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We present a general, second quantization procedure for multi-transverse-spatial mode Gaussian-
beam dynamics in nonlinear interactions. Previous treatments have focused on the spectral density
and angular distribution of spatial modes. Here we go a layer deeper by investigating the complex
transverse-spatial mode in each angular-spatial mode. Furthermore, to implement the theory, we
simulate four-wave mixing and parametric down-conversion schemes, showing how one can elucidate
and tailor the underlying multi-transverse-spatial mode structure along with it’s quantum properties.
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I. INTRODUCTION

Nonlinear optical devices producing single photons,
multiple photons with non-classical correlations, and
quantum fields with suppressed noise, are the cornerstone
of many advanced quantum technologies. For example,
most high-performance schemes for quantum imaging [1–
4], metrology [5–8], optomechanics [9–11], cryptography
[12–14], and information [15, 16], rely on one or more
these resources. The pursuit of ever more performance
has demanded the full understanding of the spatial dis-
tribution and mode composition of quantum light.

Much progress has been made on several fronts. An
increasing number of studies have been performed which
investigate the spatial distribution and transverse-spatial
mode (TSM) structure of squeezed light [17] (that is,
light with suppressed quantum noise). This has promi-
nently been done for squeezed light generated in atomic
vapors via the polarization self-rotation effect (PSR) [18–
21] and four-wave mixing (FWM) [22–25] processes. The
squeezed vacuum generated via PSR has been studied
experimentally using spatial masks [26] and optimized
for various optical depths [27]; in each case elucidating
more about the spatial-mode structure of the noise sup-
pression. Squeezing generated via FWM is typically har-
nessed as two-mode squeezing and spatial correlations
between the twin beams have also been studied in detail
[28–31]. However, FWM has also been used to create a
single squeezed beam, which is quadrature squeezed in a
large number of spatial modes within the beam [32].

On the other hand, the problem of creating single
photons and entangled photon pairs typically involves
the parametric down-conversion (PDC) process [17, 33].
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Progress on this front has focused on characterizing the
spectral properties and angular distribution of photons in
the PDC twin beam [34–37]. One popular approach for
studying the spatial mode content is the Schmidt mode
analysis [38]. As an extension, these models are used
to calculate the biphoton rate, coupling efficiency, and
heralding efficiency [39–41]. In all of these studies, there
has remained a crucial area to be investigated. In each
spatial-angular mode of the output beams of FWM and
PDC, there are actually many TSMs, which potentially
have quantum correlations.

In this paper, we present a theory which predicts the
TSM structure in each spatial-angular mode of FWM and
PDC beams. We use this knowledge to predict the vari-
ance, covariance, and relative coupling strength between
the modes [42]. Furthermore, we identify the eigenmodes
of the interaction, and use these to show how to enhance
the noise suppression of the system [43]. Also, we show
that, under certain conditions, they can be used as a basis
to represent the interaction. To demonstrate the theory,
we simulate several interactions, including PSR, FWM,
and PDC. In each case, we focus on exposing the under-
lying TSM structure and suggesting ways to tailor it de-
pending on the intended use of the quantum resources.
Here, we focus on squeezing and heralding, and entan-
glement properties will be investigated in a future work.
The simulations herein illustrate the utility of our theory,
which is a convenient and powerful optimization tool. It
can be used to show how the interplay of experimen-
tal beam parameters can influence the quantum proper-
ties of the beam/s generated during the interaction. For
example, the mode structure of the input beams, along
with their waists and focal positions, can all have signif-
icant influence on the quantum properties. Coupling to
the generated beams can also be a formidable problem.
Thus, it allows one to investigate which beam parameters
should be targeted to enhance the quantum resources.
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II. THEORY

A. Hamiltonian and Unitary Evolution

Any third-order nonlinear interaction can be described
in terms of the quantum fields Ê by a Hamiltonian of the
form

H ∝
∫
dr3χ(3)(r)

(
Ê

(−)
d1 (r, t) Ê

(−)
d2 (r, t)

× Ê(+)
s (r, t) Ê

(+)
i (r, t)− h.c.

)
,

(1)

where χ(3)(r) is the third order non-linearity, Ê(±) cor-
responds to the positive and negative frequency com-
ponents of the field, and d1, d2, s, i correspond to drive
(pump), signal and idler fields. We follow tradition in
labeling the non-driving modes signal and idler (also re-
ferred to as target modes in literature).

