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Angular momentum distribution in Rydberg states excited by a strong laser pulse
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We study the excitation to Rydberg states in the interaction of the hydrogen atom with a short
strong laser pulse. Utilizing solutions of the time-dependent Schrödinger equation we find that the
parity of the populated angular momentum states agrees with the selection rules for multiphoton
resonant absorption at low intensities, if the pulse length is not too short. In contrast, the parity
effect cannot be observed for ultrashort pulses as well as for long pulses at high intensities. We
further identify signatures of the population in the excited states via the line emissions from the
populated np states after the end of the pulse exhibiting the parity effect.

PACS numbers: 32.80.Fb, 32.80.Rm

I. INTRODUCTION

Fundamental processes in strong-field atomic physics
are above-threshold ionization (ATI), high harmonic gen-
eration (HHG) and non-sequential double ionization.
These highly nonlinear processes are induced by the ab-
sorption of multiple photons from the laser field, which in
the limit of a large photon number can also be described
as a tunneling process. Excitation of the atom is known
to play an important role in each of the processes. It
has been initially observed via resonant enhancement in
the population of excited states [1, 2] and structures in
the energy spectrum [3–5] and in energy-resolved angu-
lar distributions [6] of photoelectrons. These resonance
effects have been explained by multiphoton absorption
through Rydberg states, which are AC-Stark shifted in
the presence of a laser field. More recently, significant
excitation of atoms has also been observed in the tun-
neling regime and described by the frustrated tunneling
ionization model [7].

The latter observation has renewed the general inter-
est in the mechanisms leading to the population of ex-
cited (Rydberg) states during the interaction of an atom
with an intense laser pulse (most recently, e.g., in Refs.
[8–32]). The important role of Rydberg states in various
strong-field ionization processes and harmonic generation
has been discussed. For example, resonant enhancement
of below-threshold harmonics [8, 12, 33], emission from
excited states via free induction decay [12, 23], high har-
monic emission through ionization from excited states
and recombination to the ground state [23, 34] have been
predicted and observed.

Recent theoretical studies of the excitation mechanism
in strong fields mainly consider the distribution of the
population as a function of the principal quantum num-
ber of the excited states [9, 10, 25, 31, 32]. It was shown
that the modulation of the excitation probability is re-
lated to the channel closing effect [9, 10, 32, 35]. The lat-
ter phenomenon occurs at threshold intensities at which
the absorption of one more photon is needed to ionize
the atom due to the shift of the ionization threshold by
the ponderomotive energy. The interpretation that an
increase in excitation can be understood as result of the

shift of the first ATI peak below the ionization thresh-
old [9, 10] is in agreement with the explanation of earlier
experimental results (e.g., [2, 3, 6]) via the resonance en-
hanced population of AC-Stark shifted excited states.

Theoretical analysis of the angular momentum distri-
bution in the populated Rydberg states is less advanced.
Predictions of Floquet theory for a monochromatic laser
field [35] and results of numerical calculations for laser
pulses with a trapezoidal envelope [32] yield that the
angular momentum of the excited Rydberg states has
the same parity as Np − 1, where Np is the minimum
number of photons needed to ionize the atom. Further-
more, the angular quantum number of the states with the
largest population in numerical calculations [9, 10, 32]
agrees well with semiclassical estimations [36], initially
performed for low-energy angular resolved photoelectron
distributions.

In this work we extend the previous analysis by con-
sidering excitation in laser pulses with sine squared and
Gaussian envelopes. This gives us the opportunity to
study if the parity of the populated angular momentum
states in such pulses agrees with the selection rules ob-
tained for monochromatic fields and how the results de-
pend on the pulse length at low and high intensities. In
the second part we investigate how the population of an-
gular momentum states leaves its footprints in the radia-
tion generated via transitions from the excited states to
the ground state. For our studies we make use of results
of numerical solutions of the time-dependent Schrödinger
equation (TDSE) for the interaction of the hydrogen
atom with an intense linearly polarized laser pulse.

