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The influence of oscillating quadrupole fields on atomic energy levels is examined theoretically
and general expressions for the quadrupole matrix elements are given. The results are relevant to
any ion-based clock in which one of the clock states supports a quadrupole moment. Clock shifts are
estimated for "Lu™ and indicate that coupling to the quadrupole field would not be a limitation to
clock accuracy at the < 10719 level. Nevertheless, a method is suggested that would allow this shift
to be calibrated. This method utilises a resonant quadrupole coupling that enables the quadrupole
moment of the atom to be measured. A proof-of-principle demonstration is given using *®Ba™, in
which the quadrupole moment of the Dj/, state is estimated to be © = 3.229(89)6@(2).

In a recent paper [1], the effects of oscillating magnetic
fields in high precision metrology were explored. In that
work it was shown that magnetic fields driven by the
oscillating potential of a Paul trap could have a signif-
icant influence on high precision measurements and op-
tical atomic clocks. Given that the oscillating potential
itself provides a strong quadrupole field, it is of interest
to consider the effects this might have on energy levels
supporting a non-zero quadrupole moment.

The interaction of external electric-field gradients with
the quadrupole moment of the atom is described by ten-
sor operators of rank two [2]. As for ac magnetic fields,
the interaction couples levels primarily within the same
fine-structure manifold. However, the rank-2 operators
provide a coupling between levels having AF = 0, +1,+2
and Am = 0,£1, +2. In this paper, a general expression
for the interaction matrix elements is derived and the var-
ious level shifts and effects that can occur are considered.
These results can be readily applied to any system. For
the purposes of illustration, fractional frequency shifts
for three clock transitions of 1"Lut are estimated for
experimentally relevant parameter values. Details of the
relevant atomic structure in "Lu™ are given in [12, 13]

I. THEORY

The notations and conventions used here follow that
used in [2]. The principal-axis (primed) frame (2, y’, )
is one in which the electric potential in the neighbour-
hood of the atom has the simple form

q)(x/, y/’ Z/) — A(JCIQ 4 y/2 o 22/2) 4 G(LE/Z . y/2)7 (1>

while a laboratory (unprimed) frame (z,y,z) is one in
which the magnetic field is oriented along the z axis. Us-
ing this form of the potential, the time-dependent poten-
tial associated with an ideal linear Paul trap has A = 0

and that for the ideal quadrupole trap has e = 0, with the
time-dependence provided by a cos({,¢t) factor, where
Q¢ is the trap drive frequency.

In the principal-axis frame, the spherical components
of VE®) are

VEY =24, VEY =0, VEY =/ (2

and the interaction Hg has the simple form

’ 2 ! !
Hgy = —240% +6\/; (@§2> +01 ) (3)

States | JFm )" defined in the principal-axis frame and
states | JF ) defined in the laboratory frame are related
by

| JFm)' = D) (w)| JFp), (4)

with the inverse relation

| JFp) =Y DE) (W) JEm)', ()

m

where w denotes a set of Euler angles {a, 8,7} taking
the principal-axis frame to the laboratory frame defined
with the same convention used in [2]. Specifically, start-
ing from the principle axis frame, the coordinate system
is rotated about z by «, then about the new y axis by g
and then about the new z axis by 7 so that the rotated
coordinate system coincides with the laboratory coordi-
nate system. As the rotation -y is parallel to the magnetic
field, it has no effect and can be set to zero. The rotation
matrices D,(,F% (w) are given in the passive interpretation
for which expressions can be found in [3].

Matrix elements of @((12)/ in the laboratory frame can
then found using the same derivation given in [2], gener-
alized to include off-diagonal matrix elements. Explicitly
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where Ay = ¢/ — p. Using the IJ-coupling approximation, the reduced matrix element may be written in terms of
the usual quadrupole moment O(J) = (JJ |@(()2)| JJ) giving the final expression
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FF 2 (F 2 F\(J 2J\' @
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where [ is included in the notation to identify the ordering of the I.J coupling.
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Equations 15 and 16 can then be used to deter-
mine the various influences of the time-varying trapping
potential by considering the time-dependent interaction
Hg cos(€y¢t). This implicitly assumes that there are no
phase shifts between sources determining the electric po-

