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Characterizing and controlling matter driven far from equilibrium represents a major challenge
for science and technology. Here we develop a theory for the optical absorption of electronic mate-
rials driven far from equilibrium by resonant and non-resonant lasers. In it, the interaction between
matter and the driving light is treated exactly through a Floquet analysis, while the effects of the
probing light are captured to first order in perturbation theory. The resulting equations are rem-
iniscent to those for equilibrium absorption but with the Floquet modes playing the role of the
pristine eigenstates. The formalism is employed to characterize the optical properties of a model
nanoscale semiconductor dressed by non-resonant light of intermediate intensity (non-perturbative,
but non-ionizing). As shown, non-resonant light can reversibly turn this transparent semiconductor
into a broadband absorber and open strong absorption/stimulated emission bands at very low fre-
quencies (~ meV). Further, the absorption spectra of the driven material exhibit periodic features
energetically spaced by the photon energy of the driving light that reflect the periodic structure
of the Floquet bands. These developments offers a platform to understand and predict the emer-
gent optical properties of materials dressed by the electric field of light, and catalyze the design of

laser-dressed materials with desired optical properties.

I. INTRODUCTION

In the past century we have made remarkable progress
in our ability to design, synthesize, and model novel ma-
terials with specific functionalities. Many of the insights
and tools that we have developed operate at or near equi-
librium where the materials are at the minimum of an ap-
propriate thermodynamic potential. Much less is known,
however, about the properties and governing principles of
matter driven far from equilibrium [I]. In this regime, the
effective properties of matter depend on the applied ex-
ternal stimulus and the material response to it. This non-
linear dependency can lead to emergent properties and
phenomena that are qualitatively different from those ob-
served near equilibrium, see e.g. Refs. 2HI1l

Here we are concerned with the emergent electronic
properties of matter driven far from equilibrium by light.
In particular, with the ability of these laser-driven mate-
rials to absorb light. We envision a physical situation in
which a laser drives matter far from equilibrium, while a
second perturbative laser source probes its effective abil-
ity to absorb light across the electromagnetic spectrum.
To capture and interpret the optical properties of laser-
driven materials, here we introduce a generalization of
the usual theory of linear optical absorption to this non-
equilibrium situation where matter is constantly driven
by light. New theoretical tools are needed because, in
this regime, there is no stationary reference state and
energy is no longer a conserved quantity. Thus, the in-
crease of energy of a system from a given reference state
can no longer be used as a criterion for the absorption
of photons. In addition, the fluctuation-dissipation the-
orem [I2] and Green-Kubo relations [13, [14], that form
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the basis of the usual theory of linear optical absorption
[15, [I6] because they summarize the response of a sys-
tem near equilibrium to an external weak perturbation,
are no longer valid since the Hamiltonian of driven matter
is not time-translational invariant. In turn, fully pertur-
bative approaches [16] of the response of matter to both
driving and probing pulse, while possible, cannot capture
the dynamics induced by the driving pulse exactly in all
regimes of the laser-matter interaction.

The theory proposed below overcomes these issues by
redefining the absorption properties of driven matter as
the rate of transitions induced by the probe photons
among the laser-dressed states of the system. From
this definition, the optical absorption can be expressed
by a non-equilibrium dipole-dipole time-correlation func-
tion within first-order perturbation theory in the probing
light. In turn, the effects of the driving pulse are captured
exactly by introducing a Floquet picture into the analysis
and focusing on non-interacting electronic materials for
which the equations of motion of the fermionic creation
and annihilation operators can be closed exactly. The for-
malism takes into account the quantum statistics of the
pristine material, and the non-equilibrium nature of the
laser-dressed matter, and generalizes previous attempts
to define the optical properties of laser-dressed matter in
various limits [8HI0, [I7H19]. Further, it provides a useful
starting point for future efforts to capture additional fea-
tures introduced by electron-electron, electron-nuclear,
or other many-body interactions that can contribute to
heating and broadening of the spectral features.

The resulting theory has a structure that is akin to
the usual linear absorption theory. However, the pho-
toinduced transitions and transition dipoles that are en-
countered are between single-particle Floquet eigenstates
and not between the pristine eigenstates of the system.
To demonstrate its utility, we first apply it to a three-
level system under resonant driving. As shown, the for-
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malism naturally recovers the well-known Autler-Townes
effect[10, 20] in which a spectral line in the absorption
spectrum splits due to near resonance laser driving.

Importantly, the theory also provides the technical
means to develop physical insights into the absorp-
tion properties of driven-matter, and establish structure-
function relations that apply far from equilibrium. In
fact, below we use it to explore and interpret the optical
properties of a model nanoscale semiconductor dressed by
non-resonant lasers. Through Stark effects, non-resonant
lasers of intermediate intensity (non-perturbative, but
non-ionizing) can strongly modify, in a reversible fash-
ion, the electronic structure of extended and nanoscale
materials [2IH24]. As shown below, in addition to ex-
hibiting a redshift in the absorption features reminiscent
of the Franz-Keldysh effect [25] and the quantum con-
fined Stark effect [20], these laser-dressed materials have
novel transient optical properties that are very different
from those observed near equilibrium. In fact, we find
that non-resonant light can reversibly turn a transpar-
ent semiconductor into a broadband absorber and open
strong absorption/stimulated emission bands at very low
frequencies (~ meV).

The structure of this paper is as follows. In Sec. [[T} we
introduce the optical absorption theory for laser-dressed
matter. The theory relates the absorption properties to
the non-equilibrium two-time dipole-dipole correlation
function in the interaction picture of the laser-dressed
Hamiltonian. Such correlation function is made com-
putationally tractable by adopting a Floquet strategy.
In Sec. [T} the theory is applied to simulate the non-
equilibrium absorption spectrum of a three-level system
under resonant driving and a model nanoscale semicon-
ductor under non-resonant driving. The simulated non-
equilibrium absorption spectra is interpreted in terms of
inter- and intra-Floquet Brillouin zone transitions be-
tween Floquet modes. In Sec. [[V]we summarize our main
findings and introduce a qualitative picture for the inter-
pretation of non-equilibrium absorption.

