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We present a framework for the realization of dissipative evolutions of spin-boson models, including multi-
photon exchange dynamics, as well as nonlinear transition rates. Our approach is based on the implementation
of a generalized version of a dissipative linear quantum Rabi model. The latter comprises a linearly coupled
spin-boson term, spin rotations, and standard dissipators. We provide numerical simulations of illustrative cases
supporting the good performance of our method. Our work allows for the simulation of a large class of funda-
mentally different quantum models where the effect of distinct dissipative processes can be easily investigated.

I. INTRODUCTION

The interaction between a bosonic mode and a two-level
system is one of the most fundamental models in quantum
physics and, consequently, is of significant relevance in sev-
eral branches of modern science such as quantum informa-
tion [1] and light-matter interaction theory [2]. Here, the Rabi
model [3, 4] and its simplified but quantized version known
as the Jaynes-Cummings model (JCM) [5] play a prominent
role. The quantum Rabi model (QRM) describes the coherent
exchange of excitations between a spin and a bosonic mode,
and despite its simplicity displays a rich variety of physical
phenomena. As a matter of fact, during the last decade this
model has attracted great interest from different research ar-
eas [0, 7]. The diversity of physical phenomena encompassed
in this model and its scientific relevance are embodied by the
paradigmatic Rabi oscillations (or simply continuous revivals
of quantum populations), its integrability [8], the emergence
of distinct behavior in the ultra-strong [9—12] and deep-strong
coupling regimes [13], and by the existence of quantum phase
transitions in a suitable parameter limit [ 14—17].

The QRM can be achieved in a variety of quantum plat-
forms, being realizable in trapped ions [18, 19], circuit-
QED [20-23], cold atoms [24], spin-mechanical systems [25]
and integrated optics [26]. However, the disparate ways in
which a spin and a bosonic mode can interact goes certainly
beyond the realm of the QRM. In this respect, one can find
models possessing multiphoton exchange dynamics [27-31]
and/or nonlinear transition rates [32-34], which may unveil
novel and interesting phenomena. Remarkably, while a QRM
can typically be well experimentally realized, the implemen-
tation of other interaction mechanism such as those involving
spin-boson nonlinear terms remains a challenging task.

From a different perspective, models comprising n-boson
excitation-exchange processes with a spin degree of freedom
have been theoretically studied mainly in their n = 2 form,
i.e. in the so-called two-photon QRM (2QRM) [29-31]. The
2QRM is of particular interest for preparing non-classical
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states of light [27, 28], while its solvability has been also stud-
ied [35-38]. In addition, it is worth mentioning that systems
comprising both one- and two-boson exchange terms can be as
well of interest [39—41], even for the simulation of relativis-
tic effects [42]. Furthermore, these multiphoton models can
be classified as either linear or nonlinear, that is, depending
on whether their spin-boson coupling changes with the Fock
occupation number [43].

It is also worth mentioning that the interaction of a single
spin with a large number (typically infinite) of harmonic os-
cillators [44], has served as a test-bed to scrutinize aspects
of quantum dissipation due to the presence of an environ-
ment. As a microscopic description of such dissipative ef-
fects is often very demanding (if not unfeasible) [45], it is
customary to rely on a phenomenological description of the
system-environment interaction based on a Lindbladian open-
system framework [45]. However, it is still possible to map
a spin interacting with an infinite number of environmental
harmonic oscillators into a generalized QRM, whose interac-
tion with the environment is now mediated only through the
bosonic mode [46-50]. As recently proved in [S1], under cer-
tain cases such method establishes an equivalence between
non-Markovian dynamics of a spin immersed in a structured
environment and a standard Markovian dynamics of a spin
coherently coupled to a harmonic oscillator (see Refs. [51]
and [52] for the required conditions for an exact equivalence
and for a recent review on non-Markovian dynamics of open
quantum systems, respectively). Moreover, it is worth stress-
ing that Markovian dissipation may yield a dissipative phase
transition in the QRM [53] as well as a rich phenomenology
when considering a large collection of spins [54—59]. In short,
studying and exploring the dynamics of a generalized QRM
undergoing dissipation, even when it is of a Lindblad form, al-
lows for the inspection of more complicated models and their
interaction with uncontrolled degrees of freedom that form the
environment.

Recently, it has been shown that a spin-boson model (for
the case of having a single bosonic mode) comprising n-boson
exchange terms can be realized only by having standard one-
boson exchange terms plus spin rotations [60]. In this man-
ner, a model comprising only linear spin-boson couplings (a
generalized QRM) allows to explore the fundamentally dif-
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ferent physics of its multiphoton counterparts, such as that of
a two- or three-photon QRM (2QRM) and (3QRM), respec-
tively, without the need of implementing these experimentally
challenging n-boson interaction terms that lead to multipho-
ton exchange. Our work goes beyond such previous results by
i) showing how standard dissipation translates into simulated
multiphoton spin-boson models, leading to nontrivial dissipa-
tors; ii) how nonlinear spin-boson models, as defined in [32—
34] i.e. those that emerge beyond the Lamb-Dicke regime,
can be directly accessed with only linear interactions. We thus
propose a novel strategy for the simulation of nonlinear mod-
els. Moreover, as realizing a generalized QRM can be well
attained in different platforms, we open new ways for the sim-
ulation of such nonlinear models in platforms that are relevant
for quantum information processing — such as microwave-
driven ions [61] or circuit-QED [62, 63] — but that are un-
suited for the direct achievement of the desired nonlinearities.

Our theoretical framework unveils a deep connection
among such multiphoton and nonlinear models, which might
have potential applications in quantum simulation and infor-
mation processing, as well as in the inspection of the impact
of dissipative processes in quantum optical processes.

The remainder of this article is organized as follows. In
Sec. II we present the general theory, explaining the steps re-
quired to establish the approximate relation among the men-
tioned dissipative models. In Sec. III we illustrate our theo-
retical apparatus by discussing specific cases in which a linear
spin-boson model with typical dissipative processes realizes
a nonlinear multi-boson model with transformed jump opera-
tors. We exemplify how such dissipative models can be real-
ized to a very good approximation by simply using a gener-
alized QRM, and validate our predictions by performing de-
tailed numerical simulations, as shown in Sec. III C. Finally,
in Sec. IV we draw our conclusions and discuss possible ad-
ditional directions of investigation.

II. THEORETICAL FRAMEWORK

The starting point of our theoretical framework consists in
the consideration of a two-level system, described by the usual
spin-1/2 Pauli matrices ¢ = (o, 0y, 0) subject to rotations,
coupled to a bosonic mode, in turn described by means of
the annihilation and creation operators a and a'. The total
Hamiltonian of the system can be written as

Hg = Hspin + Hyoson + Hint7 (D

where the first and second terms comprise operators acting
solely on the spin and the mode, respectively, thus reading
(we assume units such that i = 1 throughout the paper)

5 < :
Hopin = 50090 + Z ?] {cosAjto, +sinAjto,}, (2)
=0
Hyoson = va'a. 3)

The third term corresponds to the spin-boson interaction. In
particular, we assume that Hj,; contains only linear spin-

boson exchange terms. Without loss of generality, such in-
teraction term can be written as