We elect to consider input beams with cylindrical sym-
metry, but we note that the following calculation can cer-
tainly be done in other coordinate systems. In cylindri-
cal coordinates, the homogeneous paraxial wave equation
gives rise to the Laguerre-Gauss (LG) family of solutions
[44]:

u`,p(~r) =
C`,p
w(z)

e
− r2

w(z)2 e
− ikr2z

2(z2+z2
R

)
(√2r

w(z)

)|`|
× L|`|p

( 2r2

w(z)2

)
ei`φei(2p+|`|+1) arctan(z/zR),

(2)

where ` is the azimuthal index, p is the radial index for
each mode, C`,p =

√
2p!/π(|`|+ p)! is a normalization

constant, w0 is the beam waist, w(z) = w0

√
1 + (z/zR)2

is the width function of the beam, L
|`|
p are the generalized

Laguerre polynomials, zR = πw2
0/λ is the Rayleigh range,

and k = 2π/λ is the wave number.
To retain generality, we will assume that the pump

beam modes are known but that the signal and idler
modes have vacuum inputs. Therefore, we must allow for
a large number of spatial signal and idler fields. Thus,
we let

Ê(+)
s (r, t) =

∑
`,p

u`,p(r) â`,p e
i(ks·r−ωst)

Ê
(+)
i (r, t) =

∑
m,q

um,q(r) b̂m,q e
i(ki·r−ωit).

(3)

In reality, an infinite number of modes is not necessary
and the sum can be truncated to a total of N modes. To
determine the mode structure relevant to the interaction,
one can use our semiclassical-beam theory [45]. Further-
more, if a vacuum mode is replaced with a seed beam,
then our semi-classical theory can predict the beam evo-
lution, which can be included here. The pump beams, on
the other hand, are treated classically and have a well-
known structure, and without loss of generality, we can

choose them to be Gaussian beams of the form

Ê
(+)
d1 (r, t) = Ad1 u0,0(r) d̂1 e

i(kd1·r−ωd1t)

Ê
(+)
d2 (r, t) = Ad2 u0,0(r) d̂2 e

i(kd2·r−ωd2t),
(4)

where Ad1 and Ad2 are complex amplitudes. In practice,
one can plug in whatever mode structure is present in
the pump beam(s). Next, we make the parametric ap-
proximation and drop the operator character of the pump
fields, transforming Eq. (1) into

Ĥ =κ

∫
dr3

∑
`pmq

(
χ

(3)∗
`,p;m,qâ`,p b̂m,q − χ

(3)
`,p;m,qâ

†
`,p b̂

†
m,q

)
,

(5)

where κ is a coupling constant, the effective susceptibility

is χ
(3)
`,p;m,q ≡ C χ(3)(r)Ad1Ad2 u

2
0,0(r)u∗`,p(r)u∗m,q(r), C is

a normalization constant, and we have assumed phase
matching allowing us to drop the exponential factor.

Next, we will simplify notation and make calcula-
tions more straightforward by turning the double sum
in Eq. (5) into matrix multiplication. First, we define
the vector of operators

â ≡ (â`,p â`,p+1 ... â`+1,p â`+1,p+1 ...)
T

â† ≡ (â†`,p â
†
`,p+1 ... â

†
`+1,p â

†
`+1,p+1 ...)

T ,
(6)

where, in this case, l and p are the lowest order modes
in consideration, (·)T indicates the transpose operation,

and b̂ follows accordingly. With these vectors in mind,
we define a corresponding two-photon amplitude matrix
(see Appendix) and rewrite Eq. (5) as

Ĥ =

∫
dr3

(∼
b̂ χ† â−

∼
â†χ b̂

†
)
, (7)

where we have introduced
∼
(·) to denote the transpose.

This Hamiltonian leads to the two mode squeezing oper-
ator

Ŝ(ξ) ≡ exp

[∼
b̂ ξ† â−

∼
â†ξ b̂

†
]
, (8)

where ξ ≡
∫
dr3 χ t is the squeezing matrix. This unitary

evolution is depicted in Fig. 1.

When ξ is symmetric, the left polar decomposition

gives ξ = R exp[iΘ] = exp[i
∼
Θ]
∼
R, where R and Θ are

Hermitian matrices. In general, R and Θ do not com-
mute. However, it follows that for functions f that are

expandable in a power series, f(R)eiΘ = eiΘf(
∼
R) and

f(R)eiΘ = ei
∼
Θf(

∼
R) where f is even or odd respectively.

Straightforward yet tedious repetition of the BCH rela-
tion allows us to find the Bogoliubov transformations for
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FIG. 1. A general unitary evolution generated in a χ(3) mate-
rial. In each spatial mode, there are actually many transverse-
spatial modes interacting not only within the mode, but
potentially with many other modes in the adjacent spacial
modes. Our theory can accommodate single or dual pump
modes and single or dual vacuum input modes. Furthermore,
a vacuum mode, for example b̂, could be replaced with a
seed beam and evolution could be calculated with our semi-
classical beam theory for nonlinear optics [45], and incorpo-
rated into this second quantization procedure.

the multimode vectors:

Ŝ†(ξ) â Ŝ(ξ) = cosh(R)â− sinh(R)eiΘb̂
†

Ŝ†(ξ) b̂ Ŝ(ξ) = cosh(R)b̂− sinh(R)eiΘâ†

Ŝ†(ξ) â† Ŝ(ξ) = cosh(
∼
R)â† − sinh(

∼
R)e−i

∼
Θb̂

Ŝ†(ξ) b̂
†
Ŝ(ξ) = cosh(

∼
R)b̂

†
− sinh(

∼
R)e−i

∼
Θâ,

(9)

and their transposes

Ŝ†(ξ)
∼
â Ŝ(ξ) =

∼
â cosh(

∼
R)−

∼

b̂
†
ei
∼
Θ sinh(

∼
R)

Ŝ†(ξ)
∼
b̂ Ŝ(ξ) =

∼
b̂ cosh(

∼
R)−

∼
â†ei

∼
Θ sinh(

∼
R)

Ŝ†(ξ)
∼
â† Ŝ(ξ) =

∼
â† cosh(R)−

∼
b̂e−iΘ sinh(R)

Ŝ†(ξ)

∼

b̂
†
Ŝ(ξ) =

∼

b̂
†

cosh(R)−
∼
âe−iΘ sinh(R).

