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The traditional formalism of non-relativistic quantum theory allows the state of a quantum system to extend
across space, but only restricts it to a single instant in time, leading to distinction between theoretical treatments
of spatial and temporal quantum correlations. Here we unify the geometrical description of two-point quantum
correlations in space-time. Our study presents the geometry of correlations between two sequential Pauli mea-
surements on a single qubit undergoing an arbitrary quantum channel evolution together with two-qubit spatial
correlations under a common framework. We establish a symmetric structure between quantum correlations in
space and time. This symmetry is broken in the presence of non-unital channels, which further reveals a set of
temporal correlations that are indistinguishable from correlations found in bipartite entangled states.

The study of quantum correlations has given rise to valu-
able insights into fundamental physics, as well as promising
prospects of quantum technologies [ 1-3]. In the setting where
observables are defined across spatially extended systems at
a single time, substantial progress has been made in the con-
text of entanglement [4]. Particularly, the geometry of spatial
correlations has been recognised as an important witness for
entanglement in quantum systems [5, 6]. However the ge-
ometrical description of quantum correlations in the setting
where observables are defined across different instances in
space-time remains relatively under-explored.

In the usual formalism of quantum theory, the state of a
system can extend across space, but is only defined at a par-
ticular instant in time. This distinction between the roles of
space and time contrasts with relativity [7] where they are
treated in a more even-handed fashion, and has led to a prefer-
ence to study temporal quantum correlations in a rather sepa-
rated manner from their spatial counter-parts [8—10]. In order
to study quantum correlations for observables defined across
space-time, we make use of the pseudo-density matrix (PDM)
formalism introduced in [11] as an extended framework of
quantum correlations, which generalises the notion of a quan-
tum state to the temporal domain, treating space and time on
an equal footing.

In this paper, we focus on analysing the simplest and most
fundamental case, that of two-point correlation functions. In
the spatial setting, this corresponds to bipartite quantum cor-
relations, which can exhibit entanglement. In the temporal
setting, we consider correlations between two sequential mea-
surements on a single qubit. We work in the general frame-
work where a qubit is free to undergo arbitrary quantum evo-
lution between the measurements. For the special case when
the initial qubit is maximally-mixed, we show the resulting set
of temporal correlations can be represented as a tetrahedron
in the real space that is a reflection of its well-known spa-
tial counterpart [6]. We further identify the geometrical con-

straints on all components of a two-point PDM, hence com-
pletely classifying the geometry of two-point quantum corre-
lations in space-time.

The density matrix of a quantum state can be viewed as a
representation of the expectation values for all possible Pauli
observables of a system. This can be naturally extended into
the temporal domain and used to define the PDM [11] as
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where 0g =1, 01 = X, 09 = Y and o3 = Z. The sub-indices
7 of each ¢ label different measurement events in the system.
The factor ({o;, }*_;) denotes a correlation function of a size-
n sequence of Pauli measurements o;, € {0q,...,03}. Phys-
ically, it is the expectation value of the product of the n Pauli
observables. Note that R remains a Hermitian matrix with
unit trace. Furthermore, if the measurement events are space-
like separated, R is positive semi-definite and hence is a valid
density matrix. However, the structure of R does not exclude
the possible existence of negative eigenvalues. In the presence
of negative eigenvalues, the Pauli measurements cannot be in-
terpreted as having come from measurements on distinct sub-
systems of a common quantum state. The novelty introduced
by the PDM formalism is that local measurements can happen
at arbitrary time instances, in contrast to the case for conven-
tional density matrices. The presence of negative eigenvalues
is a witness to this causal relationship, hence it is natural to
quantify temporal correlations with the trace norm. A mea-
sure of causality was thus introduced as fi.(R) = || R|[+ — 1,
which possesses desirable properties in close analogy with en-
tanglement monotones for spatial correlations [11].