Hine = i5-0u(a — ab), (4)
where 7) is a real and dimensionless parameter, and the fre-
quencies A; and J¢ are related as A; = §; — dp. Finally,
ng is the total number of different drivings with amplitude
(2, applied to the spin. Note that Ay = 0 by definition so
that the first term in the sum simply provides the free en-
ergy term Qg0 /2. For ng = 0 (or Q;59 = 0), Hg reduces
thus to a standard spin system with frequency splitting 2¢ and
bias parameter Jp, while the frequency of the bosonic mode
is given by v (see Fig. 1(a) for a schematic representation).
Indeed, if ; = 0 Vj, the previous model takes a more rec-
ognizable form, namely that of a standard QRM. Therefore,
the Hamiltonian Hg corresponds to a generalization of such
model, including spin drivings. It is worth mentioning that
the dimensionless parameter 7 gives account for the coupling
regime: while for 0 < |n]/2 < 0.1 counter-rotating terms
may be neglected, for 0.1 < |n|/2 < 1and |n|/2 = 1 one
finds the so-called ultra-strong [9-12] and deep-strong cou-
pling regimes [13], respectively (cf. Ref. [64] for a spectral
classification of these regimes in the standard QRM). Note
that we have not included the so-called A? term in Hg which
may have a considerable impact in a cavity QED realization of
H¢ [65-67]. However, as we do not consider here a specific
setup, we neglect such term while we refer to Appendix A for
a discussion on this issue.

In addition, we consider that the system undergoes dissipa-
tion due to the interaction with an environment [45], whose
dynamics can be cast into the master equation

pc = —i[Hg, pc] + Lpc], (5)

where L[] describes the non-unitary (dissipative) part of the
dynamics. Moreover, we will assume that the superoperator
L[] can be written in a diagonal Lindbladian form [45]

1
ﬁ[PG}ZZ Ve Dr [PG}ZZ% (FkPGF;I—Q{F;IFk? PG} +) ,
k k
(6)

where [-, -] | stands for an anti-commutator and F} denotes the
k™ jump operator with rate v, and dissipator Dy][].

Our main goal now is to bring Hg into the form of a model
that involves multiphoton exchanges, i.e. a model contain-
ing interaction terms akin to ota™ or otal” , denoted here
by H,. To achieve such goal we first transform Hg into
H, by moving to a rotating frame. In particular, we de-
fine H, = H,o + H,1 with H, o = —d90,/2 such that
Hg = Hil, i.e., H, 1 in the interaction picture of H, o. Then
we perform a unitary transformation of the resulting Hamilto-
nian, T (in/2)H,T(in/2), with T(c) a spin-dependent dis-
placement operator. In the spin basis, we have

1 (DT(a) D(a)>7 )

@) =5 \-pi(0) Dla)
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FIG. 1. Sketch of the scheme for the simulation of nonlinear, mul-
tiphoton and dissipative spin-boson models. In panel (a) a lin-
early coupled spin-boson system (a generalized quantum Rabi model
with spin-bias do, spin drivings with amplitude €2;-¢ and frequency
Ajso) with Hamiltonian Hg [cf. Eq. (1)] undergoes dissipation
characterized by the rates v; and the jump operators Fj. This al-
lows us to simulate a nonlinear n-boson spin-boson model under-
going dissipation described by the F}’s operators. In panel (b)
the Hamiltonian is H, [cf. Eq. (15)], which comprises interaction
terms such as ¢ "a™ + H.c. and/or 0 (a")™ 4 H.c.. In addition,
the transition rates may strongly depend on the Fock-state label m
through a function f,(m) whose behavior is shown in panel (c)
for different cases [cf. Sec. II and Eq. (20)]. Note that we show
fn(m) = (m| fn(a’a)|m), rescaled by f,,(0), for various choices
of n and . While f,(m) = f,(0) for small values of 1 and m,
fn(m) significantly depends on m for larger values of 7, so that
Eq. (14) is not longer well approximated by Eq. (15), and thus, a
correct description requires its nonlinear counterpart, as described
inITA.

where D(a) = e’ —a"a g the displacement operator of am-
plitude « [2]. Finally, we move to an additional interaction
picture with respect to Hy o = (v — ¥)a‘a — @0, /2. Note
that the transformation T'(«) has been proposed in Ref. [68]
to attain a fast trapped-ion implementation of the quantum
Rabi model. In order to ease the notation, in the following
we will use 7' = T'(in/2), unless otherwise specified, as well

as Uy, = U(t,to) = Te i #H=(5) 6 denote the time-
evolution propagator of the Hamiltonian H, (7 accounts for
time ordering), while the superscript I stands for operators in
the interaction picture.

As mentioned above, we start by moving to a rotating
frame with respect to Hy, 9 = —0005/2, such that Hg =

Hl, = UTVO(HQ — H,0)Uq 0, or equivalently, H, = H, o +

a

Ua70HgUl’0. While Hyoson and Hi,y commute with U, o,
the time-dependent terms in Hgpi, do not. Recalling that

Aj = §; — 6o, the transformed Hamiltonian H, becomes

H, =va'a+ i%az(a — aT) 8)
1

+ 3 Z Q; [cos 6t 0. +sind;t o), )
7=0

while the whole master equation becomes

Pa = _an,O [HG =+ Ha,Oa PG] Ug,o + Ua,O‘C[pG]U(I,O
_i[Haa pa] + Ua,Oﬁ[U;70ana,0]UT 0- (10)

a,

We now perform a unitary transformation using the operator
T in Eq. (7) with displacement amplitude o« = i7/2, such that

Hy = T'(in/2)H,T(in/2)

1 & ) )
—vala+ 3 ) 9, [o—+em<a+a*>e—15ﬂ n H.c.} .
7=0

Note that the previous Hamiltonian is similar to the one of an
optically-trapped ion after performing the rotating-wave ap-
proximation and written in the rotating frame with respect to
the free energy term of its internal degree of freedom, driven
by ng classical radiation fields with amplitude €2; [69]. The
dynamics in this new frame follows from

T paT = —iTT [Hy, pa] T
+ T U4 0 LU gpaUaolUS 0T (12)

As py, = TTp, T, using the definition given in Eq. (11), we get
po = —i[Hy, po] + TUa o LIUS (Tp T U o]US 0T, (13)

It is worth noting that the transformation Hg — Hj, is uni-
tary, and so is the one taking pg into p;,. Finally, from the
Hamiltonian H} given in Eq. (11) one can attain the desired
multi-boson and spin couplings by moving to a suitable inter-
action picture. Indeed, defining Hy, o = (v — #)a’a — G0, /2,
Hb{l (with Hy = H;, — Hy o) takes the following form

+ - w
HI{,l = Ug,po,lUb,o =vala+ 30:

n4
+y % [a+e—i<@+51”e’”'(a(t”a*(”) +He.|, (14)
j=0

where a(t) = ae~*(*~")*, By requiring the Lamb-Dicke con-
dition 14/{(a + at)?)<1, one can expand the exponential
term into power series, so that interaction terms like o a”
or ot (a")™ with n > 1 become resonant when selecting
§; = 6 = £n(P—v) — @, while any other term will be rotat-
ing at frequency proportional to 7 — v. The previous condition
is commonly known as Lamb-Dicke regime in the context of
trapped ions [69], while selecting frequencies 6. corresponds
to driving red- and blue-sideband processes. We will therefore
refer to Lamb-Dicke regime to indicate such condition. For
small amplitudes, €); < v, one may neglect fast-oscillating



terms by performing a rotating-wave approximation, i.e., pre-
serving only those terms which are resonant. In this man-
ner, we bring H, lf , into the form of a spin-boson model with
multi-boson interaction terms, denoted here by H,, so that
H g 1 ~ H,. Note however that the particular expression of
H, depends on the number n,4 of distinct drivings and their
respective frequency ¢;. The most general expression of the
multi-boson model H,, within the Lamb-Dicke regime is