II. THEORY
A. Hamiltonian

We consider the optical properties of a material with
Hamiltonian Hp; that is constantly being driven by light.
The effective Hamiltonian of this laser-dressed system is

Hyp(t) = Hy + Ha(t), (1)

where Hy(t) = —p - E4(t) is the laser-matter interac-
tion in dipole approximation, E4(¢) the electric field
of the driving light, and g the dipole vector operator.
Here and throughout, boldface denotes vector quanti-
ties. The driving laser can be of arbitrary strength and
shape, and taken to have periodicity T (angular fre-
quency 2 = 27 /T) such that Hy(t +T) = Hy(t). For

pulsed excitation sources, this treatment is appropriate
when the envelope of the driving light changes slowly
compared to 1. The optical properties of this laser-
dressed material are probed by allowing the material to
interact with a weak perturbative probe laser E,(¢). The
total Hamiltonian of the system interacting with both the
drive and probe laser is

H(t) = Hip(t) + Hy(t), (2)

where H, = —p - E,(t). Because the material is driven
out of equilibrium by the driving laser, the equilibrium
theory [27] connecting the absorption property and the
dipole-dipole correlation function cannot be used here. In
the following, we generalize the definition of absorption
spectrum to materials driven far from equilibrium.

We adopt the following notation: «, 3,~y,d will label
single-particle eigenstates of the material Hamiltonian;
A, 1 Floquet states; n Fourier components; and |}, |f)
many-electron states.

B. Optical response of non-equilibrium matter

For definitiveness, we focus on a system that is pre-
pared at time ¢y in a particular many-electron state |i)
(with density matrix p = |i) (i|). However, the results
presented below are general and apply to initial thermal
states, and other non-pure states. To define the optical
absorption for non-equilibrium matter we quantify its re-
sponse to interaction with a monochromatic probe light
at a given frequency w. Contrary to the equilibrium case,
changes in the energy of the system is not a good mea-
sure of absorption of light since the energy of the laser-
dressed system is not conserved [28]. The absorption and
stimulated emission can be determined by capturing all
physical processes that lead to a change of state of the
laser-dressed material via interaction with a photon from
the probe laser. The rate at which this happens is given
by [17, 18]

P
I(w) = lim (t,w)7
t—oo t —_ to

(3)

where P(t,w) is the probability of a probe photon of fre-
quency w to lead to change in the laser-dressed material
after an interaction time interval ¢ — tg.

In this analysis, it is useful to decompose the total
evolution operator U(t,tg) of the system into a part

(3 t
Ua(t,tg) = Te * Jio Hup (D AT 41 at is due to the driving
pulse only, and contributions to the dynamics S(¢,tg) by
the probe light in the presence of the driving pulse, i.e.

Ut to) = Te” Ml HO — 14t 10)S (1, t0),  (4)

where 7 denotes time-ordering. To understand the phys-
ical processes that contribute to P(t,w) we introduce a
transition amplitude A;¢ between two many-body states
|i) and |f) of the pristine material of the form,

Agi = (FlUS (4, t0)U (k1) i) = (FIS(Et)]i) . (5)



The quantity Ay; can be interpreted in two complemen-
tary but equivalent ways. It can seen as the overlap be-
tween the state of the system at time ¢, U(¢, to) |¢), under
the influence of both probe and drlve pulses, onto the
laser dressed states Uy(t, to) |f). Alternatively, it can be
seen as the projection onto |f) of an initial state that is
propagated in a closed time loop. Such a loop consists of
forward propagation from ty — ¢ with both lasers turned
on and then backwards from ¢ — t¢ with only the driv-
ing pulse. This process is akin to the Kelydysh contour
used in the Schwinger-Keldysh formalism [29] and the
Loschmidt echo in the study of quantum chaos [30].

The photon scattering operator (or, equivalently, the
evolution operator in the interaction plcture of Hyp(t))
S(t,to) satisfies a Schrodinger equation ih-S(t,ty) =
H, 1(t)S(t,to) (S(to,to) = 1) and admits a Dyson pertur-
bative expansion. Here H, ;(t) = UT(t to)H,(t)Ual(t, to)
is the probe light-matter interaction in the interaction
picture of Hyp(t). We consider the effect of H(t) to
first order in perturbation theory where

S(t,t) =1—( /h/ pr(ty)dty, (6)

=it meon )

(7)

There are two different type of processes that con-

tribute to P(t,w) = PW(t,w) + P@(t,w). Those in

which, upon interaction, the probe photon leads to am-

plitude in laser dressed states Uy(t, o) | f) different from
the laser-dressed initial state Uy(t, o) |4), i.e.

so that

= (fIS(t, to)]e Hp,,(tl)dtl

P(l)(t,w):Z|Afl|2 hzz’/ dt1 (f|Hp.1(t1)]7)
(8)

where the set {|f)} consist of every many-body state of
the complete basis that is orthogonal to [i), i.e.

L—1i) (il = Y IF) (1. 9)
!

A second process that leads to absorption/emission of
a probe photon, is one in which the probe light inter-
acts with any transient dipole in the laser-dressed state
Ua(t,to) 7). In this case, the state of the laser-dressed
material is not changed but absorption/emission of a
probe photon occurs, i.e.

PO (t,w) = |A;|?

Z’ t
1-— - dty (i|H,
] P [

Vg [ a0

2

YIRS

This contribution is akin to the interaction of an electric
field with a permanent dipole in matter. In the non-
equilibrium case the dipole can be permanent or be in-
duced by the driving pulse.

Combining the two processes, and taking into account

Eq. (9),

P(t,w) = PO (t,w) +

hz/ dtydty (i|Hp 1 (t1)Hp 1(t2)]i) + 1

+ PO (t,w)
(11)

The contribution of the laser-independent term to P(t, w)
vanishes when calculating the rate in Eq. and will be
dropped from this point on. The transition probability
P(t,w) includes processes to all orders in the driving elec-
tric field E4(t) and to first order in perturbation theory
in the probe electric field E,(t). This is reﬂected by a
quadratic dependence of P(t,w) on Ey(t) in Eq. .
While additional contributions can arise from second or-
der perturbation theory in S(¢,to) that also contribute
as |E,(t)|?, these contributions vanish in P(t,w). Thus,
Eq. is consistent up to second order in E,(¢).

