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We study SU(N) fermions in the limit of infinite onsite repulsion between all species. We focus on
states in which every pair of consecutive fermions carries a different spin flavor. Since the particle
order cannot be changed (because of the infinite onsite repulsion) and contiguous fermions have a
different spin flavor, we refer to the corresponding constrained model as a model of distinguishable
quantum particles. We introduce an exact numerical method to calculate equilibrium one-body
correlations of distinguishable quantum particles based on a mapping onto noninteracting spinless
fermions. In contrast to most many-body systems in one dimension, which usually exhibit either
power-law or exponential decay of off-diagonal one-body correlations with distance, distinguishable
quantum particles exhibit a Gaussian decay of one-body correlations in the ground state, while finite
temperature correlations are well described by a stretched exponential decay.

I. INTRODUCTION

Low dimensionality can give rise to fascinating phe-
nomena. A striking one, which occurs when interacting
spinful particles are confined in one dimension, is the so-
called spin-charge separation [1, 2]. This phenomenon
has been studied experimentally in a wide range of sys-
tems including quasi-one-dimensional compounds [3–6],
grain boundaries in semiconductors [7], and ultracold
atoms in optical lattices [8, 9]. Theoretically, a cor-
nerstone in the understanding of the low-energy prop-
erties of one-dimensional (1D) systems is provided by
the Luttinger liquid theory [10–13], which, among oth-
ers, naturally describes spin-charge separation and pre-
dicts the existence of power-law correlations in gapless
ground states.

Recent impetus to the study of many-body quantum
systems in one dimension has been provided by experi-
mental advances with ultracold quantum gases in optical
lattices [13, 14]. In optical lattices, it is possible to real-
ize very strong correlations in one dimension so that, e.g.,
bosons with contact interactions behave as impenetrable
particles and “fermionize” [15–18]. Another remarkable
possibility opened by experiments with ultracold gases is
the use of fermionic alkaline earth atoms to realize SU(N)
models [19–25] (see Ref. [26] for a review). The latter pos-
sibility has motivated theoretical studies on spin chains
and quantum gases beyond the more traditionally con-
sidered SU(2) case [27–33].

Both, the realization of SU(N) models as well as the
achievement of regimes in one dimension in which par-
ticles become “impenetrable” are important motivations
for this work. In the limit of infinite contact repulsion
between spinful particles, the spin and charge degrees of
freedom decouple at all energies. This can be used to
construct many-body wavefunctions [34]. Physical prop-
erties of spinful impenetrable particles have been stud-
ied within different models, ranging from fermionic mod-
els [33, 35–44] to classical systems [45].

Here we study impenetrable SU(N) fermions, which
can be thought of as the limit of infinite onsite repulsion
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FIG. 1. Particle configurations of SU(N) fermions on a chain
with Np = 6 particles. (a)–(c) Configurations in which ev-
ery pair of consecutive particles carries a distinct spin flavor,
and in which there is an identical spin flavor pattern that
we call generalized Neel order. Configurations (a)–(c) can be
described by the model of distinguishable quantum particles
introduced in this work. (d) A configuration that cannot be
described by the model of distinguishable quantum particles.

between all spin flavors in a generalized one-dimensional
SU(N) Hubbard model. In such a limit, sectors of the
Hamiltonian with different spin configurations are degen-
erate. Such independent sectors are in principle accessi-
ble in experiments with ultracold atoms in optical lattices
via spin-resolved manipulation techniques to imprint de-
sirable spin patterns [46]. In this study, we focus on
sectors in which contiguous fermions have different spin
flavors. For eigenstates of the Hamiltonian in those sec-
tors, we introduce an exact numerical method to calcu-
late one-body correlations via a mapping onto noninter-
acting spinless fermions. This method is used to study
properties of ground states with special spin flavor pat-
terns, namely, with generalized Neel order. Figures 1(a)–
1(c) display examples of many-particle configurations of
interest in this work, while Fig. 1(d) displays an exam-
ple which does not satisfy the requirement of contiguous
fermions having different spin flavors.

Since particle exchange is forbidden in the limit of in-
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finite onsite repulsion between all spin flavors, and con-
tiguous fermions have a different spin flavor in the many-
particle configurations of interest here, we refer to the
corresponding constrained model as a model of distin-
guishable quantum particles. Note that the ground state
and finite temperature states (also studied in this work)
of distinguishable quantum particles are not the ground
state and finite temperature states of the SU(N) Hub-
bard model in the limit of infinite onsite repulsion. The
latter involve states with exponentially many spin config-
urations. SU(N) fermions with infinite onsite repulsion
become distinguishable only if one constrains the system
to be in a sector with a specific spin configuration in
which contiguous fermions have a different spin flavor.