H, =va'a + %JZ + Z [gmei%ﬁ(a*)m + H.c.]
meB

£ [Guc®ot

neR

a" +He.], (15)

where the sets R and B encompass all the terms for which
§; = 6,5 and &; = 4,,, respectively. We have set ¢,, = nm/2
and gn =1 Qj_yn/(Q n!), where €2; , denotes the amplitude
of the driving with frequency §; = d;=. From Egq. (15) we
can see that, for a single term &y = &, (d,,) with ng = 0,
the resulting Hamiltonian becomes that of an n-boson (anti-
)JCM. If an additional driving is introduced, one can bias the
weights between rotating and counter-rotating terms in an n-
photon QRM. Interestingly, by suitably adjusting the param-
eters  and w, different coupling regimes of these models are
accessible, from weak (7,0 > §,,) to deep-strong coupling
(@ < gn)- The latter regime however entails that longer evolu-
tion times under H¢ are required to simulated H,,, as v < v.

We would like to draw the attention to the Hamiltonian H,,
which encompasses different models displaying fundamen-
tally different physics. In Sec. IIl we will analyze particu-
lar examples in which H), reduces to the forms of well-known
models such as JCM, one-photon and two-photon QRMs [29—
31, 35-37].

Finally, after moving to a rotating frame with respect
to Hy o and performing the rotating wave approximation,
Eq. (13) becomes

po = —i[Hn, pu] + L]pu], (16)
where now the transformed dissipative part is
L] =TLt-T0" with T =0 T"U.0. (17

Hence I' is a unitary transformation that approximately
maps the model Hg into H. Recall that Uyoy =
e~ilt=to)(v=P)ala=Go./2) T = T(i/2) as given in Eq. (7)
and U, o = e'(t=10)%+/2 with t the initial time. As a con-
sequence, the structure of £[pg] (Eq (6)) is preserved, al-
though with the replacement Fj, — F,, = I'F,I'f. The new
jump operators Fj, are, in general, time-dependent operators.
Hence, although the transformed master equation resembles a
Lindbladian one, the dynamics in general does not represent a
semigroup [70].

Nevertheless, the dynamics of an initial state pg(to) evolv-
ing under Eq. (5) approximately corresponds to the dynamics
of pu(to) = I'f pc(to)T following Eq. (16), where the specific
form of H, crucially depends on the frequencies ¢;, ampli-
tudes €2; and number of terms ng. We remark that the simu-
lation of H,, starting from Hg holds to a very good approxi-
mation provided the previous conditions are satisfied, i.e., that

H ,il can be well approximated by H,,, thus

Pu(t)

In other words, how well state p,(¢) can be realized from
pa(t) depends solely on how well the conditions for the ap-
plication of the rotating wave approximation, which allows to
neglect of fast-oscillating terms in Eq. (14), are met. Eq. (18)
is the main result of the theoretical framework illustrated in
this Section.

A. Going beyond the Lamb-Dicke regime

If the Lamb-Dicke condition 1v/{(a + al)?)<1 is not sat-
isfied, the exponential term in Eq. (14) can not be expanded
as carried out previously to achieve Eq. (15). It is however
still possible to write down a Hamiltonian after a suitable ro-
tating wave approximation (beyond the Lamb-Dicke regime),
resulting in nonlinear spin-boson terms [32-34, 71, 72]. In
this regime, the Hamiltonian H, z{ 1 1s better approximated by
the nonlinear counterpart of H,,, ie.

. w
Hlf’l ~H,, = va'a + 0=

+Z jma

meB

+§jﬂ” [0 falala)

neR

(a")" fm(aa) + Hee]

a"+Hel, (19)

where we have introduced the operator f,,(a'a)

2l+n

fn(aTa) = e /QZ T l+n ah)lal. (20)

We stress that, although the previous model in Eq. (19) cer-
tainly contains a nonlinear spin-boson coupling (for n > 1),
there is yet another source of nonlinearity originated from the
function f, (a'a). Indeed, the transition rates between states
le,m) and |g, m + n) are effectively reduced depending on
the value of f,,(aa), and thus on that of 7, which can vary
significantly for varying Fock number [cf. Fig. 1(c)] [34].
For a single term, that is in a nonlinear JCM, such feature
hinders the appearance of the hallmark of the standard JCM,
namely, collapses and revivals of quantum population. More-
over, fn(aTa) may vanish for a certain Fock state, thus ex-
hibiting a blockade of the propagation of quantum amplitudes
across the Hilbert space [71]. Although we will refer to non-
linear models whenever f,,(a'a) has been taken into account,
for the sake of clarity we indicate it by introducing a subscript
7 to the Hamiltonian [as in Eq. (19)].

If one however finds itself within the Lamb-Dicke regime,
then the previous Hamiltonian takes the form given in
Eq. (15), i.e., Hy, ~ H, since fn(ata) becomes constant
(see Fig. 1(c)). Note that for 7y/{(a +at)?) < 1, we
have f,(a'a) =~ (in)"/n! which, together with the ampli-
tude €2; ,,/2, leads to the coupling given in Eq. (15), gne*’".



Beyond their mathematical interest, these models display a
number of interesting features with potential application in
bosonic mode cooling [73] or in dissipative state prepara-
tion of Fock states and nonlinear coherent states [33, 71, 74].
We will come back to these models in Sec. III, in particular
in III B 3 where we provide numerical simulations to illustrate
their simulation using Hc.

III. EXAMPLES AND NUMERICAL RESULTS

In this Section we provide specific examples of the theo-
retical framework presented in Sec. II. We start by showing
how typical jump operators transform under the map T" [cf.
Eq. (17)]. Then, in I B, we show different examples of how
the state satisfying Eq. (16) can be obtained from pg obeying
Eq. (5), supported by numerical simulations and computing
state fidelities between the ideal p,(¢) and its reconstructed
version from pg (¢).

A. Transformed jump operators

As we have explained in Sec. II, the jump operators F}, af-
fecting the Hamiltonian Hg map into Fj, = I'F,I'T. In the
following we show the transformation for customary jump op-
erators in quantum optics, namely, o, oF as well as a, af
and a'a, which correspond to spin dephasing, spontaneous
emission and absorption, boson leakage and heating, and bo-
son dephasing, respectively [45]. In addition, we comment on
what would be required to engineer a desired dissipative pro-
cess Fy. One can calculate easily the transformed jump op-
erators as explained in Sec. I, i.e., F}, = IEF, It where T' =
UJOTTUa,O’ Ua,O _ eitéoax/Q’ Ub,O _ 67it((z/717)a]‘a7<2102/2)
with tg = 0, and T = T'(in/2) as defined in Eq. (7). As
an example, in Appendix B we provide the full derivation of
the transformation of F' into F' for spontaneous emission and
absorption.

It is worth mentioning that, as reported in Ref. [75], consid-
ering independent decoherence processes acting either on the
spin or on the bosonic mode may become a crude approxima-
tion as their coupling enters in the ultra-strong regime [i.e. for
n/2 2 0.1, cf. Eq. (4)]. It is then convenient to move to a suit-
able dressed basis, where the relevant degrees of freedom are
mixed up, and where one can adequately describe distinct dis-
sipative processes [75]. However, even in the ultra-strong cou-
pling regime the differences in the steady-state populations
between both approaches are small, in the order of 10~2 for
<aTa> [75]. Thus, considering independent channels of dissi-
pation may be considered as a reasonable approximation even
forn/2 2 0.1. Although a dressed basis treatment lies outside
the scope of this work, we provide a discussion in Appendix C
on how the results vary when this is considered instead.