To specify the response, it suffices to consider a
monochromatic probe pulse E,(t) = &, cos(wt) of fre-
quency w, amplitude €, = |e,| and polarization e, /¢p.
In this case, H,(t) = —ue, cos(wt), where p = p - g,/¢,
is the dipole vector operator projected onto the direction
of laser polarization. It then follows that the transition
probability can be written in a compact way:

52 t
P(t,w) = 2—;;2 /‘/t dtldtQCW(tg,tl)x (12)
0

Re[efiw(tlftz) + e*’iw(t1+tz)].
Here

Cap(tz,t1) = Tr[pA;(t2) Br(t1)], (13)

is a two-time correlation function where A;(t), By (t) are
system operators in interaction picture of Hyp(t), i.e.
Af(t) = U;(t,to)AUd(t, to). The final expression for the
rate of absorbing/emitting a photon is given by

lenl? //
= lim dtydtsCp(ta, t
oo 212 t— 1o 182G (t2, t1) > (14)

Re[ 71w(t1 t2) +67’LUJ t1+tz)]

I(w) =

When Eq4(t) = 0, Eq. reduces to the well-known
expression loq(w) o< [C(r)e ™Tdr, where C(r) =
(pr - pr (7)) for equilibrium systems due to the time-
translational invariance in this case [I5].

Equation defines the optical response of matter
driven by non-perturbative light. It applies to any mate-
rial, to pure or mixed initial states with density matrix
p, and to resonant and non-resonant driving pulses of ar-
bitrary intensity. Nevertheless, numerically these equa-
tions are challenging to use directly because they require
propagating the many-body state to long times and back



for each frequency and for each pair of interaction times
t1 and to with the probe field.

Below we specialize our considerations to fermionic
systems, and show how further progress can be made
by invoking Floquet theorem and focusing on effective
noninteracting systems.

C. Optical absorption for laser-dressed electronic
materials

We consider electronic materials that can be described
as an effective non-interacting Hamiltonian, as that ex-
pected from time-dependent density functional theory
[B1, B32]. In this case,

HLD ZhaB C Cﬁ, (15)

where the operator cf (or c,) creates (or annihilates) a
fermion in a given single-particle state |a), and where
the time dependence arises from the interaction with the
driving laser. To calculate P(t,w) [Eq. (I2)], note that
the integrand in this quantity is determined by the dipole
operator pr(t) =35 HQBCL,I(t)CﬁJ(t) in the interaction
picture. To incorporate the effect of the driving pulse
exactly, it is thus necessary to obtain a closed expression
for cq,1(t). The equation of motion for the annihilation
operator is

dCQ,[(t)

ih
T

= [a,1(t), Hup,1 (1)), (16)
For non-interacting Hamiltonians [Eq. (1],

dca I

Zhag 051 (17)

These equations can be solved in closed form to give

= Ut to)lap cp- (18)

B

Ca,](t)

where U(t,ty) = Te~ /ML HEY A Here 34 is the ef-
fective Hamiltonian of each particle in the laser-dressed
system in first-quantization with single-particle matrix
elements hop = («|H|3). This simplification allows us to
introduce Floquet theory at the blngle partlcle level (see
Section . The solutlon in Eq. ( can be verified
by inserting 1t mto Eq. (17) and takmg mto account that

d

ih—U(t,to) = HOU(E o), Ulto,to) =1 (19)

The problem of determining ¢, ;(t), and thus P(t,w),
has now been reduced to the problem of determining

the single-particle evolution operator U(t,tg). Equations
and are solved below using Floquet theory.

1. Floquet theory for the single-particle evolution operator

As the dressed material’s Hamiltonian is periodic
Hip(t) = Hp(t+T) (T =27/Q), sois H(t) = H({t+T).
According to the Floquet theorem [4] [33] B4], for peri-
odically driven Hamiltonians, there exists solutions, so-
called Floquet states, to the Schrédinger equation

S (1)) = () A (D) (20)
of the form
[WA()) = e g5 (1), Ipa(t)) = [oalt +T)) .
(21)

where the |¢px(t)) are the so-called Floquet modes and
where the quasi-energies £, are uniquely defined in the
first Floquet-Brillouin zone (FBZ) {-hQ/2 < &\ <
hQ/2}. Note that the Floquet states {|¢(t))} are single-
particle states rather than many-body states. While
there exists also many-body Floquet states, in this con-
text, it is much simpler to work at the single-particle
level.

To understand Floquet theorem, consider the eigen-
states of the evolution operator from tg to tqg + T

UT) o) = e T [iy) (22)

with eigenvalues e **7/" where the energies £y are de-
fined by the eigenvalue equation. In this section, for sim-
plicity, we take tg = 0 and abbreviate U(t) = U(t, ty).
The Floquet states of the form in Eq. can be de-
fined as

[WA()) =UE) |pr) = e T o (1)) (23)

where we have defined the Floquet mode

|0x(2)) = MU [i0a) - (24)

To prove Floquet theorem, it suffices to show the Flo-

quet mode satisfies [¢px(t +T)) = |pa(t)). This follows
because
[Oa(t +T)) = N PEETMY (1 4+ T TVUT) o)

= Y (14 T,T) )
= Y (1))
6x(0)

where we have used the eigenvalue relation Eq. (22). All
quasi-energies £y + nhf) where n is an integer satisfy the
same eigenvalue equation and define the same state.
Inserting Eq. into the time dependent Schrodinger
equation yields

(25)

Gu>m >¢m»6um@»- (26)

where (t) — ih-% is the Floquet Hamiltonian defined
in the extended space-Hilbert space ® time. For single-
particle Hamiltonians, Eq. defines the single-particle
Floquet modes and their quasienergies.



Since the Floquet modes are periodic function in time,
in addition to their usual expansion in a complete single-
particle basis in Hilbert space, they can also be expanded
into Fourier components, {e™* n € Z}, i.e.

o)) = Y FYe™ ). (27)

n,B

Substituting this expansion into Eq. , left multi-
plying by (a|e™"? and averaging over a time period
% fOT dt (i.e. taking the inner product in the extended
space) gives the eigenvalue equation

Z Fna;m,@Fm)\lB) - 5)\ Z F (28)
m,3

Here the matrix elements of the Floquet Hamiltonian are
given by

Trasms = B3 ™ + nhiQ08,mas (29)

where H (™) (hg%) = (a|H™|B)) is the nth Fourier com-
ponent of the single-particle Hamiltonian of the laser-
dressed system,

T
H™ = % / dte™ "M (t). (30)

0

Equation is a generalized eigenvalue problem defined
in a composite basis {|an) = |a) ® e™¥||a € [1, N],n €
7}, where |a) is any complete basis of the Hilbert space.
It can be solved to determine the Floquet states and en-
ergies.