Another motivation for this study is the fact that our
constrained SU(N) model exhibits fundamentally differ-
ent off-diagonal one-body correlations when compared to
unconstrained models. For the latter, the exact Bethe
Ansatz solution for 1D SU(2) Hubbard model was ob-
tained by Lieb and Wu [47], and simplified by Ogata
and Shiba in the limit of infinite repulsion [34]. Here,
we show that one-body correlations in the ground state
of distinguishable quantum particles exhibit a Gaussian
decay with distance, in contrast to the power law de-
cay of the unconstrained SU(2) case [38, 48]. At finite
temperature, one-body correlations are shown to be well
described by a stretched exponential decay, with an expo-
nent that transitions (with increasing temperature) be-
tween the Gaussian decay at zero temperature and an
exponential decay at high temperature.

The presentation is organized as follows. In Sec. II,
we introduce the constrained SU(N) model for distin-
guishable quantum particles and the methodology devel-
oped to evaluate its one-body correlations. Numerical
results for such correlations are presented in Sec. III for
the ground state, and in Sec. IV for finite temperatures.
A summary of the results is presented in Sec. V.

II. SETUP AND FORMALISM

We start with a generalized one-dimensional Hubbard
model for SU(N) fermions with infinite onsite repulsion.
The model Hamiltonian for a chain with open boundaries
can be written as

ĤN = −J
L−1∑
l=1

N∑
σ=1

[
f̂
(σ)†
l f̂

(σ)
l+1 + f̂

(σ)†
l+1 f̂

(σ)
l

]
, (1)

where L is the number of lattice sites, σ denotes spin

flavor (in our notation, σ ∈ {1, ..., N}), and f̂
(σ)†
l (f̂

(σ)
l )

is the creation (annihilation) operator for a fermion with
spin σ at site l. Infinite onsite repulsion is enforced by

the constraints f̂
(σ)†
l f̂

†(σ′)
l = f̂

(σ)
l f̂

(σ′)
l = 0. The hopping

amplitude J and the lattice spacing are set to unity.
The Hamiltonian ĤN in Eq. (1) commutes with the

total particle number operator for any given spin fla-

vor N̂
(σ)
p =

∑L
l=1 f̂

(σ)†
l f̂

(σ)
l (the total number of particles

with any given spin flavor is conserved), and hence with

the total number of particle operator N̂p =
∑N
σ=1 N̂

(σ)
p .

Moreover, as a consequence of infinite onsite repulsion,
ĤN also preserves any configuration of spin flavors.
Hence, for a given total particle number Np, the Hamilto-
nian consists of degenerate sectors, where every block is
associated with the spin configuration σ = {σ1, ..., σNp}
(σj ∈ {1, ..., N}). Eigenstates within a block are linear
superpositions of base kets of the form

|ϕx,σ〉 =

Np∏
j=1

f̂ (σj)†xj |∅〉 , (2)

where x = {x1, ..., xNp} denotes the set of occupied sites,
xj ∈ {1, ..., L}, and x1 < x2 < ... < xNp .

We study the impenetrable SU(N) model, with Hamil-

tonian ĤN in Eq. (1), within a sector with a given spin
configuration σ. This is a model of relevance to exper-
iments with ultracold quantum gases in optical lattices
in which such spin configurations can be constructed us-
ing, e.g., spin-resolved manipulation techniques (which
can be applied on simple product states [46]) followed by
adiabatic or quasi-adiabatic transformations.

A. Model of distinguishable quantum particles

The next essential constraint imposed on the states
we study, in addition to being for impenetrable SU(N)
fermions within a single spin configuration σ sector, is
that we require the spin configuration σ to have every
pair of consecutive fermions carry distinct spin flavors

σ = {{σj} ; j = 1, ..., Np ; σj 6= σj+1 ∀ j < Np} . (3)

This implies that particle exchanges are forbidden. We
call the constrained SU(N) model, in which the spin con-
figuration obeys the condition in Eq. (3), a model of dis-
tinguishable quantum particles (DQPs).

Of particular interest to us will be the DQP model in
which the spin configuration forms a periodic structure,
which we call a generalized Neel order. Those configura-
tions have:

σ = {{σj} ; j = 1, ..., Np ; σj = [(j − 1) modN ] + 1} ,
(4)

Examples of such configurations are schematically shown
in Fig. 1. Note that, in the SU(2) case, the spin configu-
rations that obey Eq. (3) also obey Eq. (4).

At this point it is important to stress that while we
have arrived to the model of DQPs thinking about exper-
iments with impenetrable SU(N) fermions, the approach
we develop in what follows and the results we obtain ap-
ply equally to systems of spinful impenetrable bosons.
Under the constraints of our construction, the original
particle statistics plays no role.
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B. Spin-charge decoupling

For a given spin configuration σ, charge degrees of free-
dom of the constrained SU(N) model can be described
by the spinless fermion Hamiltonian

ĤSF = −
L−1∑
l=1

(ĉ†l ĉl+1 + ĉ†l+1ĉl) , (5)

where ĉ†l (ĉl) is the spinless fermion creation (annihila-
tion) operator in lattice site l. The challenge that remains
is to take into account the spin degrees of freedom to
compute spin-resolved off-diagonal correlation functions.