The only ¢-dependence for the matrix element appears
in the Wigner rotation matrices and, from [3]

3
\/;sin2 B cos 2a, (16a)
2)

D;l,Q(w) + D$f7_2(w) = F(cos fBsin S cos 2

(16£)

D) (w) + DY) y(w) =

+isinSsin2«a), (16b)  tential given in Eq. 1. If this were not the case, the de-

@ @ 1 ) scription would have to be appropriately modified. For
Dijo(w)+ Dy h(w) = 3 (1 + cos® ) cos 2ax the typical case of two rf-electrodes, a phase shift be-
+ i cos Bsin 2a (16¢) tween them would result in a sum of two potentials: one

’ with the electrodes oscillating in phase and the other out

Dé?&(w) _ % (3 cos? B — 1) : (16d) of phase. The out-of-phase potential would have a rela-

DY) y(w) = i\/g sinfcos B,  (16e)

tively small amplitude, as determined by the correspond-
ing phase shift, and would be detectable as micromotion
that could not be compensated by dc compensation volt-



ages [7]. Moreover, for a symmetric trap, the out-of-
phase potential would be have a vanishing electric-field
gradient in the neighbourhood of the ion. In general,
the out-of-phase potential would need to be treated as a
separate term.

As with an oscillating magnetic field, the oscillating
quadrupole field will (i) modulate energy levels giving rise
to rf sidebands when transitions connected to the level
are driven, (ii) drive resonances between levels having an
energy difference matching the trap drive frequency, and
(iii) shift energy levels due to off-resonant coupling to
other levels. These effects will have a complicated de-
pendence on trap geometry and orientation with respect
to the laboratory frame. For a given setup, this can be
readily calculated, but general expressions are not so il-
luminating. Therefore specific examples will be used to
illustrate key considerations.

To determine the typical scale of the quadrupole shift,
first note that the ideal linear Paul trap (A = 0) has

m&sws

e= T (17)
where w; is psuedo-potential confinement frequency and e
the usual electron charge. Similarly, the ideal quadrupole
trap (e = 0), has the same expression for A with w, being
the smaller radial confinement frequency. Hence, matrix
elements have a typical scale of €©(J). For the 1Sy-to-
3Dy clock transition in '"®Lut, the magic rf at which
micromotion shifts vanish is ¢ ~ 27 x 33 MHz [4], and
the calculated value for ©(3Dy) is —1.77ea3 [5]. Using
ws = 271 x 1MHz then gives e©(J)/h ~ 27 x 2kHz.
Lighter atoms often use higher Q¢ and/or have larger
values of ws. Consequently, the value quoted for 176Lu*
is reasonably indicative for other systems. The excep-
tions would be those levels having an anomalously small
quadrupole moment such as the ' Dy level of Lu™ [5] or
the 2F /5 level of YbT [6].

II. EFFECTS WITHIN A SINGLE HYPERFINE
LEVEL

A. Sideband modulation

The time-varying frequency shift of a level will give rise
to a sideband signal, as is the case for micromotion [7] and
the z component of an ac magnetic field [1, 8]. The modu-
lation index associated with the sideband is simply deter-
mined by the amplitude of the quadrupole shift divided
by the trap drive frequency. For A = 0, the quadrupole-
induced modulation index for a state | F,mp ) is

(Fymp |Hg| F,mp)

= 1
Baq L (18)
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Conse-
quently 3o < 107* in most circumstances of interest
and typically less than the modulation index arising from
thermally-induced intrinsic micromotion [9].

B. Resonant Zeeman coupling

The quadrupole field can induce a precession of the
spin when the Zeeman splitting between levels is reso-
nant with the trap drive rf. Since the quadrupole field
can drive both Am = £1, and 42 transitions, resonances
occur when the Zeeman splitting between neighbouring
m-states matches either Q. or 0.5Q.r. Of interest are
the Am = %1 transitions as this resonance can be used
to measure trap-induced ac-magnetic fields [1]. Accu-
rate assessment of the magnetic field from the measured
coupling strength would have to take into account the
contribution from the quadrupole field.