Spin dephasing.— The jump operator associated with spin
dephasing reads Fyq = 0., whose rate is given by v54. One
thus obtains

Do, It = D(t)e %0+ s+ L He., QD

with the time-dependent displacement operator D(t) =
D (ine!="t) = ein(a®+a'®)  Introducing the previous
expression in the dissipator, we find

Duald] = — p+ D(t)o*po~ DI (1) + D (1)~ por* D1
+ (D(t)a+pa+D(t)e”“(‘%“’) + H.c.) . ©2)

We thus observe that spin dephasing produces decoherence
in the transformed frame by mixing spin and bosonic de-
grees of freedom. Indeed, neglecting fast oscillating terms,
the previous dissipator contains in general nonlinear jump op-
erators of the form o a”, 0% (at)” and 0% (a')"a™ at order
1n™. We highlight that, although Eq. (21) may seem to indicate
that the dissipative terms oa” or ¢~ (a’)” can be tuned by
properly adjusting the frequency dq (as carried out to attain
Eq. (15)), a correct description demands taking into account
all the resonant terms appearing in Eq. (22) and not only those
in Eq. (15). However, within the Lamb-Dicke regime, it is
still possible to approximate Ds4[p] by a simple expression.
Indeed, for 75q < v, one may consider only the zero-order
term in 77, so that

Dgalp] = 02poz — p = Do, [p). (23)

As the Lamb-Dicke condition breaks down, the previous ap-
proximation no longer holds, thus demanding the inclusion of
the terms of Eq. (22). We refer to Appendix D for numer-
ical results in which nonlinear jump operators are crucial to
correctly reproduce the targeted dissipative dynamics.

Spontaneous emission and absorption.— The jump opera-
tors associated to spontaneous emission and absorption pro-
cesses at rates s and Vs, are Fye = o~ and Fy, = o™,
respectively. Their transformed forms is [cf. Appendix B for
the derivation of such expressions]

1 o
ro*rt =2 (—Uz + D(t)e H0+0) 5+ £ H.c.) . (24)

Hence, these processes lead into spin dephasing in the
transformed picture, as well as mixed decoherence on the
spin and bosonic degree of freedom, as D(t)e*(%o+@) 5+
comprises nonlinear operators of the form a™o' and

(a")"ot.  Furthermore, we can already notice that if
F = o0, its transformed form becomes particularly sim-
ple, Lo, I'f = —o,, while for oy a more infricate expres-

sion is attained, ['o, I't = Re[e(a(t)+a’ (1) g=it(Go+@)] 5, 4
Im[ein(@()+a’ () g=it(00+&)]5  As in the case of spin de-
phasing, provided that 7y o < v, it is possible to approxi-
mate Eq. (24) within the Lamb-Dicke regime as

Daesalp] & * (Dsalo] + Delp] + Dualpl) . (25)

4
In Appendix D we provide numerical results when the pre-
vious approximation does not hold and higher-order terms in
Eq. (24) become crucial to correctly reproduce the targeted
dissipative dynamics.

Boson leakage, heating and dephasing.— The transformed
jump operators for these boson dissipative processes, with



rates Yp1, Yph and ypq, respectively, read

Tal't = qe~tv=7) _ igUz, (26)
TalTt = afet =7 4 igUm 27
Tafal't = afa + O'Zg (ia‘it(”_ﬂ) + H.c.) , (28)

up to constant factors. Therefore, provided |v — 7| >> nYp1,bh
so that terms like o, pa’ can be neglected, boson leakage and
heating remain in the transformed frame H,, without modify-
ing their rate yy,) 1,1, and add spin dephasing at the reduced rate
vbl,bth /4. In particular, for boson leakage, the transformed
dissipator reads

- 1 2
Duilp] = apa’ = 5 [a'a,p] | + = (0upo. = p)
+ g (ia(t)paz — iazpaT(t)) (29)
2
~ Dyi[p] + ZDsd [p]. (30)

Analogous considerations hold for boson heating. Similarly,
boson dephasing leads approximately into

- Uk n?

Dyalp] = Doalp] + - Dao.[p] + 7 Dato.lpl, - GD)
and thus, while boson dephasing remains in the simulated
model, it also produced decoherence mixing spin and boson
degrees of freedom, with dissipators characterized by jump
operators ac, and a'o.

Engineered channel of dissipation.— Besides the custom-
ary dissipation processes, let us consider the situation in which
a specific dissipative channel with jump operator F' is ad-
dressed. The simulation of F' requires thus I'T T to be im-
plemented in L[pg] [cf. Eq. (5)]. For the sake of clarity, we
provide an example which we will exploit later on: if one aims
to simulate spontaneous emission, ' = ¢, a dissipative pro-
cess with F = 1D(in)(o, — ioy) needs to be included in
L[pc] (see Appendix B for its derivation). Note that, although
the resulting processes I'f F'T' may be challenging for their ex-
perimental implementation, one may still resort to approxima-
tions depending on the precise parameters, as aforementioned.

B. Examples of the theory: simulating H,, from Hg

In order to show the versatility and richness of the effects
encompassed by the framewrok described in Sec. II, we spe-
cialize the general procedure to simulate a few interesting sce-
narios.

1. n-boson JCM: H,, — Hyjcm

Let us first consider a simple case in which ng = 0 with
do = n(v — v) — @. In this case, our starting Hamiltonian
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FIG. 2. The dynamics induced by the nJCM embodied by the Hamil-
tonian Hy,jcwm in Eq. (33) is depicted by lines and compared to their
simulation through Hg (shown by the points) as given in III B 1. In
the plots reported in the left column we have taken n = 1, while
n = 2 has been used for the right column. In panels (a) and (b) [(c)
and (d)] we show the evolution of (o) [<aTa>],t while in (e) and
(f) we plot the infidelity, 1 — F'(pnycm(t), Dpc (t)TT) that quanti-
fies the quality of the simulation obtained starting from pg (t). The
initial state |(0)),;cm = |0) |e) evolves under Hnjom without
dissipation (solid red), and with dissipators corresponding to the
transformed boson leakage (dashed blue) and spin dephasing (dot-
ted green). The parameters used in the simulations are w0 = np,
g1 =1v/2, g2 = /10, Qo = /100, ¥ = /2000, yp1 = /2 and
Ysd = v / 40.

becomes time independent and takes the form of a generalized
QRM

He =va'a+ 5—001; + &oz + iﬁam(a — aT), (32)
2 2 2

where the bias parameter dy breaks explicitly the Zs sym-
metry. Although Hg above is in general nonintegrable, for
09 = kv (k € Z), the model retrieves the integrability of
the standard QRM [8]. The dynamics in this system obeys a
master equation in Lindblad form, as introduced in Egs. (5)
and (6). Interestingly, applying the map, this Hamiltonian
approximately corresponds to an n-boson JCM (that is, H,
adopts the form of Hy,ycon)

Hojom =vata + goz +Gn [e"ota" +He]  (33)

with g, = Qon™/(2 n!) and ¢,, = n7/2 [cf. Eq. (15)]. The
forms taken by the initial state in each frame are related as
pnicm(to) = TTpa(te)T, while the state pnycnm (o) evolves
according to a master equation whose jump operators are in
general time dependent.