Our solution to this challenge is based on the following
ansatz within the model of DQPs for the spin-resolved

one-body correlations Ĉσl (x) = f̂
(σ)†
l+x f̂

(σ)
l , between sites l

and l + x,

Cσl (x) = 〈Ψ|f̂ (σ)†l+x f̂
(σ)
l |Ψ〉 = 〈ΨSF|ĉ†l+xĉl P̂

(σ)
l,x |ΨSF〉 , (6)

where |Ψ〉 and |ΨSF〉 are eigenstates (we focus on the

ground state later) of ĤN (in the sector with the desired

spin order) and ĤSF, respectively. P̂(σ)
l,x is a spin projec-

tion operator that acting on |ΨSF〉 produces a (polynomi-
ally large in the system size) sum of Slater determinants.
The final expression in Eq. (6) can be efficiently evalu-
ated in polynomial time using properties of Slater deter-
minants, as done for hard-core bosons in Refs. [49, 50].

C. Spin projection operator

We construct the projection operator P̂(σ)
l,x as a product

of two operators

P̂(σ)
l,x = M̂l,xR̂(σ)

l . (7)

The role of the operator M̂l,x is to prevent an exchange
of particles that would result in a change of the spin
configuration in the SU(N) model. This operator must
annihilate many-body states in which any of the lattice
sites j ∈ {l+1, ..., l+x−1} is occupied. This is achieved
by defining

M̂l,x =

l+x−1∏
j=l+1

(
1− ĉ†j ĉj

)
. (8)

On the other hand, the role of the operator R̂(σ)
l is to

target spin flavor σ at site l. Let us first focus on spin con-
figurations with a generalized Neel order, Eq. (4). (We
consider arbitrary spin configurations within the DQP

model right after.) We define R̂(σ)
l (N) as

R̂(σ)
l (N) =

1

N

N−1∑
k=0

e−
2πi
N σk exp

2πi

N
k

l∑
j=1

ĉ†j ĉj

 . (9)

This operator, which involves counting the particles in
sites 1 through l, ensures that the number of particles
between sites 1 and l is the appropriate one for the given
spin flavor σ to occur at site l. To prove it, one can
express the wavefunction |ΨSF〉 as a sum of many-body
states |φla〉, where each |φla〉 is a linear superposition of
base kets that share a common property, namely, that
the total number of particles in sites 1 through l is a.

We focus on the case in which L − l ≥ Np − 1 (sim-
ilar formulae can be derived for L − l < Np − 1). The
decomposition in terms of |φla〉 implies that

l∑
j=1

ĉ†j ĉj |ΨSF〉 =

mmax∑
m=1

σmax(m)∑
σ′=1

[(m−1)N+σ′]|φl(m−1)N+σ′〉,

(10)
where mmax and σmax(m) are such that all the possible
particle numbers in sites 1 through l are included. If
l ≤ Np, then mmax = dl/Ne, σmax(m < mmax) = N ,
and σmax(mmax) = l− (mmax−1)N . On the other hand,
if l > Np, then σmax(m) = N and mmax = Np/N . We
assume that Np/N is integer.

Using Eq. (10), the projector R̂(σ)
l (N) acting on |ΨSF〉

yields

R̂(σ)
l (N)|ΨSF〉 (11)

=

mmax∑
m=1

σmax(m)∑
σ′=1

1

N

N−1∑
k=0

e−
2πi
N (σ−σ′)k|φl(m−1)N+σ′〉

=

mmax∑
m=1

σmax(m)∑
σ′=1

δσ,σ′ |φl(m−1)N+σ′〉 =

m′
max∑

m=1

|φl(m−1)N+σ〉 ,

where m′max = mmax if σmax(mmax) ≥ σ, and m′max =

mmax − 1 otherwise. We then see that R̂(σ)
l (N)|ΨSF〉

results in states with the desired numbers of particles
between sites 1 and l, so that if there is a particle at site
l it must have flavor σ.

Equation (9) can be rewritten in a simple form for the
SU(2) case, where the spin is either up (σ = 1) or down
(σ = 2). In this case

R̂(σ)
l (2) =

1

2

1 + (−1)σ exp

iπ l∑
j=1

ĉ†j ĉj

 . (12)

Another interesting limit is the case in which N = Np
so that every particle carries a distinct spin flavor. As a
consequence, every σ can be uniquely assigned to a par-

ticle j, resulting in σj . Then, the projector R̂(σ)
l (Np) =

R̂(σj)
l (Np) can target any particle j ∈ {1, ..., Np}. We de-

note one-body correlations in that case as C
σj
l (x). Those

correlations can be used to compute Cσl (x) for any eigen-

state of ĤN in a sector with a desired spin order obeying
the condition in Eq. (3):

Cσl (x) =
∑
σj=σ

C
σj
l (x) . (13)
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Note that the previous expression can also be used for
spin configurations exhibiting the generalized Neel or-
der in Eq. (4). However, given the operators defined in
Eqs. (7)–(9), it would be inefficient computationally to
use Eq. (13) for states exhibiting such an order.

