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We study one dimensional models of diatomic molecules where both the electrons and nuclei
are treated as quantum particles, going beyond the usual Born-Oppenheimer approximation. The
continuous system is approximated by a grid which computationally resembles a ladder, with the
electrons living on one leg and the nuclei on the other. To simulate DMRG efficiently with this
system, a three-site algorithm has been implemented. We also use a compression method to treat
the long-range interactions between charged particles. We find that 1D diatomic molecules with
spin-1/2 nuclei in the spin triplet state will unbind when the mass of the nuclei reduces to only a
few times larger than the electron mass, while the molecule with nuclei in the singlet state always
binds.

The Born-Oppenheimer (BO) approximation[1] has
been the starting point of solid state physics and quan-
tum chemistry since it was first introduced in 1927.
Treating the degrees of freedom of the nuclei adiabati-
cally turns out to be a satisfactory approximation be-
cause the mass of the nucleus is more than 103 times of
the electron mass even for the lightest atom - hydrogen.

However, the BO approximation is no longer valid
for exotic systems such as the positronium molecule[2–
4] which consists of two positrons and two electrons,
and the emergent biexciton molecule[5] which consists
of two holes and two electrons in semiconductors, be-
cause their masses are equal or nearly so. In high pre-
cision spectroscopy experiments or in systems where en-
ergy levels cross, non-adiabatic effects involving the mo-
tions of the nuclei require a theoretical treatment be-
yond the BO approximation[6]. Such systems are diffi-
cult to treat analytically. Various numerical approaches,
such as the stochastic variational method (SVM)[7–9],
quantum Monte Carlo (QMC) methods[10, 11], and Ex-
act Factorization[6, 12, 13] combined with Density Func-
tional Theory (DFT), have been applied to explore the
spectrum of the systems in two or three dimensions
and have correctly predicted the bound ground state[3]
and possible bound excited states[8, 9] later proved by
experiments[4].

The hydrogen molecule (H2) and the positronium
molecule (Ps2) are in nearly opposite limits of mass ra-
tios between the nuclei and electrons, 1836:1 vs 1:1, cor-
responding to adiabatic and non-adiabatic limits, respec-
tively. Unlike H2, for which the BO approximation can be
used to simplify the numerical treatments[14], the non-
adiabatic features of Ps2 requires a complete four-body
treatment. The electrons in H2 can be in either a bond-
ing or anti-bonding state, corresponding to a spin sin-
glet or triplet respectively, and the anti-bonding state
is unstable against dissociation into two atoms. There
are also two types of nuclear spin states, called spin iso-
mers, with the singlet known as para-hydrogen and the
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triplet known as ortho-hydrogen. In Ps2, if both the
electrons and positrons are in spin singlet states, the
molecule is bound, while the triplet-triplet excited state
is unbound[7–9, 15, 16]. Similar behavior is found for the
biexciton, which has a typical mass ratio me/mh = 0.67.
Therefore, a crossover where the spin state of the “nuclei”
starts to influence the binding of the molecule should ex-
ist when one tunes the mass ratio from that of H2 to
that of Ps2, corresponding to the breakdown of the BO
approximation.

Recently, Fisher and Radzihovsky have argued that
nuclear spin can cause significant changes in chemical
reactions even at room temperature[17]. In this arti-
cle, we use the density matrix renormalization group
(DMRG) method[18, 19] to study a 1D version of H2 with
mass ratio 1 ≤ mp/me ≤ 1000 with high precision[20].
While systems with four quantum particles have previ-
ously been studied for 2D and 3D, our technique can
easily extend to dozens of 1D particles, beyond the reach
of many 2D and 3D techniques.

Using DMRG, we are able to find the ground state of
a one dimensional fermionic four-body system, i.e. the
diatomic molecule with tunable mass ratio, and mea-
sure its physical observables such as the ground state
energy, density-density correlation, and entanglement be-
tween particles. In the regime of mass ratio mp/me � 1
as a benchmark, the results match the BO approxima-
tion, as expected. At mass ratio mp/me = 1, our results
match the behavior of 3D Ps2: its singlet-singlet four-
body ground state is bound while the triplet-triplet state
is unbound in 1D. However, contradicting with previous
SVM results in 3D[9, 15, 16], the triplet-singlet state is
unbound in 1D. (Note that it is not an eigenstate of Ps2
because of the requirement of symmetry of charge conju-
gation. Our nuclei and electrons are always distinguish-
able particles). We find that the mass ratio where these
unbound states become bound is mp/me = 2.73 for our
chosen parameters of the interaction, while the singlet-
singlet state is bound for all the mass ratios. Obtaining
the energies and the average separations of nuclei at dif-
ferent mass ratios mp/me of the singlet-singlet state and
the triplet-singlet state, we study the passage between
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FIG. 1. Ladder arrangement of grid points describing the
discretized 1D systems. A DMRG sweep is along the zig-zag
route (black arrows), where the red grid points in the upper
leg represent the lattice sites for the nuclei and the blue in
the bottom leg represents the electrons. The total number
of sites is 2NL, where NL = L/∆x, L is the size of the 1D
system, and ∆x is the grid spacing. The dashed outline shows
three adjacent sites grouped together as part of the three-site
DMRG algorithm.

the adiabatic and non-adiabatic limit.