To illustrate, consider the F' = 5 level of 3Dy in "Lut.
This level has the largest gr factor among all available
clock levels and hence the smallest static field required
to obtain resonance. Within this level, the transition
from |5,0) to |5,41) has the strongest magnetic cou-
pling with a sensitivity of 21kHz/uT. It also has the
weakest quadrupole coupling within the F' = 5 manifold.
For A = 0, the quadrupole coupling is given by

(5,£1|Hgl|5,0)
h

ngrfws (\/5> @(J)

Qg =

- 3 ﬁe\/§ %
X (cos Bsin B cos2a +isin fsin2a).  (21)

Using ws = 27 x 1 MHz, Q¢ = 27 x 33MHz, ©(3D3) =
—1.77ea? and neglecting the spatial orientation factor
gives Qg = 2m x 140 Hz. Going to a slightly higher static
field would enable the F' = 5 level of 1 Dy level to be used
instead. This level has a ~ 20% smaller sensitivity to ac
magnetic fields, but the quadrupole moment is a factor
80 smaller [5].

In principle, the resonance at 0.5{,¢ allows the
quadrupole moment to be measured as first pointed out
by Itano [10]. As this resonance only involves |Am| = 2
transitions, it cannot be driven by an ac magnetic field
and only depends on the quadrupole coupling. From trap
frequency measurements, A and € can be accurately mea-
sured and maximising the coupling strength as a func-
tion of magnetic field direction fixes the orientation fac-
tor. Hence the maximised coupling strength could then
be related directly to the quadrupole moment. A proof-
of-principle demonstration using *®*Bat is given in sec-
tion IV.



C. Off-resonant coupling

When the Zeeman splittings do not match Q.¢, off-
resonant coupling modifies the Zeeman splitting. In the
case of an ac-magnetic field, the shift of each state is
proportional to m and can be viewed as a modified g-
factor for the hyperfine level of interest. In analogy with
the ac Stark shift, the shift of level m is given by

0E -y [(F,m+ Am |Hg| F,m)|?
- 2h2

Am

w,Am

) o

where w, = gpupBo/h is the Zeeman splitting between
neighbouring m-states. The expression gives rise to terms
proportional to m and m3. In the limit that the Zeeman
splitting is much less than ., the effect has a scale of
(€©(J)/Qs)?, which is likely well below 10~% in most
circumstances.

III. CLOCK SHIFTS

For clocks with a hyperfine structure, it is prudent
to estimate the shift that the oscillating quadrupole will
have on the clock frequency. In the limit that the trap
drive frequency is much smaller than the hyperfine split-
tings, the shift of an m = 0 clock state is given by

Z ‘<F/7Am|HQ|F70>‘2

hovp = — 2(Er — Ep)

(23)
Am,F'4F

The summation excludes F/ = F as contributions within
a hyperfine level cancel for m = 0 states. Each value of
|Am/| in the summation has a unique orientation depen-
dence determined by the appropriate term in Eqgs. 16. In
general, the weighting between different values of |Am|
are dependent on the hyperfine structure resulting in a
rather complicated orientation dependence of the shift.
Moreover, the shift does not cancel with various averag-
ing methods [2, 11, 12].

Weightings for each |Am| can be readily calculated
and, in the case of Lu™, the result of hyperfine aver-
aging [12] is easily included. Hyperfine averaging cancels
contributions from Am = 0 terms, which maybe readily
verified from Eq. 23. The fractional frequency shift can
then be written in the form

O a0, 8) + ni0,8)) (24)

where fi(«, 8) is the magnitude squared of the appro-
priate orientation dependence for |[Am| = k taken from
Eqgs. 16. For A = 0 this would be Eq. 16b and Eq. 16c
for fi(«, B8) and fa(«, B) respectively.

From quadrupole moments calculated in [5] and mea-
sured hyperfine splittings [13, 14], values of a and 7 can

TABLE I. Parameters for Eq. 24 determining the fractional
frequency shifts of clock transitions in "®Lu®. Values are
calculated using ws = 27 x 1 MHz, Q,y = 27 x 33 MHz and
quadrupole moments calculated in [5].