D. Universality of the total one-body correlations

For a system with an arbitrary number of flavors N ,
and an arbitrary configuration of the spins obeying the
condition in Eq. (3), it is of interest to determine the
total one-body correlation function (the sum over all spin
flavors)

Cl(x) =

N∑
σ=1

Cσl (x) . (14)

This can be done combining Eqs. (13) and (14), so that
the sum over distinct spin flavors is replaced by the sum

over all particles, Cl(x) =
∑Np
σj=1 C

σj
l (x). It yields

Cl(x) =
1

Np

Np−1∑
k=0

Np∑
σj=1

e
− 2πi
Np

σjk

× 〈ĉ†l+xĉl M̂l,x exp

2πi

Np
k

l∑
j=1

ĉ†j ĉj

〉
=

Np−1∑
k=0

δk,0〈ĉ†l+xĉl M̂l,x exp

2πi

Np
k

l∑
j=1

ĉ†j ĉj

〉
=〈ĉ†l+xĉl M̂l,x〉 . (15)

Equation (15) shows that the total one-body correla-
tions are independent of the number of flavors and of the
particular spin pattern selected, so long as the condition
in Eq. (3) is satisfied. Only the projector M̂l,x is needed
when computing Cl(x). The result in Eq. (15) is one
of our motivations for calling the impenetrable SU(N)
model under the constraints imposed to the spin config-
urations a model for DQPs.

III. GROUND STATE

We now turn our attention to the DQP model with
spin configurations that exhibit generalized Neel order,
Eq. (4). Here we study ground state properties. In
Sec. IV, we study finite temperature properties.

A. Numerical implementation

We use a numerical procedure based on properties
of Slater determinants to calculate one-body correlation

functions (analogous to the one introduced in Refs. [49,
50] for hard-core bosons). We express Eq. (6) as

Cσl (x) = δx,0〈ΨG
SF|P̂

(σ)
l,x |Ψ

G
SF〉 − 〈ΨG

SF|ĉlĉ
†
l+xP̂

(σ)
l,x |Ψ

G
SF〉 ,

(16)
where the ground state for spinless fermions is a
Slater determinant, which can be written as |ΨG

SF〉 =∏Np
j=1

∑L
m=1Gmj ĉ

†
m|∅〉. The projection operator defined

in Eqs. (7)-(9) changes the spinless fermion ground state
into the linear combination of Slater determinants

P̂(σ)
l,x |Ψ

G
SF〉 =

1

N

N−1∑
k=0

e−
2πi
N σk

Np∏
j=1

L∑
m=1

Gkmj ĉ
†
m|∅〉 , (17)

with

Gkmj =

{
e

2πi
N kGmj m ≤ l

0 l < m < l + x
Gmj otherwise

. (18)

The modifications in Gkmj with respect to Gmj are due

to R̂(σ)
l (N) for m ≤ l, and due to M̂l,x for l < m <

l+x. Next, we use that ĉ†j acting on a Slater determinant,
specified by a matrix G with Np columns, results in a
new Slater determinant specified by a matrix G′ that is
just G with an added column G′m,Np+1 = δm,j . This

means that, to compute the second expectation value in
Eq. (16), we need to change G→ G′ when acting with ĉl
on the left, and Gk → G′k when acting with ĉ†l+x on the

right. (Here, G and Gk are matrices with elements Gij
and Gkij , respectively.) The final step to evaluate Eq. (16)
is to compute the inner product of Slater determinants,
which is equal to the determinant of the product of the
matrices specifying the Slater determinants [49, 50].

Putting all the above together, the one-body correla-
tion function can be calculated as

Cσl (x) =
1

N

N−1∑
k=0

e−
2πi
N σk(δx,0 det[G†Gk]− det[G′†G′k]) .

(19)
The total one-body correlation function Cl(x) is much

simpler to calculate, following the procedure outlined
above we get:

Cl(x) = δx,0 det[G†Gk=0]− det[G′†G′k=0] . (20)

B. Results for finite systems

In Fig. 2, we plot the site occupations nσl ≡ Cσl (0)
of different spin flavors in the ground state of Np = 12
impenetrable fermions with a generalized Neel pattern
in a lattice with L = 240 sites. We show results for the
SU(2), SU(3), SU(4) and SU(Np) cases in panels (a)–(d),
respectively. Note that, in those finite systems at low fill-
ing, particles have relatively well defined regions of the
lattice in which they can be found. Figure 2 also shows
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FIG. 2. Site occupations nσl in the ground state of the (a)
SU(2), (b) SU(3), (c) SU(4), and (d) SU(Np) models, for
Np = 12 particles in an open chain with L = 240 sites. The
spheres highlight the spin flavors, with the numbers below
them indicating the corresponding value of σ. In (c) and (d)
we only show nσl for a few spin flavors. The thick solid line
on top of the nσl profiles shows the total (the sum over all
spin flavors) site occupations, which are identical to the ones
of the corresponding spinless fermion Hamiltonian, Eq. (5).

the total (the sum over all spin flavors) site occupations
nl =

∑
σ n

σ
l (black solid lines on top of the spin-resolved

site occupations). They are identical to the site occu-
pations in the model of spinless fermions [Eq. (5)] onto
which each constrained SU(N) model is mapped. In fi-
nite systems, small peaks in nl are the remnants of the
DQP positions. What happens in the thermodynamic
limit for systems in which N is O(1), namely, when N
does not scale with Np, will be discussed in Sec. III C.