Once the Floquet modes {|¢x(t))} are determined
[Eq. ([27)] so will be the propagator U(t, to)

U(t, to) Ze Mgy () (alto)] . (31)

where we have made the initial time dependence ex-
plicit. Equation satisfies the Schrodinger equation
in Eq. (19), as required. Substituting the above into
Eq. (18), leads to the solution for cq, r(t)

Cat(t) = 3 e ENE—t0)/B ST PO cin®t (4
h Y

A(to)|B) cs

Equations and can now be used to compute cor-
relation functions and the spectrum as described below.

2. Correlation function in Floquet theory

To calculate the two-time dipole-dipole correlation
function [Eq. . the dipole operator in the interac-
tion picture of Hyp(t) is required. Inserting Eq. .

into 17 (t) = Y o5 Hapch ; (H)cs 1 (t), where fias = (aljil )
and [ is the single-particle dipole operator, yields

pr(t) = Z /‘aﬁ[uT(tvtO)]'yaCTy[u(t»tO)]ﬁJ s
a,B,7,0

= Z (v | Ut (t,to)fiUU(t,to) | 8) cl s

= ZZNA’)\

MNA 6

7,6&/; (t—to)/h <'Y|¢)\’> <¢g|5> CTYC(S
(33)

where we have used Eq. and the fact that
Sola)ol = 1. Here, pva(@) = (éx(D)lalda(0) is
the time-dependent transition dipole between Floquet
modes, |¢Y) = |pa(to)) and Exy = Ex — En.

Because the Floquet modes are periodic, so is the
dipole matrix py(t) = par(t +T) such that it admits
a Fourier expansion

N Z S e (34)

with the expansion coefficients

n I »
WA = = /0 liava(B)e= 2 gt (35)

Inserting this expansion into Eq. yields

Z Z D;\l/A,Ytgeig)‘/A(t_to)/h+ithCTYC§ (36)

Ay, n
where
Dns = 1k (7] #%0) (63 6) - (37)

The correlation function can then be obtained by in-

(32)  serting Eq. into Eq.
J
CMM Z Z Z D)\’)\'yﬁDn nvls,ez(gn/n—FSA/A)(t to)/h+i(n'+n)Qt z((En/n Exry)/ht+(n’ —n)Q)T/2< C§CT C§/>

n,n’ \,\'n,n’ voy'd’

where, for future convenience, we have transformed the
two time arguments into a center of mass ¢ = 842 and

(38)

(

a relative time variable 7 = t5 —¢;. For a system initially
prepared in a statistical mixture of single Slater determi-



nants, the term (cT c(;cT,c(;/) entering into the correlation
function [Eq. (38 . can be computed as follows. This term
does not vanish in two different cases, v = §,7 = §’ and
v =0',6 =+, which gives

A,y(;,y/(;/ = <CLC§CL,C§/> = 57557/5/737757/+57/5575/ﬁ,y(1—ﬁ7/)
(39
where n, = cfycﬂ, is the number operator and n, =

Tr{pn,} the initial distribution function of the single-
particle energy eigenstates. For thermal initial states 7,
corresponds to the Fermi-Dirac distribution.

8. Time integration and final expressions

In the center of mass and relative time variables the
rate of absorption/emission [Eq. (14)] is given by

52 1 t
. H P n
_th—glo 2Tty //to dtldtgcuu(t,T)X

Re[e—iwr + e—iwa].

I(w)

(40)

We take the preparation time of the system to be in the
remote past, such that tg — —oo. In this limit, the two-
time integral in Eq. reduces to Fourier transforms,
i.e.

I(w) = tgm2h2t_t // dtdrC, (t,7)

Re[efzwr 4 712wt}

(41)

The second complex exponential term that depend on ¢
in Eq. does not contribute to I(w), see Appendix A
for details. It suffices then to focus on the e™**7 term,
ie.

g2 1 t _ . _

I(w) = ﬁ t_l)i+moo ra— //_OO Cuu(t,7)(e” ™" +c.c.) dtdr

(42)
Inserting Eq. into the above equation, one notices
that the integration with respect to # gives oscillatory
contributions whose contribution to I(w) vanishes at t —
400 except when the oscillatory factor is zero. In that
case, the integration leads to a (¢t — to) term that cancels
the 1/(t — tp) in the expression for I(w). This happens
when &,/,+Exx = 0 and n+n’ = 0. The former condition
implies that either ' = A\;n = XN or o/ = n, N = A\
Taking this into account, the absorption spectrum can
be written as

2
:%L Z Z Z {DSLM(SD;&W,&(S(nhQ — hw)

YOy 8" AN

+ D)\)\’ 5D§\L/)\,Y/5/(5(5)\’)\ + nhQ - FL{A)) A,Yé,yl(;/

+ (w e —w)
(43)

where the last term corresponds to the same expression
but replacing w with —w, and where we have taken into
account of the integral representation of the delta func-
tion §(w) = 5= j;o et dt and &(hw) = §(w)/h.

The quantity I(w) measures the rate of change induced
by the probe photons on the laser dressed material. How-
ever, it does not tell us whether the change is due to
absorption or stimulated emission processes. We iden-
tify the first two terms in Eq. as optical absorptlon
because w > 0 and the delta functlons in Eq. ( will
only be non-zero when the energy difference between the
Floquet states involved &y + nhf is positive, leading to
absorption of photons from the probe field. By contrast,
the —w term corresponds to stimulated emission. The
net absorption of probe photons by the laser-dressed ma-
terial would correspond to the difference between these
two contributions:

2
Alw) = |pr1 Z Z Z (D;;’Y’Y’D;\L,)\’Y’"J

ANy

x {5(&» + QY — hw) — 8(Exx + nhQ + hw)]

X My (1 = nyr) )
44

where we have taken into account that the §(nhQ — hw)
and 7.y, contribution exactly cancel. Inserting Eq. (37)
into Eq. and introducing

SIS ) Pl
¥y

Py =

'7/> |2ﬁv(1 —7ly),  (45)

which acts as an effective population factor between the
Floquet modes yields the final expression of the absorp-
tion spectrum for laser-dressed matter

2
€ n
Alw) = 2 57 S I P

AN n (46)
((5((‘:}\/)\ + nhf) — hw) — (5(5)\/)\ + nh) + E/W))
where we have taken into account that ,ug;\, " = ug\r,l;\

Equation offers a clear structure for the interpre-
tation of non-equilibrium absorption, that is analogous
to the one encountered in equilibrium absorption theory.
The Floquet modes play the role of system eigenstates
and the effective population factor Py characterize the
probability that |¢)) is occupied while the state |¢py/) is
unoccupied. The first term captures absorption when the
frequency of the probing light is at resonance with a tran-
sition frequency between two Floquet modes €y + nhs).
In turn, the second term is stimulated emission. The
statee must be connected by a non-zero transition dipole

uM, for a transition to occur.
An additional feature that arises from the time-
dependence of Floquet states is that the effective dipole

operator ug&), has an extra index n, originating from the



periodicity of the Floquet states. This extra index can
be understood as the indicator for intra- or inter-FBZ
transitions. When n = 0, it indicates that the transi-
tions are inside the same FBZ. In turn, when n # 0 the
transitions happen between different FBZs and n indi-
cates the number of FBZs that seperates the two Flo-
quet states. This transition is analogous to the umklapp
process in solids where the crystal momentum is changed
into another FBZ as a result of a scattering process. The
probability for different number of FBZs to be involved
depends on the details of the system, the strength and
frequency of the driving laser. Note that while for equi-
librium absorption pag = ,uga, for non-equilibrium ab-

sorption ug&), #* ugﬁ* except for n = 0.

