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Angularly resolved two-photon single ionization yields of helium resulting after the interaction
with an ultrashort XUV pulse are obtained by numerically solving the full dimension time-dependent
Schrödinger equation. The angular distributions reveal the underlying dominant mechanism, which
depends on the effective photon energy absorbed and the pulse parameters. We specifically explore
the contributions of radial and angular electron correlation terms. A single active electron picture is
a qualitatively valid approach for the lowest photon energies, even in the above threshold ionization
(ATI) region. Nonetheless, angular correlation plays a detectable role in the low energy region and
a major role at higher energies when autoionizing states are populated. As the photon energy in-
creases, sequential ionization-excitation dominates, therefore, the resulting probability distributions
are explained as the result of two active uncorrelated electrons. This uncorrelated picture fails again
for photon energies above ionization potential of the ion.

I. INTRODUCTION

Multiphoton ionization of atoms has received great at-
tention since its experimental observation in the late six-
ties [1, 2]. The generation of pulsed lasers in the optical
regime provided for the first time the necessary intensi-
ties for the observation of multiphoton transitions, not
only between bound-bound, but also between bound and
continuum states. It opened the way to two decades of ac-
tive research to gain a deep understanding on the effects
of resonances, coherence [3] and above threshold photon-
absorption [4, 5] in the observed multiphoton ionization
yields. The interest in multiphoton processes has under-
gone a resurgence in the current century with the ad-
vent of femtosecond and sub-femtosecond pulses in the
UV/XUV and X-ray frequency domains and with the
newly developed experimental techniques using reaction
microscopes. Velocity correlation (VC) methods, velocity
map imaging (VMI) or cold target recoil ion momentum
spectroscopy (COLTRIMS) allow the detection in coin-
cidence of the individual momenta of the charged frag-
ments resulting after the ionization event. These experi-
mental capabilities can now provide rich information on
atomic and molecular ionization with unprecedented en-
ergy and time resolution. These tools thus give access to
laser-induced coherences and ground-state and dynami-
cal electron correlation in multiphoton ionization, and it
is of fundamental interest to eventually manipulate the
laser-induced electron dynamics in atoms and molecules.
In the present work, we accurately evaluate the effect
of electron correlation terms in a two-photon absorption
process by analyzing the richest observable in atomic ion-
ization, namely, the photoelectron angular distributions
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(PADs). The ionization probability distributions, differ-
ential in both energy and angle of the emitted electron,
capture the multichannel character of the emitted frag-
ments and are a direct signature of electron correlation
[6].

The helium atom, the simplest multielectronic system,
is the benchmark target par excellence to unravel the
complexity of those phenomena. Two-photon single ion-
ization of helium was subject of an extensive number of
theoretical [7–10] and experimental [11–16] studies ex-
ploring total ionization yields, and more recently, photo-
electron angular distributions (PADs) in the low energy
region [17, 18]. However, to our knowledge, no previous
investigations have provided a complete analysis on the
expected angular distributions of electron emission upon
the interaction with sub-fs pulses when above-threshold
ionization (ATI) opens.

The angular distribution of the emitted electron is ex-
plained through the relative amplitudes and phases be-
tween the contributing partial waves at a given energy.
However, it is interesting to understand how this observ-
able captures the effect of the pulse duration, the electron
correlation terms and the dominance of different bound-
continuum and continuum-continuum transitions. In ref.
[18], Ishikawa and Ueda already provided a thorough
theoretical study on the pulse duration variation of the
PADs on two-photon single ionization hydrogen and he-
lium atoms, for photon energies below the first ionization
potential, assuming pulses with durations in the range 1-
21 fs. Their results were explained in terms of a single
active electron process. In this work, we explore this pro-
cess for photon energies up to 70 eV. We first show that
this single active electron picture is qualitatively valid
for photon energies below the ionization potential of the
system, but breaks down as the energy increases a few
eV. We then discuss the dominant mechanisms at larger
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photon energies and examine the relevance of highly cor-
related mechanisms in two-photon single ionization of He.

We perform full ab initio calculations and propose a
simplified model to elucidate the underlying mechanisms
and the pulse dependencies of the total and energy and
angle differential ionization yields after two-photon ab-
sorption by the helium atom. In particular, we dis-
cuss if the relevance of accounting for electron-electron
interactions in both/either ground, intermediate and fi-
nal highly excited states of the atom can be questioned
[19, 20], in particular, when using two photons to excite
the ground state of the atom (He(1s2)) to autoionizing
states such as those doubly excited states commonly de-
noted as nln′l′(n, n′ ≥ 2). We explore the effect of ac-
curately representing radial and angular electron correla-
tion terms in both the ionization signal and the angular
distribution of the ejected electron when ionizing with
ultrashort pulses in the extreme ultraviolet (XUV).

II. METHODOLOGY

A. Time-dependent Schrödinger Equation

For an accurate evaluation of the two-photon single
ionization of helium induced by ultrashort pulses, we
solve the time-dependent Schrödinger equation (TDSE)
in full dimensionality employing the methodology de-
scribed in Refs. [21, 22]. We have extended the im-
plementation to enable the extraction of the photoelec-
tron angular distributions for the single ionization chan-
nel. The ab initio calculations are further rationalized in
terms of simple analytical models. In the following, we
review the most relevant theoretical details for the ab ini-
tio method. Expressions are given in atomic units unless
otherwise specified. We assume that the He atom, ini-
tially in its ground state, is subjected to a time-varying
pulse that starts at ti and ends at tf . To track the time
evolution of the wave function, we solve the TDSE,

i
∂

∂t
Ψ(t) = H(t)Ψ(t) . (1)

with the full Hamiltonian, H(t) = H + V (t), which in-
cludes the interaction term of the atom with laser field,
V (t), and

H = T1 + T2 −
1

r1
− 1

r2
+

1

|r1 − r2|
(2)

where the T1 and T2 are the kinetic energy terms, Ti =
−1/2∇2

i . The electron-electron interaction term is evalu-
ated using the well-known multipole expansion in terms
of spherical harmonics:

1

|r1 − r2|
=
∑
λ

µ=λ∑
µ=−λ

4π

2λ+ 1
Y *µ
λ (r̂1)Y µλ (r̂2)

rλ<
rλ+1
>

. (3)

The wave function is expanded in coupled spherical har-
monics and using a radial discrete variable representation
as described below in Sec. II D.