The outline of this article is as follows: first, we will
introduce the microscopic model and explain the numeri-
cal techniques; then, the results from our DMRG calcula-
tions will be illustrated and a comparison to the Hartree-
Fock mean field calculation will be made; finally, we will
discuss the potential of our method to be used in other
1D few-body systems and many-body systems.

I. MODEL

The Hamiltonian for a 1D system of interacting spin- 12
nuclei (“protons” with coordinates Xi and mass mp) and
electrons (with coordinates xi and mass me) is given by

H = −
Ne∑
i=1

1

2me

d2

dx2i
−

Np∑
i=1

1

2mp

d2

dX2
i

+
∑
i≥j

V (xi − xj) +
∑
i≥j

V (Xi −Xj)−
∑
ij

V (xi −Xj),

(1)

where the spin index has been omitted. Ne and Np are
the total number of electrons and nuclei respectively. For
our H2-like diatomic system, we have Ne = 2 and Np = 2.
V is the “Coulomb” interaction whose form will be given
in the next section, with the intra-species interactions be-
ing repulsive and inter-species interactions being attrac-
tive. We use atomic units, so ~ = 1 and e = 1. The mass
of the particle is measured in units of me, so if we denote
the mass ratio mp/me = M , then me = 1,mp = M .

II. NUMERICAL TECHNIQUES

We need first to discretize the continuous system into a
lattice in order to use DMRG to study it. First, we write
the hamiltonian (1) in second quantized form in terms of

tp
<latexit sha1_base64="miz8hZYWsQiS/cwNMLT8DFLb/cQ=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyon1AG+tkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek4vc79xTqVgsbvQ0oX6ER4KFjGBtpGt9mwzKFWSf16uuV4XIRqjmuE5O3Jp35kHHKDkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mp87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPO/4ZBJSjSfGoKJZOZWSMZYYqJNOiUTwten8H/Sdm0H2c6VV2ncLeMogiNwDE6BA2qgAS5BE7QAASPwAJ7As8WtR+vFel20FqzlzCH4AevtE8ykjjo=</latexit><latexit sha1_base64="miz8hZYWsQiS/cwNMLT8DFLb/cQ=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyon1AG+tkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek4vc79xTqVgsbvQ0oX6ER4KFjGBtpGt9mwzKFWSf16uuV4XIRqjmuE5O3Jp35kHHKDkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mp87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPO/4ZBJSjSfGoKJZOZWSMZYYqJNOiUTwten8H/Sdm0H2c6VV2ncLeMogiNwDE6BA2qgAS5BE7QAASPwAJ7As8WtR+vFel20FqzlzCH4AevtE8ykjjo=</latexit><latexit sha1_base64="miz8hZYWsQiS/cwNMLT8DFLb/cQ=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyon1AG+tkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek4vc79xTqVgsbvQ0oX6ER4KFjGBtpGt9mwzKFWSf16uuV4XIRqjmuE5O3Jp35kHHKDkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mp87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPO/4ZBJSjSfGoKJZOZWSMZYYqJNOiUTwten8H/Sdm0H2c6VV2ncLeMogiNwDE6BA2qgAS5BE7QAASPwAJ7As8WtR+vFel20FqzlzCH4AevtE8ykjjo=</latexit><latexit sha1_base64="miz8hZYWsQiS/cwNMLT8DFLb/cQ=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXcOOyon1AG+tkOmmHTiZhZiKU0E9w40IRt36RO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek4vc79xTqVgsbvQ0oX6ER4KFjGBtpGt9mwzKFWSf16uuV4XIRqjmuE5O3Jp35kHHKDkqYInmoPzeH8YkjajQhGOleg5KtJ9hqRnhdFbqp4ommEzwiPYMFTiiys/mp87giVGGMIylKaHhXP0+keFIqWkUmM4I67H67eXiX14v1WHdz5hIUk0FWSwKUw51DPO/4ZBJSjSfGoKJZOZWSMZYYqJNOiUTwten8H/Sdm0H2c6VV2ncLeMogiNwDE6BA2qgAS5BE7QAASPwAJ7As8WtR+vFel20FqzlzCH4AevtE8ykjjo=</latexit>

