHz, its reso-
nant frequency can be tuned via the bias magnetic fieldH
and kept in the microwave regime. The mechanical S1,2,2

mode we consider, resonates at frequency Ωm/2π = 11.42
MHz with the linewidth 2γm = 300 Hz, and is coupled

to the magnon mode with the strength G = 9.88 mHz.
Besides, the frequency spectrum of the total cavity

magnomechanical system is shown in Fig. 1(c). The
frequency detunings of the cavity and magnon modes
to the control field are labeled as ∆a = ωc − ωa and
∆m = ωc − ωm, respectively, while the detuning of the
probe field from the control field is ∆ = ωp − ωc. The
first- and second-order sidebands located at ωc+∆, ωc−∆
and ωc−2∆ are labeled as blue-dashed, orrange-solid and
red-solid curves in Fig. 1(c). The lower sidebands respect
to the control field, resulting from the down-conversion
processes, are regarded as Stokes sidebands, while the up-
per ones, resulting from the up-conversion processes, are
referred to as anti-Stokes sidebands. Moreover, the coeffi-
cient ηa (ηm) represents the coupling parameter between
the waveguide and the cavity (YIG sphere). Further-
more, we classify the coupling parameter ηa into three
categories [83], i.e., over coupling (ηa > 1/2), critical
coupling (ηa = 1/2) and under coupling (ηa < 1/2).

B. Equations of motion

The dynamics of the total cavity magnomechanical sys-
tem can be described by solving the Heisenberg-Langevin
equations [84]

ȧ =
(

i∆a −
κa

2

)

a− igm+
√
ηaκaspe

−i∆t

+
√

(1− ηa)κaΓa(t), (2)

ṁ =
(

i∆m − κm

2

)

m− iGxm− iga

+
√
ηmκmsc +

√

(1− ηm)κmΓm(t), (3)

ẋ =
p

meff
, (4)

ṗ = −meffΩ
2
mx− ~Gm†m− γmp+ ξ(t). (5)

Here Γa(t), Γm(t), and ξ(t) represent the fluctuation op-
erators corresponding to the cavity, magnon and mechan-
ical resonator, respectively. All the fluctuation operators
have zero means, i.e.,

〈Γa(t)〉 = 0, (6)

〈Γm(t)〉 = 0, (7)

〈ξ(t)〉 = 0. (8)

Here the averages are made over the equilibrium state of
the environment. The correlation functions of the fluc-
tuation operators of the cavity and magnon modes, i.e.,
Γa(t) and Γm(t), with their Hermitian conjugates, satisfy
the conditions

〈

Γa(t)Γ
†
a(t

′)
〉

= κaδ(t− t′), (9)
〈

Γm(t)Γ†
m(t′)

〉

= κmδ(t− t′), (10)

in the time domain under the Markovian approxima-
tion. The thermal energy due to the cryogenic environ-
ment with the temperature T , e.g., 22 mK in Ref. [85],
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is much lower than the eigenenergies of the cavity and
magnon modes, which are several gigahertz in the mi-
crowave regime. That is, kBT ≪ ~ωa, ~ωm. In this case,
it is reasonable to neglect the effects of the environmental
temperature on the cavity and magnon modes. Here kB
is the Boltzmann constant. However, the frequency of the
mechanical resonator is usually several megahertz and
much smaller than the frequencies of cavity and magnon
modes. Therefore, the temperature effect on the mechan-
ical resonator should be taken into account. The thermal
Langevin force ξ(t), acting on the mechanical resonator,
has the nonzero correlation [86, 87]

〈ξ(t)ξ(t′)〉 = 1

2π

ˆ

exp[−iω(t− t′)]N(ω)dω. (11)

Here N(ω) represents the thermal phonon number of the
mechanical resonator, and is given as

N(ω) = ~γmmeffω

[

1 + coth

(

~ω

2kBT

)]

. (12)

Since we are interested in the mean response of the
system to the probe field, it is reasonable to focus on the
expectation values of the operators. Thus, the semiclas-
sical equations of motion can be derived from Eqs. (2-5)
as

d〈a〉
dt

=
(

i∆a −
κa

2

)

〈a〉 − ig〈m〉+√
ηaκaspe

−i∆t,(13)

d〈m〉
dt

=
(

i∆m − κm

2

)

〈m〉 − iG〈x〉〈m〉 − ig〈a〉
+
√
ηmκmsc, (14)

d〈x〉
dt

=
〈p〉
meff

, (15)

d〈p〉
dt

= −meffΩ
2
m〈x〉 − ~G〈m†〉〈m〉 − γm〈p〉. (16)

Note that we have used the zero mean values for all fluc-
tuation operators shown in Eqs. (6-8) and mean field ap-
proximation, i.e., 〈o1o2〉 = 〈o1〉〈o2〉. Here o1, o2 can be
any system operators.

III. GAIN AND PT-SYMMETRIC-LIKE

SYSTEM

Before we study the response of the whole cavity mag-
nomechanical system, we would like to focus on the bare
magnomechanical system and show the gain mechanism
of the magnon first, which lays the foundation for the for-
mation of the PT -symmetric-like system. Here, the bare
magnomechanical system is referred to the case when the
coupling between the cavity and magnon modes is ne-
glected in Eq. (1). Besides, for the bare magnomechanical
system, we assume that a probe field with frequency ω′

p is
applied to detect the response and verify the gain of the
magnon mode. The coupling strength between the probe

field and the magnon is
√
ηmκms′p. Note here the pa-

rameters s′p, ω
′
p are introduced to discriminate the probe

field applied to the magnon with the one applied to the
cavity mode, whose amplitude and frequency are labeled
by sp and ωp, respectively. Taking all these aspects into
account, the Hamiltonian of the bare magnomechanical
system can be written as

H′ = −~∆mm†m+
p2

2meff
+

1

2
meffΩ

2
mx2 + ~Gxm†m

+i~
√
ηmκm

[(

sc + s′pe
−i∆′t

)

m† − h.c.
]

, (17)

where ∆′ = ω′
p −ωc represents the detuning between the

probe and control fields applied to the magnon mode.
In this case, following the same processes in Sec. II B,

i.e., by solving the Heisenberg-Langevin equations and
taking the averages, we can obtain the semiclassical equa-
tions of motion for all the operators in bare magnome-
chanical system. We note that the equations of motion
for the mechanical resonator can still be described by
Eqs. (15) and (16), while the equation of motion for the
magnon mode in Eq. (14) is modified to

d〈m〉
dt

=
(

i∆m − κm

2

)

〈m〉 − iG〈x〉〈m〉

+
√
ηmκm(sc + s′pe

−i∆′t). (18)

The nonlinear equations of motion for the bare magnome-
chanical system, as shown in Eqs. (15), (16) and (18),
cannot be solved precisely since their steady-state solu-
tions have infinite number of frequencies. To approxi-
mately obtain the steady-state solutions which are exact
for the strong driving sc and corrected to the second or-
der for the weak probe s′p, we can apply the perturbation
theory and make the following ansatz