Transition a (10719) n

1Sy ¢ 3Dy 1.28 -0.199
1Sy 3 3Dy -0.90 -0.197
18y ¢ Do 2.34[-4] -0.212

be readily calculated for a given trap setup. In table I
values are tabulated using A = 0, ws = 27 x 1 MHz,
and Q¢ = 27 x 33MHz. For all three clock transitions
n ~ —0.2 giving maximum and minimum values of 1 and
n, respectively, for fo(a, 8) + nfi(a, B).

In a linear ion chain it would be desirable or in-
deed necessary to have B ~ cos™'(1/v/3) to cancel
quadrupole shifts induced by neighbouring ions. In this
case fa(a, ) + nfi(a,B) = (3 + cos(4a))/10. Conse-
quently, the trap-induced rf quadrupole shift will be be-
low 10~ in any realistic circumstances.

Although the shifts are not likely to be a limitation
in any foreseeable future, they could be assessed using
resonant Zeeman coupling discussed in sect. IIB. Dom-
inant contributions to the shift arise from the |Am| = 2
couplings, which have the same scaling factors and ori-
entation dependence as the coupling strength of the res-
onance that occurs when the Zeeman splitting matches
0.59Q;¢. Measurement of this resonant coupling strength
could then provide a reasonable estimate of the associ-
ated clock shifts.

IV. MEASURING THE QUADRUPOLE
COUPLING

Coupling from the ac quadrupole field confining the
ion can be observed when the Zeeman splitting of a level
supporting a quadrupole moment matches 0.5€.¢. In this
section a proof-of-principle demonstration is given using
the Si/5 — D5/ clock transition at 1762nm in '**Ba'.
Theoretical estimates of the D5/, quadrupole moment
have been estimated by a number of researchers [15-18]
and the g-factor of ~ 6/5 allows the resonant condition
to be meet at easily achievable fields (< 1mT).

The experiment is performed in a linear Paul trap sim-
ilar to that used for previous work [4, 13]. The trap
consists of two axial endcaps separated by ~ 2mm and
four rods arranged on a square with sides 1.2mm in
length. All electrodes are made from 0.45 mm electropol-
ished copper-beryllium rods. Radial confinement is pro-
vided by a 20.585 MHz radio-frequency (rf) potential ap-
plied to a pair of diagonally opposing electrodes via a
helical quarter-wave resonator. With only differential
voltages on the dc electrodes to compensate micromo-
tion, the measured trap frequencies of a single '38Ba™



are (Wg,wy,w,) ~ 27 x (990,895, 112) kHz, with the trap
axis along z. Measurements described here were carried
out in this configuration. Ideally, with only an rf confine-
ment, w, = w, —wy, as can be readily verified from Eq. 1.
Deviations from this indicate an asymmetry resulting in
field curvatures from the micromotion compensation po-
tentials.

To maximise the coupling to the quadrupole field, a
magnetic field is aligned along the trap axis such that
the principle and laboratory axes are aligned, that is,
B =~ 0 and a can be arbitrarily set to zero. In this config-
uration the coupling strength for Am = +£2 transitions
depends only on e. Since the dc confinement from the
micromotion compensation would not significantly affect
the radial confinement, € can be estimated by Eq. 17 with
w, given by the mean of w, and w,. Moreover, for § < 1,
the coupling strength varies quadratically with 8 and is
therefore insensitive to the exact alignment of the field to
the trap axis. However, limited optical access prevents
optical pumping to a particular m; ground state, which
limits population transfer to 0.5 when driving the clock
transition and diminishes signal-to-noise.

As depicted in Fig. 1, we consider driving the opti-
cal clock transition from | Sy o, m = 1/2) to | D5/, m =
1/2) at 1762nm. The excited state Zeeman splitting
w, = gpupBo/h is set to one half the trap drive fre-
quency ¢, resulting in a resonant quadrupole coupling
to ‘D5/2,5/2> and |D5/2,—3/2> With B = 0, the
Hamiltonian can be written

—A 22 9 0

10
wa Swg 1
H/h= | Vio 0 55 2% 7 (25)
0 22 A 0
5v2
0 10, 0 ¢

where wg = €©/h is the characteristic strength of the
quadrupole coupling, €2y is the coupling strength of the
clock laser, and the rotating wave approximation has
been used for both the quadrupole and laser coupling.
This assumes the detunings A = Q¢ — 2w,, and § =
w—(wp + (w, —w.,)/2) are both small with respect to ¢
and the Zeeman-shifted clock frequency wg+ (w, —w’)/2,
respectively. In this last expression w. = gsupBy/h is
the Zeeman splitting between the 5/, states.