(10)

With these transformations at our disposal, we can cal-
culate the expectation values of many interesting quan-
tities.

B. Quadrature Variance

First, we investigate the variances of the quadrature
operators, which we define as

X̂1 =
1

23/2
(â+ â† + b̂+ b̂

†
)

X̂2 =
1

i23/2
(â− â† + b̂− b̂

†
).

(11)

1. Scalar Variance

We first investigate the scalar variance of the trans-
verse multispatial mode field. The scalar quadrature

variance is defined as

〈(∆X̂j)
2〉 ≡ 〈∆

∼
X̂j ∆X̂j〉, (12)

where ∆X̂j ≡ X̂j −〈X̂j〉. In the spontaneous nonlinear
interaction regime,that is, vacuum in the signal and idler
input modes, we are assured that 〈X̂j〉 = 0 and we thus
find

〈(∆X̂j)
2〉 = 〈

∼
X̂j X̂j〉

= 〈{0}B , {0}A|Ŝ†
∼
X̂jŜ

× Ŝ†X̂jŜ|{0}A, {0}B〉,

(13)

where |{0}A, {0}B〉 is the vacuum state for the multi-
mode twin beam, and |{0}〉 = |01, 02, ...〉 is the typical
multimode vacuum state. Using Eqs. (9-11) in Eq. (13)
we find

〈(∆X̂1,2)2〉 =
1

4
Tr
{

cosh2(
∼
R) + sinh2(R)

∓
(

cosh(
∼
R) sinh(R)eiΘ + sinh(R) cosh(

∼
R)e−iΘ

)}
=

1

4
Tr
{

cosh2(R) + sinh2(R)

∓ 2 sinh(R) cosh(R) cos(Θ)
}

=
1

4
Tr
{

cosh(2R)∓ sinh(2R) cos(Θ)
}
,

(14)

where in the second line we use the cyclicity of trace, the
invariance under transpose, and the commutation prop-
erties of R and Θ to find a familiar form, and in the
final line present a compact form. Therefore, we see that
the total quadrature variance is simply the sum of all the
quadrature variance in each of the transverse multispatial
modes.

2. Variance Matrices

Next, we investigate the corresponding variance-
covariance matrices, which can be written as

〈(∆X̂j)
2〉 ≡ 〈∆X̂j ∆

∼
X̂j〉 = 〈X̂j

∼
X̂j〉, (15)

where again we have assumed 〈X̂j〉 = 0. Using Eqs. (9-
11) in Eq. (15) we find

〈(∆X̂1,2)2〉 =
1

8

[
cosh(2R) + cosh(2

∼
R)

∓
(

sinh(2R)eiΘ + sinh(2
∼
R)e−i

∼
Θ
)]
.

(16)

To investigate the correlations between X̂1 and X̂2 we
calculate the cross-covariance matrix

cov(X̂1, X̂2) ≡ 1

2

(
〈X̂1

∼
X̂2〉+ 〈X̂2

∼
X̂1〉T

)
=
i

4

[
cosh 2R− cosh 2

∼
R

+ sinh(2R)eiΘ − sinh(2
∼
R)e−i

∼
Θ
]
,

(17)
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which happens to equalize the general uncertainty rela-
tion

〈(∆X̂1)2〉 〈(∆X̂2)2〉 ≥ 1

4

(
cov(X̂1, X̂2)

)2
+
I

16
. (18)

When the squeeze matrix is symmetric and Hermitian, it

has real entries. Therefore, when ξ =
∼
ξ and ξ = ξ† =⇒

R =
∼
R and eiΘ = e−i

∼
Θ. This reduces the variances to

cov(X̂1, X̂2) = 0

〈(∆X̂1)2〉 〈(∆X̂2)2〉 =
I

16
.