The Hamiltonian H,, jcn\ results from the use of the rotat-
ing wave approximation, which requires both 0y < v and



the Lamb-Dicke condition. Therefore, in order to realize an
interacting nJCM (g,, ~ r), the parameters need to fullfill
@,V < v. In turn, this results in 9 &~ —v, which means that
the integrability of the generalized QRM Hg in Eq. (32) is
only weakly broken [8]. It is worth mentioning that, by taking
do = —n(¥ — v) — @, one would attain an n-boson anti-JCM,
an interaction term of the form o~ a"™ + H.c., as illustrated in
Eq. (15). In Fig. 2 we show the numerical results for a one-
and two-boson JCM, including distinct channels for dissipa-
tion, to illustrate the good performance of simulating these
models from a simple Hg (see III C for further details).

2. n-boson QRM H,, — H,qrwMm

In this case, the Hamiltonian Hg contains two different
time-dependent terms with amplitude ; and frequencies
Ay =61 — 6o with dg 1 = £n(P — v) — @ [cf. Eq. (2)]. After
a suitable transformation, one obtains an n-photon QRM as

Ta+ga
2 z

HnQRM =ra
+ Gn [ei¢"'a+ + 6_1“5”'0_} ® [a" + (aT)"] , (34

that is, [, adopts the form of H,,qrnm. This model holds pro-
vided that 0y = €24, while the parameters g,, and ¢,, are the
same as the ones given for the nJCM and general H,, model.
It is worth mentioning that, in general, one can simulate an
anisotropic nQRM by simply tuning different amplitudes €2
and ; in Hg. The n-boson version of the quantum Rabi
model (nQRM) has been mainly studied in its two-boson form
(n = 2), which is of importance in describing second-order
processes in different quantum optics setups. The Hamilto-
nian Hoqgrwm displays a remarkable feature: at go = /2
and above a certain excitation energy, the eigenstates become
those of a free particle and the spectrum turns into a contin-
uum band [29, 30, 35]. Furthermore, upon the spectral col-
lapse at go = /2, the Hamiltonian becomes unbounded from
below for o > /2. For any nQRM with n. > 3 the Hamilto-
nian f,qr is unbounded both from below and above for any
non-zero coupling g,~2 # 0 [76]. We would like to remark
that this allows to attain a strongly coupled QRM without the
need of increasing the coupling in the original H, i.e., from
a weakly coupled spin-boson system. A similar result has
been proposed in [20], although following a different strategy
where ultra-strong and deep-strong coupling is achieved after
a suitable interaction picture. In Fig. 3 we show numerical
results considering n = 1 in different coupling regimes, and
n = 2 with go < 7/2. The parameters are detailed in III C.
The simulation of the unitary dynamics for n = 3 (3QRM)
has been shown in Ref. [60].

3. Beyond Lamb-Dicke: nonlinear n-boson anti-JCM
Hn,'r] — HnaJCl\/I,n

As discussed in Sec. IT A, the theoretical framework that we
have presented can be exploited even beyond the Lamb-Dicke

regime. Here we consider a nonlinear n-boson anti-JCM,
whose nonlinear interaction terms have been already intro-
duced in Eq. (19). Then, considering o = —n(¥—v) —& and
ng = 0, the Hamiltonian H,, ,, takes the form of HyajcM,y,
which reads

w ~
HnaJCM,"? = Eaz + l/ClTCL

+ % [U+(aT)”fn(aTa) +He]. (35)
Again, we remark that although the previous models are cer-
tainly nonlinear in the sense that they involve n-boson and
spin interaction terms, we make use here of the term nonlin-
ear (subscript 1) to indicates that the transition rates between
le,m) and |g,m 4+ n) become nonlinear, and differ funda-
mentally from those of the standard (linear) one [34]. The
transition rates involve the function f,,(a'a) that can signif-
icantly modify these rates (see Eqgs. (19) and (20), as well
as Fig. 1((c)). Here we keep the convention used in pre-
vious works where these models have been dubbed nonlin-
ear although comprising linear, i.e. one-boson, spin-boson
exchange interaction terms [33, 34, 71]. According to our
theory, this nonlinear model can be indeed realized from a
linear and time-independent Hamiltonian, Eq. (32). In or-
der to observe a significant effect of the nonlinearity stem-
ming from the latter one needs however a large n parameter
and/or bosonic population. The departure from the Lamb-
Dicke regime, in which f,(afa) ~ 6*772/2(1'77)”/71!, can be
essentially captured by plotting (m/| £, (aTa) |m) as a function
of the Fock state m and for different values of 0. In Fig. 1(c)
we plot (m/| f,(a'a) |m) for n = 0 and 1 and two values of 7,
namely n = 0.05 and 0.75, which illustrate the considerable
modification of the transition rates for the latter case. Indeed,
one can find 1 such that f,(a'a)|k) ~ 0, and so the tran-
sition between states |e, k) <> |g,k + n) is suppressed in a
H,3cm,y- See Ref. [71] for further a discussion and potential
applications regarding this nonlinearity.

The nonlinear n-boson JCM H, jcm,, can thus be real-
ized only by having access to a generalized QRM, with a
Hamiltonian of the form of H¢ given in Eq. (32), with §p =
n(v — v) — . Interestingly, nonlinear effects (as plotted in
Fig. 1(c)) will become significant as Hg enters in the ultra-
strong coupling regime, i.e. 7/2 2 0.1. In a straightfor-
ward manner, one can realize different nonlinear models from
a generalized quantum Rabi model in the ultra-strong cou-
pling regime, such as a nonlinear nQRM [71]. Note that for
latter case one will proceed as explained in III B 2, adding a
spin driving into Hg and with a larger 7 value such that ones
goes beyond the Lamb-Dicke condition. In Figs. 4 and 5 we
plot the results of the dynamics under Hy,3cM,, and its re-
constructed version using Hg. See IIIC for further details
regarding parameters and dissipative processes.

C. Numerical results

In the following we present numerical results supporting
the theoretical framework, specialized to the cases discussed
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FIG. 3. Dynamics of a nQRM, H,qrwMm (see Eq. (34)) for n =
1 (left) and n = 2 (right column), depicted by lines and their
simulation using Hg (points) as described in IIIB2. In panels
(a) and (b) ((c) and (d)) we show the evolution of the expecta-
tion value (0.) ((a'a)), while in (e) and (f) we plot the infidelity,
1 — F(puqrm(t),Tpa(t)T'T) between the targeted state and its
simulated counterpart. For the 1QRM (left column) we choose a
pure initial state [1/(0)),qry = | =1/2) |e) where |a) repre-
sents a coherent state, while for the 2QRM the initial state reads
p2qrM(0) = pi(0.25) ® |+) (+| where p;"({a'a)) is a thermal
state with {aa) average number of bosons. Different styles corre-
spond to distinct coupling constants (left) or dissipation rates (right),
as indicated in panels (e) and (f), respectively. The parameters are
7 = /5000 and 2 = v/100, while yb1 = 27sa = 7/50 and © = 0
(IQRM) and g» = 7/10 with @ = 20 (2QRM). See I C for further
details.

previously, namely, where Hg allows for the realization of
Hycm, Hogrv and Hyjom,, with distinet dissipative pro-
cesses.