te
<latexit sha1_base64="pwHmfgSW/daaI0wDWtCdK9QGyoE=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Gnom6zHgxWNEs0Ayxp5OJ2nSs9BdI4Qhn+DFgyJe/SJv/o2dRVDRBwWP96qoqufHUmgg5MPKrK1vbG5lt3M7u3v7B/nDo5aOEsV4k0UyUh2fai5FyJsgQPJOrDgNfMnb/uRi7rfvudIiCm9gGnMvoKNQDAWjYKRruOX9fIHYpFp23DImdrFWdKuuIZVKsVIi2LHJAgW0QqOff+8NIpYEPAQmqdZdh8TgpVSBYJLPcr1E85iyCR3xrqEhDbj20sWpM3xmlAEeRspUCHihfp9IaaD1NPBNZ0BhrH97c/Evr5vAsOalIowT4CFbLhomEkOE53/jgVCcgZwaQpkS5lbMxlRRBiadnAnh61P8P2m5tkNs56pUqN+t4siiE3SKzpGDqqiOLlEDNRFDI/SAntCzJa1H68V6XbZmrNXMMfoB6+0TwR2OMw==</latexit><latexit sha1_base64="pwHmfgSW/daaI0wDWtCdK9QGyoE=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Gnom6zHgxWNEs0Ayxp5OJ2nSs9BdI4Qhn+DFgyJe/SJv/o2dRVDRBwWP96qoqufHUmgg5MPKrK1vbG5lt3M7u3v7B/nDo5aOEsV4k0UyUh2fai5FyJsgQPJOrDgNfMnb/uRi7rfvudIiCm9gGnMvoKNQDAWjYKRruOX9fIHYpFp23DImdrFWdKuuIZVKsVIi2LHJAgW0QqOff+8NIpYEPAQmqdZdh8TgpVSBYJLPcr1E85iyCR3xrqEhDbj20sWpM3xmlAEeRspUCHihfp9IaaD1NPBNZ0BhrH97c/Evr5vAsOalIowT4CFbLhomEkOE53/jgVCcgZwaQpkS5lbMxlRRBiadnAnh61P8P2m5tkNs56pUqN+t4siiE3SKzpGDqqiOLlEDNRFDI/SAntCzJa1H68V6XbZmrNXMMfoB6+0TwR2OMw==</latexit><latexit sha1_base64="pwHmfgSW/daaI0wDWtCdK9QGyoE=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Gnom6zHgxWNEs0Ayxp5OJ2nSs9BdI4Qhn+DFgyJe/SJv/o2dRVDRBwWP96qoqufHUmgg5MPKrK1vbG5lt3M7u3v7B/nDo5aOEsV4k0UyUh2fai5FyJsgQPJOrDgNfMnb/uRi7rfvudIiCm9gGnMvoKNQDAWjYKRruOX9fIHYpFp23DImdrFWdKuuIZVKsVIi2LHJAgW0QqOff+8NIpYEPAQmqdZdh8TgpVSBYJLPcr1E85iyCR3xrqEhDbj20sWpM3xmlAEeRspUCHihfp9IaaD1NPBNZ0BhrH97c/Evr5vAsOalIowT4CFbLhomEkOE53/jgVCcgZwaQpkS5lbMxlRRBiadnAnh61P8P2m5tkNs56pUqN+t4siiE3SKzpGDqqiOLlEDNRFDI/SAntCzJa1H68V6XbZmrNXMMfoB6+0TwR2OMw==</latexit><latexit sha1_base64="pwHmfgSW/daaI0wDWtCdK9QGyoE=">AAAB6nicdVDJSgNBEO2JW4xb1KOXxiB4Gnom6zHgxWNEs0Ayxp5OJ2nSs9BdI4Qhn+DFgyJe/SJv/o2dRVDRBwWP96qoqufHUmgg5MPKrK1vbG5lt3M7u3v7B/nDo5aOEsV4k0UyUh2fai5FyJsgQPJOrDgNfMnb/uRi7rfvudIiCm9gGnMvoKNQDAWjYKRruOX9fIHYpFp23DImdrFWdKuuIZVKsVIi2LHJAgW0QqOff+8NIpYEPAQmqdZdh8TgpVSBYJLPcr1E85iyCR3xrqEhDbj20sWpM3xmlAEeRspUCHihfp9IaaD1NPBNZ0BhrH97c/Evr5vAsOalIowT4CFbLhomEkOE53/jgVCcgZwaQpkS5lbMxlRRBiadnAnh61P8P2m5tkNs56pUqN+t4siiE3SKzpGDqqiOLlEDNRFDI/SAntCzJa1H68V6XbZmrNXMMfoB6+0TwR2OMw==</latexit>

V
<latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit><latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit><latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit><latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit>

V
<latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit><latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit><latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit><latexit sha1_base64="jXVIAD75cCzMbV4GaC5BODvi1Yw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeCF48t2A9oQ91sJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip2R6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqD3kcRTiDc7gED2pQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Au7eM+A==</latexit>