After the external field is turned off (t > tf ), the sys-
tem evolves according to the time-independent Hamil-
tonian H of the isolated atom, Ψ(t) = e−iH(t−tf )Ψ(tf ).
We next define a scattered wave Ψsc by taking its Fourier
transform from tf to infinity,

Ψsc ≡ −ie−iEtf
∫ ∞
tf

dt ei(E+iε)t Ψ(t). (4)

In the limit ε→ 0+, Ψsc = G+Ψ(tf ) [22], which is equiv-
alent to solving,

(E −H)Ψsc = Ψ(tf ), (5)

with pure outgoing boundary conditions [23]. Thus the
scattered wave, from which we will extract all the phys-
ical information, satisfies a driven Schrödinger equation
in which the propagated wavepacket at the end of the
pulse appears as the source term. The numerical solu-
tion of Eq. (5) effectively propagates the wavepacket at
the end of the laser pulse to t → ∞ and Fourier trans-
forms the result in a single computational step. One way
to circumvent the explicit imposition of pure outgoing
boundary conditions in the above equation is to use the
Exterior Complex Scaling (ECS) method [21, 23]. In the
ECS method, the electronic coordinates are (complex)
scaled only beyond a given region (r > R0) according
to the transformation r → R0 + (r − R0)eiη. Once this
transformation is applied, Ψsc may be obtained from Eq.
(5) using a linear iterative solver implemented in PETSc
libraries [24, 25] .

The explicit evaluation of the single ionization ampli-
tudes C(kn) is done in terms of the following surface
integrals [23]:

C(kn) =
1

2

∫ {
φ−∗kn

(r1)φ∗n(r2)∇Ψsc(r1, r2)

−Ψsc(r1, r2)∇[φ−∗kn
(r1)φ∗n(r2)]

}
· dS ,

(6)

where ∇ = (∇1,∇2). The testing functions φn and φ−kn

are given by the bound states of He+ and the energy-
normalized Coulomb functions with a nuclear charge
Z = 1. The above expression allows us to extract the
angular and energy dependent amplitudes, or equiva-
lently ionization probabilities, for single ionization from
the propagated wave packet.

B. Laser-atom interaction

We are interested in describing few-photon atomic ion-
ization induced by finite laser pulses with wavelengths in
the XUV, specifically in the 18.5-95 nm range. There-
fore, the electric dipole approximation is valid and we
can assume the electromagnetic field to be independent
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of the spatial coordinates. The laser-atom interaction
term V (t), the time-dependent part of the Hamiltonian
in Eq. (1), can thus be written as V (t) = p ·A(t) in the
velocity gauge or as V (t) = r · E(t) in the length gauge.
The electric field E(t) = −∂A(t)/∂t, can be expressed
as:

E(t) =

{
E0f(t) cos(ωt)ε̂ |t| < T/2

0 elsewhere,
(7)

where f(t) is an envelope that defines the finite duration
of the pulse that we have chosen as f(t) = cos2

(
π
T t
)
. We

restrict our investigation to linearly polarized light and
to the interaction with pulses of moderate intensities in
order to provide relatively large ionization rates for two
photon transitions, but low enough to keep the processes
within the weak field limit [21].

C. Two-photon single ionization cross sections

In the weak field limit, the second order time-
dependent perturbation theory expressions apply and the
ionization amplitudes for the two-photon transition from
an initial state of energy Ei to a single electronic contin-
uum final state of energy Ef can be written as

C2ω(kn) =E2
0F

2ω(Ef , Em, Ei, ω, T )×∑
m

〈Φ−f |ε̂ · µ|Φm〉〈Φm|ε̂ · µ|Φi〉 ,
(8)

where E0 is the maximum field strength, ε̂ is the unit
vector defining the polarization direction of the field, µ
is the dipole operator in the length gauge, T = tf − ti
is the total pulse duration and the sum m is over all the
eigenstates of the target. Considering a laser pulse as
defined in Eq. (7), F 2ω(Ef , Em, Ei, ω, T ) is the double
integral in time given by

F 2ω(Ef , Em, Ei, ω, T ) =
1

2

∫ tf

ti

dt′ei(∆Efm/~−ω)t′f(t′)

× 1

2

∫ t′

ti

dt′′ei(∆Emi/~−ω)t′′f(t′′),

where ∆Eij = Ei − Ej . One can now connect Eq. (8)
with the expression for the two-photon cross section by
defining a “shape function” [21, 26]:

F̃ 2ω(Ef ,Em, Ei, ω, T ) =

(Ei + ∆Efi/2− Em)F 2ω(Ef , Em, Ei, ω, T ).

(9)

As we explained in Refs. [21, 22], if the photon frequency
ω is not too close to being in resonance with a transition
to one of the intermediate states Φm, then the shape

function F̃ 2ω is well approximated by an expression that
does not depend on the energies of the intermediate states

in the sum in Eq. (8) and which becomes exact in the
long T limit. For the pulses as defined in Eq. 7, the
shape function may be written as,

F̃ 2ω(Ef , Em, Ei,ω, T ) ≈ F̃(Ef , Ei, ω, T )

=
12 sin

(
ξT
2

)
π4

ξ [T 4ξ4 − 20π2T 2ξ2 + 64π4]
,

(10)

where ξ = (2ω − ∆Efi) is the generalized detuning pa-
rameter. In order to compare the total ionization yields
for different pulse durations and with previous data ob-
tained in the limit of infinitely long pulses, the two-
photon single ionization cross section can be then written
as:

dσ2ω

dΩ
=

(2π)3~3knα
2

(∆Efi/2)2m3

|C(kn)|2

E2
0 |F̃(Ef , Ei, ω, T )|2

(11)