The paper is organized as follows: In Sec. II we briefly
discuss theoretical aspects of the excitation process in
strong fields as well as the numerical methods used for
the solutions of the time-dependent Schrödinger equa-
tion. In Sec. III we present numerical results for angular
momentum distributions in resonantly excited states. In
particular, we focus on the effects of intensity and pulse
length on the distribution. Finally, in Sec. IV, numeri-
cal results for the high harmonic generation spectra are
presented and analyzed in view of signatures of the pop-
ulation in the excited states. We summarize our results
in Sec. V. We use Hartree atomic units, e = m = ~ = 1,
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throughout the article unless stated otherwise.

II. THEORETICAL CONSIDERATIONS AND

NUMERICAL METHODS

We are solving the time-dependent Schrödinger equa-
tion (TDSE) for the interaction of an atom with a linearly
polarized intense laser pulse in the velocity gauge:

i
∂

∂t
ψ(r, t) =

[

p2

2
−

A(t) · p

c
+ V (r)

]

ψ(r, t) (1)

where p is the momentum operator and V is the single-
active-electron atomic potential; here we have chosen
atomic hydrogen (V (r) = −1/r). In this work we set
the vector potential of the laser field as:

A(t) = A0f(t) sin(wA(t− τ/2) + φA) (2)

where A0 = c
√
I

ωA
, and τ = 2πN

ωA
and c is the speed of light,

I is the peak intensity, N is the number of cycles in the
pulse, and φA is the carrier-to-envelope phase, which is
set to φA = 0 if not mentioned otherwise. ωA is the
central frequency, which is chosen such that the spectral
distribution of the E-field peaks at the frequency ωE cor-
responding to a wavelength of 800 nm. The results of this
paper are obtained utilizing sine squared:

f(t) = sin2
(

πt

τ

)

(3)

and Gaussian:

f(t) = exp

(

− ln(2)

(

2(t− τ/2)

τ

)2
)

(4)

envelope functions.
We utilize a second order finite difference method in

cylindrical coordinates for the spatial derivatives. Time
propagation is often performed using the split-operator
method where the Hamiltonian (Ĥ) split into its spatial
dimensions, e.g. along (z) and perpendicular (ρ) to the
laser polarization direction. The resulting propagation
scheme is

ψ(r, t+∆t) ≈ e−iĤρ
∆t
2 e−iĤz(t)∆te−iĤρ

∆t
2 ψ(r, t). (5)

where

e−iĤ∆t ≈
1− i∆t

2 Ĥ

1 + i∆t
2 Ĥ

(6)

produces a set of tridiagonal matrices which can be solved
with O(N ) operations and O(N ) memory. However, par-
allelization of such a method on a modern supercomputer
with distributed memory can be cumbersome, requiring
multiple all-to-all Message Passing Interface (MPI) mes-
sages during each time step.
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FIG. 1: (Color online) Scaling results for present Crank-
Nicolson method. Two runs each for calculations with 1 mil-
lion (blue with squares) and 15 million grid points (green
with triangles) have been performed. Note that the scaling
improves with increasing number of grid points. The actual
calculations in the present paper involved grids with over 112
million grid points.

Instead, we avoid splitting the Hamiltonian and prop-
agate the total Hamiltonian in time using a second order
Crank-Nicolson scheme where

ψ(r, t+∆t) ≈ e−iĤ∆tψ(r, t). (7)

We note that the Crank-Nicolson method is not tridi-
agonal and a direct solution would require O(N 3) op-
erations and O(N 2) memory which is significantly more
than in the split operator method. However, the sys-
tem of equations in the full Crank-Nicolson method is
sparse and iterative methods can be used to vastly ac-
celerate the time propagation. We utilize the General-
ized Minimal Residual Method (GMRES), implemented
in PETSc [37, 38], which solves the sparse system of
linear equations in O(N log(N )) operations and O(N )
memory. The PETSc library makes it straightforward
to parallelize the Crank-Nicolson method on modern su-
percomputers with distributed memory. On a local su-
percomputer (Summit, CU Boulder), we achieved super-
linear scaling up to 3,000+ cores (Fig. 1) allowing us
to complete simulations in a matter of hours that would
take weeks running on a high-end workstation. We tested
the convergence of the present computation scheme with
respect to time and spatial steps. As an example, we
present in Fig. 2 a comparison of results for the high
harmonic spectrum generated from a hydrogen atom in-
teracting with an eight-cycle linearly polarized laser pulse
at 800 nm and a peak intensity of 1014 W/cm2, obtained
using (a) two different spatial steps, (b) two different
temporal steps and (c) using the present Crank-Nicolson
scheme and using the split-operator method.
Real space methods do not provide direct access to