(19)

Furthermore, when ξ is positive semi-definite we have
eiΘ = I, and Eq. (16) reduces to the simple form

〈(∆X̂1,2)2〉 =
1

4
e∓2R. (20)

C. Photons and Multimode Correlations

Now, we will investigate the average photon number of
the squeezed state |ξ〉 and the correlations. We find

〈n̂a〉 = 〈ξ|
∼
â†â|ξ〉 = Tr{sinh2(R)}

〈n̂b〉 = 〈ξ|
∼

b̂
†
b̂|ξ〉 = Tr{sinh2(R)}

〈n̂2
a〉 = 〈ξ|(

∼
â†â)2|ξ〉 =

1

4
Tr{sinh2(2R)}+ Tr{sinh2(R)}2

〈n̂2
b〉 = 〈ξ|(

∼

b̂
†
b̂)2|ξ〉 =

1

4
Tr{sinh2(2R)}+ Tr{sinh2(R)}2,

(21)

which gives the number variance

〈(∆n̂a)2〉 = 〈(∆n̂b)2〉 =
1

4
Tr{sinh2(2R)}, (22)

each of which reduces to the familiar result for the case
of single transverse spatial modes. In similar fashion, the
covariance is

cov(n̂a, n̂b) =
1

4
Tr{sinh2(2R)}. (23)

Next, we wish to investigate the inter-spatial-mode pho-
ton number correlations in a way that the covariance can-
not. Typically, one would investigate the probability P`,p
of finding a photon in the `, p mode. However, this infor-
mation is naturally contained along the diagonal of the
average photon number matrix

n̄ = 〈â†
∼
â〉 = sinh2(R). (24)

Thus, we calculate the photon-pair creation-matrix which
reveals the coupling strength between transverse-spatial

modes of the spatial modes â and b̂:

Ma↔b ≡ 〈â†
∼

b̂
†
〉 =

1

2
e−iΘ sinh(2R). (25)

When normalized, the modulus of the matrix elements
give the probability of transverse-spatial modes pairing
in the nonlinear interaction, thus containing a photon
pair.

D. Eigenmodes of Squeezing

In general, the squeezing matrix is neither symmetric
or Hermitian. However, under certain conditions, for ex-
ample when the beam focal points are at the center of the
non linearity, it can be normal. Therefore, the following
analysis is valid, or a good approximation, for many ex-
perimental configurations. When ξ is normal, it can be
diagonalized by a unitary. If we let U be the matrix
whose columns are eigenvectors of ξ, then we can diago-
nalize ξ according to ξ′ ≡ U †ξU . Furthermore, the de-
composition yields the diagonal matricesR′ and Θ′. The
corresponding eigenmodes of squeezing are found accord-

ing to â′ ≡ U †â, b̂
′
≡
∼
Ub̂, â†′ ≡

∼
Uâ†, and b̂

†′
≡ U †b̂

†
.

It follows that their Bogoliubov transformations have a
particularly simple form. The ith modes in the eigen-
mode vectors become

Ŝ†(ξ) â′i Ŝ(ξ) = coshR′i â
′
i + sinhR′i e

iΘ′i b̂†′i

Ŝ†(ξ) b̂′i Ŝ(ξ) = coshR′i b̂
′
i + sinhR′i e

iΘ′i â†′i

Ŝ†(ξ) â†′i Ŝ(ξ) = coshR′i â
†′
i + sinhR′i e

−iΘ′i b̂′i

Ŝ†(ξ) b̂†′i Ŝ(ξ) = coshR′i b̂
†′
i + sinhR′i e

−iΘ′i â′i,

(26)

where R′i are the diagonal elements of R′, and Θ′i are
the diagonal elements of Θ′. Thus, the eigenmodes of
squeezing are fundamental in the sense that they trans-
form according to the canonical two-mode squeezed vac-
uum equations [43]. They also define a basis in which
to analyze the squeezing and determine which modes are
squeezed the most. The largest λi corresponds to the
largest multimode squeezing and â′i gives that collection
of modes.

The question remains, whether we can use the eigen-
modes of squeezing as a basis to represent our squeezed
state |ξ〉. Thus, we first would like to test whether the
eigenmodes satisfy the canonical commutation relation.
Evidently,

[â′i, â
†′
j ] = U†ikUkj = δij , (27)

and we find that the squeezed state takes the particularly
simple form

|ξ〉λ =
∑
i,n

sech(λi) tanhn(λi)|{n}i〉A|{n}i〉B , (28)

where A,B indicate the two spatial modes â, b̂ respec-
tively, and |{n}i〉 is the multimode Fock state with n
photons in the ith eigenmode. We use these states as

our basis states since 〈â†λb̂
†
λ′〉 = δλ,λ′ , in other words, the

photons are created pairwise in the same eigenmodes.
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III. SIMULATIONS

The preceding theory is a powerful tool can be used to
understand the complex TSM structure stimulated dur-
ing nonlinear-optical interactions. In fact, some interac-
tions may not require the full capability of our theory.
To that end, we simulate several interactions, progress-
ing from simple to complex, demonstrating the utility of
this theory as an analysis tool.

A. Four-Wave Mixing

First, we investigate the polarization self-rotation ef-
fect observed in 87Rb (see Fig. 2). The tensor nature
of this χ(3) interaction is the fundamental phenomenon
related to this effect, and it is worked out in detail
for classical fields [33]. Quantized treatments have also
been performed, which relate the observed noise suppres-
sion to the amount of polarization self-rotation observed
in the medium [18]. The early work predicted levels
of noise suppression, which have proven to be woefully
over optimistic. This realization prompted more rigorous
noise calculations [46] and our experimental study of the
transverse spatial modes excited during the interaction
[26, 27]. With our preceding theory, we are finally able
to perform a fully second-quantized analysis of the trans-
verse spatial mode structure. For brevity, and to keep the
proceeding relatively straightforward, we will analyze the
PSR effect in terms of the resonance structure of the in-
teraction. In other words, we will not consider spatial
structure of χ.