The left panels in Fig. 3 show the behavior (in a linear
scale) of the off-diagonal matrix elements of the one-body
correlation matrix Cσl (x), with l being the site at the
center of an open chain with L = 2401. Results for Cσl (x)
are shown for all spin flavors in the SU(2), SU(3), and
SU(4) models. Cσl (x) can be seen to depend on σ, which
is consistent with the observation in Fig. 2 that, in finite
systems, particles (and hence flavors) can be found in
relatively well defined regions of the lattice.

The right panels in Fig. 3 show the same Cσl (x) as in
the left panels but plotted in a log scale versus x2sgn(x).
Most of the curves exhibit a near-linear decay with x2,
which indicates a near Gaussian decay of one-body cor-
relations. In Sec. III D, we show that the total one-body
correlations Cl(x) exhibit a Gaussian decay in finite sys-
tems (even smaller than the ones in Fig. 3). In Sec. III C,
we will argue that Cσl (x) exhibits a Gaussian decay in the
thermodynamic limit in systems in which N is O(1).

An observable that is of special interest to experiments
with ultracold gases in optical lattices is the quasimomen-
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FIG. 3. One-body correlations Cσl (x) in the ground state of
the [(a),(b)] SU(2), [(c),(d)] SU(3), and [(e),(f)] SU(4) models.
The results are for open chains with L = 2401 sites, a total
number of particles Np = 240, and for l = 1201 (the site at
the center of the chain). The results in panels (b), (d), and
(f) are the same as in panels (a), (c) and (e), respectively.
The only difference is that the axes are rescaled.

tum distribution function

mσ
k =

1

L

∑
l,x

e−ikxCσl (x) , (21)

which can be measured using time-of-flight or band-
mapping techniques [14].

In Fig. 4, we plot mσ
k for all flavors in open chains

with 1200 sites. In Fig. 4(a), we show results for the
SU(3) case in systems at filling n = Np/L = 0.1, while
in Fig. 4(b) we show results for the SU(6) case at filling
n = 0.5. A remarkable property of mσ

k when compared to
nσl is that, in finite systems, the former is almost identical
for all flavors despite the fact that the latter is not. The
average carried by the sums in Eq. (21) somehow erases
the differences seen in Cσl (x) for each σ and l.

The dashed lines in Figs. 4(a) and 4(b) show the re-
sult for the average mσ

k over all spin flavors, mk =∑
σm

σ
k/N = mk/N . As expected, the average follows

the results for each value of σ. What is more interest-
ing is to quantify how the differences between the curves
for different flavors and the average change when one
changes the system size. To do that, we compute the
average deviation D

D =

N∑
σ=1

Dσ , where Dσ =
1

2Np

∑
k

|mσ
k −mk| . (22)

The maximal possible value of D is 1.
In the insets of Figs. 4(a) and 4(b), we plot D versus L

for chains with the same filling n and number of flavors



6

0 π/4 π/2 3π/4 π
k

0

0.1

0.2

0.3

0.4

0.5
m
σ k

σ = 1
σ = 2
σ = 3

0 π/4 π/2 3π/4 π
k

0

0.05

0.1

0.15

0.2

m
σ k

σ = 1
σ = 2
σ = 3
σ = 4
σ = 5
σ = 6

100 1000
L

10-3

10-2

D
100 1000

L

10-3

10-2

D

(a)

(b)

SU(3)

SU(6)

FIG. 4. Quasimomentum distribution function mσ
k in the

ground state of: (a) the SU(3) model at filling n = 0.1, and
(b) the SU(6) model at filling n = 0.5. Dashed lines are
the averaged distributions mk. The calculations were done in
chains with L = 1200. Symbols in the insets show the corre-
sponding average deviations D, defined in Eq. (22), plotted
versus L. The solid lines are power law (∝ L−α) fits to the
data, where α = 1.00 in both insets.

N as in the main panels. Those plots show that the
average deviations are small already for small chains, and
decrease as a power law L−1. The results in Fig. 4 make
apparent that, even for small chains, one can accurately
predict the quasimomentum distribution of each flavor
using the total one-body correlations from Eq. (15).