the populations of excited states. In order to extract
the populations in the Rydberg states, we project the
final wavefunction on a large number of bound states
calculated on the grid. We use the Krylov-Schur method
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FIG. 2: (Color online) Comparison of high harmonic spectra:
(a) obtained using a spatial step of ∆ ≡ ∆z = ∆ρ = 0.1
(red dashed-line) and ∆ = 0.08 (black line) with a temporal

steps ∆t = ∆
2

2
, (b) obtained using a temporal step of ∆t =

0.15 (red dashed-line) and ∆t = ∆
2

2
= 0.005 (black line)

and spatial steps ∆ = 0.1, and (c) obtained using the present
full Crank-Nicolson scheme (black line) and an independently
developed split-operator method (red dashed-line) with ∆t =
0.00125 and ∆ = 0.05 for both simulations.

provided in the SLEPc library [39, 40] to calculate bound
states (up to n = 14 in the present set of calculations) on
the spatial grid. We have ensured that the bound states
studied in this work fit inside the real space portion of our
grid. Thus, the populations are not artificially changed
by the boundary conditions that require the wavefunction
to go to zero at the edge of the grid. We utilize an exterior
complex scaling (ECS) potential to absorb outgoing wave
packets.

In all calculations presented below we used a grid rang-
ing up to ρ = 750 a.u. and z = ±750 a.u. with a grid
spacing of ∆ = 0.1 a.u. in both directions and a time
step of ∆t = 0.15 a.u. We use the outer 37.5 a.u. of the
grid in both directions for the ECS potential. This grid
can easily fit bound states up to n = 14 within the real
portion of the grid. In Fig. 3 we show examples of ex-
cited states with the largest principal quantum number
analyzed in the present work.
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FIG. 3: (Color online) Representation of excited states on the
grid in cylindrical coordinates: n = 14, l = 6 (upper panel)
and n = 14, l = 13 (lower panel).

III. ANGULAR MOMENTUM DISTRIBUTIONS

A. Parity effect in pulses

We study the angular momentum distribution in Ry-
dberg states of the hydrogen atom. To this end, we con-
sider processes during which these states are shifted into
resonance with multiphoton absorption from the initial
ground state of the atom (with energy Ei). Assuming
that the energy shift of high lying excited states under
the influence of an intense laser field is approximately
equal to the ponderomotive shift [5] and the shift occurs
instantaneously during the pulse [41], the intensity for
a Np photon process to resonantly excite approximately
with an excited state with energy En is given by:

I = 4ω2
E(NpωE + Ei − En). (8)

In our calculations we have considered peak intensities
such that the n = 8 states are in resonance at central
frequency ωE, corresponding to a wavelength of 800 nm,
with Np = 10, 11, . . .15 photon processes. Since we study
the interaction with laser pulses, instead of monochro-
matic fields, more than one manifold of states can be
resonantly excited. For example, the bandwidth of a
20 cycle sine squared pulse at 800 nm covers all excited
states n ' 6 within the same Np photon process. We fur-
ther note that in the present cases, the n = 3 and n = 2
states are approximately resonant via Np− 1 and Np− 2
photon processes, respectively, assuming that the energy
shift of these states equals the ponderomotive energy as
well.
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FIG. 4: (Color online) Excited state distribution as function
of n (vertical axis) and l (horizontal axis) at the end of 20
cycle pulses with sin squared enevelope and peak intensities:
(a) I0 = 3.4 × 1013 W/cm2, (b) I0 = 6.0 × 1013 W/cm2,
(c) I0 = 8.6× 1013 W/cm2, and (d) I0 = 1.12× 1014 W/cm2.
Left (right) column corresponds to cases in which the Rydberg
states are resonant with an even (odd) number of photons.
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FIG. 5: (Color online) Same as Fig. 4 but for pulses with
Gaussian envelope and 14 cycles FWHM. The pulse dura-
tion approximately matches that for the sine-squared pulses
in Fig. 4 at FWHM.