The classical formulation, for general third order in-
teractions, divides the interaction into single- and two-
photon resonant contributions, each with different pho-
ton polarization interaction processes (see Fig. 2). Thus,
the following simulations are separated into single- and
two-photon resonant interactions, and serve as a step-
ping stone to investigating other four-wave-mixing and
down-conversion processes.

FIG. 2. Setup and energy diagrams describing the PSR ef-
fect in 87Rb. In (a) we show a linear polarized pump beam
interacting with vacuum fluctuations in the orthogonal polar-
ization. Two tensor elements of the semi-classical suscepti-
bility tensor survive: (b) depicts the single-photon resonance
associated with the χxyxy element, that is, a response in x
due to stimulation in yxy, and (c) describes the two-photon
resonance associated with the χxyyx element, that is, a re-
sponse in x due to stimulation in yyx. The input and output
fields are co-propagating.

1. PSR with Single-Photon Resonance

The first and simplest case to consider is the single
photon resonance scheme in Fig. 2b. Since the pho-
tons scattered into the x-polarization are separated by
y-polarization excitation, it is reasonable to assume that
the two x-polarization photons do not have transverse-
spatial-mode correlations, that is, there is no cross-talk
between the two-photon emissions. Mathematically, we

take Eq. (8), let b̂ → â and thus have a single-spatial-
mode squeezer. We use this calculation as a baseline
simulation with which to compare the more sophisticated
interactions. Thus, we scale the strength of the interac-
tion such that n̄ = 1, and examine how n̄, ∆X̂1, ∆X̂2,
and Ma↔b change in each case.

For the first simulation, we assume a 795-nm pump
beam, in a u0,0 mode with a 80-µm waist, is focused at
the center of a 3zR long nonlinear cell. First, we will
examine the quadrature noise matrices (see Fig. 3a). As
a visualization tool, the plots along the diagonal repre-
sent the quadrature noise. The gray Gaussian represents
the projection of the multimode Wigner function onto
the particular TSM quadrature. The dashed black Gaus-

FIG. 3. The PSR noise matrices for the single-spatial mode
quadratures X̂1 and X̂2, in (a) the absence of TSM cross-
talk and (b) p-mode crosstalk . The noise in the quadrature
is depicted along the diagonal as the projection of the multi-
mode Wigner function onto the particular TSM quadrature.
The dashed black Gaussian is the projection of the vacuum
state, thus the diagonal elements allow one to quickly observe
how the noise suppression, if at all, is distributed among the
spatial modes. The inset number is the amount of squeezing
given in dB. The off-diagonal elements represent the covari-
ance between different spatial modes in the quadrature. In
(a) there is no cross-talk between the x-polarization modes,
thus the covariance is zero. In (b) the p-mode crosstalk is
present and indicated by the nonzero off-diagonal elements.
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FIG. 4. The noise matrices for the joint quadratures X̂1 and X̂2, when full cross-talk is present in a two-photon-resonance
scheme. The noise in the quadrature is depicted by the solid Gaussian along the diagonal, and the off-diagonal elements
represent the covariance between different spatial modes in the quadrature. Red is negative, white is zero, and black is positive
covariance. The inset gives the squeezing in dB.

sian is the projection of the vacuum Wigner function and
serves as a reference. Thus we can quickly observe how
the noise suppression, if at all, is distributed among the
spatial modes, and the inset number gives the amount of
squeezing given in dB. The off-diagonal elements of the
quadrature matrices are the covariance, and the strength
of covariance is given by the color map in the bar leg-
end. As expected, there is no response in ` 6= 0 modes,
and we see a slight amount of squeezing in the higher
order p modes, but it is mostly concentrated in the u0,0

mode. Several of our studies, using spatial masks [26]
and optimization procedures [27], reveal the absence of
any azimuthal structure (that is, ` = 0), and subtle pol-
lution from higher order p modes. But what if cross-talk
between the p modes is taking place? There would still
be no azimuthal structure to detect, but there would in-
deed be a more complex p mode structure that will effect
the squeezing in the system.

Next, we allow for cross-talk between p modes in the
x-polarization. Mathematically, this means we now ac-

commodate for the two spatial modes â and b̂, as in
Eq. (8), and insert the restriction δ`,m. In Fig. 3b we
show the quadrature noise matrices for this simulation.
Although subtle in the figure, there is actually ∼ 3% in-
crease in quadrature noise in the u0,0 squeezed mode and
n̄ ∼ 1.14. This trend agrees with previous findings , that
in general the population of higher order modes will de-
teriorate the performance of non-classical processes, in-
cluding squeezing [26]. Furthermore, we now observe co-

variance between TSMs, the color indicating whether the
variances are positively or inversely related. Thus, we
observe the amount of correlations between the modes in
each quadrature, which is a prelude to examining the cou-
pling strength quantified by the coupling matrix Ma↔b.
This we save for the next section, where we show that
the mode structure is in general much more complicated,
by simulating a generic four-wave-mixing scheme with a
two-photon resonance.