Consider a single-qubit system p,4 subject to a quantum
channel between two measurement events at times ¢4 and
tp. The channel is described by a completely positive trace-
preserving (CPTP) map €| 4, which maps the family of op-
erators from the state space H 4 at t 4 to the state space Hp at



tp. The PDM representation R 4 g, of such a quantum system
across [ta, tp] is given by

I
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where SWAP = 15?0, ® 0; and Z, denotes the iden-
tity super-operator acting on A. To see that Eq. (2) indeed
corresponds to the physical scenario of two sequential mea-
surements separated by an intervening quantum channel, we
make use of the expression for the expectation value of the
product of n Pauli observables, which is given by

é% R|. 3)
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In the case of two sequential events, n = 2. Supposing the
evolution between ¢ 4 and ¢ is the identity, the only non-zero
Pauli correlation functions are

<{Uij };'L:1> =Tr

({o1,01}) = ({o2,02}) = ({03,03}) = ({00,00}) =1,
({o0,01}) = ({o1,00}) = (01),

({00, 02}) = ({02, 00}) = (02),

({o0,03}) = ({03, 00}) = (03) - 4)

In the above, {...} denotes sets of operators, not to be confused
with anti-commutators. On the other hand, a single-qubit den-
sity operator p4 can be written as:

1

pA = §(Uo+<01>01+<02> o2 + (03) 03) . 5)
By comparing the coefficients of Pauli components, we can
obtain the following useful form:

I
R={pa® 5, SWAP}. (6)

In a general setting, a channel that acts on the system in be-
tween the time instances ¢ 4 and {g as a CPTP map € | 4 must
be included. The map does not affect the observables at ¢ 4,
but introduces a transformation according to its adjoint map
on the observables at ¢t g. Therefore the two-time PDM across
such a channel can be written in the form of Eq. (2). Alter-
natively this can be expressed in terms of the Jordan product
representation as given in Ref. [12]:

Rap = {m@%,EAB}, (7)
where Eap =3, (Za ®epja) () (jla @ |7)(i| 5) is an op-
erator acting on H 4 ® H p that is Jamiotkowski-isomorphic to
€p|a- The correlations described by R4p are "purely" tem-
poral in the sense that the underlying dynamics are defined by
a CPTP map on a single qubit.

The set of three Pauli correlations (opor) =
Tr[(or ® ok )Rap] fully characterises any two-point
correlations (opo;) up to local unitary transformations,

for k,l = 1,2,3. We therefore illustrate the set of at-
tainable (o,oy) as points in the real coordinator space
{{o101), <0202) (0303)} in FIG. 1, which depicts the
geometry of two-time temporal Pauli correlations. The figure
presents a parametric plot of the equations: (o101) = cos(u),
(o202) = cos(v) and (o303) = cos(u — v), where
v € [0,7],u € [0,27]. It is worth noting that a similar
structure was found in [10] in the context of Leggett-Garg
inequalities, where the correlations among three sequential
observables were considered.
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FIG. 1: The surface enclosing the set of possible values of
two-point temporal correlations in the real space of
{{o101),{0202),{(0303)}. The equation of the surface is
derived in the Appendix (see Eq. (12)).

We now focus on the cases where the initial system p4 is
maximally-mixed. The set of spatial correlations described
by two-qubit density matrices has been studied in [6]. It can
be pictured in the space of {(o101), (0202), (0303)} as the
convex hull enclosed by the tetrahedron 7 with vertices of
odd parity (1,1,—-1),(1,-1,1),(-1,1,1) and (-1, —1,—1).
These vertices correspond to the four Bell states. The set
of temporal correlations described by Rap with pg = %
is the reflection of T in the (0101)-(0303) plane. The re-
sulting tetrahedron 7; has vertices of even parity (1, —1, —1),
(1,1,1), (=1,—1,1) and (—1,1,-1).

The set 7; can derived from the relation Rap = %E AB
when py = % A partial transpose over sub-system A, which

geometrically corresponds to the reflection, yields
€BlA
RLE = (IA ® 24 ) Z i) (jilas = pAB (eBa), (8

where pQi(e B|a) is the Choi matrix of g4 [13]. For ar-

bitrary choices of €4, the Choi matrices describe the same
set of correlations, 7 as two-qubit density matrices. As the
partial transpose over sub-system A generates a reflection in
the (0101)-(0303) plane, the set T is simply an inverted copy
of T, see FIG. 2. Physically, the partial transpose is an an-
tiunitary operation that acts as a local time reversal [14]. As



such, the reflective symmetry between 7; and 7 can be in-
terpreted as the spatial correlation between two qubits being
mapped under a local time reversal operation into the tempo-
ral correlation between two time instances in which only one
qubit is present. Interestingly, 7; also describes temporal cor-
relations for an arbitrary input state p4 but with the channel
restricted to be unital. The calculation leading to this observa-
tion is shown in the Appendix. As such, there is a conditional
reflective symmetry between the sets of spatial and temporal
quantum correlations. This symmetry is found to be broken in
the presence of non-unital channels, giving rise to the set of
temporal correlation shown in FIG. 1.