Equation shows that one can naturally interpret
nonequilibrium absorption as optical transitions among
Floquet states. Besides atoms, molecules and nanoscale
systems, Eq. can also be applied to solids if the
single-particle states are taken as Bloch states. In that
case, it is interesting to contrast Eq. to previous
efforts to develop theories of laser-dressed semiconduc-
tors [I7, 18, B5]. Equation generalizes the results in
[1I°7, 18] by providing a physically transparent derivation
of the non-equilibrium optical absorption and clarifying
its basic structure, incorporating the effects of quantum
statistics and, importantly, by recognizing the role of
stimulated emission processes in P(t,w).

By adopting a Floquet strategy, we have been able
to reduce the dynamic problem of optical absorp-
tion/stimulated emission of laser dressed matter to a
static problem that requires sums over Floquet states
and single-particle energy eigenstates. These states can
be obtained via simple diagonalization techniques. To
calculate A(w) it is necessary to: (i) Diagonalize the ma-
terial Hamiltonian Hj; to obtain the single-particle en-
ergy eigenstates {|«)} and express the dipole operator in
this basis; (ii) Construct the Floquet Hamiltonian ma-
trix Eq. and solve Eq. by diagonalization to
obtain the quasi-energies {£,} and the expansion coef-
ficients of Floquet modes {F,g} in the |fn) basis. In
practice, to solve these equations the Floquet Hamilto-
nian matrix needs to be truncated. Results need to be
checked for convergence on the number of Fourier com-
ponents; (iii) Calculate the effective dipole using Eq. (35))
and population factor following the definition in Eq. (45)
and use them to compute the absorption spectrum based
on Eq. (46). From a numerical perspective, the second
step is most challenging because it involves a diagonaliza-
tion of the Floquet matrix whose size scales as O(N,Np)
where N is the number of Fourier components and IV,
is the number of single-particle orbitals of the system.
This matrix grows quickly for realistic systems under
non-resonant or strong driving.

III. APPLICATIONS OF THE THEORY AND
INTERPRETATION OF THE
NON-EQUILIBRIUM SPECTRA

Using Eq. we are now in a position to quantify
and interpret the optical properties of laser-dressed mat-
ter. The validity of the theory is demonstrated by us-
ing it to recover the well-known Autler-Townes effect of
laser-dressed few-level systems. The utility of the ap-
proach, by using it to explore the optical properties of
nanoscale semiconductors driven by non-resonant light.
As shown, non-perturbative reversible driving with non-
resonant light can significantly distort the absorption
spectrum leading to a new laser-dressed material with
spectral features that have no equilibrium counterpart. A
qualitative scheme to interpret non-equilibrium absorp-
tion in the laser-dressed picture is developed and used to
assign spectral features in both cases.

A. Resonantly driven three-level system

Autler and Townes [I0] showed that an optical transi-
tion between two levels in a few level system can be split
into a doublet when one of the two levels involved in the
transition is coupled to a third one by a strong resonant
light, a phenomenon that is also referred as the dynamic
Stark splitting. The Autler-Townes (AT) effect has been
observed in the absorption spectra of atoms [10], small
molecules [37], superconducting Josephson junction [3§]
and quantum dots [36] dressed by resonant lasers.

To demonstrate that Eq. recovers the AT effect,
we computed the non-equilibrium absorption spectra in
the three-level system (with states |1), |2) and |3)) shown
in Fig. [TA. In the computations, the system is driven by
a laser that is resonant with the |2) — |3) transition.
The resulting absorption spectra is shown in Fig. [[B. As
can be seen, the absorption spectrum clearly exhibits the
Autler-Townes splitting, and the slope of the observed
linear increase in the splitting with €4 is in quantita-
tive agreement with previous theoretical and experimen-
tal observations (Fig. [1C) [36].

The interpretation of the AT effect is a well devel-
oped subject [9, 20]. In the laser-dressed picture it can
be understood through resonances induced by resonant
driving between Floquet states, and their subsequent
Rabi splitting. It is instructive to interpret this phe-
nomenon through Eq. . For definitiveness, consider
the poeq/A = 0.04 case. Figure shows the quasiener-
gies in the first FBZ and overlap between Floquet modes
at times tg + nT and the pristine states. As can be seen,
the Floquet modes |¢1), |¢2) are a linear combination of
the two pristine states |2) and |3}, that are under resonant
driving while the Floquet mode |¢3) is just the pristine
state |1). The two transitions, labeled by X, Y in panel A,
are transitions between Floquet modes |¢3) — |¢1), |d2)
separated by two FBZs, respectively. The corresponding
effective transition dipole and population factor for these
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two transitions are marked in Fig. 2IC-D. Clearly, these
two transitions are allowed by population and transition
dipoles. Other intra and interband transitions with non-
zero transition dipoles are not allowed by the population
factor.

B. Non-resonantly driven tight-binding
nanostructure

We now focus on the optical properties of a generic
two-band semiconducting nanostructure driven by non-
resonant light of intermediate intensity. Through Stark
effects, non-resonant light can dramatically distort the
electronic structure of nanostructures and extended sys-
tems creating a laser-dressed material with effective elec-
tronic properties that can be very different from those
observed near equilibrium. Below we clarify the optical
properties of such laser-dressed materials in the context
of a minimal one-dimensional tight-binding model. We
focus on the reversible regime of the laser-matter interac-
tion where the net absorption of photons by matter from
the non-resonant driving pulse is suppressed.