〈m〉 = m̄+ 〈δm〉, 〈x〉 = x̄+ 〈δx〉, (19)

with |m̄| ≫ |δm| and |x̄| ≫ |δx|, respectively [83, 88–90].
Here m̄ and x̄ are exact steady state values of the system
when s′p = 0, while 〈δm〉 and 〈δx〉 are the small quan-
tities around the steady-state values and proportional
to the probe field s′p. Substituting these ansatzes into
Eqs. (15), (16) and (18), we can obtain the steady-state
values m̄ and x̄ of the magnon and mechanical resonator
modes as

m̄ = − 2
√
ηmκmsc

2i∆̄m − κm

, (20)

x̄ = −~G |m̄|2
meffΩ2

m

, (21)

with the modified detuning ∆̄m = ∆m − Gx̄. Besides,
we can also obtain the equations of motion for the small
quantities δm and δx as [83, 88–91]

d

dt
〈δm〉 =

(

i∆̄m − κm

2

)

〈δm〉 − iG (m̄〈δx〉+ 〈δm〉〈δx〉)

+
√
ηmκms′pe

−i∆′t, (22)

D〈δx〉 = − ~G

meff

[

m̄
(

〈δm†〉+ 〈δm〉
)

+ 〈δm†〉〈δm〉
]

,(23)
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with D = d2

dt2
+ Ω2

m + γm
d
dt

denoting the differential op-
eration related to the mechanical resonator. The nonlin-
ear terms −iG〈δm〉〈δx〉 and −~G〈δm†〉〈δm〉 in Eqs. (22)
and (23) will surely induce several higher sidebands cor-
responding to the control field. In other parts of our
work, we mainly focus on the first- and second- order
sidebands.

A. Spectrum of the transmitted field

To obtain the solutions of 〈δm〉 and 〈δx〉, which are de-
scribed by the nonlinear equations in Eqs. (22) and (23),
we make the ansatz up to the second-order sideband for
a given detuning ∆′ as follows

〈δm〉 = m−
1 e

−i∆′t +m+
1 e

i∆′t +m−
2 e

−i2∆′t

+m+
2 e

2i∆′t, (24)

〈δm∗〉 = (m+
1 )

∗e−i∆′t + (m−
1 )

∗ei∆
′t + (m+

2 )
∗e−i2∆′t

+(m−
2 )

∗e2i∆
′t, (25)

〈δx〉 = x1e
−i∆′t + x∗

1e
i∆′t + x2e

−2i∆′t + x∗
2e

2i∆′t.(26)

Here we have neglected the higher-order sidebands with
the frequencies n∆′ (n > 3). Substituting Eqs. (24-26)
into Eqs. (22) and (23), comparing the frequency terms,
we obtain a set of coupled equations about different fre-
quency components. For the first-order response of the
probe field, i.e., terms with e±i∆′t, we have

λm(∆′)m−
1 = −iGm̄x1 +

√
ηmκmsp, (27)

λ†
m(∆′)m+

1 = iGm̄x∗
1, (28)

χ−1(∆′)x1 = −~G
[

m̄∗m−
1 + m̄(m+

1 )
∗
]

, (29)

with

λm(∆′) = −i
(

∆̄m +∆′
)

+
κm

2
, (30)

χ (∆′) =
[

meff

(

Ω2
m −∆′2 − i∆′γm

)]−1
, (31)

representing the magnon response function and mechan-
ical susceptibility, respectively. Note that we have ne-
glected the small influences of the second-order side-
bands, i.e., terms with e±2i∆′t, whose amplitudes are
much smaller than the probe field. Besides, we define

λ†
m(∆′) = [λm(−∆′)]∗. (32)

Then the coefficients of the first-order Stokes sideband,
i.e., the solutions of the coupled equations in Eqs. (27-
29), can be obtained as

m−
1 =

1 + if (∆′)

λm(∆′) + 2∆̄mf (∆′)

√
ηmκms′p, (33)

x1 =
−~Gm̄χ(∆′)

λm(∆′) + 2∆̄mf (∆′)

√
ηmκms′p, (34)

with

f (∆′) = ~G2m̄2χ (∆′) [λ†
m(∆′)]−1. (35)
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FIG. 2: (Color online) (a) Transmission coefficient Tm on the
first-order sideband and (b) the amplitude |η| on the second-
order sideband versus the probe and control field detuning ∆′,
for the bare magnomechanical system under different powers
of control field, e.g., Pc = 5 dBm (red-dashed line) and Pc = 7
dBm (blue-solid line). The coupling parameter ηm = 0.5.

Similarly, we can also obtain equations concerning the
coefficients of the terms with e±2i∆′t as follows:

λm(2∆′)m−
2 = −iGm−

1 x1 − iGm̄x2, (36)

λ†
m(2∆′)(m+

2 )
∗ = iG(m+

1 )
∗x1 + iGm̄∗x2, (37)

χ−1(2∆′)x2 = −~G
[

m̄∗m−
2 + m̄(m+

2 )
∗ + (m+

1 )
∗m−

1

]

.

(38)

Then, the amplitude of the second-order Stokes sideband,
i.e., m−

2 , can be obtained as

m−
2 =

iG2m̄f (2)(∆′)x2
1 − iG

[

1 + ∆f (2)(∆′)
]

m−
1 x1

λm(2∆′) + 2∆̄mf(2∆′)
,

(39)

with

f (2) (∆′) = −f(2∆′)[λ†
m(∆′)]−1. (40)

The two terms in the numerator of the right hand side
of Eq. (39) actually denote two processes. The first term
with x2

1 stems from the two-phonon down-conversion di-
rectly from the control field, i.e., the direct second-order
sideband. The second term with m−

1 x1 originates from
the down-conversion of the first-order Stokes sideband,
i.e., indirect second-order sideband [88–90].
According to the input-output theory [92], the re-

sponse of the bare magnomechanical system can be de-
tected by the expectation of the output field, which can
be given as

〈s′out〉 = sc + s′pe
−i∆′t −√

ηmκm〈m〉. (41)

Substituting Eqs. (19), (20), and (24) into Eq. (41), we
can obtain the mean value of the output field as follows:

〈s′out〉 = sc −
√
ηmκmm̄+ (s′p −

√
ηmκmm−

1 )e
−i∆′t

−√
ηmκm

(

m+
1 e

i∆′t +m−
2 e

−2i∆′t +m+
2 e

2i∆′t
)

.