The population in each quantum state (n, l) at the end
of the pulse is shown in Fig. 4 (20 cycle pulses with sine-
squared envelope) and Fig. 5 (14 FWHM cycle pulses
with Gaussian envelope) for intensities between 1013 and
1014 W/cm2. The results shown in the left (right) col-
umn correspond to cases in which the Rydberg states are
resonant with an even (odd) number of photons. In all
cases we see that the highest angular momentum states
(l > 7) are not much populated, in agreement with pre-
vious studies [32] and semiclassical estimates [36]. In
the results we indeed observe signatures of the selection
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FIG. 6: (Color online) The absorption pathways in an even
(odd) photon process in the top (bottom) panel. Green
squares represent virtual states with energy Nω above the
ground state and angular momentum l. The yellow squares
represent real states labeled by the quantum numbers. Solid
lines refer to open pathways while dashed lines represent path-
ways which are suppressed due to population trapping in a
lower excited state.

rules resulting in dominant population of states with an
even (odd) angular momentum quantum number for the
absorption of even (odd) photons in the plots on the left
(right). This shows that in the intensity regime of 1013 to
1014 W/cm2 the parity selection rules, previously studied
for monochromatic fields and flat-top pulses, are effective
for long pulses of about 20 cycles. Since the parity ef-
fect is found to occur independent of the form of the
envelope we restrict ourselves below to pulses with sine-
squared envelope. However, we observe that the contrast
between the population in even and odd states is stronger
at lower intensities. We will further discuss this aspect
in subsection III B.
The results also show that for an odd parity process

(right column) predominantly one angular momentum
state (l = 5) is populated. This is in agreement with
the results presented by Li et al. [10], who conjectured
that electrons in the low angular momentum states more
easily absorb additional photons resulting in suppression
of population in these states due to ionization. However,
our results for even parity processes exhibit a pattern,
alternating in l, showing that both low and high angular
momentum states, except for the s-states, remain popu-
lated at the end of the pulse.
We therefore put forward an alternative explanation.
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To this end, in Fig. 6 we show the various pathways lead-
ing to a resonant population in the n = 8 (and the other
Rydberg) states for absorption of an even (top panel) or
an odd (bottom panel) number of photons, termed by
Np. Starting from the 1s ground state, the absorption of
successive photons proceeds through virtual states (de-
picted via empty green squares in Fig. 6), following the
selection rule ∆l = ±1. As mentioned above, for the hy-
drogen atom and a pulse at a central wavelength of 800
nm the (shifted) n = 3 and n = 2 states are approxi-
mately resonant via Np− 1 and Np− 2 photon processes,
as shown in Fig. 6 (real states are depicted by yellow
squares labeled with quantum number nl). Assuming
that the resonant transitions to lower lying energy levels
cause a trapping of population in these states, further
absorption from these states will be suppressed. Such
suppressed pathways are denoted by dashed lines in Fig.
6, while other (open) pathways are represented by solid
lines. Following the pathways, we see that in the man-
ifold of the Rydberg levels for an even number photon
process (top panel) the l = 2 state is partially and the
l = 4, 6, . . . states are fully accessible, while the l = 0 (s-
state) should be suppressed, which is in agreement with
the pattern, alternating in l, that we observe in Figs.
4 and 5 (left columns). In contrast, for an odd number
photon process (bottom panel) the pathways to the l = 1
states are strongly and those to the l = 3 states are par-
tially suppressed, making the states with l = 5 state the
first fully accessible states among the Rydberg levels, in
agreement with the results presented in Figs. 4 & 5 (right
columns).