The tight-binding Hamiltonian of a one-dimensional
two-band semiconducting nanoparticle with K unit cells
is

K
Hy = Z(elc;ch%—l + GQC;kCQk)
k=1
K K—-1
_ Zt"‘ (cgk_lc% + h.c.) — Z tg (C£k02k+1 + h.c.)
k=1 k=1

(47)
where cg creates a fermion on site k (|k) = c,Tc |0), where
|0) is the vaccum state), and where h.c. stands for her-
mitian conjugate. Each unit cell consists of two sites
with onsite energies €1 and ez (e = —ex = 1.6 €V) in
nearest-neighbor coupling with intracell hopping param-
eter t, = 0.7 eV and intercell g = 1.0 eV. The lattice
constant is taken to be a = 3.2 A and the two sites in
each cell to be separated by a distance b = 0.0 A (i.e.,
two sites at the same location). These parameters are
chosen to resemble the electronic structure of ZnQO.

The nanostructure is dressed in dipole approximation
by a non-resonant monochromatic laser field with electric
field amplitude E,(t) = £4cos(Qt), and probed with a
laser of amplitude E,(t) = €, cos(wt). Both probe and
drive are taken to have their polarization along the length
of the nanostructure. At initial time ¢y the system is
chosen to be in the ground zero-temperature state. While
large system sizes can in principle be considered, below
we focus on the K = 6 case such that a detailed analysis
of all transitions visible in the absorption spectrum is
tractable.

We focus on the regime where the frequency of the
driving field is much smaller than the band gap, AQ2 =
0.38 eV < E, = 3.31 eV such that Stark effects and not

near-resonance multi-photon absorption effects dominate
the dynamics. In this regime, the laser-matter interac-
tion is reversible in the sense that, for pulsed driving,
after the driving pulse is turned off the system will re-
turn to its initial unexcited state. We verify that we are
in this regime by explicitly solving the time-dependent
Schrodinger equation for the nanostructure under the in-
fluence of 200 fs Gaussian pulses with the maximum field
amplitude and frequency of F,, and ensuring that after
the pulse there is no net excitation of the chain.

Figure |3| shows the non-equilibrium absorption spec-
trum of the nanoparticle dressed by lasers of varying am-
plitude €4 € [0,0.4 V/A]. Blue lines refer to stimulated
emission, red lines to net absorption and the grey lines
signal the absorption peaks. Convergence of the absorp-
tion spectra requires considering Ny = 61 Fourier com-
ponents symmetrically around n = 0. At equilibrium
(eq = 0.00), the nanoparticle is transparent in the 0-3.2
eV range. Optical transitions start to appear when the
frequency of the probing pulse is larger than the band-
gap. The absorption spectra completely changes as the
system is driven far from equilibrium even when the driv-
ing pulse is not generating any net charge carriers in the
conduction band.

There are three essential features that emerge in the
absorption as the electronic system is driven out of equi-
librium: (i) Below bandgap absorption. As the driving
amplitude increases in the 0—0.20 V/ A range we observe
the emergence of additional spectral features just below
the 3.2 eV bandgap. This phenomenon has been exper-
imentally observed before [39] [40] and is reminiscent of
the dynamic Franz-Keldysh effect [25] in solids and the
quantum confined Stark effect in nanostructures [20]. (ii)
Broadband absorption. A novel feature that is predicted
by the theory is that by driving the nanoparticle non-
resonantly it is possible to reversibly turn this IR/Vis
transparent material into a broadband absorber. For in-
stance, the non-equilibrium spectra for ¢4 = 0.24 — 0.36
v/ A exhibits several novel absorption peaks across the
IR /Vis region that are spaced by the photon energy of the
driving light. (iii) Low-frequency absorption/stimulated
emission. Another novel feature that emerges far from
equilibrium are strong absorption and stimulated emis-
sion features in the THz region of the electromagnetic
spectrum, as those exhibited for ¢4 = 0.20 V/A (emission)
and 4 = 0.26 V/A(absorption). By driving the system
out of equilibrium by non-resonant light it is possible to
completely change the absorption spectra of the driven
materials in a reversible fashion and tune its optical prop-
erties. We now interpret these three basic features in the
non-equilibrium absorption from a Floquet perspective.

1. Below bandgap absorption

As the driving field amplitude is increased up to 0.06
V/A the first thing that is observed is the emergence of
an additional series of absorption peaks around 3.0-3.2
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eV and a reduction of the intensity of the peaks around
3.3-3.4 eV. These new peaks appear less than hA{) away
from the main absorption features at equilibrium and
lead to a net red shift in the absorption spectrum. This
phenomenon can be understood in the context of Eq.
by examining the transition dipoles of the driven system.
As shown in Fig. 4] as the driving field is increased from
0.01 V/A (A-B) t0 0.06 V/A (C-D) there is an increase in
the magnitude of the transition dipoles between Floquet
modes that are n = 8 FBZs away that are responsible for
these new spectral features. From Fig. [4] it is also clear
that for 4 = 0.06 V/A, the non-vanishing elements of the
transition dipole between Floquet modes separated by
eight FBZs ug\s,?/\ (Fig.) have replicas in uE\%))\ (Fig.).
This indicates that these new spectral features can be
understood as Floquet replicas of the transitions for the
non-equilibrium material. By contrast when the system
is close to equilibrium (i.e. for ¢4 = 0.01 V/A), uf\%?/\

and ,ug\??)\ are completely different and just reflect the

transition dipoles of the pristine material.

2. Broadband absorption and spectral replicas

As we increase the amplitude of the driving laser to
£q=0.26 V/A (Fig. , the semiconducting material be-
comes a broadband absorber with the emergence of new
absorption features in the IR/Vis region where the ma-
terial was transparent and with a change in the spectral
features in the UV region of the pristine material. Inter-
estingly, the absorption spectra exhibits a clear periodic
structure with spectral features separated by multiples of
the driving photon energy hf).

To understand these features consider Fig. [5| which de-
tails the properties of the Floquet modes, population fac-
tors and the intraFBZ transition dipoles. The quasiener-
gies and distribution of the Floquet modes along the
chain is shown in Fig. [BB. Floquet states 1-6 have
quasienergies 0 > &, > —h/2 and are composed mostly
of Wannier states that form the valence band of the pris-
tine material (of odd site states). In turn, Floquet states
7-12 have quasienergies 0 < &, < h{2/2 and are composed
mostly of Wannier states that form the conduction band.
In this case, the population factors allow valence to con-
duction band transitions that originate in X = 1 — 6
and end in A = 7 — 12. We observe that the Floquet
modes are delocalized across the nanoparticle (Fig. [fB).
Interestingly, the degree of delocalization of the Floquet
modes is smaller than the states of the pristine system,
but larger than the Wannier-Stark states [41}, [42] that
would have been obtained by diagonalizing the Hamilto-
nian in the presence of a fixed electric field with ampli-
tude 0.26 V/A.