(42)
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The amplitude of the rescaled transmission field at the
frequency of the probe field, i.e., ωp, can be formulated
as

tmp =
s′p −

√
ηmκmm−

s′p

= 1− 1 + if (∆′)

λm(∆′) + 2∆̄mf (∆′)
ηmκm. (43)

Then the power transmission coefficient Tm =
∣

∣tmp
∣

∣

2
can

be given correspondingly. The stability of the system
is checked carefully by the Routh-Hurwitz criterion [93]
for all the parameters we used, and is demonstrated in
Appendix B.
In our study, we focus on the resonant driving case,

i.e., ∆̄m = 0. Then the power transmission at the first-
order Stokes and anti-Stokes sidebands can be further
expressed as

Tm (−Ωm) ≃ (1 +
y

2µ
)2, (44)

Tm (Ωm) ≃ (1− y

2µ
)2, (45)

with

µ = Ωm/κm, y = −Re[f(−Ωm)]. (46)

Here, f(−Ωm) is obtained by replacing ∆′ with −Ωm in
Eq. (35). Thus, it is obviously that the rescaled power of
the transmission field at the Stokes sideband Tm(−Ωm) is
always larger than 1, while for the anti-Stokes sideband,
only when the power of the control field surpasses the
threshold

Pthr =
Ωmω1meffγm

ηmG2

(

Ω2
m +

κ2
m

4

)

, (47)

can the rescaled power of transmission field Tm(Ωm) ex-
ceed 1.
In Fig. 2(a), we show the response of the bare mag-

nomechanical system for two configurations, i.e., when
the power Pc of the control field is below or above the
threshold Pthr. For the parameters used in our study, the
threshold pump power Pthr is 6.6 dBm. Being consistent
with Eqs. (44) and (45), we find great amplification on
the first-order Stokes sideband. When the rescaled con-
trol field power Pc is increased from 5 dBm (blue-dashed
line) to 7 dBm (red-solid line), the rescaled transmission
coefficient Tm is increased from 6.357 to 9.797 on the
Stokes sideband, while from 0.274 to 1.280 on the anti-
Stokes sideband. Actually, the amplification can be at-
tributed to the effective gain on the first-order sideband,
whose mechanism will be discussed in Sec. III B.
Moreover, the amplitude of the output field on the

second-order Stokes sideband can be renormalized as

|η| =
∣

∣

∣

∣

∣

√
ηmκmm−

2

s′p

∣

∣

∣

∣

∣

. (48)

In Fig. 2(b), |η| is shown as a function of the detun-
ing ∆′, i.e., the frequency difference between the probe
and control fields, under the given powers Pc = 5 dBm
(blue-dashed line) and 7 dBm (red-solid line) of the con-
trol field, respectively. The rescaled amplitude |η| of the
second-order sideband behaves symmetrically at the de-
tuning ∆′ = ±Ωm as a result of resonantly driving. We
observe an increment of 5.556% from 5.794% at 5 dBm
to 11.350% at 7 dBm. We find that the amplitude of
the second-order sideband mainly comes from the contri-
bution of the down-conversion induced by the first-order
sideband, i.e., the terms with m−

1 x1 in Eq. (39). Thus,
it is reasonable that the amplitude of the second-order
sideband can also be amplified by the effective gain on
the first-order sideband.

B. Effective gain in magnon on the first-order

Stokes sideband

We now further study the gain mechanism of the
magnon mode. We first consider Eqs. (22) and (23)
without the probe field, i.e., s′p = 0. In this case, with
the Fourier transform, Eqs. (22) and (23) can be reex-
pressed as

λm(ω)〈δm (ω)〉 = −iG〈δm (ω)〉 ∗ 〈δx (ω)〉
−iGm̄〈δx (ω)〉 (49)

χ−1(ω)〈δx (ω)〉 = −~Gm̄
[

〈δm† (ω)〉+ 〈δm (ω)〉
]

−~G〈δm† (ω)〉 ∗ 〈δm (ω)〉. (50)

Here δm (ω) and δx (ω) represent the Fourier transforms
of the magnon and mechanical modes, respectively. The
functions λm(ω) and χ(ω) can be obtained by replacing
∆′ with ω in Eqs. (30) and (31). Terms in the form of
h1 ∗h2, which denote the convolution of two functions h1

and h2, can be expressed as [94]

h1 ∗ h2 =

ˆ +∞

−∞

dω1h1 (ω1)h2 (ω − ω1) . (51)

Substituting Eq. (50) into Eq. (49) and only retaining
the linear and quadratic terms, we can rewrite Eq. (49)
as
[

−i
(

∆̄′
m + ω

)

+
κ′
m

2

]

〈δm (ω)〉 = −iG′ [〈δm (ω)〉 ∗ 〈δx (ω)〉] ,
(52)

with

∆̄′
m = ∆̄m + Im

[

r−1(ω)
]

, (53)

κ′
m = κm − 2Re

[

r−1(ω)
]

, (54)

denoting the modified detuning and decay rate of magnon
mode, respectively. Here, r(ω) is defined as

r(ω) = [λ†
m(ω)]−1 − i[~χ (ω)G2m̄2]−1 = U + iV.

(55)
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FIG. 3: (Color online) Spectra of the effective decay rate κ′
m,

effective detuning ∆̄′
m and the amplification coefficient κ

(2)
m

under the specific power of control field Pc = 7 dBm, are
shown in (a), (b) and (c), respectively. (d) shows the effective
decay rate on the first-order Stokes sideband κ′

m(−Ωm) versus
the control field power Pc. Other parameters are the same as
Fig. 2.

The parameters U and V , representing the real and imag-
inary parts of r(ω), can be expressed explicitly as

U = −meffωγm
~G2m̄2

+
2κm

4
(

∆̄m − ω
)2

+ κ2
m

, (56)

V = −meff

(

Ω2
m − ω2

)

~G2m̄2
− 4

(

∆̄m − ω
)

4
(

∆̄m − ω
)2

+ κ2
m

. (57)

It is obvious that the magnon mode can be amplified
when κ′

m < 0, i.e., the magnon mode can obtain the

gain. Moreover, the parameter G′ = κ
(2)
m G, with

κ(2)
m = 1 +

if (ω)λm (ω)

1 + if (ω)

{

[

λ†
m (ω)

]−1 − [λm (0)]
−1

}

,

(58)
denoting the gain-induced effective amplification coeffi-
cient on the second-order interaction. Here the function
f(ω) can be obtained by replacing ∆′ with ω in Eq. (35).
In Figs. 3(a) and 3(b), we show the variations of the

effective dissipation rate κ′
m and detuning ∆̄′

m of the
magnon mode with rescaled ω, under a given power
Pc = 7 dBm of the control field. We can find that the nor-
malized effective dissipation rate κ′

m/κm takes a negative
value on the first-order Stokes sideband, i.e., κ′

m(−Ωm) <
0, which corresponds to an effective gain. Meanwhile,
the effective detuning on the first-order Stokes sideband
∆̄′

m(−Ωm) is changed from the 0 to Ωm, resulting the
resonance with the cavity mode, whose effect will be

taken into account in Sec. IIIC. The negative decay rate
κ′
m(−Ωm) and resonant condition ∆̄′

m(−Ωm) = ∆a =
Ωm lay the foundation of PT -symmetric-like behavior of
the cavity magnomechanical system, which we will shown
in Sec. IIIC.
Besides, the gain-induced amplification coefficient