We start showing that the dynamics of an nJCM [Eq. (33)]
undergoing dissipative processes can be realized simply using
a generalized QRM, whose form has been given in Eq. (32).
In Fig. 2 we present numerical results of the simulation of
the dynamics of a one- and two-boson JCM using Hg with-
out dissipation, boson leakage and spin dephasing. The
transformed dissipators for spin dephasing and boson leak-
age have been approximated as in Eqs. (23) and (30), re-
spectively, as explained in III A. The parameters used for
the simulations presented in Fig. 2 were @ = 7 = §1/2
(1JICM) and & = 20 = §2/10 (2ICM), while Q5 = /100
and 7 = v/2000 which corresponds to n = 0.05 (1JCM)
and n = 0.14 (2JCM), while the initial state considered for
Hyjowm is [9(0)),50m = 10) |e). Hence, the initial state in
the frame of Hg reads [1/(0)) = 17 |0) |e). The dissipation
rates are y,] = /2 and vsq = 7/40. Note that, the approxi-
mation Dg4[p] ~ D, [p] does not work well in the 2JCM due
to the larger value of the parameter 7, as indicated by a larger
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FIG. 4. Dissipative dynamics towards the steady state in (a) Hg
and (b) Hiajcm,, (see Eq. (33)), where H is such that allows for
the realization of the nonlinear 1JCM (see III B 3), where v = v =
Q0£1(0)/4 (which would be equivalent to g1 = /2 for Hiajom)
and 7 = 10~ 3y with y = 0.8. The initial state pc (0) = pi*(0.75)®
|g) (g| for Hg evolves under boson damping with rate vy, = /2
for (a), and its transformed form for (b) (Eq. (30)) . The insets show
the short-time dynamics. The panel (¢) shows the time evolution
of the purity for pg(t) (solid) and piajcm,, (dashed) while in (d)
we plot the infidelity between I'pg (t)I' and piaycm (dahsed lines)
and p1ajcMm,n (solid lines) for different rates, which for the latter
may drop below our numerical precision 10~°. See III C for further
details and a discussion.

infidelity in the latter case. Therefore, our theory allows us
to reproduce the dynamics of these models in different dissi-
pative and coupling regimes to a very good approximation, as
demonstrated by the low infidelities [cf. Fig. 2, panels (e) and
(Hl.

In the following, we consider the case where Hq allows
us to simulate a dissipative n-boson quantum Rabi model,
nQRM, whose Hamiltonian has been introduced in Eq. (34).
We emphasize again that our starting point consists in a
weakly coupled linear QRM, which allows strongly coupled
spin-boson systems with n-boson exchange terms. In Fig. 3
we present numerical results in which a Hiqru is simulated
in different regimes, even in the deep-strong coupling [13]
where Hq features a small coupling constant to bosonic fre-
quency ratio 0.025 (since n = 0.05 to attain g, /0 = 5/4).
The parameters of the simulated 1QRM are @ = 0 with
coupling g1 /7 = 1/4, 3/4 and 5/4, while v = 5 x 10%7
and 9 = €3 = 50v. The considered dissipative chan-
nels in L[pg] are boson leakage and spin dephasing with
rates y,1 = 274 = /50, while the chosen initial state is
%(0))1qrp = | = 1/2) |e) where |o) = D(«) |0) denotes
a coherent state, whose mean boson population amounts to
|o|?. Notice that, as 7 and the boson population are small,

the approximation Dg4[p] ~ D, [p] is expected to hold. As
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FIG. 5. Dissipative preparation of a Fock state via Hiajcm,, and
spontaneous emission, ()77 0y, = |ms)[g), which also cor-
responds to a pure state in the Hg counterpart but of the form
[¥)g = D(in/2) |ms) |+). In panel (a) we show the dynamics
towards the steady state of p1ajcm,y (solid lines) and its simulation
from pc (points), starting from [¢(0)),, ;¢\, = [0) |g) and with
w = v = Qof1(0) (which would be equivalent to i = 2v for
Hiayom) and vse = 40. For &= 0.64, f1(ms = 8) vanishes, so
that the state |ms = 8) |g) becomes steady, see panel (b). Panels (c)
and (d) show the evolution of the purity (green), fidelity with respect
to its steady and pure state p°® (red) for pirajom,, (lines) and pg
(points), and the infidelity between p1aycm,, (t) and I'pg ()T,

shown in Fig. 3 (a) and (c), as one increases the coupling §; /7
one retrieves the main hallmark of the deep-strong coupling
regime, namely, the structured collapses and revivals [13],
which are damped here due to the dissipation. Although the
agreement between the simulated dynamics and the targeted
one is reasonably good [F' 2 0.9 or 0.99, depending on the
case, cf. Fig. 3 (e)], we stress that tweaking the parameters
may enhance further the attained fidelities.

In addition to the simulation of a 1QRM, we show that
one can obtain good fidelities even for the realization of
a 2QRM. For that, we select an initial state paqrm(0) =
pii((a’a)) ® ps where pi({ala)) stands for a thermal state
with average boson population <aTa>, such that p},h (n) =
> o ¥ (n+1)"F=1|k) (k|. For the results plotted in Fig. 3
we have considered pi"(0.25) while ps = |+) (+| where
|+) = 1/v/2(|e) % |g)). The parameters of the 2QRM are
@ = 20 and a coupling constant g = /10, while for Hg we
selected v = 5 x 10%0 = 100821, which leads to n ~ 0.09.
As in the previous cases, we consider boson losses and spin
dephasing, where the latter can be still approximated as in
Eq. (23). The dynamics of this model is well reproduced in
different cases, as shown in Fig. 3 (b), (d) and (f). Note that,
when boson losses dominate the dynamics, the state poqrm (t)
is pushed to the vacuum, |0) (0] ® |g) (g|, which becomes a
the steady state. The attainment of steady states upon differ-

ent dissipative processes (and the correct functioning of their
simulation) will be further inspected in the following, and il-
lustrated in Figs. 4 and 5.

As commented in Sec. Il A and, for the specific case of the
simulation of HyajcM,y, in Sec. IIIB 3, a generalized QRM
allows for the implementation of nonlinear, yet with n-boson
exchange interactions, (anti-)JCMs. The main feature of this
class of models is the strong dependence of transition rates be-
tween the states e, m) <> |g, m + n) for different |m) Fock
states [cf. Fig. 1 (c) and Sec. II A]. We illustrate the realization
of a HyaycMm,y in Fig. 4, where the a steady state is achieved
within the simulated evolution time. We take as initial state
pc(0) = pi*(0.75) @ ps with p, = |g) (g, n = 0.8 and
boson leakage with different rates, while the parameters are
@ =v = f1(0)/4. We stress however that for such a large
n value, and thus large coupling constant in Hg, considering
independent channels of dissipation may be not longer a good
approximation, and thus one may have to resort to a dressed-
basis description of the dissipation (see Appendix C). Never-
theless, the difference in population may exhibit deviations in
the order of 10~ 2 for the computed observables [75]. In addi-
tion, note that the previous coupling constant would be equiv-
alent to having §; = 7/2 in a standard Hy,5cm. As shown
in Fig. 4(a) and (b), the steady state in Hg is accompanied by
its transformed version in Hiajcm,,- As the states pg(t) and
P1aJCM,y are related through a unitary transformation, the pu-
rity Tr[p?(t)] is expected to be equal if the simulation of this
model works correctly. As we observe in Fig. 4(c), this in-
deed the case to a very good approximation. Note that for
vb1 = U/2, the state pg tends to a pure, yet steady, state, and
so does p1ajcM,,- As a matter of fact, as the dissipative dy-
namics for H,jcMm,, brings the states towards the its steady
and pure state py% jom, = |0) (0] [e) (e[, it is easy to see that
pE = |la = —in/2) |—) (—| {a = —in/2| is also pure, where
| = —in/2) = D(—in/2)|0) is a coherent state containing
|a|? = n? /4 boson excitations. Finally, we comment that, due
to the large coupling in Hg (n = 0.8), the Lamb-Dicke con-
dition breaks down and thus H;,jcn becomes a poor approx-
imation of H. 1{,1 (Eq. (14)). In Fig. 4(d) we show the infidelity

between I'pg (t)T' and the realized state P1ajcM,q5(t) (solid
lines) and p1,50Mm(¢) (dashed lines) for the same parameters.
The significant difference among the fidelities, and the very
low values for 1 — F(prajom,y(t), Tpa(t)TT) < 1074, pin-
points the correctness of the theory and the good realization
of this nonlinear anti-Jaynes-Cummings model.