We label the largest absorption feature in the two main
cluster of peaks around 3.2 and 3.6 €V in the absorption
spectra (Fig. p|A) by Z and Y, respectively. As can be
seen in Fig. [6B, Y originates from transitions between
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Floquet modes |¢1) — |¢12) separated by n = 9 FBZs,
while Z originates from |¢4) — |¢g) transitions separated
by n = 8 FBZs. Thus, the cluster of peaks separated by
the driving photon energy originate from transitions that
are separated by a different number of Floquet replicas.
The absorption spectra has visible transitions between
FBZs that are separated by n=3-14 FBZs. Generally,
the magnitude of the absorption decreases as the n FBZs
that separate a given transition deviates from the n =
8 — 9 needed for a transition across the band gap in the
near-equilibrium system. The contributions coming from
lower n broaden the frequency regime for the absorption
of the material, and turn it into a broadband absorber.

The periodic structure in the absortion spectra is a
clear manifestation of the periodicity of the Floquet
space. This remarkable feature is particularly evident for
some special values of the driving electric field (see, e.g.
0.28 V/A in Fig. . For such values, 10 of the 12 Floquet
states cluster around 2 particular quasienergy values in
the first FBZ, leading to a spectra with sharp periodic
features. The remaining two Floquet states remain close
to 0 and their relevance is discussed in Sec. [ITB3l This
spectral signature of the Floquet modes is complemen-
tary to those in photoemission spectroscopy [43].

8. Low-frequency spectral features

Surprisingly, for particular values of the driving elec-
tric field we observe a strong low-frequency (~meV)
absorption or stimulated emission band, see for exam-
ple ¢4 = 0.20,0.26,0.36 V/A. These novel features can
be probed using THz radiation or be used to generate
THz pulses. The presence of net stimulated emission
is a signature of the non-equilibrium nature of the Flo-
quet states. In fact, the effective population factor P/
[Eq. ] depends on the strength, frequency and polar-
ization of the driving light. To understand the under-
lying physics from a Floquet perspective, consider the
transition that leads to this phenomenon for ¢; = 0.26
V/A labeled as X in Fig. . As shown in Fig. , we
identify the strongest low-frequency transition at hw = 4
meV as the intraFBZ transition from Floquet modes 6
to 7. These two states are both dipole and population
allowed, see Fig. BIC-D.

As shown in Fig. [6A, the Floquet modes 6 and 7 form
an avoided crossing in the Floquet picture as the driving
amplitude is changed around &g crossing = 0.2522 V/A.
Away from the avoided crossing these two states do not
have a significant intraFBZ transition dipole. However,
as shown in Fig. [(B, the hybridization of the two Flo-
quet modes around the avoided crossing creates a strong
transition dipole between the two levels that peaks at the
crossing point €4 crossing- Such hybridization leads to very
large absorption and stimulated emission features in the
absorption spectra at low frequencies. In fact, as shown
in Fig. these low frequency transitions are an order
of magnitude stronger than even the largest absorption
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peak observed at equilibrium. The hybridization also
open a small energy gap that imposes a lower limit to
the frequency of the transition that can be observed, in
this case ~ 0.2 meV.

Around the crossing, both absorption and stimulated
emission are present. The dominant phenomenon de-
pends on the population factor as the absolute value of
the effective dipole is the same for both transitions (i.e.,
|M(AO/)A = |ug\0)\)/|). As shown in Fig. [7] stimulated emission
dominates for driving electric fields eq < €g crossing be-
cause in this case Prg > Psr (Fig. Ep), while absorption
dominates for €q > €4 crossing because FPsy > Prg. For
a driving electric field with amplitude right around the
avoided crossing (Fig.[7B), a rich spectrum with both ab-
sortion and stimulated absorption features results. The
additional peaks around Aw = 0.38 eV originate from
transitions from Floquet modes 6 and 7 to equivalent
states one FBZ away.

The avoided crossings in the Floquet picture is respon-
sible for a number of novel phenomena such as bond soft-
ening and hardening of diatomic molecules under intense
laser driving [44] [45] and coherent destruction of tunnel-
ing [46] under high-frequency driving. In this context it
leads to strong low frequency absorption and emission

due to hybridization of Floquet states.

IV. DISCUSSION

A.

Summary of observations

In summary, we have developed a theory to study the
optical absorption properties of laser-driven materials.
The optical absorption in this non-equilibrium case is
defined as the rate of transitions between laser-dressed
states due to interaction with the probe laser [Eq. (3)].
By treating the probe laser in first-order perturbation
theory, it is possible to relate the non-equilibrium ab-
sorption spectra to the two-time dipole-dipole correlation
function in the interaction picture of the laser-dressed
Hamiltonian [Eq. (I4)]. To make further progress we fo-
cused on effective non-interacting electronic systems for
which the dynamics of the creation and annihilation op-
erators in the driving pulse can be solved in closed form
by invoking Floquet theorem [Eq. (32)]. In this way, we
were able to treat the interaction between the driving
electric field and matter exactly and reduce the com-
plex time-dependent non-equilibrium calculations to a
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time-independent diagonalization in an extended Hilbert
space.

These developments lead to a final expression [Eq. (46))]
for non-equilibrium optical absorption which has a sim-
ilar structure to the equilibrium one. In it, the Floquet
modes play the role of system eigenstates and there are

contributions due to absorption and stimulated emission.
Transitions are allowed when a probe photon is at reso-
nance with the transition frequency between two Floquet
modes that have a non-zero transition dipole and that are
allowed by populations. While the investigation of laser-
matter interactions using Floquet approaches usually fo-
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cuses on resonances between Floquet states [9], [44], 46],
in this theory the focus is on the optical transitions in-
duced by the probe light between Floquet modes. One
unique feature of the non-equilibrium absorption theory
is that the transition dipoles carry an additional index
indicating the number of Brillouin Zones separating the
two Floquet modes.