B. Short vs. long pulses and CEP effects

The time-frequency uncertainty relation yields that a
pulse spectrum broadens as the number of optical cy-
cles decreases. Consequently, in an ultrashort pulse an
excited state can be reached via absorption of different
number of photons. Due to this mix of even and odd
number of photon processes one may expect that in such
pulses a separation in population of odd vs. even angular
momentum quantum states cannot be achieved. This is
confirmed by the results of our numerical calculations at
low and high intensities, shown in Fig. 7(a) and (d). For
a 2 cycle pulse there is a smooth distribution over the
lower angular momentum states for each principal quan-
tum number at low (3.4 × 1013 W/cm2, panel (a)) and
high (1.64× 1014 W/cm2, panel (d)) peak intensity.
In contrast, the narrowing of the energy spectrum as

pulse duration increases does not necessarily lead to an
increase of the population in the angular momentum
states of one parity over the other. For the low inten-
sity 10-photon resonant process (3.4× 1013 W/cm2, Fig.
7, upper row) we observe in the numerical results that
Rydberg states with a well defined angular momentum
parity are predominantly populated when the pulse dura-
tion is increased to 10 and 20 cycles. On the other hand,

at the higher intensity (1.64× 1014 W/cm2, Fig. 7, lower
row) we observe some contrast between the population
in the angular momentum states of different parity for
the 10 cycle pulse (panel (e)), while the differences in the
population of the different channels further blurs when
the duration is increased to 20 cycles (panel (f)).
Within the interpretation of resonant excitation the

loss of the parity effect for long pulses with high peak
intensities can be understood as follows. At the higher
peak intensity, the highly excited states are shifted into
resonance for 10-14 photon processes over the rising and
trailing parts of the pulse, before they are resonantly ex-
cited with a 15 photon process at the peak intensity. Al-
though the excitation probability raises with an increase
of the intensity during the pulse, the time intervals over
which the states are in resonance with a certain photon-
order process increase with the pulse length. Thus, there
is a significant excitation of the Rydberg states due to the
absorption of odd as well as even numbers of photons in
a pulse at high peak intensity and long duration.
Furthermore, excitation channels driven by absorption

of different numbers of photons with the same parity may
interfere, leading to the enhancement or suppression of
population in certain angular momentum states and the
loss of the parity effect. Interference effects in excitation
have been studied extensively in the few-photon regime.
Among others, it has been shown that the excitation
probabilities can be controlled via the carrier envelope
phase (CEP) of the pulse, even in the long pulse limit
(e.g., [42, 43]). We observe in the results presented in
Fig. 8 that the population distribution in the angular
momentum states driven by the present more complex
multiphoton processes indeed changes significantly with
variation of the CEP at high intensities, indicative of po-
tential interference effects.
However, we note that there may exist alternative ex-

planations for the loss of the parity effect in the distribu-
tion at long pulses with high peak intensity. For example,
in the tunneling regime the mechanism of frustrated ion-
ization has been explored [7]. According to that mecha-
nism highly excited states are populated during the trail-
ing edge of the pulse by deceleration of the electron over
many laser cycles and electron recapturing once the laser
pulse ceases. Since excited states of any angular momen-
tum can be populated during the recapturing, the loss of
the parity effect for long pulses at intensities in the tun-
neling regime is consistent with the frustrated ionization
mechanism as well.

IV. RADIATION SPECTRA

It has recently been discussed [8, 12, 23] that the popu-
lation of excited Rydberg states leads to the emission of
radiation due to the transition from the excited states
into the ground state, which can be observed in the
below-threshold part of high harmonic spectra. In the
case of atomic hydrogen such emission is associated with
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FIG. 7: (Color online) Excited state distribution as function of l (horizontal axis) and n (vertical axis) at the end of 2 cycle
(panels on left), 10 cycle (panels in middle), and 20 cycle (panels on right) pulses, at low peak intensity I0 = 3.4× 1013 W/cm2