�V
<latexit sha1_base64="lAqkZiXrpuBTdpsGUfFV1UZQV4Y=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4McyI6y3gxWMUs0AyxJ5OT9Kkp2forhHCkD/w4kERr/6RN//GziK4Pih4vFdFVb0gkcKg6747ubn5hcWl/HJhZXVtfaO4uVU3caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQwuxn7jjmsjYnWDw4T7Ee0pEQpG0UrXB/VOseSWj13v/MQjv4lXdicowQzVTvGt3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTS0dkzypdEsbalkIyUb9OZDQyZhgFtjOi2Dc/vbH4l9dKMTzzM6GSFLli00VhKgnGZPw26QrNGcqhJZRpYW8lrE81ZWjDKdgQPj8l/5P6Ydlzy97VUalyO4sjDzuwC/vgwSlU4BKqUAMGIdzDIzw5A+fBeXZepq05ZzazDd/gvH4AhIeNcQ==</latexit><latexit sha1_base64="lAqkZiXrpuBTdpsGUfFV1UZQV4Y=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4McyI6y3gxWMUs0AyxJ5OT9Kkp2forhHCkD/w4kERr/6RN//GziK4Pih4vFdFVb0gkcKg6747ubn5hcWl/HJhZXVtfaO4uVU3caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQwuxn7jjmsjYnWDw4T7Ee0pEQpG0UrXB/VOseSWj13v/MQjv4lXdicowQzVTvGt3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTS0dkzypdEsbalkIyUb9OZDQyZhgFtjOi2Dc/vbH4l9dKMTzzM6GSFLli00VhKgnGZPw26QrNGcqhJZRpYW8lrE81ZWjDKdgQPj8l/5P6Ydlzy97VUalyO4sjDzuwC/vgwSlU4BKqUAMGIdzDIzw5A+fBeXZepq05ZzazDd/gvH4AhIeNcQ==</latexit><latexit sha1_base64="lAqkZiXrpuBTdpsGUfFV1UZQV4Y=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4McyI6y3gxWMUs0AyxJ5OT9Kkp2forhHCkD/w4kERr/6RN//GziK4Pih4vFdFVb0gkcKg6747ubn5hcWl/HJhZXVtfaO4uVU3caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQwuxn7jjmsjYnWDw4T7Ee0pEQpG0UrXB/VOseSWj13v/MQjv4lXdicowQzVTvGt3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTS0dkzypdEsbalkIyUb9OZDQyZhgFtjOi2Dc/vbH4l9dKMTzzM6GSFLli00VhKgnGZPw26QrNGcqhJZRpYW8lrE81ZWjDKdgQPj8l/5P6Ydlzy97VUalyO4sjDzuwC/vgwSlU4BKqUAMGIdzDIzw5A+fBeXZepq05ZzazDd/gvH4AhIeNcQ==</latexit><latexit sha1_base64="lAqkZiXrpuBTdpsGUfFV1UZQV4Y=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4McyI6y3gxWMUs0AyxJ5OT9Kkp2forhHCkD/w4kERr/6RN//GziK4Pih4vFdFVb0gkcKg6747ubn5hcWl/HJhZXVtfaO4uVU3caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQwuxn7jjmsjYnWDw4T7Ee0pEQpG0UrXB/VOseSWj13v/MQjv4lXdicowQzVTvGt3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTS0dkzypdEsbalkIyUb9OZDQyZhgFtjOi2Dc/vbH4l9dKMTzzM6GSFLli00VhKgnGZPw26QrNGcqhJZRpYW8lrE81ZWjDKdgQPj8l/5P6Ydlzy97VUalyO4sjDzuwC/vgwSlU4BKqUAMGIdzDIzw5A+fBeXZepq05ZzazDd/gvH4AhIeNcQ==</latexit>

...<latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit><latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit><latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit><latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit>...<latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit><latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit><latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit><latexit sha1_base64="ElEPiqyP3whhRzVoJv3FjSa5oaM=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmbE9Rbw4jGiWSAZQk+nJmnS0zN09whhyCd48aCIV7/Im39jZxFcHxQ83quiql6YCq6N5707hYXFpeWV4mppbX1jc6u8vdPQSaYY1lkiEtUKqUbBJdYNNwJbqUIahwKb4fBy4jfvUGmeyFszSjGIaV/yiDNqrHTjum63XPHcE8+/OPXJb+K73hQVmKPWLb91egnLYpSGCap12/dSE+RUGc4EjkudTGNK2ZD2sW2ppDHqIJ+eOiYHVumRKFG2pCFT9etETmOtR3FoO2NqBvqnNxH/8tqZic6DnMs0MyjZbFGUCWISMvmb9LhCZsTIEsoUt7cSNqCKMmPTKdkQPj8l/5PGket7rn99XKnyeRxF2IN9OAQfzqAKV1CDOjDowz08wpMjnAfn2XmZtRac+cwufIPz+gG3G42L</latexit>

...<latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit><latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit><latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit><latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit>...<latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit><latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit><latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit><latexit sha1_base64="dQTcNJsos67DVxaPpNT8A9TOlRo=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNSxJvAS8eI5oHJEuYncwmQ2YfzMwKYcknePGgiFe/yJt/42wSQUULGoqqbrq7/ERwpTH+sApr6xubW8Xt0s7u3v5B+fCoo+JUUtamsYhlzyeKCR6xtuZasF4iGQl9wbr+9Cr3u/dMKh5Hd3qWMC8k44gHnBJtpFvbtoflCrYvG7WqW0PYxrjuVJ2cVOvuhYsco+SowAqtYfl9MIppGrJIU0GU6js40V5GpOZUsHlpkCqWEDolY9Y3NCIhU162OHWOzowyQkEsTUUaLdTvExkJlZqFvukMiZ6o314u/uX1Ux00vIxHSapZRJeLglQgHaP8bzTiklEtZoYQKrm5FdEJkYRqk07JhPD1KfqfdKq2g23nxq00+SqOIpzAKZyDA3VowjW0oA0UxvAAT/BsCevRerFel60FazVzDD9gvX0Ct66Niw==</latexit>