To test the validity of the theory, we employed it to
recover and interpret the well-known Autler-Townes ef-
fect. We further used the theory to characterize the
non-equilibrium absorption of a model semiconducting
nanoparticle reversibly driven far from equilibrium by
non-resonant light. The computational analysis recov-
ered the previously observed below band gap absorption
[39, 40] and revealed two new phenomena: (i) Nonres-
onant light turns this IR/Vis transparent material into
a broadband absorber with multiple absorption features
in the energy gap of the pristine material. These fea-
tures are periodically spaced by the driving photon en-
ergy and are a characteristic signature of the periodic
structure of Floquet space. They can be used as an opti-
cal signature of the presence of Floquet states. (ii) Non-
resonant light opens strong low frequency (~ meV) ab-
sorption and stimulated emission features at particular
driving amplitudes. These features arise because of tran-
sitions between nearly degenerate Floquet modes that hy-
bridize thus enhancing their transition dipole. Such pair
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of states observe an avoided crossing with increasing driv-
ing electric field amplitude. Both low frequency absorp-
tion or stimulated emission can be observed and tuned
by changing the driving electric field amplitude around
the avoided crossing. These three significant changes in
the absorption properties of the model nanoparticle are
present in a reversible regime of the laser-matter inter-
action where the driving pulse per se does not generate
real carriers.

B. Qualitative picture of non-equilibrium
absorption

At this point, it is useful to summarize these obser-
vations into a qualitative picture of the non-equilibrium
optical absorption spectra. Figure [§| shows a schematic
energy diagram of a semiconducting system in the pres-
ence of non-resonant driving light. In a Floquet sense,
the dressing by the driving pulse leads to replicas of the
valence and conduction band of the material that are
separated by multiples of the driving pulse photon en-
ergy nh{). When the driving laser is weak, only opti-
cal transitions across the band gap E, of the material
are allowed. The levels involved are separated at least
m = |E,/hQ| FBZs away, where [-| denotes the floor
function. For simplicity in presentation, let us suppose
that F, is precisely m FBZs away. Thus, the transition
dipoles ug\nz\, for n < m will be zero. As the ampli-
tude of the driving laser field e4 is increased the replicas
are distorted and new, previously forbidden, interFBZ
transition dipoles are created. The below band gap ab-
sorption occurs when those at n = m — 1 are allowed
and these features are separated from E,; at most by hf2.
As €4 is increased additional absorption features are cre-
ated for n =m —2,m —3,m —4,--- leading to periodic
absorption features that are separated by multiples of
hQ and that make this initially transparent semiconduc-
tor into a broadband absorber. Low frequency (~ meV)
optical features emerge when there are optically accessi-
ble intraFBZ transitions or transitions between Floquet
modes at adjacent FBZ edges, as schematically shown in
the figure. For non-resonant driving most of these transi-
tions will be optically forbidden either through transition
dipoles or population factors. Strong low frequency tran-
sitions are opened when a pair of Floquet modes that are
allowed by population factors enter into resonance and
through hybridization create strong intraFBZ transition
dipoles.

C. Floquet prospects

Equation indicates that the natural states to in-
terpret the nonequilibrium absorption spectra are the
Floquet modes and not the pristine states of the sys-
tem. In terms of interpretation, this transition from
pristine states to Floquet modes leads to a series of
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FIG. 8. Schematic of the energy diagram of a semiconductor dressed by non-resonant light of frequency 2. The driving creates
Floquet replicas of the valence (VB) and conduction (CB) band levels of the pristine material separated by integer nh{, leading
to novel features in the absorption spectrum including below band gap absorption, low frequency transitions and broadband

absorption.

important changes in our intuition: (i) The transition
dipoles between Floquet modes are time-dependent, pe-
riodic in time and admit a Fourier expansion [Eq. (34)]

with component F‘E\T,L\)' oscillating at frequency nf). The

,ug\ /\), component connects Floquet states that are n FBZs

away, and determine which transitions open as the driv-
ing laser changes. This contrasts with the equilibrium
case in which the transition dipoles between pristine
eigenstates are time-independent quantities. (ii) Because
the Floquet modes are time-dependent, to develop intu-
ition into which modes are dipole connected it is impor-
tant to examine their spatial distribution at all times
to < t < tg+ T and not just at a particular time %g.
(iii) The population factors that determine which tran-
sitions are allowed depend on the initial state and the
driving light. This contrasts with the equilibrium theory
of absorption where this is just determined by the initial
distribution of population among states. (iv) A natu-
ral subdivision of energy is the driving photon energy
7 that separates the different FBZs. As schematically
shown in Fig. [8] one can interpret the optical properties
by focusing on a given FBZ and examining inter and in-
traFBZ transitions. Except for high frequency driving,
the relevant Floquet transitions that signal interband ab-
sorption will not be for states in the same FBZ but for
those separated | E,/hS2| FBZs away.

The developed theory and interpretation is based on
identifying optical transitions that are enabled in laser-

dressed matter. It applies for effective non-interacting
electronic materials driven resonantly or non-resonantly
by multichromatic light with commensurate frequencies
of arbitrary strength. Such scheme can be used to design
laser-driven materials with desirable non-equilibrium op-
tical properties. .

Future prospects include computations in realistic ma-
terials using ab initio based models, characterizing the
role of electron-electron and electron-phonon interactions
in the non-equilibrium absorption, and connecting the
theory with other theories of absorption that have been

developed for laser-driven matter [16] 28] [47H49].
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Appendix A: Nullity of the neglected term in Eq.
(43)

The neglected term in Eq. (43) is

|5p|2

. 1 ¢ _
T r— / /, o Cunt, 7)(e

—i2wt e c) didr
(A1)

I(w) =



Z DX Diyryrs

n,n' XN n,m’ 6y’ 8!

% ei(S,,,/,,I+5>\/>\)(t_—t0)/h+i(n'+n)ﬂt_

> ei((gﬂ/"—5)\/x)/ﬁ+(n’_n)9)'r/2 <CLC§CTYIC(5’> )
To make an appreciable contribution, the argument in
exponent needs to vanish in order to cancel the factor
1/(t — tg). Consider the e=%! term in Eq. (A1) (the
other term can be obtained simply by w <> —w). For the
argument to vanish,

57]/7] +Evx =0,

(n" +n)Q — 2w =0. (A2)
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In turn, the integration with respect to 7 yields the fol-
lowing delta function

§((Eyn — Exx + (0 —n)RQ)/2) (A3)

Inserting the first equality in Eq. into this delta
function yields §(&,,, — (n — n')AQ/2). Thus, this term
is non-zero when Q = 2&,/,/h(n —n’). This condition,
in general, is not satisfied except accidentally. Thus the
neglected term does not contribute to the final absorption
spectrum.
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