Finally, we provide a further example regarding the re-
alization of a nonlinear anti-Jaynes-Cummings model when
its nonlinearity is crucial, and thus Hi,jcMm,, differs funda-
mentally from its linear counterpart, H1,5cMm. For that we
consider that spontaneous emission F' = o~ can be imple-
mented in L[p,], which corresponds to a dissipation chan-
nel with ' = 1D(in)(o. — ioy) in L]pg] [cf. Ref. HIA
and Appendix B for its derivation]. As recently shown in
Ref. [71], it is thuspossible to tune 7 such that f,(ms) = 0
for a certain Fock state |mg), and thus, spontaneous emis-
sion aids preparation of that precise Fock state, |my)|g),
since the transition to |ms + n)|e) is blocked. The nu-
merical results regarding this situation are plotted in Fig. 5,



where the initial state [¢)(0)),,;c0, = [0)]g) evolves to-
wards [¢)72 500, = |ms)[g) with n = 0.639 such that
fi(ms = 8) = 0 [Fig. 5 (b)], and with parameters ©@ =
U = Q0 f1(0) and dissipation rate e = 40. It is worth high-
lighting that the condition 7 = € f1 (0) would correspond to
U = 2g; in the standard H;,5cnm. The dissipative prepara-
tion of the Fock state can be thus simulated by H¢, where in-
stead [1) ¢y = D(in/2) |ms) |+). As in the previous case, the
purity Tr[p?(¢)] matches for both states and the high fidelity,
F(prasom,y(t), Tpa(t)TT) 2 0.999 [Fig. 5 (c) and (d)] indi-
cate the good agreement between these models, where the pa-
rameters of Hg are v = 1037 and Qy ~ v /130. In addition,
we include in Fig. 5(c) the fidelity between the evolved state
pa(t) and the steady state |w>§f, as well as p1agcom,y,(t) and
|¥) {a300.y» Which evolves from O to 1 in a time ¢ ~ 407 /7.

IV. CONCLUSIONS

We have shown how the dynamics of a dissipative quan-
tum system comprising simultaneous exchanges of n-boson
excitations with a spin can be realized exploiting a system in-
volving only linear spin-boson coupling and simple spin ro-
tations, i.e. without having access to the required n-boson
interacting terms. Moreover, we have demonstrate that spin-
boson models with further nonlinear effects, such as the de-
pendence of transition rates between Fock states on the ac-
tual Fock state number, can be accessed only by bringing a
linear QRM into the ultra-strong coupling regime and with a
spin bias. Indeed, the simulation of these nonlinear and multi-
photon spin-boson models can be realized in distinct regimes,
ranging from weak to deep-strong coupling regimes. These
models include the well-known (anti-)JCMs and QRMs, both
with and without nonlinearities, as well as the so-called two-
boson QRM, among others. The developed theoretical frame-
work not only unveils a deep connection between these mod-
els, but also offers the possibility for the simulation of nonlin-
ear models previously constrained mainly to optical trapped-
ion setups [34, 71] and of multi-boson spin-boson interaction
terms in platforms where those are otherwise unattainable,
i.e., without relying on the developed theory.

Here we have assumed that one has control onto a system
described as a generalized QRM, i.e., spin and boson lin-
early coupled and with the ability of performing spin driv-
ings, and it is where the simulation of a nonlinear n-boson
spin-boson model is performed. The dissipative dynamics of
the generalized QRM is assumed to be well described by a
Lindblad term. In this manner, the jump operators then take
a transformed form in the simulated model, which in gen-
eral may become time dependent and involve also nonlinear
spin-boson terms, thus mixing both degrees of freedom. For
certain parameter regimes, however, distinct dissipative pro-
cesses can be well approximated by standard dissipative chan-
nels. We provide, in addition, a prescription of what jump op-
erators would be required to be implemented in the simulator
to achieve an arbitrary dissipative channel. We have then illus-
trated the presented theoretical framework by showing exam-
ples in which the dissipative dynamics of a generalized QRM
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corresponds to that of different nonlinear models with custom-
ary decoherence processes, such as spin and boson dephasing,
spontaneous spin emission and absorption, and boson leak-
age and heating. The numerical simulations strongly support
the theoretical results, indicating that the simulation holds to
a very good approximation, as quantified in terms of the re-
sulting high fidelities, for paradigmatic examples as the JCM
and QRMs and their 2-boson counterparts. These include the
deep-strong coupling regime of the quantum Rabi model [13].
Moreover, we also illustrate the simulation a nonlinear anti-
JCM, whose main trait consists in the blockade of propagation
of quantum amplitudes along the Hilbert space [71].

Our results indicate that the dissipative dynamics of a gen-
eralized QRM approximately corresponds to different nonlin-
ear models upon a suitable transformation, both of the coher-
ent and dissipative part. Due to the ubiquity of a generalized
QRM in a variety of quantum platforms and its relevance in
different branches of modern science, our results might open
new avenues in the inspection of decoherence in different fun-
damental quantum systems and in their simulation.
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Appendix A: Impact of an A%-term in Hg

As mentioned in the main text, our starting point con-
sists in considering a driven spin linearly coupled to a single
bosonic mode whose Hamiltonian Hg is given in Eq. (1) and
Egs. (2), (3) and (4). Although this description is wide since
it applies to different setups, one may have to introduce an ex-
tra term H 42 when dealing, for example, with a cavity QED
implementation as it can have a significant impact in the ul-
trastrong coupling regime [65-67]. Note that this term stems
from the potential vector of the cavity field. In the follow-
ing lines we provide a discussion on how the results presented
in the main text would be modified when this term is consid-
ered. In particular, when the A2 term is included, our starting
Hamiltonian becomes Hg = Hgpin + Hyoson + Hing + H 42,



where the latter term reads

Hy> = D(a+ah)2 (A1)
Now, we consider an interaction Hi,, = nv/20.(a + al),
which results from a trivial rotation of @ and a' in Eq. (4). The
previous Hamiltonian can be transformed back to the original
form, i.e., without an A2 term, by making a unitary transfor-
mation using the squeezing operator S[z] = e*/ 2((a")?~a%)
with z € R. Then, calculating ST[2] HgS[2] one can find the
value z, that brings the previous expression into the form of
Hg without H 42. Indeed, for z; = —1/41log(1 + 4D /v) the
transformed Hamiltonian reads

ST[ZS]H(;,S[ZS] = Hopin + %Ux(a + aT)

—2zs

+ e~ ?*qfa — ve % sinh z,, (A2)
which is identical to the original Hamiltonian H¢ up to con-
stant values, see Egs. (2), (3) and (4), with renormalized pa-
rameters, 7 = ne3%s and U = ve~ 2%, Hence, one can follow
the rest of the theoretical derivation to find the nonlinear and
multi-boson models as explained in Sec. II. Note however that
the corresponding master equation describing the dynamics
for Hg including the H 42 term may have to be transformed
too according to S[z,] - ST[z,].