The above expression allows one to extract the cross sec-
tions differential in both angle and energy of the emit-
ted electrons from a time-propagated wave packet for the
whole range of photon energies within the bandwidth of
the pulse [27]. It is worth to highlight that C(kn) as de-
fined in Eq. (6) are the physical amplitudes for a given
pulse, i.e. these are strictly exact in the current formal-
ism and, therefore, there also the corresponding angular
differential ionization probabilities given by |C(kn)|2. In
other words, the angular distributions retrieved through
the present methodology are those that would be experi-
mentally measured. We have only introduced an approx-
imation through the “shape function” in Eq. 10 in order
to provide an expression for the cross sections, Eq. (11),
which affects the magnitude resulting for the total ioniza-
tion cross section (allowing direct comparisons of results
for different pulse durations), but only implying a scale
factor for the electron angular distributions.

D. Computational details

Assuming the helium atom in its ground state (1Se),
only channels with total symmetry 1Se, 1Po and 1De

(L = 0, 1 and 2) are accessible through one and two-
photon absorption processes following the optical selec-
tion rules. The two-electron wave function is expanded
in terms of products of coupled spherical harmonics to
represent the angular components and the radial degrees
of freedom are discretized using a finite-element, discrete
variable representation (FEM-DVR) with a product basis
of Lobatto shape-functions [28]. We include all (L, l1, l2)
possible configurations for given maximum values of l
and L. Because the present work is performed within the
weak-field limit, convergence for second order processes
from the ground state (L = 0) is achieved with Lmax = 2.
The smallest value required for the expansion in angular
momenta in l1,2 will depend on the photon energies em-
ployed. We found that for the range of energies consid-
ered, numerical convergence is achieved with lmax = 5.
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The ground-state wave function, Ψ0, is obtained by di-
agonalizing the field-free Hamiltonian H on a real grid
(rmax ≈ 50 Bohr). The absolute value for the ground
state energy obtained is −2.9036 au, differing from pre-
vious accurate extrapolated Hylleraas-type calculations
[29] in 10−4 au. The time-dependent wavepacket is then
propagated in the presence of the external field within
the length gauge according to Eq. (1), over the dura-
tion of the pulse, in a larger region of space, including
rmax = 200 a.u. The propagation is carried out numeri-
cally using the Crank-Nicolson method, with a time step
∆t = 4× 10−3 atomic units.

III. ANGULARLY-RESOLVED IONIZATION
PROBABILITIES

We employ a 2-fs pulse with a laser intensity of 1012

W/cm2 to ionize helium by two-photon absorption. A
diagram with the energetics is provided in Fig. 1. The
total and fully differential probabilities are examined here
for photon energies up to ∼ 70 eV. Fig. 2 shows the total
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Figure 1. Schematic representation of the relevant transi-
tions for two-photon single ionization of helium. We indicate
four regions discussed in the text leading to two-photon single
ionization with photon energies: (a) below the single ioniza-
tion threshold, 24.6 eV, (b) above threshold ionization where
the two-photon absorption reaches the doubly excited states
(ω > 28.95 eV), (c) two-photon single ionization where core-
excited resonances dominate and (d) region where the simul-
taneous excitation-ionization is energetically open already for
one-photon absorption.

and partial cross sections as a function of energy, together
with the photoelectron angular distributions obtained for
a few specific energies. In order to minimize the impor-
tance of purely spectral effects in the resulting photo-
electron distribution, i.e., those associated to the large

frequency bandwidth of the ultrashort pulse employed,
we extract the angular differential observables for a spe-
cific final energy. Because a two-photon transition from
the ground state of helium reaches the continuum states
of 1Se and 1De symmetries, we have included the par-
tial cross sections (red line with circles for 1Se and blue
line with squares for 1De) together with the total cross
section (black thick line) as a function of photon energy.
As expected by Fano’s propensity rule [30], the contri-
bution of the 1De states is larger (by a factor ≥ 2) than
the 1Se contribution. The only exception appears when
a doubly excited state of 1Se symmetry is populated and
direct ionization and autoionization interfere leading to
the well-known Fano profile [31]. Although the relative
contributions of 1Se and 1De symmetries hardly varies
along the whole range of photon energies, we do observe
that the photoelectron angular distributions appreciably
change with the photon energy.

For the lowest photon energies (< 29 eV), a simple
single-active electron picture is able to provide a reliable
description of the two-photon process. Mostly second or-

der paths such that, He(1s2)
ω−→ He∗(1snp)

ω−→ He+(1s)
+ e−(ks+kd), contribute to the ionization yields. The
atom is first promoted to an intermediate (bound or con-
tinuum) state represented by a 1snp or 1skp configura-
tion, followed by the absorption of the second photon.
This leaves the system in a final state with one bound
electron in the He+(1s) state, where the already excited
electron was further promoted to the continuum in a s or
d partial wave with energy Ef = 2ω − Ip. Consequently,
the resulting angular distributions can be easily rational-
ized in terms of the coherent superposition of ionization
amplitudes with two main angular components, those as-
sociated to individual uncoupled spherical harmonics Y00

(S) and Y20 (D) [12, 17, 18]. The PADs can then be re-
duced to:

I(θ) ∝ |FSY00 + FDY20|2 (12)

where FS and FD are the complex amplitudes for the
1Se and 1De symmetries at a given photoelectron energy.
In Refs. [17, 18], the energy range between ω = 19 eV to
25 eV was examined, explaining how the relative contri-
bution of the resonant term (those singly excited states
whose transition frequency lies within the pulse band-
width) and the non-resonant term (resulting from the
sum over all virtual intermediate states) reflects in both
the total ionization yields and the photoelectron angular
distributions for different pulse lengths [18].