...<latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit><latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit><latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit><latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit>...<latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit><latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit><latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit><latexit sha1_base64="XlmppW+ivKpfFLwmt7tViTQA3pU=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4Cpnpc1lw47KifUA7lEyaaUMzmSHJCGXoJ7hxoYhbv8idf2P6EFT0wIXDOfdy7z1BIrg2GH84uY3Nre2d/G5hb//g8Kh4fNLRcaooa9NYxKoXEM0El6xtuBGslyhGokCwbjC9Wvjde6Y0j+WdmSXMj8hY8pBTYqx0ixAaFksY4XrV9aoQo3Kj7NU9S2q1cq2CoYvwEiWwRmtYfB+MYppGTBoqiNZ9FyfGz4gynAo2LwxSzRJCp2TM+pZKEjHtZ8tT5/DCKiMYxsqWNHCpfp/ISKT1LApsZ0TMRP/2FuJfXj81YcPPuExSwyRdLQpTAU0MF3/DEVeMGjGzhFDF7a2QTogi1Nh0CjaEr0/h/6TjIRcj96ZSavJ1HHlwBs7BJXBBHTTBNWiBNqBgDB7AE3h2hPPovDivq9acs545BT/gvH0CvNONjw==</latexit>

FIG. 2. Illustration of the hopping and the interaction pa-
rameters. tp and te are the hopping parameters which can
be the nearest-neighbor or the next-nearest-neighbor for the
nuclei and electrons respectively.

field operators

H =

∫
dxφ†α,s(x)

[
− 1

2mα

d2

dx2

]
φα,s(x)

+
1

2

∫∫
dxdx′Vαβ(x−x′)φ†α,s(x)φ†β,s′(x

′)φβ,s′(x
′)φα,s(x),

(2)

where α, β ∈ {p, e}, s, s′ ∈ {↑, ↓}, and Vαβ = V if α =
β and Vαβ = −V if α 6= β. The Einstein summation
convention has been used. The field operators satisfy the
canonical anti-commutation relation for fermions

{φ†α,s(x), φβ,s′(y)} = δ(x− y)δαβδss′ .

Notice that we choose the interspecies operators to anti-
commute. This does not matter as long as we keep the
different species of particles distinguishable in the imple-
mentation.

Using the fourth order finite-difference formula for the
second derivative with grid spacing ∆x

d2φ(x)

dx2
=

1

12(∆x)2
[
− φ(x+ 2∆x) + 16φ(x+ ∆x)

− 30φ(x) + 16φ(x−∆x)− φ(x− 2∆x)
]

+O((∆x)4),

the Hamiltonian is discretized to be

H =
∑
i,α

tα0ni,α+
∑
〈i,j〉,αs

tα1 c
†
i,αscj,αs+

∑
〈〈i,j〉〉,αs

tα2 c
†
i,αscj,αs

+
∑
i,α

V (0)ni,α↑ni,α↓−
∑
i

V (0)ni,pni,e+
∑
i>j,αβ

V αβij ni,αnj,β ,

(3)

where ni,α = niα↑ + niα↓ = ∆x
∑
s ρα,s(xi) ≡

∆x
∑
s φ
†
α,s(xi)φα,s(xi), t

α
0 = 5

4η , tα1 = − 2
3η , tα2 = 1

24η ,

with η ≡ mα(∆x)2, and V αβij = Vαβ((i − j)∆x). No-
tice that now 1 ≤ i, j ≤ NL label the site points. To
fourth order in ∆x, only hoppings up to next-nearest
neighbor remain. For the molecule, we use a grid spac-
ing ∆x = 0.1, which we find is accurate for energies to a
relative error of about 10−4.

To accommodate the two oppositely charged species
of particles, the geometry of the system is represented
by a two-leg ladder(FIG. 1), with each species living in
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one of the legs. Hopping is only along the legs and the
interactions can be either along the legs (repulsive) or
between the legs (attractive).

Now we explain the form of the Coulomb interaction
V we use. The 1/x form of the Coulomb potential in 1D
is numerically difficult and unphysical because of its sin-
gularity at x = 0. Instead, there are some conventional
choice for one dimensional systems, e.g. the soft Coulomb
potential 1/

√
x2 + a2, which is still long ranged and has

no singularity at the origin if a 6= 0. If we are only con-
cerned about short-range properties, an exponential form
can well approximate the long-range potential and mean-
while reduce the computational complexity[21]. There-
fore as a convenient choice, here we use a exponential
potential of the form[21]

V (x) = A exp(−κ|x|), (4)

where A = 1.071295 and κ−1 = 2.385345 have been
shown to optimally approximate the soft Coulomb po-
tential with a = 1 at short range[21]. This exponential
potential nicely mimics some three dimensional electronic
properties[21]. In our work, A and κ are also varied to
see their influence on the results.