∣

∣

∣
κ
(2)
m

∣

∣

∣
on the second-order conversion process is shown

in Fig. 3(c). We find symmetric amplification on the
Stokes- and anti-Stokes sidebands as a result of resonant
driving. This shows consistency with the symmetric am-
plitude |η| in Fig. 2(b). The amplification on the second-
order sideband mainly originates from the gain-induced
enhancement of the down-conversion process of the first-
order sideband, which gets negative dissipation rate as
shown in Fig. 3(a). Moreover, in Fig. 3(d), we show the
influence of the control field power Pc on the effective
decay rate κ′

m(−Ωm) of the first-order Stokes sideband.
We find that the negative decay rate κ′

m(−Ωm) becomes
larger with the increase of the power Pc, i.e., the effective
gain −κ′

m(−Ωm) becomes smaller, which can be inferred
from Eqs. (20), (54) and (56). Actually, the decrease of
the gain can be attributed to the increase of the decay
from the mechanical resonator as shown in Fig. 1(b), as
a result of the stronger effective coupling Gm̄ induced by
higher control field power.
We have shown the gain mechanism of the magnon

mode on the first-order sideband. Considering the rigid-
ity to realize amplification and gain on the first-order
anti-Stokes sideband, as shown in Eq. (47) and Fig. 3(a),
we mainly focus on the amplification on the first-order
Stokes sideband in the rest of our paper. Besides, we note
that the spectra of the effective detuning ∆̄′

m and decay
rate κ′

m are centered around−Ωm, thus it is reasonable to
conduct the Weisskopf-wigner approximation [84]. Then,
we can obtain an active magnon mode, with the effective
gain −κ′

m(−Ωm) and effective detuning ∆̄′
m(−Ωm) to the

control field. This active magnon mode, which is intro-
duced by resonantly driving the YIG sphere, provides us
the possibility to construct a PT -symmetric-like system
with the passive microwave cavity mode.

C. Controllable phase transition

Let us now include the microwave cavity mode and
consider the full Hamiltonian shown in Eq. (1). We as-
sume that the microwave cavity field is coupled reso-
nantly to the first-order Stokes sideband of the control
field, i.e., ∆a = Ωm. When the cavity mode is included,
we find the response function of the magnon mode is
modified from λm(ω) to λm(ω) + g2/λa(ω). The effec-
tive detuning ∆̄′

m in Eq. (53), decay rate κ′
m in Eq. (54),

and effective amplification coefficient κ
(2)
m in Eq. (58) are

also modified correspondingly, by replacing λm(ω) with
λm(ω) + g2/λa(ω). However, due to the negligibly small
influence of g2/λa(ω) on the effective gain and detuning,
it is reasonable to neglect the back-action of the cavity to
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FIG. 4: (Color online) The equivalent PT -symmetric-like
coupled cavity and magnon model with effective loss κa and
gain Gm is embedded in (a). The real and imaginary parts of
the eigenfrequencies ω+ and ω− versus the magnon-photon
coupling strength g are plotted in (a) and (b), with red-
solid and blue-dotted curves, respectively. Light blue and
gray patches are used to label the broken and unbroken
PT -symmetric phases, respectively. Other parameters are
∆̃m = ∆a = Ωm and Gm = 0.1586 κa.

the magnon mode here. In this case, we construct a PT -
symmetric-like system as shown in the inset of Fig. 4(a),
based on the coupled cavity-magnon system. The pas-
sive microwave cavity mode, which decays at the rate
κa, is coupled resonantly to the effective active magnon
mode, whose effective gain is Gm = −κ′

m(−Ωm), with
the strength g.
The effective non-Hermitian Hamiltonian of the cou-

pled cavity-magnon system with the effective gain and
loss can be written as

Heff =

(

∆̃m + i
Gm

2

)

δm†δm+
(

∆a − i
κa

2

)

δa†δa

+g
(

δm†δa+ δa†δm
)

, (59)

with ∆̃m = ∆̄′
m(−Ωm) denoting the effective detuning

between the active magnon mode and the control field.
The coupling of the magnon and cavity modes leads to
two supermodes, i.e., D+ = (δm+ δa) /

√
2 and D− =

(δm− δa) /
√
2, with the corresponding eigenfrequencies

ω± =
1

2

(

∆̃m +∆a

)

− i

4
(κa −Gm)

±

√

g2 −
[

− i

2

(

∆̃m −∆a

)

− 1

4
(Gm + κa)

]2

.

(60)

Based on the resonant condition ∆̃m = ∆a = Ωm

which has been shown in Fig. 3(b), the responses of
the real and imaginary parts of the eigenfrequencies to
the magnon-photon coupling strength g are shown in
Figs. 4(a) and 4(b), respectively. For the parameters
used in our study, the effective gain can be obtained
as Gm = 0.1586 κa. We find that the two super-
modes degenerate at the frequency Ωm but have differ-

ent linewidths − (κa −Gm) /4 ±
√

(Gm + κa)
2 /16− g2

when g < (κa +Gm) /4, while they decay in the same
rates (κa −Gm) /4 but have different frequencies Ωm ±
√

g2 − (Gm + κa)
2
/16 when g > (κa +Gm) /4. Ac-

tually, the critical point, i.e., (κa +Gm) /4, represents
the PT phase transition point or the exceptional point
(EP) [1, 16, 17, 29, 32, 42, 95, 96]. The regions in which g
is smaller and larger than the critical value correspond to
the broken and unbroken PT -symmetric spaces, respec-
tively. The phase transition between these two regions
can be realized by modulating the magnon-photon cou-
pling strength g.

IV. ENHANCED OUTPUT EFFECTS ON THE

FIRST- AND SECOND- ORDER SIDEBANDS

In this section, we will study the output field of the cav-
ity magnomechanical system. In particular, we will show
how the PT symmetry parameters affect the transmis-
sion properties on the first- and second-order sidebands.

A. Properties of the transmitted field

In order to give more explicit descriptions of the output
fields on both the first- and second-order sidebands, we
turn back to the full Hamiltonian of the whole system
shown in Eq. (1) in this subsection. Here, we assume that
the probe field is applied to the photon mode for studying
the response of the cavity magnomechanical system.
The equations of motion for system variables have been

given in Eqs. (13–16). Following the same procedure as in
Sec. III, we assume that each variable can be written as
the sum of the steady-state value and the small quantity
around it, e.g, a = ā + δa for the cavity mode. Then
the steady-state values of the cavity, magnon modes and
mechanical resonator can be obtained as

ā =
2ig

i2∆a − κa

m̄, (61)

m̄ =
2
√
ηmκmsin

−i2∆̄m + κm + 2Γ′
a

, (62)

x̄ = −~G |m̄|2
meffΩ2

m

, (63)

when the probe field is not applied. Here

Γ′
a = − 2g2

i2∆a − κa

. (64)

The equations of motion for the small quantities around
the steady-state values, proportional to the probe field,
can be given by

d

dt
〈δa〉 =

(

i∆a −
κa

2

)

〈δa〉 − ig〈δm〉

+
√
ηaκaspe

−i∆t, (65)
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d

dt
〈δm〉 =

(

i∆̄m − κm

2

)

〈δm〉 − iG (m̄〈δx〉 − 〈δm〉〈δx〉)
−ig〈δa〉, (66)

D〈δx〉 = − ~G

meff

[

m̄
(

〈δm†〉+ 〈δm〉
)

+ 〈δm†〉〈δm〉
]

.(67)

The details of solving these coupled differential equations
are shown in Appendix C. Then in terms of the input-
output theory [92], we can obtain the mean value of the
output field as follows:

〈sout〉 = spe
−i∆t −√

ηaκa〈a〉, (68)

= −√
ηaκaā+ (sp −

√
ηaκaA

−
1 )e

−i∆t

−√
ηaκaA

+
1 e

i∆t −√
ηaκa

(

A−
2 e

−2i∆t +A+
2 e

2i∆t
)

.