The Peres-Horodecki criterion [15] implies that the octahe-
dron region formed by the overlap between the two tetrahedra
T; and T corresponds to the set of separable states, where
both marginals are maximally-mixed. This insight allows us
to make a natural connection between the entanglement mea-
sure, negativity fa/(pap) = (o5l — 1) [16] and the
causality measure f;. Consider a two-qubit state pGS' as
the Choi matrix of ep|4 in Eq. (2), leading to fir(Rag) =
2fn( pihg‘). The entanglement measure fs can be visualised
as the Euclidean distance Dg between a point in 7, and the
nearest point in the octahedron, such that Dy, = 4’% [17].
Hence, by analogy we can establish a geometrical interpreta-
tion for f;, as the Euclidean distance D, between a point in 7}
and the nearest point on the face of the octahedron, such that

D, =2z

Beyond the geometry of the purely temporal and spatial
correlations, a two-point PDM generally describes an arbi-
trary mixture of spatial and temporal correlations. Consider
sequential Pauli measurements, o 4 and o3 on one sub-system
of a maximally-entangled pair. If the sub-system evolves
through a CP-map, (o40p) lies in the 7; as shown. How-
ever if a SWAP operation is applied before the second mea-
surement, then the reduced dynamics on sub-system A will
no longer be described by a CP-map [18]. Under these con-
ditions, (c40p) describes spatial correlations between the
two sub-systems and therefore will span 7. Furthermore, if
SWAP is applied non-deterministically, the possible correla-
tions consists of probabilistic combinations between the spa-
tial and the temporal domains, and will span the entire volume
of the cube formed by the vertices of 7; and T, which fully
inscribes the spatial and temporal tetrahedra. The geometry
of various types of two-point correlations in space-time is de-
picted in FIG. 2.

It is worth remarking that the "inflated tetrahedron" in FIG.
1 inscribes a larger volume than 7;, and therefore partially
overlaps with the non-separable region in 7. Physically this
implies that the correlations generated by spatial entangle-
ment can be partially mimicked by temporal correlation de-
scribed by a single-qubit PDM, and that it is impossible to
distinguish between the two cases by only examining the cor-
relation statistics. This can be contrasted with the vertices
of T, that correspond to maximally-entangled states. The in-
ability to simulate correlations generated by Bell states with
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FIG. 2: Left: A 3-D visualisation of the spatial and temporal tetra-

hedrons with the blue region representing 75, and the red
region representing 7.
Right: A perspective plot viewing from the (—1,—1,—1)
direction. The intersection of the spatial and temporal tetra-
hedra forms an octahedron that corresponds to the set of
separable states. The purple hexagon is a projection of the
octahedron overlap, while the blue and red triangles are pro-
jections of 75 and T; respectively. The two tetrahedra are
inscribed in the cube, which corresponds to the most gen-
eral achievable region and is formed by a mixture of spa-
tial and temporal correlations. It is clear that the cube is
the largest possible set of space-time quantum correlations,
since —1 < (ocaoa) < 1, and the set of possible correlation
functions forms a convex set.

temporal measurements is linked to the impossibility of con-
structing a quantum universal-NOT gate [19].

The remaining components of the two-point PDM con-
cern all possible combinations of 04,,04,,0B,,0B, €
{I,X,Y,Z}. We illustrate their geometry in FIG. 3. This
completely characterizes the two-point spatial and temporal
correlations for qubit systems. From FIG. 3 it can be seen that
the space of possible temporal correlations is strictly larger
than the space of possible spatial correlations. These extra
correlations cannot originate solely from spatially separated
events, and hence are a signature of causal influence.