The first two PADs in Fig. 2, at 15 and 18 eV, show a
characteristic d shape (Y20 alone), since the D contribu-
tion to the total cross section is at least five times larger
than that of S symmetry. Moreover, at these energies,
the non-resonant term, which is nearly independent of
the pulse duration, dominates, the PADs thus remain
mostly unchanged when increasing the pulse duration
[18]. However, for photon energies resonant (within the
bandwidth of the pulse) with the 1snp 1P bound excited
states, between 21.2 and 24.6 eV, both the resonant and
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Figure 2. Total cross sections for two-photon single ionization of helium using a 2-fs pulse as a function of the photon energy
absorbed. Black thick full line: total ionization yield. Blue with dots: D contribution. Red with dots: S contribution. The
photoelectron angular distributions corresponding to a given energy of the emitted electron are plotted as insets. Distributions
are plotted for effective photon energies of 15, 18, 22, 26, 34, 40.8, 45, 48.38, 57, 61 and 65 eV.

non-resonant paths significantly contribute. The depen-
dence on pulse duration is already clearly captured in the
total yields, as shown in figure 3. In this figure, we com-
pare our TDSE results obtained for pulse durations of 2,
3 and 4.2 fs. We also include existing theoretical data ob-
tained for infinitely long pulses using time-independent
perturbation theory approaches [9, 32–34]. There is a
noticeable pulse-length dependence around the photon
energies in resonance with the singly excited states of
the atom, which will also be reflected in the angular dis-
tributions as discussed in [17, 18]. This is the case for the
PAD corresponding to ω = 22 eV, lying near the excita-
tion energy of the 1s2p 1P state (21.2 eV), where electron
ejection in the plane perpendicular to the light was found
to increase with the duration of the pulse and vanish for
short pulse duration [18]. For the 2-fs pulse, it can fur-
ther observed in Fig. 2 that, indeed, the PAD resembles
that obtained at ω = 26 eV, approximately one eV above
the threshold of the ATI region where the angular distri-
butions again hardly vary with pulse duration. The clear
resemblance between these two is due to the contribution
of the continuum-continuum couplings, which dominates
the two-photon processes, even at 22 eV, also favored by
the wide energy bandwidth of the pulse (∆ω ∼ 2 eV).
The largest contribution of the ATI couplings at these
energies have been confirmed with an analytical model
that is introduced in section IV.

The PADs are significantly different from those at
lower energies for an effective absorption of two photons
of 34, 41, 45 and 49 eV. Although there is not a significant
difference in the relative contribution of the S and D am-
plitudes with respect to the lower energy range, these dis-
tributions present an almost pure cosine-squared shape,
with strictly zero probability of emission in the plane per-
pendicular to the polarization direction. These distribu-
tions are the signature of ionization of a bound l = 0 elec-
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Figure 3. Two-photon single ionization cross section of he-
lium as a function of the photon energy absorbed. Compari-
son with previous works using time-independent perturbation
theory approaches. Full red line: ref. [9]. Blue filled dots: ref.
[34]. Turquoise dashed line: ref. [33]. Brown circles: ref. [32].
Full lines with symbols: Apparent cross sections resulting af-
ter solving the TDSE for a pulses with a laser intensity of
1012 W/cm2 and durations of 2 fs (stars), 3 fs (squares) and
4.2 fs (triangles), as indicated in the legend.

tron into the p-wave continuum. In this region, excitation
sequentially follows ionization: the first photon absorp-
tion ejects one electron at an energy (Ee = ω−Ip) and the
second photon excites the ion. Due to the large oscillator
strength associated with the excitation of the parent ion,
as compared to a continuum-continuum transition, this
contribution becomes the dominant as soon as it is ener-
getically allowed. The longer the pulse the sharper the
peaked structure in the total yield [21], as is also clear
from Fig. 3 when infinitely long pulses are employed.
The total cross section exhibits a monotonic increase that
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reaches a maximum at 40.8 eV, coinciding with the first
excitation energy of the ion, He+(n = 2)−He+(n = 1)
[9, 35]. Additionally, a second local maximum is ob-
served for ω = 48.38 eV, in coincidence with the second
excitation energy of He+ from n = 1 to n = 3. These
sequential ionization-resonant excitation have also been
called “core-excited” resonances in refs. [9, 35], although
it should be pointed out that this terminology is largely
unrelated to the widely known core-excited autoioniz-
ing states for multielectronic targets. These core-excited
resonances are intermediate-state resonances, where the
photon energy is resonant with the transition from the
ground state of the ionized species to an excited state,
therefore the resulting total ionization probabilities upon
two-photon absorption again depend on the pulse dura-
tion in this energy range as clearly captured in Fig. 3.
This figure also show that the two-photon cross sections
decrease for photon energies above 50 eV. In contrast
with the results of the perturbative approach employed in
ref. [9], whose validity is questionable as core-excited res-
onances accumulate, higher excitations are accurately ac-
counted for in our calculations. A 2-fs pulse only resolves
the resonant structures of the first two excited states,
just because the pulse bandwidth is larger than the en-
ergy spacing between the subsequent peaks. The dom-
inance of these sequential ionization-excitation mecha-
nisms already implies that a single active electron pic-
ture, as shown in Eq. (12), cannot explain the observed
PADs. Instead, the angular configurations associated to
the Y10 spherical harmonic for a photoelectron leaving
the helium ion in the resonantly excited He+(np) states
dominate. One thus observes a behavior of two active
mostly uncorrelated electrons, i.e. He(1s2)

ω−→ He+(1s)

+ e−(kp)
ω−→ He+(np) + e−(kp), and the resulting PADs

are equivalent to those of a one-photon absorption from

an s orbital.

For photon energies above ' 54.4 eV (ionization po-
tential for the He+), core-excited resonances no longer
dominate. The angular distributions become more nar-
rowly focussed along the polarization direction and the
electron emission in the plane perpendicular to the po-
larization is again allowed, even though hardly visible
in Fig. 2. This relatively subtle effect can be better
seen in the figure provided in the appendix A. At 65.41
eV, a one-photon transition can reach the n=2 ionization
threshold of He+, i.e. one photon absorption can directly
eject one electron into the continuum and simultaneously
excite the second electron into the He+(n=2), which can
only be achieved by explicitly accounting for the electron
correlation.