To use DMRG in the two dimensional ladder system,
we take as usual the zig-zag path to form a one dimen-
sional Matrix Product State (MPS), i.e. the p−leg being
the odd sites and the e−leg being the even sites. In
such a way, there is no hopping between nearest neigh-
bors, i.e. a p−site and a e−site, so the number of par-
ticles in each block cannot readily fluctuate in a conven-
tional 2-site DMRG sweep and the optimization will get
stuck. We could introduce a special noise term in the
Hamiltonian to solve this problem[22]. Here, instead, we
use a 3-site algorithm which naturally fits the hopping
structure of the system and introduces “communication”
between the next-nearest neighbors at each 3-site local
update. At each local update, a singular value decom-
position (SVD) is done once only at the left bond of the
3 sites for a left-to-right half-sweep, or the right bond
for a right-to-left half-sweep. The computational com-
plexity comes mainly from applying the Matrix Prod-
uct Operator (MPO) to the MPS in the mixed canonical
form[23]. For the two-site algorithm, the complexity is
O(D3D2

W d
3), where D,DW , d are respectively the bond

dimension of the MPS, MPO, and the dimension of the
local Hilbert space at each site; for the three-site algo-
rithm, the complexity is O(D3D2

W d
4). So the complexity

of the three-site algorithm is O(d) times of that of the
two-site one, which is acceptable. For the singlet-singlet
state in a grid of L = 40, the number of states m needed
to to achieve a truncation error of 10−10 is about 70,
and the number of sweeps needed to reach energy con-
vergence with error smaller than 10−6 is about 160 (see
FIG. 3). The large number of sweeps needed is due to
the fine grid spacing and large associated kinetic energy
scale 1/(∆x)2.

To accelerate the calculation, we utilize a compression
algorithm[24] which uses singular value decompositions
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FIG. 3. Comparison of the performance of 2-site algorithm
with noise, without noise, and the 3-site algorithm (without
noise). Data are taken from a DMRG simulation of system in
the singlet-singlet state with M = 3, L = 40, ∆x = 0.1 with
200 sweeps. Here E0 is the converged ground state energy
calculated by DMRG after 240 sweeps.

(SVDs) to reduce the bond dimension of the MPO. The
factorizability of the exponential function

Vij = λ−|i−j| = λ−iλj (i > j) (5)

indicates its MPO can be maximally compressed by
SVDs. Other forms of long-range interactions can be ex-
pressed in terms of a sum of exponentials and the number
of significant singular values is still controllable[24].

Unlike the Ps2 molecule, which has a charge conjuga-
tion symmetry between the electron and positron, the
nuclei and electrons in our system are distinguishable
particles and the total spin S of each species should be
conserved individually. Instead of dealing with the im-
plementation of the global SU(2) symmetry[25], a S2

tot

operator for species of particles in the singlet state is
added to the Hamiltonian for optimization in order to
achieve its conservation.

Errors of our calculation can come from: 1) discretiza-
tion of the continuous system with a grid spacing ∆x =
0.1; 2) finite size effects of order π2/4(M+1)L2 for the en-
ergy; 3) DMRG truncation errors of order 10−10; 4) errors
from incomplete convergence in the number of sweeps,
which are about 10−5.

III. RESULTS

By measuring the density of particles (FIG. 4) and
the density-density correlations of the nuclei (FIG. 5),
keeping the electrons in the singlet state, we find that the
triplet nuclei system gradually becomes unbound when
we decrease the mass ratioM from 5 to 1 while the singlet
nuclei system is always bound.

To characterize the binding of the molecule quanti-
tively, we define the average separation of the nuclei d,
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FIG. 4. Comparison of density of particles in the singlet-singlet and the triplet-singlet ground states at different M , where the
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i.e.

d =

√∑
i(xi − xc)2ρ(xi, xc)∑

i ρ(xi, xc)
, (6)

where xi = i∆x, xc is the center site, and ρ(xi, xc) =
〈Φ|ρp(xi)ρp(xc)|Φ〉 is the density-density correlation for
the nuclei in ground state |Φ〉, and the binding energy
Ebind, i.e.

Ebind = E(2)− 2E(1), (7)

where E(1) is the ground state energy of one atom con-
sisting of one electron and one nucleus and E(2) is the
ground state energy of the diatomic molecule.

From now on, we denote the triplet-singlet state as
|10〉 and the singlet-singlet state as |00〉. For the |10〉
state, the average separation d of nuclei scales linearly
with the box size L approaching M = 1, which indicates
that d → ∞ as L → ∞ at small M , i.e. the system is
unbound at small mass ratios. The error of the binding
energy Ebind of the diatomic molecule due to finite-size
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FIG. 6. Binding energy Ebind and average separation d versus
mass ratio M . The critical mass ratio where the molecule just
binds is Mc = 2.731 by extrapolation. Both the data of the
binding energy Ebind (blue square) and the average separation
d (red star) for the triplet-singlet state |10〉 are taken from
systems of L = 120, while for the singlet-singlet state |00〉 the
data of d are from systems of L = 40 and the data of Ebind

are from extrapolation to infinite size L. The fitting curves
are Ebind = a(M − Mc) and d = b/