2. FWM with Two-Photon Resonance

The two-photon resonance in Fig. 2c will lead to a more
complicated mode structure, since the two x-polarized
photons are emitted in cascade, allowing full cross-talk.
For example, it is well known that even when the pump
beam carries no OAM, the scattered photons can in prin-
ciple carry opposite `, thus conserving OAM. This of
course happens much less frequently than excitation in
the u0,0 mode, which dominates because of the ideal over-
lap with the pump [45]. Our theory allows us to inves-
tigate this complicated mode structure. As expected,
this simulation shows a response at ±` along with the
p mode structure (see Fig. 4). Surprisingly, there is no
increase in noise of the u0,0 mode despite the more com-
plicated structure, and the average photon number in-
creasing to n̄ = 1.25. Another qualitative observation is
the obvious correlation between positive covariance with
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FIG. 5. A (a) histogram of the photon-creation matrix
elements (a.u.) given by Eq. (25) and (b) the average photon
number per mode for degenerate four-wave mixing in a two-
photon-resonant scheme where full TSM cross-talk is present.
For the blue scale, max= 1.25. The strongest response is
evident at the (0,0) mode.

the noisy quadrature, and negative covariance with the
squeezed quadrature. It seems that overall cooperative
noise fluctuations in quadrature correspond directly to
excess noise, whereas opposing noise fluctuations among
the spatial corresponds to noise suppression.

In Fig. 5a we plot a histogram of the photon-creation
matrix Ma↔b given by Eq. (25). It shows the mode
structure of the quantum beam and identifies which pairs
of modes are most likely to be populated. Response along
the diagonal indicates that the photon pair are created
in identical TSMs. Contrastingly, off-diagonal response
indicates that photon pairs can be excited in different
TSMs. In Fig. 5b we plot a histogram of the diagonal

elements of 〈n〉 ≡ 〈â†
∼
â〉, that is, n̄ per mode. This

is a relatively simple system and the parameters of the
interaction have already been optimized for concentrat-
ing squeezing in a single mode. In general, there will
be much more cross-talk and this theory can be used as
a tool to tailor the quantum-mode structure. Further-
more, this type of analysis is a very convenient tool for
systems heralding a single photon, or creating an indis-
tinguishable entangled photon pair. However, knowing
which mode is squeezed the most, or which mode has
more photons on average, will not necessarily allow one
to maximize the performance of their process. For this

FIG. 6. The (a) the schematic of our PDC simulation,
(b) the energy level diagram, (c) the noise ellipse of an ideal
squeezed state with n̄ = 1 (inset gives squeezing in dB), and
(d) the density plot, discussed in the main text, which reveals
a parameter island where (0,0) coupling is dominant and most
of the down-converted photons are sent to the u0,0 modes.
This plot shows |M00|/

∑
i,j |Mij | × n00/

∑
i nii as a function

of the pump waist wP and PDC detection waist wDC in µm.

we will simulate a parametric-down-conversion process
and show how one can recover from the negative effects
of the higher order mode structure.

B. Parametric Down Conversion

In this section, we simulate Type II down conversion
of 405-nm light into two 810-nm photons (see Fig. 6a-
−6b). Ideally, the down-converted photons would share
the same transverse-spatial mode as the pump photon.
As a visual reference, in Fig. 6c we plot the quadrature
noise for an idealized two-mode-squeezed vacuum state
with n̄ = 1. We know however that things are not so
simple. In actuality, there is a complex interaction among
the transverse-spatial modes.

To demonstrate this, we simulate this interaction, al-
lowing full cross-talk among the spatial modes, but scal-
ing the overall strength of the nonlinearity such that n̄ re-
mains one. In this way, we can see how the noise suppres-
sion may leak into the other transverse-spatial modes. To
set a benchmark, we must choose the pump beam waist
and the DC photon collection waist to investigate. Sup-
pose then that we want to find the combination of waists
that has the strongest response in the u0,0 mode. To
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FIG. 7. The (a) noise matrices for the joint quadratures X̂1 and X̂2, when full cross-talk is present in a Type II PDC scheme,
and (b) the noise matrices when the crystal is pumped by the first eigenmode. The noise in the quadrature is depicted by the
solid Gaussian along the diagonal, and the off-diagonal elements represent the covariance between different spatial modes in
the quadrature. Red is negative, white is zero, and black is positive covariance. In (a), although n̄ = 1, we can see a reduction
in the maximum squeezing performance, compared the ideal situation of only a single transverse spatial mode. In (b) we see
that the squeezing changed marginally but the covariance elements experienced the most significant change. This suggests the
mode coupling has been altered, and this can be seen clearly by comparing Fig. 8 and Fig. 9a. We limit −1 ≤ ` ≤ 1 and
0 ≤ p ≤ 2 for display purposes.
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do so we calculate |M00|/
∑
i,j |Mij |×n00/

∑
i nii, where

Mij and nij are matrix elements of Ma↔b and n respec-
tively. Varying the pump and DC waists over a wide
experimental range, we find the results, in Fig. 6d, which
reveal an optimal parameter region. Thus, we choose
wP = wDC = 200-µm as our benchmark simulation. In
the following, we limit the LG parameters to −1 ≤ ` ≤ 1
and 0 ≤ p ≤ 2 for display purposes.