IV. BETA PARAMETERS ANALYSIS

A more quantitative analysis for the photoelectron an-
gular distributions can be accomplished by defining the
asymmetry parameters βj to express the angle- and en-
ergy differential cross section as:

dσ2ω

dΩ
=
σ(ω)

4π

2N∑
j

βj(ω)Pj(cos θ), (13)

where σ is the total cross section, N is the number of
absorbed photons, Pj(x) is the Legendre Polynomial of
order j, θ is measured with respect to the polarization di-
rection of the radiation. The βj parameters are obtained
from the angular and energy differential ionization am-
plitudes (Eq. 6) and are given by [36],

βj =
1

σ

∑
n,l

∑
L,lk
L′,l′k

(−1)j−L−L
′−l(2j + 1)

√
(2l′k + 1)(2lk + 1)(2L+ 1)(2L′ + 1)

(
lk l′k j
0 0 0

)
(
j L L′

0 0 0

){
j lk l′k
l L′ L

}[
(−i)l

′
ke
iηl′

kFL
′

l′k,l
(n)

]∗[
(−i)lkeiηlkFLlk,l(n)

] (14)

where FLlk,l(n) are the radial matrix elements for the ejec-
tion of an electron with momentum k and leaving the
remaining ion in the n, l state [37], which are connected
to the amplitude expression given in Eq. 6 as:

C(kn) =

√
2

π

∑
L,lk,mk

(−i)lkeiηlk (lkmklm|L0)Y mk

lk
(k̂)FLlk,l,

(15)

where (lkmklm|L0) are the Clebsch-Gordan coefficients.
In a second order process, where only S (L = 0) and D

(L = 2) components contribute, Eq. (13) is given just by
a combination of β2 and β4, besides the trivial β0 = 1.

Additionally, since the second ionization threshold of
helium [He+(n = 2)−He(1s2)] is 65.41 eV (see Fig. 1),
for photon energies up to 32.7 eV the He+ ion left be-
hind can only occupy its 1s ground state. Consequently,
the resulting distributions can be obtained just through
a coherent sum of two amplitudes, as in Eq. (12). In
this case, the asymmetry parameters in Eq. (14) can be



7

(a)

(b)

(c)

(d)

Figure 4. (a) Asymmetry parameters, β2 and β4, as a function
of photon energy. (b) Corresponding total and partial (S and
D) cross sections for the two-photon single ionization using a
2-fs pulse. Dotted vertical lines indicate the energy of the ion-
ization potential for helium (Ip = 24.6 eV) and the excitation
energies for the ion from He+(1s) to He+(n=2), He+(n=3)
and He+(n=4). (c) Contribution of the different ionization
channels with one electron in the remaining ion, He+(ns, np,
nd, etc), and the emitted electron with a particular angular
momentum (ks,kp,kd,...) for a total final S symmetry. (d)
Same as (c), contributions from different ionization channels
for a total final symmetry D.

simplified to the expressions [12, 17, 18]:

β2 =
10

W 2 + 1

[
1

7
− W√

5
cos δ

]
(16)

β4 =
18

7(W 2 + 1)
(17)

where W = |F0
0,0|/|F2

2,0| and δ = arg
(
eiη0F0

0,0/e
iη2F2

2,0

)
,

i.e., W accounts for the relative absolute value of the
amplitudes for S and D contributions, while δ is their
relative phase. These expressions allow us to obtain two
limiting cases, according to the dominant S or D contri-
bution, that will be useful later in this section. Firstly,
if the D contribution is much larger than the S one,
(|F0

0,0| � |F2
2,0|), then W ∼ 0 and the asymmetry param-

eters will be given by β2 ∼ 10/7 and β4 ∼ 18/7. On the
other hand, if the S contribution to the total cross section
is much larger than the D one, thenW � 1 and the asym-
metry parameters will be given by β2 ∼ −

√
20 cos δ/W

and β4 ∼ 0.

In Fig. 4(a), we show the asymmetry parameters β2,4

for the entire energy range under investigation. For com-
pleteness, we have also included the total cross sections
in panel (b), as well as the partial cross sections identi-
fying the contribution from different ionization channels
(leaving He+ in an ns state, or in a np state,...) to final
states of S (panel c) and D (panel d) symmetries. In the
lowest-energy region, and up to ω = Ip = 24.6 eV, the
β2 value increases while β4 decreases with photon energy,
reaching a plateau between ∼ 24−29 eV. The significant
change in β2,4 observed up to 24.6 eV is mostly the result
of the larger contribution of the “virtual” transitions in-
volving the continuum-continuum couplings when using
significantly short pulses. We have confirmed this be-
haviour using the semi-analytical model described below
[38]. The same dominance of the virtual ATI transitions
in this energy region was also found in two-photon single
ionization of H atom, right below the ionization thresh-
old.

In the limit for infinitely long pulses, the radial ma-
trix element FS(D) presents a minimum value before (af-
ter) each maximum corresponding to the resonant singly
excited states of helium [8, 33]. Consequently, the β2,4

values will alternate between those corresponding to the
limiting cases W � 1 and W ∼ 0, the latter being inde-
pendent of the phase difference δ. For a 2-fs long pulse,
we can only resolve the first minimum in the S contri-
bution of this sequence, however longer pulses are able
to resolve more of these structures [18, 22]. In Figure
5, we plot the β2 and β4 values resulting from solving
the TDSE with the 2-fs pulse (black thick line). We also
include the results from reference [18], where they used
pulses of T1/2 = 7 fs duration at full width half maximum

(FWHM, T1/2 = 2
√

ln 2 T ) (black thin line), correspond-
ing to a duration of T = 4.2 fs. The energy bandwidth of
a 4.2 fs pulse is narrow enough to resolve in energy the
resonant contributions of the first two 1snp singly excited
states of the atom. The resonant contribution thus gain
importance at these specific energies, strongly modifying
the PADs [18]. In order to show that a single-active elec-
tron approach remains valid to describe the two-photon
ionization yields, and more importantly, the PADs, even
for photon energies where above-threshold ionization is
accessible, we have used an analytical model based on
second order time-dependent perturbation theory.