When €y < wg, the quadrupole coupling results in an
Autler-Townes triplet [19] as illustrated in Fig. 2. Plots
are given for Qy = 0.05wq (left) and Qy = 0.3 wg (right)
and for detunings A = 0,0.25wg, and 0.5wg. In all cases
the clock interrogation time is given by 7 = 7/y. Note
that there are only two lines when A = 0 due to the
fact that one of the dressed states has no amplitude in
| D5/2,1/2) as is evident from Eq. 25 for this case.

The experimental sequence starts with Doppler cool-
ing a single ion using the 493-, 614-, and 650-nm lasers
(1ms). The 614-nm laser ensures any population in Dj /5
from the previous experiment is returned to the cooling
cycle. Cooling is followed by optically pumping to S; /2
with the 650-nm laser only (50 1s). The clock laser then

Sy jpm—— e b

FIG. 1. Level structure of **®Ba™ used in the measurement
of the quadrupole moment of D5/, showing transition wave-
lengths of relevant lasers given to the nearest nm. The clock
laser drives |Sy/2,m = 1/2) to | D5/2,m = 1/2) with cou-
pling strength €2o. The oscillating quadrupole field confining
the ion couples | D5,2,1/2) to | Ds;2,—3/2) and | D5/2,5/2).
Other m states do not contribute to the dynamics.

Qp = 0.05wq

e o o =
> o © o

S1/2 population &
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0.2,,‘ A= 0.‘5 wQ ‘ ] C A= OF) wQq ]

1 2 2 1 0 1 2

2 1 0
d/waq d/wq

FIG. 2. Theoretical curves derived from Eq. 25 for differ-
ent values of Qo and A. Plots on the left and right have
Q = 0.05wg and 0.3wgq respectively. Detunings A from top
to bottom are 0,0.25wq, and 0.5wg. All plots use an interro-
gation time 7 = 7 /Qo, which is the 7-time when the Zeeman
splitting is far from the quadrupole resonance.

drives the |Si/o,m = 1/2) to |D5/p,m = 1/2) tran-
sition. Detection of population transfer from the clock
laser is subsequently inferred from photon counting dur-
ing scattering with the 493- and 650-nm lasers (1 ms).

Experimentally, magnetic field noise limits the clock
probe time. This limits the resolution of the Autler-
Townes splitting, as illustrated in Fig. 2, and the ex-
perimentally observed signal is further degraded by the



TABLE II. Fit parameters and reduced-x? for the curves
given in Fig. 3. Errors are determined by standard meth-
ods using the covariance matrix from the fit and have used
error scaling to allow for the larger values of x2.

Plot N wqg /27 (Hz) o (nT) X2

Fig. 3(a) 200  1708(24)  18.2(1.1) 115
Fig. 3(b) 300  1662(19)  18.4(0.8)  1.11
Fig. 3(c) 500  1713(16) 18.2(0.7)  1.48

changing detunings induced by magnetic field variations
as seen in three data runs shown in Fig. 3. For all data
sets A ~ 0 and the clock probe time is set to 1.2ms,
which is the w-time for the transition when the Zeeman
splitting is far from the quadrupole resonance. Each data
point represents 200, 300, and 500 experiments for plots
(a), (b), and (c) respectively. The solid curve given in
each plot is derived using a Gaussian distributed mag-
netic field noise, which is assumed constant within a sin-
gle experiment. The standard deviation (o) of magnetic
field deviations about the mean and wg are determined
by a x2-fit to the data. Fit parameters and the reduced-
x? for each dataset are given in Table IV. The quoted
errors in the fit parameters are determined by standard
methods using the covariance matrix from the fit and
have used error scaling to allow for the larger values of
x2. Offset detunings have not been included in the fits
as their inclusion does not significantly change the x? or
the fitted values of o and wgq.