C. Extrapolations to the thermodynamic limit

Given that the power-law fits in the insets of Figs. 4(a)
and 4(b) suggest that mσ

k becomes independent of σ in
the thermodynamic limit, here we study what happens
to the one-body correlation matrix when one increases
the system size. We focus on the case in which N is
O(1), for which there is a well defined filling per flavor
nσ = Np/(NL) in the thermodynamic limit. In our cal-
culations we take N � Np, for which robust finite-size
scalings can be obtained.

Let us first address what happens to the site occupa-
tions nσl , shown in Fig. 2 for a finite chain, as one in-
creases the chain size. For spinless fermions one knows
that, in the thermodynamic limit away from the bound-
aries (after the Friedel oscillations have died out), the site
occupations are position independent equal to n = Np/L.

In Fig. 5(a), we show nσ=1
l about the center of chains

with three sizes, for the SU(2) model at a filling n = 0.1.
The differences between the maxima and the minima of
nσ=1
l can be seen to decrease with increasing system size.

To quantify them, we compute the difference of the site

-15 0 15
l - L/2

0

0.04

0.08

nσ l

L = 600
L = 2400
L = 9600

100 1000 10000
L

0.1

1

Δ
n σ
/n

n = 0.05
n = 0.1
n = 0.5

(a) (b)

SU(2)

FIG. 5. (a) Ground-state site occupations nσl (for σ = 1) in
the SU(2) model at filling n = 0.1, about the center of chains
with different sizes. (b) Normalized difference ∆nσ/n (for
σ = 1) between the site occupation at the peak and the dip
closest to the chain center, for different fillings n = 0.05, 0.1
and 0.5. Solid lines are power law fits ∆nσ/n ∝ L−α with
α ' 0.25.

occupation at the peak nσlpeak
and at the dip nσldip that

are closest to the lattice center, ∆nσ = nσlpeak
− nσldip .

Results for ∆nσ=1/n for the SU(2) model at three dif-
ferent values of n are plotted in Fig. 5(b) versus L. All
three can be seen to decrease as power laws ∝ L−α with
α ' 0.25. This suggest that, with increasing system
size, the site occupations nσl become position indepen-
dent away from the edges of the chain (as for spinless
fermions), and are equal to nσ. This means that the
structures seen in nσl in Fig. 2, which could be observed
in experiments with ultracold fermions in optical lattices
(in which L ∼ 100), disappear in the thermodynamic
limit away from the edges of the chain.

The results for mσ
k and nσl with increasing system size

suggest that the one-body correlation matrices Cσ ap-
proach the average (over all flavors) one-body correla-

tion matrix C =
∑N
σ=1 C

σ/N away from the edges of
the chain. To verify this, we calculate the trace distances

d[Cσ,C] =
1

2Np
Tr

{√
[Cσ −C]2

}
, (23)

for all flavors. Figures 6(a) and 6(b) show
∑N
σ=1 d[Cσ,C]

versus L for the SU(2) and SU(3) models, respectively, at

100 1000
L

0.1

0.2

0.3
0.4
0.5

Σ
σ
d

[C
σ
,C_

]

n = 0.05
n = 0.1
n = 0.5

100 1000
L

0.2

0.3

0.4
0.5
0.6

(a) SU(2) (b) SU(3)

FIG. 6. Sums over trace distances
∑
σ d[Cσ,C] of the Cσ and

C one-body correlation matrices, where d[Cσ,C] is defined
in Eq. (23). Results are shown for different fillings n in the
ground state of the (a) SU(2) and (b) SU(3) model. In all the
cases the sums decrease as power laws. This is made apparent
by the fits ∝ L−α depicted as solid lines, with α ' 0.25 in (a)
and α ' 0.12 in (b).
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different fillings. With increasing system size, one can see
that the added trace distances decrease as power laws in
L. This suggests that the one-body correlation matrices
Cσ are, up to nonextensive deviations (due to boundary
effects), identical for all σ in the thermodynamic limit.

However, it is important to stress that, in contrast to
the results for mσ

k reported in Fig. 4, the results for nσl
in Fig. 5 and for

∑N
σ=1 d[Cσ,C] in Fig. 6 reveal that

the spin-resolved one-body correlation functions can be
quite different from the average in finite systems. These
differences are likely not negligible for the system sizes
relevant to ultracold atom experiments. Moreover, the
differences from the average increase with increasing the
number of flavors N .

D. Total one-body correlations

Since in the previous section we argued that the to-
tal one-body correlations Cl(x) [divided by N , with N
being O(1)] become identical to the flavor resolved ones
Cσl (x) in thermodynamic limit, in what follows we fo-
cus our study on Cl(x). The total one-body correlations
Cl(x) were introduced in Eqs. (14)-(15) as an observ-
able that highlights a universal property of the DQP
model. In such a model, Cl(x) neither depends on the
number of flavors nor on the specific spin configuration
(with contiguous fermions having distinct spin flavors).
If one is interested in describing experiments, Cl(x) may
be good enough to describe quasimomentum distribution
functions, but a calculation of Cσl (x) may be needed to
obtain accurate results for the spin resolved site occupa-
tion profiles in small chains.