√
M(M −Mc) + dBO,

where a = 0.005918, b = 8.456, and dBO = 1.571.

effects can be estimated by the ground state energy of a
particle in a box, π2/4(M +1)L2. If we use a system size
of L = 120, the error is of order 10−4 even for the small-
est mass ratio M = 1, which is negligible. From the data
of systems of length L ≥ 120, it is roughly observed that
the binding energy is positive when M = 3 but approach-
ing 0− when M ≤ 2.5, which means that there should be
some critical mass ratio between 2.5 and 3 where the sys-
tem changes from bound to unbound. To give an upper
bound on the value of the critical mass ratio, we extrap-
olate Ebind from the bound side to get the critical mass
ratio Mc = 2.731, which is consistent with the diver-
gence of d approaching Mc from the right side, as shown
in FIG. 6. This divergent behavior of d near Mc can also
be fitted. Near unbinding, the size of the bound state be-
comes much larger than the exponential potential’s decay
length, so the potential becomes irrelevant and the scal-
ing of the binding energy is only related to the kinetic
energy, i.e. Ebind ∼ 1/Md2 or d ∼ 1/

√
EbindM . Com-

bined with the extrapolation formula Ebind = a(M−Mc),
where a = 0.005918, we get the fitting formula for d near
Mc is d = b/

√
M(M −Mc) + dBO, where b = 8.456 and

dBO = 1.571. It accurately[26] predicts dBO, which is the
separation of the nuclei in the BO limit M → ∞. For
the |00〉 state, by observing its binding energy Ebind and
the average separation d of the nuclei, we can conclude
that it always binds.

As we mentioned before, many studies have shown that
in 3D the |00〉 ground state of Ps2 is bound and the |11〉 is
unbound, with which our results at M = 1 in 1D are con-
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FIG. 7. Comparison of the energy of the triplet-singlet state
|10〉 and the singlet-singlet state |00〉 at different mass ratio
M . Inset: the energy difference ∆ between the triplet-singlet
state |10〉 and the singlet-singlet state |00〉 at different mass
ratio M . Data for |00〉 are from extrapolation to L =∞ with
error of order 10−3 and for |10〉 from simulation of system of
size L = 120. Data for |10〉 when M < 3 has been excluded
since the molecule becomes unbound.

sistent. However, while they predicted the |10〉 excited
state is bound in 3D, we conclude in 1D it is unbound.

In FIG. 7, we show the energy of the |00〉 and |10〉
states at different mass ratio M . The energy gap ∆ be-
tween the two closes to 10−4 when M is increased to 50,
where the influence of nuclei’s spin on the binding energy
is negligible.

The binding of the molecule can also be qualitatively il-
lustrated in the adiabatic potential energy surface (PES)
Ee(X). Under the BO approximation, it is obtained by
solving the clamped-nuclei Schrödinger equation

He(X)χn,X(x) = Een(X)χn,X(x) (8)

for each fixed configuration of nuclei X = (X1, ..., XNp
),

where x = (x1, ..., xNe
) is the coordinate of the electrons

and He(X) is the Hamiltonian after separating the nu-
clei’s kinetic part of the full Hamiltonian H, i.e.

H = T p +He(X)

He(X) = V pp(X) + T e + V ee + V pe(X)
(9)

with the nuclei fixed to certain configuration X. This
separation can only be done when M � 1 and no level
crossing happens for the PES of different energy levels
Een so that the nuclei are almost stationary compared to
electrons and the adiabatic theorem is valid. Neverthe-
less, for diatomic molecule at small mass ratio, we can
still give an effective definition of the PES:

Ee(R) =
〈Φ′|He|Φ′〉
〈Φ′|Φ′〉 , (10)

where

|Φ′〉 = ρ̂p(xc +R/2)ρ̂p(xc −R/2)|Φ〉 (11)
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the box size. |10〉 and |00〉 denotes the triplet-singlet state
and singlet-singlet state respectively. BO denotes the PES in
the Born-Oppenheimer approximation.

is the state after successively measuring (projecting) the
density of nuclei at xc +R/2 and xc +R/2 in the eigen-
state |Φ〉 of H (here |Φ〉 is the ground state calculated by
DMRG). This measurement projects |Φ〉 to the Hilbert
subspace that has one nucleus at xc−R/2 and the other
one at xc + R/2. When M � 1, Ee is equivalent to Ee

in the BO approximation, as illustrated in FIG. 8. At
smaller M , however, T p + Ee is only part of an effec-
tive nuclear Hamiltonian and feedback from the nuclei’s
motion needs to be taken into consideration[13, 27]. Nev-
ertheless, we can still infer some information from FIG.
8 about the binding of the molecule at small M .

For the |10〉 state, the overlap between the curves ob-
tained from the BO approximation and from DMRG
when M ≥ 10 implies that the BO approximation works
pretty well in that regime. For M ∼ 1, the depth of
the PES decreases and the minimum of the PES moves
farther away from the equilibrium position of the BO ap-
proximation. Considerable finite size effect appears when
M = 1, which can be seen by comparing the curves before
and after increasing the box size. These two qualitative
facts indicate that the molecule in |10〉might be unbound
when M ∼ 1, although it should not be conclusive since
Ee defined by Eq. (10) ignores part of the non-adiabatic
effects from the motion of the nuclei.