The corresponding amplitudes of the rescaled output field
on the first- and second-order Stokes sidebands read

tp =
sp −

√
ηaκaA

−
1

sp
= 1− ηaκaF (∆) , (69)

|η′| =

∣

∣

∣

∣

∣

√
ηaκaA

−
2

sp

∣

∣

∣

∣

∣

, (70)

respectively. The explicit expressions of the parameters
A±

1 , A
±
2 and F (∆) can be found in Appendix C.

The expressions of tp and |η′| imply that the trans-
mission spectra can be modified by the power Pc of con-
trol field, magnon-photon coupling strength g, the cou-
pling parameters ηa and ηm. The adjustment of these
parameters will result in different spectra, which arise
from the interference between the directly transmitted
probe field sp and the leakage of the cavity field to the
waveguide

√
ηaκaA−. For the first-order Stokes side-

band, T = |tp|2 can display the amplification, magnome-
chanically induced absorption and transparency in dif-
ferent parameter regimes. Here we regard the absorp-
tion (transparency) as the reduction (enhancement) of
the transmission by magnomechanical interaction, while
the amplification is referred to the case when the power
ratio between the transmission and probe fields is larger
than unity [70]. Moreover, an effective window on trans-
mission spectrum induces the group delay. It is caused
by the extremely abrupt change of the refractive index
and can be calculated as [97]

τ1 =
dθ1
d∆

, τ2 =
dθ2
2d∆

(71)

with θ1 = arg[tp(∆)] and θ2 = arg[η′(∆)] denoting the
phases of the output field on the first- and second-order
sidebands at the frequency ωp, respectively.

B. First-order sideband

We now study the tunable output field effects on the
first-order sideband. Specifically, we consider the tun-
able amplification and magnomechanically induced ab-
sorption, which can be used to slow and fast light, re-
spectively.
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FIG. 5: (Color online) Transmission coefficient T and dis-
persion Im(tp) versus the detuning ∆ for the over-coupling
case (ηa = 0.7) with g/κa = 0.16 are shown in (a) and
(b), respectively. Curves in (a) with different colors repre-
sent the transmissions for various magnon-waveguide coupling
parameters, e.g., ηm=0.7 (green-dashed), 0.5 (red-solid), 0.3
(black dotted), while in (b), (c) and (d), we focus on the
case of ηm = 0.5. (c) and (d) show the detailed transmis-
sion coefficient T and time delay τ1 around the central peak
in (a). We consider four different magnon-photon coupling
strengths, e.g., g/κa=0 (black-dashed), 0.16 (red-solid), 0.17
(green dash-dotted) and 0.18 (blue-dotted), respectively. Be-
sides, the power of the control field Pc = 7 dBm and we have
moved the origin of coordinate to the Stokes sideband of the
control field.

1. Amplification and slow light

First, we show the transmission T = |tp|2 and disper-
sion Im(tp) on the first-order sideband with g/κa = 0.16,
in Figs. 5(a) and 5(b), respectively. Here we consider
the over-coupling case, in terms of the cavity-waveguide
coupling parameter, e.g., ηa = 0.7. A remarkable probe
amplification and an abrupt variation of the dispersion
are found near ∆ = −Ωm.

In Fig. 5(a), we show the transmission T under differ-
ent magnon-waveguide coupling parameters ηm. We find
that except for different heights of peaks, the transmis-
sions for all cases are amplified on the first-order Stokes
sideband, which implies the constructive interference be-
tween the directly transmitted probe field and leakage
of the cavity field. Thus without loss of generality, we
mainly focus on the case of ηm = 0.5 in other parts of
this subsection. The anomalous dispersive behavior at
the very vicinity of ∆ = −Ωm is shown in the inset of
Fig. 5(b).
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photon coupling strength g for the over-coupling case (ηa =
0.7). The horizontal black-dashed line represents the trans-
mission T (−Ωm) = 1. Besides, ondine and pink patches
are used to label different transmission spectrum regions,
i.e., magnomechanical-induced-transparency and nondegener-
ate parametric amplification, respectively. The other param-
eters are the same as Fig. 5.

Moreover, the transmissions T = |tp|2 versus the de-
tuning ∆ = ωp − ωc under different rescaled magnon-
photon coupling strengths g are shown in Fig. 5(c). The
sensitivity of the transmission peaks to the magnon-
photon coupling strength g is demonstrated clearly. The
black-dashed curve corresponds to the case of g = 0,
i.e., the bare magnomechanical system. As for the cav-
ity magnomechancial system, it can be found that the
height of the center peak becomes much higher and nar-
rower with the increase of the magnon-photon coupling
strength g. A growth of 0.02 in the rescaled coupling
strength g/κa, e.g. from 0.16 (red-solid-dotted line) to
0.18 (blue-dotted line), can induce almost 5.2 times en-
hancement for the peak of the transmission. As an ap-
plication, in Fig. 5(d), we show the time delay for differ-
ent coupling strengths g. It is obvious that the ability
of the system to slow light (τ1 > 0) can be further en-
hanced with the increase of g. When there is no coupling
between the cavity and magnon, i.e, for bare magnome-
chanical system (black-dashed line), the maximum time
delay is only 1.4 ms. It can be prolonged for almost
eight times to 11 ms, when the magnon-photon coupling
reaches g/κa = 0.18 (blue-dotted line).
Furthermore, in order to show how the transmission

of the first-order Stokes sideband T (−Ωm) is affected
by the gain of the magnon for the over coupling case,
e.g., ηa = 0.7, we plot the response of the transmis-
sion coefficient T (−Ωm) to the magnon-photon coupling
strength g in Fig. 6. We find that the transmission coeffi-
cient has been increased for four orders when the rescaled
magnon-photon coupling strength approaches to the crit-
ical point g/κa ≃

√

Gm/κa/2 = 0.1991 in the broken
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FIG. 7: (Color online)Transmission coefficient T and disper-
sion Im(tp) versus the detuning ∆ for the under-coupling case
(ηa = 0.3) with g/κa = 0.08 are shown in (a) and (b), re-
spectively. Curves in (a) with different colors represent the
transmissions for various magnon-waveguide coupling param-
eters, e.g., ηm=0.7 (green-dashed), 0.5 (red-solid), 0.3 (black-
dotted), while in (b), (c) and (d), we focus on the case of
ηm = 0.5. (c) and (d) show the detailed transmission co-
efficient T and time delay τ1 around the central peak in (a).
We consider different magnon-photon coupling strengths, e.g.,
g/κa=0.08 (red-solid), 0.1 (green dash-dotted) and 0.12 (blue-
dotted), respectively. Here the power of the control field
Pc = 7 dBm and we have moved the origin of coordinate
to the Stokes sideband of the control field.