The reduced x? of 1.49 for plot (c) indicates a statis-
tically poor fit and the difference in wq for plot (b) is
statistically significant. This is likely due to slow varia-
tions of the average magnetic field over the timescales of
a full data scan, which are not captured by the model.
The fitted values of o are consistent with the coherence
times and stabilities observed when servoing on the clock
transition. However, this does not account for a possible
linear drift of the mean magnetic field over the duration
of the scan, which would increase or decrease the fitted
value of wg depending on sign of the drift. Based on clock
servo data taken over 6 hours, this drift is unlikely to be
more than 20nT over the duration of any scan shown in
Fig. 3. This corresponds to an error of approximately
1.4% or 24Hz in wg. Adding this error in quadrature
with the largest error from the fits and taking the mean
of the fitted values gives wg = 27 x 1.694(35) kHz as an
estimate of the coupling strength.

To estimate the quadrupole moment O, an estimate of
€ and hence w; is needed. As noted, w; is ideally given by
the mean of w, and wy and w, = w, —w,. Taking the dis-
crepancy between measured values of w, and w, —w, as a
conservative error estimate gives wys = 2w x 943(17) kHz.
Using Eq. 17 and the definition of wg then gives © =
3.229(89)ea3. A comparison with available theoretical
estimates is given in Table IV. Although the estimated
value is in fair agreement with the theoretical value of

TABLE III. Comparison of the current experimental and the-
oretical estimates of the electric quadrupole moment for the
5d D5 /> level of Ba*t. All values of given in units of ea?.

Experiment Theory
(this work) Ref. [15] Ref. [16] Ref. [17] Ref. [18]
3.229(89) 3.379 3.42(4) 3.382(61) 3.319(15)

© = 3.319ea? given in [18], a more precise experimen-
tal value would be desirable to test the accuracy of the
theory.

The implementation here was is limited by magnetic
field noise and stability of the mean magnetic field over
longer timescales. Modest improvements in magnetic
field noise would allow individual dressed states to be
resolved. With consideration of both |S;/3,£1/2) to
| D5/2,1/2) transitions, the clock laser could be servoed
to the outer dressed states associated with each transi-
tion. This would allow (i) the ground-state splitting to
be servoed to the correct value as determined by known
g-factors [20-22] and €, (ii) the clock laser to be main-
tained on line center, and (iii) the dressed-state splitting
to be measured to a precision limited by the integration
time. Determination of the quadrupole moment would
then be limited by the determination of the rf confine-
ment potential. This typically dominates over the dc con-
tribution and could be assessed much more accurately
than done here. Measurement at the 0.1% uncertainty
should be achievable using this approach.

V. SUMMARY

In this paper, the effects of an oscillating quadrupole
field on atomic energy levels have been considered. Gen-
eral expressions for the interaction matrix elements have
been given and can be used to calculate effects for any
given set up. This work generalises the results given in
[2] for the first order quadrupole shift from a static field.
It also complements the recent discussion on ac magnetic
field effects driven by the same trapping fields considered
here [1]. Although the quadrupole effects are small and
not likely to limit clock performance, their possible in-
fluence on the assessment of ac magnetic fields should
be considered if the levels involved support a quadrupole
moment.

A proof-of-principle measurement of the quadrupole
moment using the resonant coupling induced by the rf
confinement has also been demonstrated. Without any
special magnetic field control an accuracy of ~ 3% has
been achieved. Modest improvement in magnetic field
control and a rigorous assessment of the trap rf confine-
ment would significantly improve accuracy. Other meth-
ods have utilised entangled states within decoherence free
subspaces [23] or dynamic decoupling [24], both of which
have achieved inaccuracies at the ~ 0.5% level. In any
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FIG. 3. Experimentally observed signals as a function of the clock laser detuning from the | Sy /2,1/2) to | D5/2,1/2) transition.
Each data point represents 200, 300, and 500 experiments for plots (a), (b), and (c) respectively. Solid curves are fits using
the rms spread of an assumed Gaussian magnetic field noise, and quadrupole coupling strength, wq, as fitting parameters. Fit

parameters are tabulated in Table IV.

case one is limited by the size of the interaction and the
ability to characterize the potential. The method here
utilizes the dominant coupling produced by the rf con-
finement, which is also less sensitive to stray fields. Ad-
ditionally, the method is technically easy to implement.
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