We have evaluated the time-dependent perturbation
theory expression (Eq. (8)), using a semi-analytical ap-
proximation [38] as it follows. We approximate the he-
lium ground state by a 1s hydrogenic orbital, with ef-
fective charge Zeff =

√
−EHe ∼ 1.704, allowing us to

recover the fully converged ground state energy. This
effective charge is close to the value obtained from a
textbook variational calculation using a single 1s orbital,
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Figure 5. Asymmetry parameters, β2 (upper panel) and β4
(bottom panel) as a function of the photon energy. Com-
parison with the β parameters resulting from the ab initio
simulation (TDSE 2 fs) and a truncated calculation remov-
ing the angular correlation terms (TDSE 2 fs WoAC), both
employing a 2-fs pulse. We also include the results of a single-
active electron model based on TDPT (see main text) using a
2-fs (model TDPT 2 fs) and a 4.2 fs pulse (model TDPT 4.2
fs), and the results by Ishikawa and Ueda [18] reported for a
7 fs pulse duration at FWHM, equivalent to T=4.2 fs.

and it is nearly coincident with effective charge from the
Slater rules. The intermediate (bound excited and single
continuum) states are approximated by hydrogenic or-
bitals with Z = 1 for the excited/outgoing electron. In
this way, electron repulsion is approximately taken into
account by a full shielding of the outer electron by the
inner one (r−1

12 ' r
−1
outer) without explicitly accounting for

electron correlation terms. We retrieve the β parameters
with the model assuming a 2-fs (green dashed line) and a
4.2-fs pulse (dashed line with crosses), plotted in figure 5.
The model presents a very good agreement with the out-
come of the ab initio calculations for β2,4 up to ω ∼ 29
eV, although slightly underestimates/overestimates the
value for β4 for photon energies below/above the ATI-
like region.

In order to attain a deeper understanding of this ef-
fect, we further perform a truncated ab initio simulation,
where we solve the TDSE removing the angularly cor-
related electronic terms in the Hamiltonian, therefore
neglecting those terms involving electrons with differ-
ent angular momenta (i.e., Eq. 3 is reduced to λ = 0).
The results of the truncated ab initio simulation are also
shown in Fig. 5 (red line with squares). The remark-
ably good agreement between the truncated simulation
and the model confirms that the slight deviations of the
simple analytical model with respect to the full numeri-

cal simulations are mostly due to the angular correlation
term. Indeed, the results of the model and the truncated
ab initio results are almost indistinguishable above 22
eV, thus confirming that approximating r−1

12 by r−1
outer in-

corporates most of the relevant radial electron-electron
interaction in this photon energy region. In other words,
that the angular and energy dependencies of the pro-
cess can be accounted through the transitions 1s1s →
1snp(kp) → 1s ks,kd, where 1s are the natural orbitals
minimizing the ground state energy. The crossing of the
β2,4 parameters observed at ω ∼ 20 eV in Fig. 4 cor-
responds to a near ATI threshold behavior (in the limit
T → ∞) which is shifted to smaller photon frequencies
due to the pulse bandwidth (∆ω ∼ 2 eV). This fea-
ture is of general character for atomic targets as checked
performing second order Time-Dependent Perturbation
Theory calculations for H atom. On the other hand, the
plateau is nearly independent of the pulse duration T
and originates from the apparent validity in this case of
Fano’s propensity rule with W ∼ 0.5 and δ ∼ π [17] lead-
ing to β2 ∼ 2.93 and β4 ∼ 2.06, in very good agreement
with results obtained in that energy region.

For ω > 32.7 eV, the probability of populating n > 1
states of the residual ion upon two-photon absorption
starts to rise. For photon energies up to 50 eV the domi-
nant contribution to the 1Se and 1De final states is given
by the npεp configurations, as can be seen in Fig. 4
(c) and (d). This corresponds to a picture of two active
(mostly) uncorrelated electrons, leaving the helium ion
in a np state. Additionally, in this scenario, the full ex-
pression for the asymmetry parameters in Eq. (14) can
be simplified to β2 ∼ 2 and β4 ∼ 0, revealing thus the un-
correlated character of the two-photon transition in this
energy region.

For photon energies above 50 eV, several configurations
(nsks, npkp, ndks, ndkd, etc) contribute to the cross
sections and the single configuration approximation is no
longer valid. It can be seen in Fig. 4 (b) and (c) that
the probabilities of leaving the residual ion in nskd and
npkp D states and in nsks and npkp for S states are
similar, which is captured in the trends observed for the
β parameters.

V. ELECTRON CORRELATION IN
AUTOIONIZING PROCESSES REACHED BY

TWO-PHOTON ABSORPTION

The more pronounced variation of the β parameters
with photon energy occurs in the energy range where the
series of autoionizing states are reached. This is a conse-
quence of the predicted variation of the relative values of
S and D amplitudes along the Fano profiles. The trends
observed for the photoelectron emission close to this se-
ries of autoionizing states, are indeed independent of the
pulse duration as it was shown in Fig. 3. Note that, in
contrast with intermediate resonances that are populated
in the one photon transition and, consequently, short
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Figure 6. As in Fig. 4(a) and (b), β parameters and cross sec-
tions zoomed in the energy region where the doubly excited
states are populated upon two-photon absorption. The verti-
cal dotted lines indicate the energies at which the photoelec-
tron angular distributions plotted in the bottom of the figure
are computed, as accordingly label. The first row of PADs
correspond to the first 1Se doubly excited state (2(1,0)+2 or
2s2s). The second row corresponds to the first 1De doubly
excited state (2(1,0)+2 or 2p2p). And the third row corre-
sponds to the second 1Se doubly excited state (2(-1,0)+2 or
2p2p).

pulse durations smooth out their peaked structures, the
doubly excited states are final states. These are reached
after a two-photon absorption, therefore, as long as the
photoelectron energy is measured with enough resolution
their sharp Fano profiles will be revealed independently
of the pulse duration employed in the interaction. Fig-
ure 6 is an enlargement of panels (a) and (b) of Fig. 4 in
this region. We have also included the PADs at spe-
cific energies around each of the autoionization peaks
shown. The PADs corresponding to the maxima ioniza-
tion probability associated to 1Se doubly excited state,
(b) and (j), present a nearly spherical distribution com-
patible with an almost pure outgoing s-wave, distribu-
tions that mostly ignore the electromagnetic field direc-
tion. Upon population of the metastable highly excited
state, the system decays into the 1sks electronic continua

due to electron correlation, with an almost zero value of
β4, evidently losing memory of the initial light-induced
transition.