In Fig. 7a we show the noise matrices for the joint
quadratures X̂1 and X̂2 using the optimal waists. One
can see that the noise and covariance is qualitatively
similar to the two-photon resonant simulation in Fig. 4.
However, the squeezing has leaked into the higher-order
modes more drastically. Furthermore, in Fig. 8a−8b we
see that the crosstalk between the modes has also been
enhanced, but this is not necessarily a good thing. For ex-
ample, in a homodyne measurement, the observed noise
suppression will just be the sum of all the noise from
each mode that overlaps the local oscillator. Thus, leak-
age into higher order modes can be detrimental to noise
suppression as a resource. To recover from this leakage,
one can projectively filter out the modes with the most
squeezing. For example, we can see that the u0,0 mode
has the most squeezing, and thus a naive approach might
use a single mode fiber to isolate this mode. However,
better squeezing can be extracted by using the eigen-
modes of squeezing.

Employing our theory in Sec. II D, we can find the col-
lection of transverse-spatial modes which have quadra-
ture noise suppression beyond what is observed in the
u0,0 mode alone. This is possible because our choice of
quadratures was somewhat arbitrary, in other words, it
does not take into account the squeezing parameter and
squeezing angle of each mode. The eigenmode approach,
in effect, judiciously chooses the proper quadrature mea-
surement for each transverse-spatial mode, and thus im-
proves the observed noise suppression. This approach
may seem mysterious and unenlightening, but the alter-
native of calculating the Wigner function for this multi-
mode Gaussian squeezed state is quite a difficult problem,
and an open area of research in itself. Thankfully, the
noise suppression in each eigenmode obeys the canonical
two-mode squeezed-vacuum equation, thus we can plot
the actual noise ellipse for each of the eigenmodes ∆X̂λ,
along with the average photon number per eigenmode
n̄λ (see Fig. 8c). The variance ∆X̂λ=1 ∼ 0.28 as com-
pared to 0.32 in the u0,0 mode; a ∼ 0.6 dB reduction.
Therefore, one can access an increased amount of noise
suppression by detecting the λ1 eigenmode.

Next, we will investigate how pumping the crystal with
an eigenmode effects the noise suppression and mode
structure. The largest eigenvalue is λ1, thus we use this
eigenmode for our simulation. Mathematically, we pre-
pare the pump beam in the superposition

∑
i[U
†u]1i,

where u is a vector of LG modes with the same struc-
ture as Eq. 6. In Fig. 7b we show the noise matrices for
the joint quadratures X̂1 and X̂2. The most striking
change is the covariance, which has become mostly uni-

FIG. 8. A (a) histogram of the photon-creation matrix
elements (a.u.) given by Eq. (25), the (b) the average pho-
ton number per mode for our PDC scheme (corresponding to
Fig. 7a), and (c)−(d) the noise ellipses and average photon
number for each of the eigenmodes of squeezing, progress-
ing from left to right, starting with λ1. In (c) the crystal is
pumped with a u0,0 mode and in (d) with the λ1 eigenmode
(corresponding to Fig. 7b). In (d) we observe an increase in
the amount of noise suppression and a shift in the concentra-
tion of n̄λ toward the first eigenomde. The blue scale is set
to max= 0.75 for (b)-(d).

form over all the modes. Furthermore, we see that there
has not been any reduction in noise suppression in any if
the LG modes individually. However, in Fig. 8d we see
how the tailored pump beam can increase the amount of
noise suppression in the first few eigenmodes, and shift
each n̄λ toward the first eigenmode. Now, the variance
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FIG. 9. A (a) histogram of the photon-creation matrix elements (a.u.) given by Eq. (25) and (b) the average photon number
per mode when the crystal is pumped with the λ1 eigenmode. In (c) and (d) the pump mode is a u0,0 mode but the waist has
been increased to 400µm. This configuration is ideal for heralding efficiency since it suppresses the of off-diagonal coupling. In
other words, it insures that the photon pair are in the same TSM. The blue scale is set to max= 0.5 for (b) and max= 0.1 for
(d).

is ∆X̂λ=1 ∼ 0.23 as compared to 0.32 in the u0,0 mode
initially, a ∼ 1.4 dB reduction.

The change in mode structure is best understood by
comparing the photon-creation matrices in Fig. 8a and
Fig. 9a. In Fig. 9a see that response in the ` = ±1
modes has been suppressed, and the coupling in the ` = 0
modes has been enhanced. Furthermore, we see that n̄
per mode has shifted toward the u0,0 mode. The same
is true for pumping with other eigenmodes, except the
shifts may be different. For example, pumping with the
λ3 eigenmode enhances the coupling of the ` = ±1 modes
and suppresses ` = 0. This exercise demonstrates that
even if the eigenmodes can’t be collected, they can sug-
gest ways to change the pump beam to tailor the mode
structure of the DC twin beam.