For the |00〉 state, the curves coincide with that of the
|10〉 state when M > 10, which indicates in that regime
the spin of the nuclei does not affect the binding of the
molecule and can be treated classically. When M = 1,
however, the PES of the |00〉 state differs from that of the
|10〉 state by being much deeper and having a minimum
closer to the origin, which verifies the binding nature of
the |00〉 state.

By tuning the parameters A and κ of the exponential
potential and using other forms such as the soft-Coulomb
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FIG. 9. Energy of the singlet-singlet state |00〉 versus mass
ratio for unrestricted Hartree-Fock (UHF) calculation beyond
the BO approximation. Also shown are the restricted and un-
restricted Hartree-Fock calculation under BO approximation
(BO-HF), both of which give the same energy, and DMRG en-
ergy under BO approximation (BO-DMRG). The separation
between nuclei we used under BO is R = 1.6. The kinetic
energy of the nuclei’s relative oscillation is added to the BO
energy so as to compare with the energy beyond BO. Data
are all taken from system of L = 40.

or rounded exponential V (x) = A exp(−κ
√
x2 + 1/4)

(not illustrated here), we find that |00〉 is always bound
for all M independent of the specific form of the inter-
action. For |10〉, the critical mass ratio Mc where the
molecule becomes unbound is changed with the shape of
the potential, i.e. κ and A, and the form of the potential.

We also investigated the case of spinless bosonic nuclei,
which turns out to be equivalent to the singlet fermion
nuclei case because they have the same symmetry re-
quirement for the spatial part of the wavefunction.

In a molecule, the Hartree-Fock (HF) approximation
is often a good starting point. However, without the BO
approximation, the separation between an electron and
a nucleus appears as a two-particle correlation, rather
than a single-particle effect. This fact makes a simple
generalization of HF a poor approximation, which is il-
lustrated in FIG. 9, where we did unrestricted Hartree-
Fock mean field calculations both within and beyond the
BO approximation in a discretized grid for the diatomic
molecule as a comparison. Unlike HF under BO, which
includes the nuclei’s interaction with electrons by intro-
ducing an external potential after fixing the position of
the nuclei at the equilibrium positions and optimizes the
electrons’ orbitals, our non-BO UHF ansatz of the whole
diatomic molecule is a factorization into Slater determi-
nants of electrons and nuclei, where the single-particle
wavefunctions of both species are optimized.

At the large mass ratio M = 103, the energy of the BO-
DMRG and DMRG calculations agree quite well. Corre-
lations result in an expected small energy difference be-
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tween BO-DMRG and BO-HF. Perhaps less expected is
a small but noticeable disagreement between the BO-HF
and non-BO HF calculations. While the BO-HF gives a
satisfactory approximation of electrons’ wavefunction in
the BO limit, the non-BO UHF assumption to factorize
the wavefunction of the whole molecule into the electrons
and nuclei’s parts fails because of the attractive nature
of the interaction and the non-adiabatic movement of the
electrons with the nuclei at small M , as illustrated by the
large discrepancy between the non-BO UHF and DMRG
at small M in FIG. 9. To explain this point, let us con-
sider the simpler case of a single hydrogen atom with the
mass ratio M being tuned, where we do not change to
center of mass or relative coordinates (since this is much
less useful for our discussion of the molecule). In this
case BO-HF is exact at M →∞, since the wavefunction
is single-particle, i.e. φ(x), where x is the electron’s coor-
dinate; non-BO HF at small M is not exact, since it ap-
proximates the wavefunction of the whole atom φ(x,X)
as the product of two orbitals, ψ(x)χ(X), where x and
X are the electron’s and nucleus’s coordinates respec-
tively. As we mentioned before, it indicates that while
the single-particle picture works well for electrons at large
M when the BO approximation is valid, it fails to predict
the correct behavior of the four-body system at small M .

IV. SUMMARY

We have developed a DMRG approach to study con-
tinuum multi-species systems in one dimension, interact-

ing with non-local Coulomb-like potentials. In order to
get good convergence with the number of sweeps, we im-
plemented a three-site DMRG algorithm, which performs
well. As a first application, we have applied it to a model
of 1D diatomic molecules, where we consider effects be-
yond the Born-Oppenheimer approximation. The most
interesting effect we find is that the nuclear triplet state
of the “H2” molecule is unbound when the masses of elec-
trons and nuclei are similar, while it is bound for large
mass ratios. This strong dependence of binding on nu-
clear spin is absent in 3D.

Our approach can be applied to systems with dozens of
particles without modifying the algorithm. More compli-
cated sets of particles could also be treated with relatively
minor changes. A very interesting direction would be to
study larger systems, progressing towards 1D solids, with
phonons emerging as the number of particles increase. In
our approach, one would not need to make approxima-
tions in deriving an electron-phonon interaction, and one
could study contributions of the phonons to entangle-
ment entropies.
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