The almost spherical shape at the Fano peak resulting
from the autoionization decay of the first 1Se metastable
state can be easily understood from equations (16) and

(17). Since W >> 1, we expect β2 ' −
√

20 cos δ/W
and β4 ' 0. Moreover, as W reaches its largest value,
β2 → 0, resulting in an isotropic distribution. In the in-
set figures (a) to (d), we see the evolution of the PAD
along the Fano profile of the lowest 1Se doubly excited
state, where the phase of the amplitude associated to a
given channel undergoes a change of π which results in
a rapid evolution of the PAD from almost spherical in
(b) to a mostly perpendicular ejection of the electron in
(c), to a combination of both in (a) and (d). A com-
parable evolution is also found for the PADs across the
second autoionizing state of 1Se symmetry, panels (i) to
(l), where the interference between both waves leads to
a negligible probability of photoelectron ejection in the
perpendicular plane in (i) to an almost spherical distri-
bution in (j). In contrast, around the excited state of
D symmetry the changes are apparently less pronounced
due to the strong dominance of the d-wave. These an-
gular distributions can be easily explained, taking into
account that the available energy only allows to popu-
late the 1s ground state of the remaining ion. Therefore,
upon decaying the only degree of freedom available is the
angular momentum of the ejected photoelectron, which
is adjusted to satisfy the selection rules. Angular cor-
relation is thus mandatory for the description of these
features and the rapid changes in energy of the PADs
is revealing this strong correlated character of the final
state.

Ionization by two photons would seem to allow pro-
cesses like ionization of the 1s2 ground state of helium
via autoionizing states nominally identified as 2p2p, or
with a strong contribution of such configurations, to pro-
ceed largely via the uncorrelated absorption of two sep-
arate photons and to be described without appealing to
electron correlation. Two-photon ionization through au-
toionizing states is not so simple however. In order to
expose the role of electron correlation in both the ini-
tial and final states in this process, as well as at photon
energies where autoionization does not occur, we have
performed two tests in which we eliminate various corre-
lation contributions in order to identify their roles.

Firstly, we perform a S-Wave single-active-electron
(SW-SAE) approximation, where (i) we assume an S −
wave approximation for the ground state (only config-
urations of the type (L, l1, l2) = (0, 0, 0) are included,
conventionally called the “radial limit” for two-electron
bound states) and, (ii) restrict the transition to a sin-
gle active electron approximation, i.e., forcing one of
the electron to remain in its initial ns configuration.
Such a restriction implies that the configuration space
will include the following set of angular configurations:
(L, l1, l2) = (0, 0, 0), (0, 1, 0), (0, 0, 1), (2, 2, 0), (2, 0, 2).
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Figure 7. β parameters (upper panel) and total cross sections
for two-photon single ionization into 1Se (middle panel) and
1De (bottom panel) final symmetry using the S-wave ”single-
active electron” approximation described in the text. Con-
tributions form each ionization channels are also included.
The ground state of helium is retrieved within the S-wave ap-
proximation using an lmax = 0, and the subsequent electronic
transitions are only allowed within a single active electron ap-
proach. Note nevertheless that all electron correlation terms
within the S-wave SAE approximation are accounted for.

Note that the electron interaction term 1/r12 is fully in-
cluded within this active space. The results of the SW-
SAE approximation are plotted in dotted lines in Fig. 7.
We show the β-parameters in the upper panel, and the
1Se and 1De partial contributions in the middle and bot-
tom panels, respectively. For a meaningful comparison
with the full ab initio simulations (faint colored full lines
in the figures), we have shifted our results accounting for
the energy shift obtained for the ground state because
of the use of the S − wave approximation. As explained
in section III, both the total ionization yields and the
β parameters are expected to be reasonably described
by the single-active-electron picture for photon energies
below the first ionization threshold of helium, and even
in the low ATI region. As soon as the doubly excited
states are reached, this approximation completely breaks
down, since in this model only one of the electrons is al-
lowed to change its angular momentum. Even if the total
Hamiltonian contains all radial and angular electron cor-
relation terms for the active space chosen, the signature
of doubly excited states for the 1De symmetry has com-
pletely vanished in this approximation. The reason is the
absence of the main configurations describing the doubly

excited states in the active space, i.e. the npnp ones. Al-
though the final configuration with the largest weight in
the region where the 1De doubly excited states appear
is accounted for (nskd), and the corresponding electron
correlation terms are included, we are including only the
direct photoionization term and fully prevented autoion-
ization. We have removed the possibility of each elec-
tron separately absorbing a photon and the correlation
terms associated to them. Interestingly, the profile for
the first 1Se doubly excited state still appears, although
significantly reduced by the lack of the npnp and ndnd
configurations, but it is still visible, therefore revealing a
strong nsns character of the doubly excited states of 1Se

symmetry in contrast with the 1De autoionizing states
series. Above ∼ 32 eV, the SW-SAE model expectedly
fails, since two-active electron mechanisms dominate as
already discussed.

Figure 8. Same as Fig. 7, but for a truncated simulation
without angular correlation (WoAC), i.e. solving the TDSE
in full dimensionality where the angular correlation terms are
neglected.