Next, suppose that we want to maximize the heralding
efficiency in a PDC experiment using single-mode fibers.
Then for every (0,0) photon that is detected in the â

mode, we need a matching (0,0) photon in the b̂ mode.
Now, take the previous PDC simulation as an example.
Examining Fig. 9a, we see that that if a (0,0) photon in

the â mode heralds a photon in the b̂ mode, there is a
significant chance that it will actually be a higher order p
mode. Therefore, it would be rejected by the single-mode
fiber and suppress the heralding efficiency.

So we see that we need to judiciously choose the pump
mode structure and collection waist to suppress the off-
diagonal elements. To do so, we find that we can pump
with a (0,0) mode, and increase the waist to 400-µm,
keeping the collection waist at 200-µm. As we see in
Fig. 9c, doing so suppresses the off-diagonal elements,
but it is at the expense of drastically increasing the cou-
pling to higher order modes. In fact, the coupling ex-
tends far outside the range of this plot, up to p = 20.
Furthermore, in in Fig. 9d we see that the u0,0 mode no
longer dominates the interaction. Therefore, concluding
our investigation, we see how the heralding efficiency can
be enhanced at the expense of the heralding rate. Al-
though this result is not new, it provides new theoretical
explanation and insight to this body of work.

IV. CONCLUSION

We have developed a second quantization procedure,
which predicts the transverse-spatial-mode structure of
quantum beams created in nonlinear optical interactions.
We used this theory to predict the variance, covariance,
and relative coupling strength between the modes. Fur-
thermore, we identify the eigenmodes of the interaction,
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and use these two show how they can be used to enhance
the noise suppression observed in the system and ma-
nipulate the mode coupling. To utilize the theory, we
simulate several interactions, including polarization self
rotation, four-wave mixing, and parametric down con-
version. In each case, we concentrate on exposing the
underlying transverse-spatial-mode structure, suggesting
ways to tailor it by changing the properties of the pump
beam, and enhancing the quantum resources by chang-
ing the properties of the detection scheme. The theme of
these simulations is enhancing quadrature squeezing or
single-photon heralding protocols. In these schemes, op-
timization typically leads to a simplification of the mode
structure, since in general, the cross-talk of the modes is
detrimental to these processes.

The next step is to investigate how to harness the
complicated mode structure instead of suppressing it.
Therefore, we will analyze the properties of OAM-path-
entanglement in several spontaneous nonlinear interac-

tions, and suggest how this (potentially higher-order) en-
tanglement can be used as a resource. This will be done
in two contexts. First, we analyze the connectivity of the
state, thus determining the utility in cluster-state quan-
tum computing protocols. Second, we will calculate the
entropy of entanglement, which is a signature of entangle-
ment that gives the number of qubits that can be distilled
from the state. Once these quantities are known, we will
develop new optimization procedures to show how one
can improve the performance of these protocols.
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Appendix A: Two Photon Amplitude Matrix

First, we assume there is some `max = mmax, and the
sums run symmetrically over the azimuthal modes, that
is −`max ≤ ` ≤ `max and −mmax ≤ m ≤ mmax. Likewise,
there is some pmax = qmax which determine 0 ≤ p ≤ pmax

and 0 ≤ q ≤ qmax. We define the two-photon amplitude
matrix in such as way that it extends over the azimuthal
modes, from negative to positive, and increments the ra-

dial index along the way. One can construct it according
to

χ ≡ êi+1⊗ êj+1 χi−`max,j;k−vmax,w [êv+1⊗ êw+1]T , (A1)

where êi is a vector with one in the i′th position, and the
sum runs over 0 ≤ ı ≤ 2`max, 0 ≤ j ≤ pmax, 0 ≤ k ≤
2mmax, and 0 ≤ w ≤ qmax. This operational notation
may not be clear, so we also include χ in matrix notation

χ =



χ`,p;m,q χ`,p;m,q+1 · · · χ`,p;m+1,q χ`,p;m+1,q+1 · · ·
χ`,p+1;m,q χ`,p+1;m,q+1 · · · χ`,p+1;m+1,q χ`,p+1;m+1,q+1 · · ·

...
...

...
...

χ`+1,p;m,q χ`+1,p;m,q+1 · · · χ`+1,p;m+1,q χ`+1,p;m+1,q+1 · · ·
χ`+1,p+1;m,q χ`+1,p+1;m,q+1 · · · χ`+1,p+1;m+1,q χ`+1,p+1;m+1,q+1 · · ·

...
...

...
...


, (A2)

where `, p,m and q are the lowest order modes to be
investigated. For example, if a particular simulation re-

quired the investigation of −1 ≤ ` ≤ 1 and 0 ≤ p ≤ 2,
then we would begin incrementing from ` = m = −1 and
p = q = 0 .
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