PT -symmetric phase space, which behaves like the PT -
symmetric system [35]. Correspondingly, the light can
be slowed for about three to four orders compared to
the magnomechanical system. Besides, when g/κa goes
below 0.1081, a transparency window appears in the cen-
ter of transmission field. This behavior is similar to the
eletromechanically-induced-transparency shown in con-
ventional optomechanical systems [97–100]. However, in
this case, the reduction of the group velocity of light
(slow light) is smaller comparing to the nondegenerate
parametric amplification regime.

2. Magnomechanically induced absorption and fast light

When the cavity-waveguide coupling parameter is
tuned to under coupling case, e.g., ηa = 0.3, we find
that the transmission exhibits magnomechanically in-
duced absorption under given magnon-photon coupling
strength g. In this case, the interference between the
directly transmitted probe field and leakage of the cav-
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ity field is destructive. Similarly, the overall perspectives
of the transmissions for different magnon-waveguide cou-
pling parameters ηm are shown in Fig. 7(a). Here the
rescaled magnon-photon strength g/κa = 0.08. We find
that the magnon-waveguide coupling parameter ηm only
affects the depths of the dips, but has nothing to do with
the lineshape. Thus without loss of generality, we take
ηm = 0.5 as an example in our analysis below. An appar-
ent dip appears in Fig. 7(a), and its dispersion, which be-
haves in the normal case at the very vicinity of ∆ = −Ωm,
is shown in Fig. 7(b).

In Figs. 7(c) and 7(d), the transmission coefficient T
and time delay τ1 around the central dip are plotted as
a function of the detuning ∆ under different magnon-
photon coupling strengths g, respectively. As shown in
Fig. 7(c), the dip in the window gets deeper, narrower
and almost leads to completely absorption (blue-dotted
line) when g/κa approaches to 0.12. Meanwhile, the cor-
responding time delay is decreased from -1 ms (red-solid
line) to -21.4 ms (blue-dotted line) in Fig. 7(d) when
the rescaled magnon-photon coupling strength g/κa is
increased from 0.08 to 0.12, denoting stronger ability to
fast light (τ1 < 0).

Moreover, as shown in Fig. 8, the transmission coeffi-
cient on the Stokes-sideband T (−Ωm) decreases for about
two orders, when the rescaled magnon-photon coupling
g/κa approaches 0.1254. Similar to the critical point
g/κa = 0.1991 in the amplification region, the critical
point g/κa = 0.1254 in the magnomechanically induced
absorption region also locates at the broken PT sym-
metry regime of the PT -symmetric-like system. This
phenomenon also implies the flexibility to get great sup-
pression of the time delay. Theoretically, the time de-
lay can be decreased almost three orders compared with
the magnomechanical systm. Note that we do not need
strong magnon-photon coupling to get long time delay
or accelerate in our system. When g/κa locates between
0.1501 and 0.1662, the transmission shows magnome-
chanically induced transparency, while the amplification
occurs when g/κa goes over 0.1662.

We have shown that the spectra can go through dif-
ferent regimes by changing the system parameters. The
parameter diagrams of these interesting phenomena are
plotted in Fig. 9, with the boundary between the trans-
parency and absorption (amplification) regimes labeled
by red (blue) curve. When the power Pc of the con-
trol field is settled down to 7 dBm in Fig. 9(a), or for
a given magnon-coupling strength, e.g., g/κa = 0.16 in
Fig. 9(b), the spectra can go through different regimes
by tuning the cavity-waveguide coupling parameter ηa.
In Figs. 9(c) and 9(d), we give the diagrams for given
coupling parameters, e.g., ηa = 0.7 and 0.3, as a func-
tion of the magnon-photon coupling strength g and the
power Pc of the control field, respectively. As shown in
Fig. 9(d), it is clear that the magnomechanically induced
absorption only occurs for the under coupling case when
g goes to the left of the red curve.
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FIG. 8: (Color online) The logarithm of the transmission coef-
ficient on the first-order Stokes sideband T (−Ωm) versus the
magnon-photon coupling strength g for the under-coupling
case (ηa = 0.3). The horizontal black-dashed line represents
the transmission T (−Ωm) = 1. Besides, beige, ondine and
pink patches are used to label different transmission spectra,
i.e., magnomechanical induced absorption, transparency and
nondegenerate parametric amplification, respectively. The
other parameters are the same as Fig. 7.

C. Second-order sideband

According to Eqs. (70) and (C13-C15) , the dimension-
less amplitude of the output field for the second-order
sideband |η′| is related to the coefficients M−

1 and X1

of the first-order Stokes sideband. Thus it is clear that
the output field on the second-order sideband will vary
following the changes of the first-order sideband.

In Figs. 10(a) and 10(b), we show the variation of the
amplitude |η′| and time delay τ2 on the second-order
sideband with rescaled frequency (∆ + Ωm) /γm for the
over coupling case (ηa = 0.7), respectively. Here we con-
sider several different magnon-photon coupling strengths.
We find that the peak and linewidth of the spectrum
for |η′| becomes higher and narrower with the increase
of magnon-photon coupling strength g. Specifically, the
central peak gets more than five times amplification when
the rescaled coupling strength g/κa is increased from 0.16
(red-solid line) to 0.18 (blue-dotted line). Simultane-
ously, the time delay τ2 is prolonged twice. These trends
are similar to the behavior of the transmission T and time
delay τ1 on the first-order Stokes sideband, as shown in
Figs. 5(c) and 5(d), respectively. This is because that the
increase of magnon-photon coupling strength g causes the
amplification of the photon number in the cavity, which
further induces the enhancement of the second-order con-
version process. Besides, the amplitude |η′| and time de-
lay τ2 for the under coupling case (ηa = 0.3) are shown
in Figs. 10(c) and 10(d), respectively. From Figs. 10(a)
and 10(c), we find that the amplitudes |η′| for the over
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FIG. 9: (Color online) Parametric space diagrams. (a) Para-
metric space diagram for a given control power Pc = 7 dBm as
a function of the coupling parameter ηa and magnon-photon
coupling strength g. (b) Parametric space diagram for a spe-
cific magnon-photon coupling strength g/κa = 0.16 as a func-
tion of the coupling parameter ηa and control field power
Pc. Besides, the parametric space diagram as a function of
magnon-photon coupling strength g and control field power
Pc for different coupling parameter, e.g., ηa = 0.7 and 0.3 are
plotted in (c) and (d), respectively. The red-dashed curve sep-
arates the magnomechanical-induced-transparency with the
absorption regime, while the blue-dashed curve divides it with
the nondegenerate parametric amplification regime.

coupling case ηa = 0.7 are almost three times larger than
those of the under coupling case ηa = 0.3. We also find
that the time delays τ2 present almost in the same way
for the two cases, as shown in Figs. 10(b) and 10(d). Tak-
ing all these facts into account, we use the over coupling
case ηa = 0.7 as an example in next discussions.