(top row), and high peak intensity I0 = 1.64 × 1014 W/cm2 (bottow row).
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FIG. 8: (Color online) Population of excited states from a 20
cycle pulse with peak intensity of I0 = 1.64 × 1014 W/cm2

and CEP of φA = 0.204π (a) and φA = 0.882π (b)

.

an excitation of the np states. In view of the parity ef-
fect in the excitation of the Rydberg states according to
the absorption of an even or odd number of photons, we
expect that the emission may be enhanced or suppressed
in certain intensity regimes.
To allow for the separation between the field induced

and field free radiation we have calculated the high har-
monic spectrum from the dipole acceleration a(t) such
that

fHHG(ω; tf ) ∝

tf
∫

−∞

a(t′)e−iωt′dt′. (9)

In Fig. 9 we present the radiation spectrum in the
region of the 7th and 9th harmonics produced by a
20 cycle, sin squared, 800 nm pulse at intensities (a)
I0 = 3.4 × 1013 W/cm2, (b) I0 = 6.0 × 1013 W/cm2,

and (c) I0 = 1.64 × 1014 W/cm2. In each panel the
red dashed line shows the spectrum generated during the
pulse (tf = τ) while the black solid line includes free
propagation after the pulse has ended (tf = 2τ). The
difference between the two spectra exhibits the radiation
related to the transitions from the populated excited np
states at the end of the pulse to the ground state, which
has previously been identified in both experiment [8] and
macroscopic simulations [12, 23].

Comparison of the spectra obtained at the two intensi-
ties clearly exhibits the expected difference in the features
related to the parity effect in the population of the Ryd-
berg states. At an intensity of 3.4×1013 W/cm2 (Fig. 9a),
the (shifted) Rydberg energy levels are resonantly ex-
cited with a 10 photon process leading to population
of the even angular momentum states (c.f., Fig. 3(a)).
Consequently, the spectrum is free of line emission from
the almost unpopulated Rydberg p-states while we find
a strong line corresponding to the strongly populated
3p state, which is near resonant with a 9 photon pro-
cess. In contrast, by shifting the states by the energy
of an additional photon, at an intensity of 6.0 × 1013

W/cm2 (Fig. 9(b)) we observe a rich line emission spec-
trum just below the 9th harmonic line emissions from the
np-states, that are resonantly populated by a 11 photon
process (Fig. 3(b)). We note that the 6p and 7p states
are the most populated np states and as a result have the
strongest emission lines. On the other hand the line cor-
responding to the 3p state, which cannot be populated
by absorption of 10 photons, is strongly suppressed.

As discussed in section III B, at the highest intensity
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FIG. 9: (Color online) Radiation spectra generated during the
pulse (red dashed lines) and those including line emissions af-
ter the pulse (black solid lines) are shown for peak intensities:
(a) I0 = 3.4 × 1013 W/cm2, (b) I0 = 6.0 × 1013 W/cm2, and
(c) I0 = 1.64× 1014 W/cm2. The vertical gray lines show the
field free energy differences between the np energy levels (up
to 14p) and the 1s ground state.

I0 = 1.64 × 1014 W/cm2, the population distribution in
the angular momentum well defined parity begins to blur.
This leads to a relatively even population in states with
principle quantum number 4 to 14 seen in (Fig. 7(f)).
As a result, we see in Fig. 9(c) line emission from all
populated np states with similar strengths for the states
resolved in our spectrum.

V. SUMMARY

We have analyzed the angular momentum distribution
in the Rydberg states of a hydrogen atom excited by
a short strong laser pulse, based on numerical results
of the time dependent Schrödinger equation, which we
solved using a second order Crank-Nicolson scheme. At
low intensities the pattern in the population across the
angular momentum states can be explained via a parity
effect due to the selection rules in multiphoton absorption
along with the suppression of pathways due to population
trapping in low excited states, if the applied laser pulse
is not too short. At high intensities the parity effect gets
lost even for long pulses, potentially since the Rydberg
states are in resonance with photon processes of different
orders for a significant time during the rising and trailing
parts of the pulse. The parity effect can be observed in
the strengths of the line emissions from the np states
emitted after the end of the pulse.
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