We have thus perform a different truncation in the
Hamiltonian, where now both electrons are active, we
assume a complete basis set, but the angular electron
correlation term is fully suppressed and the calculation
is “without angular correlation” (WoAC), i.e. we eval-
uate the full Hamiltonian of the system but reduce the
electron interaction term given in Eq. 3 to λ = 0. This
approximation automatically implies the S − wave ap-
proximation for the ground state, since the (0, 0, 0) con-
figurations are only coupled to any other S configura-
tion (0, l1 = l2, l2 6= 0) through angular correlation.
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However in the final state a complete active space of
configurations (L, l1, l2) is reduced to the following set:
(0,0,0),(0,1,0),(0,0,1),(0,1,1),(2,0,2),(2,2,0),(2,1,1). The
results are shown in Fig. 8. The comparison with the
full ab initio simulations reveal that radial electron cor-
relation already accounts with high accuracy, for the two-
photon single ionization paths up to ∼ 70 eV, except in
the energy region where autoionizing states appears. In-
deed, up to the appearance of the first singly excited
state, 1s2p at 21.2 eV, the results of the truncated (both
the SW-SAe and WoAC) and the ab initio simulations
are identical. On the other hand, the absence of any
trace of autoionization in the 1De symmetry is expected
in the WoAC calculation, since only angular correlation
can couple the 1De doubly excited state with the back-
ground continua associated to the 1s He+ state. The
fact that electron angular correlation is also the major
effect that describe autoionization, even for the lowest
1Se state, is also clear, because only a reminiscence sig-
nature of this state appears in this model.

Therefore, it can be concluded that for photon energies
below the ATI-like region the radial correlation plays a
dominant role, i.e. the angular correlation terms may be
neglected to describe the angular and energy differential
observables upon two-photon single ionization. More-
over, as long as a sequential ionization/resonant excita-
tion process occurs, we mostly observe two active un-
correlated electrons. For photon energies populating the
doubly excited states, the lack of angular correlation have
a huge impact into the asymmetry parameters, and the
model is not able to describe even qualitatively the ab
initio calculations. For higher photon energies, the an-
gular distributions are well described by the model. The
most striking results are those for ω > 57 eV, where
the highly correlated shake-up processes are possible in
a one-photon transition. As can be seen, the angular
distributions barely note that angular correlations were
turned-off, even though the high electron correlation of
the mechanisms involved. Indeed, looking at the clear
deviations in this high-energy region for the S-wave sin-
gle active electron approximation (Fig. 7), it is clear that
radial correlation in the ground state is the key term to
account for in this region.

VI. CONCLUSIONS

We have provided an analysis of two-photon single ion-
ization of helium for photon energies ranging from thresh-
old to 67 eV. We have shown that the only dependence
with pulse duration appears in the low energy region, and
vanishes a soon as continuum-continuum transitions are
the largest contribution to the second order process. Fur-
thermore, by analyzing the photoelectron angular distri-
butions it is possible to identify distinct mechanisms that

govern the two-photon single ionization process: (i) a sin-
gle active electron behavior in the energy region up to 29
eV, where electron screening is the main effect of the elec-
tron correlation terms, (ii) a two-active uncorrelated elec-
trons for photon energies between 32 up to 50 eV, and
(iii) highly correlated photoelectron emission for photon
energies close to the doubly excited states or reaching
the second ionization threshold by one-photon absorp-
tion. We have shown that a simple model employing an
effective potential can provide accurate values for the β
parameters to accurately describe the photoelectron an-
gular distributions in the lowest energy region, and even a
simple one-photon transition already accounts for the ob-
served distribution where core-excited resonances domi-
nate the process. We have reported accurate values for
the β parameters and angular distributions that change
rapidly with energy in the region where doubly excited
states are populated, given the rapid change in the S and
D ratio for the ionization amplitudes. We analyze how
it is possible to observe an almost s- or d-wave behavior
at specific energies or how the electron ejection in the
light polarization direction can be fully suppressed, re-
sulting into an unexpectedly large electron emission that
can appear in the perpendicular plane with respect to
the light polarization. It is noticeable that these findings
around the autoionizing states are observed, independent
of the pulse duration employed to reach them by two-
photon absorption, since the continuum-metastable and
continuum-continuum transitions are the largest contri-
bution, which behave as mostly independent on the pulse
duration.
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Appendix A: Details of photoelectron angular
distributions

Two-photon single ionization probabilities are plotted
as a function of the emission angle and the effective pho-
ton energy absorbed indicated in the legends. There is
a one-to-one correspondence with the three-dimensional
PADs shown in Fig. 2 and discussed in section III. To
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reveal important additional detail, cuts in a plane con-
taining the polarization axis are shown in Fig. A.1. The
asymmetry in the PADs shown for 15 and 18 eV is due
to the interference between one- and two-photon absorp-
tion paths. Since one-photon single ionization is orders
of magnitude more probable than two-photon single ion-
ization (in the perturbative regime, the N-photon transi-
tion probabilities scale with the laser intensity as IN ) and
we are using broadband energy pulses (2 fs of duration),
it is possible that both one- and two-photon absorption

processes emit electrons with the same energy, although
different angular momenta. This is the case for 15 and
18 eV. For larger effective photon energies absorbed, i.e.
analyzing higher final photoelectron energies, only the
two-photon absorption contributes. In the panels of this
figure corresponding to 40.8 and 48.38 eV the close re-
semblance of the PAD to a cos2 distribution is evident,
supporting the assignment of ionization followed by ex-
citation as the dominant mechanism of single ionization
in this region.
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Figure A.1. Photoelectron angular distributions for two photon single ionization of helium. Red full line corresponds to cuts
of the three-dimensional distributions in figure 2 taking along the plane that contains the light polarization vector. These
are the angular differential probabilities including all ionization channels (S, P and D contributions), i.e. one- and two-photon
absorption probabilities are coherently added. Blue dashed line correspond to only the S and D contributions, i.e. only resulting
upon a two-photon absorption. Purple bars in each subplot represent the absolute value of the ionization amplitudes associated
to the S, P and D contributions.