In Fig. 7(a), we show the decay of Cl(x) measured from
different sites l, in a chain with L = 1200 sites at filling
n = 0.5. The overlap between the results for different
values of l is nearly perfect, and the decay of Cl(x) with
x is clearly Gaussian

Cl(x) = n e−x
2/x2

0 , (24)

where x0 is the width. Equation (24) is a defining prop-
erty of the DQP model, and it is one of the main results
of this work.

The Gaussian decay of the total one-body correlations
Cl(x) is a robust property of the DQP model. The ro-
bustness is characterized by three properties. First, as
mentioned before, Fig. 7(a) shows that Cl(x) measured
from different sites l yields nearly identical results even
if l is close to the boundaries of a finite chain. Second,
Fig. 7(b) shows that Cl(x) is Gaussian for different chain
fillings n. And third, Fig. 12 in Appendix A shows that
Cl(x) is independent of the system size L for L & 100.

A key property of our setup, which we expect gives
rise to the Gaussian decay of Cl(x), is the distinguisha-
bility of the quantum particles [enforced by the projector

M̂l,x defined in Eq. (8)]. Such a Gaussian decay is fun-
damentally different from the known power-law decay of

-100 -50 0 50 100
x2 sgn(x)

10-12

10-6

100

C
l(
x) l = 51

l = 301
l = 601
l = 901
l = 1151

-500 -250 0 250 500
x2 sgn(x)

10-12

10-6

100

C
l(
x)

n = 0.25
n = 0.375
n = 0.5
n = 0.625

10 20
1/n

0

10

20

x 0

(a)

(b)

FIG. 7. Total one-body correlation function Cl(x) in the
ground state of a chain with L = 1200. (a) Cl(x) versus
x at filling n = 0.5 for different values of l. There is data
collapse for all values of l shown. (b) Cl(x) measured from
the center of the lattice, l = L/2 + 1, for different fillings n.
In all cases Cl(x) can be seen to be Gaussian. In the inset of
(b), the symbols depict the width x0 of the Gaussian decay
versus 1/n. x0 was obtained by fitting Cl(x) to Eq. (24). The
solid line is a linear fit to the data with slope 0.88, while the

dashed and dotted lines are x
(SF)
0 from Eq. (26), and x

(HO)
0

from Eq. (27), respectively.

one-body correlations of spinless fermions

〈ĉ†l+xĉl〉 =
sin(nxπ)

xπ
. (25)

It remains to be understood how the width x0 of the
Gaussian decay, Eq. (24), depends on the chain’s filling.
Dimensional analysis suggests that it is proportional to
the average distance between particles, x0 ∝ n−1. The
proportionality constant can be estimated by assuming
that the correlations in the DQP model and in the spin-
less fermion model approach each other when nx → 0,
i.e., at short distances when particle exchange ceases to
play a role. Matching the second term in the expansion
of Eqs. (24) and (25) about x = 0 yields

x
(SF)
0 =

1

n

√
6

π
. (26)

We compare x
(SF)
0 with the values of x0 obtained by fit-

ting Cl(x) with the Gaussian function in Eq. (24). The
results, shown in the inset of Fig. 7(b), make apparent

that x0 is reasonable close to x
(SF)
0 .

Interestingly, the ground state correlations of a sin-
gle particle in a harmonic oscillator are also Gaussian.
The ground state wavefunction of such a system has the

form u0(x) =
√
ne−(nx)

2π/2, where n is the density at the



8

0.01 0.1 1
k

10-8

10-4

100
m
k n = 0.005

n = 0.01
n = 0.02
n = 0.04
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FIG. 8. High-momentum tails of the quasimomentum distri-
bution mk of DQPs at low fillings in chains with L = 5000
sites. Solid lines show fits to the expected 1/k4 behavior,
which shrinks (and eventually disappears) with increasing fill-
ing as all momenta in the Brillouin zone become increasingly
populated.

center of the trap (related to the mass m and the trap
frequency ω by n2π = mω/~). The correlation function
u0(0)u0(x) exhibits a Gaussian decay with a width

x
(HO)
0 =

1

n

√
2π

π
. (27)

x
(HO)
0 , which is also plotted in the inset of Fig. 7(b), is

very close to x
(SF)
0 and is also close to x0.

Finally, related to the short distance correlations of
DQPs, it is important to note that, at low fillings, the
quasimomentum distribution function mk of DQPs ex-
hibits the 1/k4 tail that is known to appear in other mod-
els with contact interactions [13]. In Fig. 8, we plot mk

vs k in chains at low fillings. Fits to 1/k4 decay, depicted
as solid lines, make apparent the region in k in which the
corresponding 1/k4 behavior occurs in mk. Note that,
with increasing filling, mk increases over the entire Bril-
louin zone and the region in which 1/k4 behavior occurs
shrinks. It eventually disappears as all quasimomentum
modes become significantly populated. Indications of
such 1/k4 tails in impenetrable SU(N) fermions in the
continuum were recently reported in Ref. [33]. As for
hard-core boson systems [49, 51], our numerical approach
in the lattice allows one to resolve those tails better than
approaches that work directly in the continuum.