In Fig. 11(a), we show the effect of the cavity-magnon
coupling strength g on the transmission amplitude on the
second-order Stokes sideband |η′(−Ωm)| from an overall
perspective. Significant enhancement of the amplitude
|η′(−Ωm)| is found when the rescaled cavity-magnon cou-
pling strength g/κa is increased to 0.1991, i.e., the crit-
ical point in the broken-PT symmetric regime of the
PT -symmetric-like system. Actually, the enhancement
on the second-order sideband corresponds to the ampli-
fication peak on the first-order Stokes sideband shown in
Fig. 6. We also give the parameter diagram in Fig. 11(b),
which actually corresponds to that of the first-order side-
band shown in Fig. 9(c). The interval where the rescaled
amplitude |η′(−Ωm)| surpasses 1 is highlighted with pink
patch and it will get narrower for the under-coupling case.
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FIG. 10: (Color online) Variations of transmission ampli-
tude |η′| and time delay τ2 on the second-order sideband
with rescaled frequency (∆ + Ωm) /γm in (a) and (b) for the
over coupling case (ηa = 0.7), while in (c) and (d) for the
under coupling case (ηa = 0.3). We consider four different
rescaled cavity-magnon coupling strengths, e.g., g/κa=0.16
(red-solid), 0.17 (green-dashed), 0.18 (blue-dotted) and 0.185
(reddish brown dash-dotted), respectively.
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FIG. 11: (Color online) The transmission amplitude on the
Stokes sideband |η′(−Ωm)| versus the rescaled cavity-magnon
coupling strength g in (a), while the parametric space diagram
in (b). Here the cavity-waveguide coupling parameter ηa =
0.7. Pink patches represent the areas where |η′(−Ωm)| > 1.

V. CONCLUSIONS

We have theoretically studied the cavity magnome-
chanical system, which consists of a yttrium iron gar-
net (YIG) sphere and a microwave cavity. We show that
a PT -symmetric-like system can be constructed by the
passive cavity mode and active magnon mode, whose ef-
fective gain is introduced by resonantly driving the YIG
sphere and can be modulated by the power of the driving
field, in the cavity magnomechanical system. By chang-
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ing the magnon-photon coupling strength, we find that
PT -symmetric phase transition can occur for the cou-
pled cavity-magnon system in the microwave regime. We
mainly study the effect of PT symmetry on sideband ex-
citations.
For the transmission of the first-order Stokes sideband,

the cavity magnomechanical system has great flexibility
to work in different spectrum regimes, as a result of the
interference between the directly transmitted probe field
and the leakage of the cavity field. The switching between
different spectra can be achieved by changing the power
of the control field, cavity-waveguide coupling parameter
and magnon-photon coupling strength. Compared with
the magnomechanical system, we can obtain three to four
orders enhancement of the transmission in the amplifica-
tion (magnomechanically induced absorption) region of
the cavity magnomechanical system, when the magnon-
photon coupling strength is tuned to the corresponding
critical point in the broken PT symmetry regime. The
ability to slow (fast) light can also be enhanced corre-
spondingly.
Meanwhile, the amplitude and time delay on the

second-order sideband also display several orders en-
hancement at the critical point in the broken PT sym-
metry regime. These phenomena can be attributed
to the gain-induced enhancement of the indirect down-
conversion from the first-order sideband. These prop-
erties provide us alternative perspectives to strengthen
the generation of high-order sidebands, which may be in-
spiring for the study of frequency combs and low-power
magnomechanical amplifier.
In summary, we study the interface among microwave,

magnonic and mechanical systems, which leads to the
low-loss, highly tunable and integrated cavity magnome-
chanical system. Our research shows that this hybrid
system provides a promising platform to the further in-
vestigation of PT -related-phenomena in microwave sys-
tem. Our results also lay a theoretical foundation for
the enhancement of the magnomechanical-induced high-
order sideband frequency comb [101] in the broken PT
symmetry regime, which is important in the quantum
metrology and communications. Our study also indicates
the possibility to explore the enhancement of magnon-
photon-phonon entanglement [102] in this hybrid cavity
magomechanical system.
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Appendix A: Hamiltonian of the cavity

magnomechanical system

The Hamitonian schematically shown in Fig. 1 can be
written as

H0 = Hfree +Ham +Hmp. (A1)

Here Hfree = Ha +Hm +Hp is the free Hamiltonian of

the system, with Ha = ωaa
†a, Hp = p2

2meff

+ 1
2meffΩ

2
mx2

representing the bare Hamiltonian of cavity and mechan-
ical resonator mode, respectively. They can be obtained
by solving the Maxwell equation [103] and elastic equa-
tion [104], respectively. As for the YIG sphere, which has
a volume of Vm and magnetization M, the static Hamil-
tonian can be written as

Hm = −
ˆ

Vm

µ0H ·Md3r. (A2)

Here µ0 is the magnetic permeability of the free space,
and H =H êz is the static magnetic field applied along
the z direction. Besides, the YIG sphere interacts with
the cavity magnetic field H

′

in the energy [105]

Ham = −
ˆ

Vm

µ0H
′ ·Md3r. (A3)

On the other hand, the magnetostrictive effect, which
describes the deformation of a magnetic material in re-
sponse to an external magnetic field, can be calculated
as [106]

Hmp =
b1
M2

s

ˆ

Vm

ε |M|2 d3r. (A4)

Here b1 ≈ 3.48× 106 erg/cm3 is the magnetoelastic cou-
pling coefficient and Ms is the saturation magnetization.
The parameter ε is the strain tensor of the crystal, with
the component

εij =
1

2

(

∂ui

∂xj

+
∂uj

∂xi

)

(A5)

and ~u representing the displacement.
The YIG sphere with a magnetization M, as can be

seen experimentally in nanomagnet oscillators of roughly
this case [107], acts as a macrospin

S = MVm/γ ≡ (S+ê− − S−ê+) /
√
2 + Szêz. (A6)

Here we use the helicity basis, i.e.,

ê± = ∓ (x̂± iŷ) /
√
2, êz = ẑ. (A7)
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Furthermore, the macrospin operators are related to the
magnon operators via the Holstein-Primakoff transfor-
mation [108]

S+ =
(

√

2S −m†m
)

m, (A8)

S− = m†
(

√

2S −m†m
)

, (A9)

Sz = S −m†m. (A10)

Here S is the total spin number of the macrospin oper-
ator and m

(

m†
)

is the annihilation (creation) operator
of the magnon mode with resonant frequency ωm. Natu-
rally, for the low-lying excitations with

〈

m†m
〉

/2S ≪ 1,

we have S+ ≈ m
√
2S, S− = m†

√
2S. Thus with the in-

troduction of magnon mode, the total Hamiltonian of the
cavity magnomechanical system now can be written as

H0 = ~ωaa
†a+ ~ωmm†m+

p2

2meff
+

1

2
meffΩ

2
mx2

+~g
(

a† + a
) (

m† +m
)

+ ~Gxm†m.

Here, the parameter g denotes the coupling strength be-
tween the cavity and magnon modes, while G represents
the coupling strength between the magnon mode and me-
chanical resonator. After including the control and probe
fields, moving into the rotating reference frame of the
control field and conducting the rotating-wave approxi-
mation, we finally obtain the Hamiltonian H in the main
text as shown in Eq. (1).