Appendix B: Transformed jump operators for spontaneous
emission and absorption

As given in the main text, Eq. (24), the jump oper-
ator associated with spontaneous absorption (emission)

acting in the frame of Hg, F = o*, transforms into
the frame H, as F = TFTT, where T = U] TTU,,.
The time-evolution propagators are U, o = €'*%%=/2 and

Upo = e~it((v=r)aa=Go2) congidering ty = 0, and T =
2712 [D(a)(le) (gl + l9) (g9]) + DI (@)(|e) (e] — |g) {e])]

given in Eq. (7). Thus, the transformed jump operator F' can
be calculated as follows. We first need

Uao 0XUL =

cos® (6ot /2) oF + sin? (6ot /2) 0T F % sin(dpt)o, (B1)
and then, using the following expressions

TTo, T = D*(a)ot + D% (a)o~ (B2)

TTo*T = % (0. £D*(a)o" FDP(a)o~]  (B3)

we obtain

1 1 _
TTU@,O U+U;0T =——0,+ ,D2(a)€fzt500+

2 2
1 )
- 5DTQ(a)e”‘%U*, (B4)
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FIG. 6. Dissipative dynamics when D4 [p] (top) and Dse[p] (bottom)
can not be approximated by the simple Eqgs. (23), and (25), respec-
tively. In (a) we show the time evolution of <aTa>1JCM , (lines)

and its reconstruction using pc (points), when Daq [p] is taken as in
Eq. (22) (solid lines) or approximated as in Eq. (23) (dashed lines),
for different parameters, namely n = 0.5 with ys4 = Y1/2 = 50
(blue) and n = 0.4 and 0.8 with v = 2y, = P (red and
green). The rest of the parameters are @ = 7 = f1(0)€0/2 with
7 = 10~ v, and initial state [¢)(0)), = |0) |+). With the same for-
mat, in (b) we show the infidelity 1 — F' between the pg and p1jcowm,y
considering Dyq[p] as in Eq. (22) or Eq. (23). The same is plotted
in the bottom panels, (¢) and (d), but with ﬁse[p] and s instead of

Daa[p] and ysq and [4(0)), = |0) |e).

so that finally we arrive to

1
Lo*Tt = Uf (TTUq 0 0* U] (TU, 0 = —50-

+ eit(zzfﬁ)afaD(2(1)efit(ufﬂ)alfaefit(é()«k&))O_Jr

[N R ORI

== eit(yfﬁ)aTaDT(QOZ)efit(ufﬂ)aTaeit(60+cﬁ)o_f (B5)

which for a = in/2, D(in) = (@' +2)  and therefore

Lot — — %gz n %em<a<t>+a*(t))efitwom)ai

- %efmm(t)w(t))ez'twow)f (B6)

with a(t) = ae~*(*~), The previous expression corresponds
to the Eq. (24) given in the main text.

In a straightforward manner, for F =0 the corresponding



jump operator in the frame of H¢ follows from F' = ItEr,

THET = Ul (TU, 00~ Uf (T1U. 0 (B7)
= e Ul To~ T U, (B8)

1 o
= §D(2a)e*””Ulo [0, —ioy] Uayo (B9

1 s
= 5D(2a)(f”<w+50> (0. —ioy,]. (B10)

Since e~ *(@+%) is just a global phase, it can be dropped out,
so a dissipative channel F' = 1D(in) [0, — io,] in Hg leads
to spontaneous emission in H,.

Appendix C: Dressed-basis treatment of dissipation

As acknowledged in Ref. [75], the master equation con-
sidering independent channels of dissipation leads into non-
physical results as the coupling constant becomes comparable
to the bosonic frequency. Instead, one needs to describe dis-
sipation in the dressed basis of the spin-mode. In the case of
a time-independent He, = >, Ej |k) (k| where |k) denotes
here the kth eigenstate of the spin-boson system. Then, the
correct master equation at zero temperature involving spin de-
phasing and boson leakage results in

[,[ } DA pG Z ’YSd,jkDng [pG]

J,k#J
+ ) wiDe,,lpcl,  (CD

Jk>j

with the operators A = >, \/7sa(0) (k| 0. |k) |k) (k| and
Bji = 1) (k| with ysa i = tsa(BEx — E;) [(j] o= |k)|* and
Yorjk = W1(Ex — E;) [(j] (a + a?) |k) ?, Where the rates are
now evaluated at different frequencies. Performing the trans-
formation described in Sec. II, one would find the correct mas-
ter equation describing the dynamics of the simulated multi-
boson and nonlinear models. In particular, one would have
to transform the operators A and Bj;, as TAT'T and T' B, I'T.
Recall that since A and Bj;, depend on the dressed- ba51s |k)
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of the spin and bosonic mode, they need to be computed nu-
merically.

Appendix D: Breakdown of Lamb-Dicke regime in dissipative
processes

In this part we provide additional numerical results to il-
lustrate that, under certain circumstances, some dissipative
processes, such as spin dephasing and spontaneous emission
and absorption cannot be approximated as ng[ | = D(,w (o]
(Egs. (23), and (25), respectively), as explained in the main
text. Indeed, when the Lamb-Dicke condition breaks down,
a correct description of dissipation demands the full trans-
formed dissipators as given in Egs. (22) and (24). In order
to illustrate this, we choose H such that it allows to realize
Hj30M,y, although the rates are taken to be much larger than
the frequenmes of Hy JCM,n SO that the dynamics is essentially

governed by Dsd or Dhe Note that we take H1jcmMm,y,, Which
together with the large dissipation rates, allows us to analyze
better how the approximations performed in the dissipative
part spoil the correct functioning of the correspondence be-
tween these models.

To inspect the effect of spin dephasing, we consider
|4(0))s = |0) |[+) as initial state for Hg evolving under the
presence of spin dephasing and boson losses, with rates ygq
and v,1. As we show in Fig. 6(a) and (b), approximating
Dgalp] = D, [p] fails to capture the correct equilibrium state
for 17 > 0.4. Indeed, upon taking into account the full Dy4|[p]
(Eq. (22)), the dynamics is correctly reproduced, as indicated
by the low infidelities obtained for the cases plotted in Fig. 6.
As expected, the crude approximation performed in Eq. (23)
breaks down as 7 increases, and thus resulting fidelities drop
significantly (e.g. F' < 0.8 for n = 0.8).

In addition, we also provide results regarding the validity
of the Eq. (25). For we proceed as before, now choosing
|¥(0)); = |0) |e) as initial state. As one can observe in
Fig. 6(c) and (d), the break down of the Lamb-Dicke condition
has a lesser impact in Dgc[p] for intermediate 7 values (0.4
or 0.5) compared to spin dephasing. However, for n = 0.8,
a correct functioning of the simulation crucially depends on
the inclusion of higher-order terms, such as a"™o*, which are
present in Eq. (24).
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