The presented geometrical structure can be applied to quan-
tum causal inference. Given estimates for the expectation val-
ues of two-point correlations, one can identify the correspond-
ing coordinates in the provided structure, and infer whether
there exists a causal relationship between them. This can be
seen as a new result in the general context of causal struc-
tures in quantum mechanics [20-22]. Our results also reveal
pairs of temporal correlations that are statistically identical to
entanglment correlations in space. An instance of this result
is reflected in the violation of the temporal CHSH inequal-
ity [9], which can be expressed entirely in terms of (o107)
and (o909) correlations. The "inflated tetrahedron" imposes
constraints in the space of all three Pauli correlations, hence
serves as a stronger geometrical criterion for classifying quan-
tum correlations and can act as a temporal witness. Thus the
presented result on general two-point sequential quantum cor-
relations takes a step forward in better understanding the na-
ture of quantum correlations in both the temporal and spatial
domains. Furthermore, we hope the unifying geometrical pre-



FIG. 3: This figure present the types of correlations in two-
point PDMs as 2-D projections onto the planes of
{{o0a,0B,),(ca,08B,)} in (a), (b) and (c). The sets of cor-
relations are shown in the first quadrant. The full 2-D pro-
jection is generated in a symmetric manner about the origin.
In (d) and (e) we give instances in the 3-D spaces corre-
sponding to this 2-D projections. The red region highlights
extra correlations attainable in a valid PDM compared to a
valid density matrix.

(a) Type a: |04, ® 0B,,04, ® 0B,] = 0. Temporal and
spatial correlations both lie in the purple unit square.

(b) Type b: {04, ® 0B,,04, ® 0B, } = 0, and one out of
the four operators is 0. Spatial correlations lie in the purple
quarter unit circle, while temporal correlations lie in the unit
square. The red region is allowed by valid PDMs but not
density matrices.

(c) Type c: In all other cases, correlations are bounded by
the purple quarter circle.

(d) An example of 3-D spaces corresponding to a combina-
tion of type a and type ¢ 2-D projections.

(e) An example of 3-D spaces corresponding to a combina-
tion of type b and type ¢ 2-D projections.

sentation of the correlations in space and time stimulates in-
terests in the wider community of quantum physics.
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Appendix

Here we derive the parametric surface plotted in FIG 1. By
expanding Eq. (2) into its Pauli components and substituting
into Eq. (3), we obtain

(okor) = Tr [(or)paeBia(00)ok + epjalor)or], (9

where (o) ,, denotes the expectation value of the oy, observ-
able on the initial state p4.
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It was established in [23] that the complete positivity re-
quirement enables a particularly useful trigonometric param-
eterisation of the set of possible | 4 in the Pauli basis [24].
Concretely, this set corresponds to the convex closure of the
maps characterised by the following Kraus operators up to
permutations among {c1, 09,03 }:

K [ v U} n [ v u}
= — — in — sin —
+ cos 3 cos 5 o) S 7 S 5 o3,

K_ = [sin%cos %} o1 —1 [cos%sin %} o9, (10)

where v € [0, 7],u € [0,2x]. The above Kraus operators act
on o; as the following:

K+00Kl + K_0oK! = 00 + sin(u) sin(v)os,

K+01Ki + K_o1 K" = cos(u)oy,

K+02KI_ + K_azKi = cos(v)og,

K+03Ki + K_03K! = cos(u) cos(v)os. (11)
By setting the p4 = |0)(0] and apply the above Kraus oper-

ators, we obtain the parametric equations which characterise
the convex set of possible correlation functions as followed:

(o101) = cos(u),

(0303) = cos(u — v). (12)

The first term in the trace of Eq. (9) vanishes whenever either
pa is maximally-mixed or € g 4 is a unital map, in which case
the parametric equations reduce to

(o303) = cos(u) cos(v). (13)

The above equations gives the extremal points (1,1,1),
(1,-1,-1), (—1,1,-1) and (-1, —1,1), whose convex en-
closure gives 7;. Note that we have presented the results
in FIG. 2 assuming the initial state p4 is maximally-mixed.
However this result would be independent of p 4 if the chan-
nel £p| 4 is unital, meaning € g4 (00) = 0o. This is because
only non-unital maps act non-trivially on the local compo-
nents o ® oo of the PDM, which leads to an augmented set of
correlations. The choice of permutation among {01, 02,03} is
arbitrary and does not affect the resultant convex set enclosed
by the parametric surface.
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