Appendix B: Stability of the cavity

magnomechanical system

The stability of the magnomechanical system, being
similar to the cavity optomechanical system, has been
discussed deliberately in [109]. Thus in this section, we
mainly focus on steady state of the cavity magnomechan-
ical system. The method can also be reduced to the case
of magnomechanical system by making the assumption
of g = 0, i.e., there is no coupling between the magnon
and cavity photon.

We have expressed the variables a, m, x and p as the
sums of their stable steady-state values and small quan-
tities, which satisfy the mean field and Langevin equa-
tions, respectively. First, we only have one real root for
the mean field equation shown in Eqs. (61–63) under the
resonant driving case, i.e., ∆̄m = 0. Moreover, the stabil-
ity of any point in the mean field solutions is established,
once the linear Langevin equations, describing the small
quantities around this point, are stable. This can be ver-
ified by the Routh-Hurwitz criterion [93]. According to
the Langevin equations in Eqs. (65–67), we write the dy-
namical equations of the small quantities up to their first
order in the matrix form:

d

dt
〈v〉 = M〈v〉+ δL (B1)

where

M =















i∆a − κa

2 0 −ig 0 0 0
0 −i∆a − κa

2 0 ig 0 0
−ig 0 i∆̄m − κm

2 0 −iGm̄ 0
0 ig 0 −i∆̄m − κm

2 iGm̄∗ 0
0 0 0 0 0 1/meff

0 0 −~Gm̄∗ −~Gm̄ −meffΩ
2
m −γm















(B2)

with

v = [δa, δa†, δm, δm†, δx, δp], (B3)

δL = [
√
ηaκaspe

−i∆t, 0, 0, 0, 0, 0]. (B4)

The stability of the system is ensured if all the eigen-
values of matrix M have negative real parts. Among the
three pairs of conjugate eigenvalues, we numerically find
that two of them always have negative parts for the to-
tal regime we consider. Thus we mainly focus on the
remaining one. In Fig. B1, the real parts of its eigen-
value Re(λ) with different control field powers are plot-
ted as a function of magnon-photon coupling strength
g. The maximum rescaled coupling strength g/κa al-
lowed for negative Re(λ) is 0.2352 for Pc = 5 dBm, while
0.1991 for Pc = 7 dBm. Obviously, the system has larger

stable region for lower control field power. In fact, the
threshold for the stable region corresponds to the max-
imum amplification for the transmission field, where we
can also get largest time delay. As shown in Fig. B2, the
zero point of the blue-solid line and the maximum of the
red-solid line occur at the same critical coupling strength
g/κa = 0.1991. Besides, the coupling parameter ηa has
nothing to do with the matrix M. This phenomenon
implies that the magnon-induced-absorption and trans-
parency always work in the stable regime. Thus we can
safely conclude that our proposal allows sufficient large
transmission amplification (absorption) and light slow
(fast) within the stable regime. Specifically, usually three
to four orders larger than case of the bare magnomechan-
ical system, whose transmission coefficient T = 10 and
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FIG. B1: (Color online) The real part of the eigenvalues Re(λ)
of the matrix M in Eq. (B2) versus the magnon-photon cou-
pling strength with different control power Pc = 5 dBm (blue-
dash-dotted line) and 7 dBm (red-solid line). The horizontal
black-dashed line represents Re(λ) = 0, and it separates the
stable (below) and unstable (above) region.
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FIG. B2: (Color online)The real part of the eigenvalues Re(λ)
of the matrix M in Eq. (B2) (blue-solid line) and the log-
arithm of the transmission coefficient on the Stokes side-
band T (−ωm) versus the magnon-photon coupling strength
g under the control power Pc = 7 dBm. Ondine and pink
patches are used to label different transmission spectra re-
gions, i.e., magnomechanical-induced-transparency and non-
degenerate parametric amplification, respectively. The hori-
zontal blue-dashed line corresponds to Re(λ) = 0, while the
vertical black-dashed line represents the peak of the transmis-
sion log10T(−Ωm).

time delay τ1 = 1 ms on the first-order Stokes sideband.

Appendix C: Amplitudes of the transmitted field for

the total cavity magnomechanical system

To obtain solutions of Eqs. (65-67), we make the fol-
lowing ansatz

〈δa〉 = A−
1 e

−i∆t +A+
1 e

i∆t +A−
2 e

−2i∆t +A+
2 e

2i∆t,(C1)

〈δa†〉 =
(

A+
1

)∗
e−i∆t +

(

A−
1

)∗
ei∆t +

(

A+
2

)∗
e−2i∆t

+
(

A−
2

)∗
e2i∆t, (C2)

〈δm〉 = M−
1 e−i∆t +M+

1 ei∆t +M−
2 e−2i∆t

+M+
2 e2i∆t, (C3)

〈δm†〉 =
(

M+
1

)∗
e−i∆t +

(

M−
1

)∗
ei∆t +

(

M+
2

)∗
e−2i∆t

+
(

M−
2

)∗
e2i∆t, (C4)

〈δx〉 = X1e
−i∆t +X∗

1e
i∆t +X2e

−2i∆t +X∗
2 e

2i∆t,(C5)

to the second order sideband. By substituting the ansatz
into Eqs. (65-67) and grouping the terms of the same
frequency, we can obtain the solutions of the amplitudes
for the first-order sideband as

A−
1 = F (∆)

√
ηaκasp, (C6)

M−
1 = i

[

λa (∆)A−
1 −√

ηaκasp
]

g−1, (C7)

X−
1 = − (gGm̄)

−1
λa (∆)Λ (∆)A−

1

+(gGm̄)−1 λm (∆)
√
ηaκasp, (C8)

with

F (∆) =
−1 +R(∆)λm (∆)

λa (∆) [−1 +R(∆)Λ(∆)]
, (C9)

and

Λ(∆) = [λm (∆)λa (∆) + g2][λa (∆)]−1, (C10)

R(∆) = [Λ†(∆)]−1 − i[~χ (∆)G2m̄2]−1. (C11)

The function

λa (∆) = −i (∆a +∆) +
κa

2
(C12)

in Eq. (C9) denotes the cavity response. Similarly, the
amplitudes of the second-order sideband, which are com-
posed of the direct down-conversion of control field and
indirect down-conversion of first-order sideband, can be
obtained as

M−
2 = Nn (∆) [Nd (∆)]

−1
(C13)

A−
2 = −ig [λa (2∆)]

−1
M−

2 , (C14)

with

Nn (∆) = −G
{

i
[

Λ† (2∆)− Λ† (∆)
]

F (2) (∆) + 1
}

M−
1 X1

+G2m̄∗F (2) (∆)X2
1 , (C15)

Nd (∆) = F (2) (∆)Λ† (∆)
[

Λ† (2∆)− Λ (2∆)
]

− iΛ (2∆),

(C16)
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and

F (2) (∆) = −~G2 |m̄|2 χ (2∆)

Λ† (∆)Λ† (2∆)
. (C17)

Here, λ(∆) and χ(∆) can be obtained from Eqs. (31)
and (30) with the replacement of ∆′ by ∆, correspond-

ingly. The function Λ† (∆) is the complex conjugate of
Λ (∆).
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and L. Yang, Parity-time-symmetric whispering-gallery
mode nanoparticle sensor, Photon. Res. 6(5), A23-A30
(2018).
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