IV. FINITE TEMPERATURE

We now turn our attention to finite temperature prop-
erties of the DQP model. We focus on the temperature
dependence of the total one-body correlations Cl(x;T ).
The total one-body correlations were shown in Sec. III to
be universal, and to characterise flavor resolved one-body
correlations in the thermodynamic limit when N is O(1).

A. Numerical implementation

In order to compute the finite-temperature correlations
of the DQP model, we develop a computational proce-
dure similar to the one introduced for hard-core bosons
in Ref. [52].

The two basic relations needed to make the finite-
temperature calculations in polynomial time are [52]: (i)
Traces over the fermionic Fock space of exponentials that
are bilinear in fermionic creation and annihilation oper-
ators satisfy

Tr

exp

∑
ij

ĉ†iXij ĉj

 exp

(∑
kl

ĉ†kYklĉl

)
. . .


= det

[
I + eXeY . . .

]
. (28)

(ii) The one-body operator ĉ†l ĉj , for l 6= j, can be written
as

ĉ†l ĉj = exp

(∑
mn

ĉ†mAmnĉn

)
− 1, (29)

where the only nonzero element of A is Alj = 1.
Using those two relations, one can write the total one-

body correlation at finite temperature Cl(x;T ) as

Cl(x 6= 0;T ) =
1

Z
{det[I + (I + A)Ml,xUe

−(E−µI)/TU†]

− det[I + Ml,xUe
−(E−µI)/TU†]} ,

(30)
where, I is the identity matrix, A is a matrix in which
the only non-zero element is Al,l+x = 1 [from Eq. (29)],
U is the unitary matrix that diagonalizes the corre-
sponding spinless fermion Hamiltonian ĤSF in Eq. (5),

HSF = UEU†, with E being the diagonal matrix that
contains all the single-particle eigenenergies, Z =

∏
i[1 +

e−(Eii−µ)/T ] is the partition function, and Ml,x is the

matrix representation of the projection operator M̂l,x,
see Eq. (8), which is a diagonal matrix with elements 0
between l + 1 and l + x− 1, and 1 otherwise.

The diagonal matrix elements of Cl(x;T ) are the same
as for spinless fermions

Cl(0;T ) = 1− [I + e−(HSF−µI)/T ]−1ii , (31)

and the chemical potential µ is determined so that the
total number of particles is Np =

∑
l Cl(0;T ).

B. Total one-body correlations

In Fig. 9(a) we plot the total one-body correlation
function Cl(x;T ) versus x2 for various temperatures.
Figure 9(a) shows that logCl(x;T ) becomes a convex
function of x2 at T > 0, which indicates that its de-
cay is ∝ xγ(T ), with γ(T ) < 2. To describe the decay at
finite temperatures, we use the following fitting ansatz

Cl(x;T ) = n exp{−[x/x0(T )]γ(T )} , (32)
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FIG. 9. Total one-body correlation function Cl(x;T ) at finite
temperature in chains with L = 1200, l = L/2 + 1, at filling
n = 0.05. (a) Cl(x;T ) in the DQP model as a function of x2,
for six different temperatures. (b) and (c) Results for T = 0.5

and 5, respectively, plotted as functions of xγ(T ), where γ(T )
is the exponent extracted by fitting Cl(x;T ) with the ansatz
in Eq. (32). Symbols show numerical results for the DQP
model while solid lines are the corresponding fits. In (b) and
(c), we compare the results obtained for the DQP model with
those for the absolute value of the one-body correlations of
spinless fermions (SF, dashed dotted line) to which the DQP
model is mapped. Results are also shown for hard-core bosons
(HCB, dashed line), which can also be mapped onto the same
spinless fermion Hamiltonian [13].

for which we determine the exponent γ(T ), and the ef-
fective width x0(T ), as functions of the temperature. We
fit logCl(x;T ) from x = 0 through all the sites in which
Cl(x;T ) ≥ 10−12, and choose temperatures such that the
fitting includes at least six points. The latter constrains
the highest temperatures for which we do fits.

Examples of fits using Eq. (32) are reported in
Figs. 9(b) and 9(c) for temperatures T = 0.5 and 5,
respectively, in systems with n = 0.1. (The numerical
results for Cl(x;T ) are shown as symbols and the fits are
shown as solid lines.) Note the near perfect overlap be-
tween the numerical results and the fits, as well as the
fact that logCl(x;T ) versus xγ(T ) exhibits a linear de-
crease when the appropriate value of γ(T ) is used, i.e.,
those plots make apparent that the ansatz in Eq. (32)
provides an accurate description of the total one-body
correlations at finite temperature.

The values of γ(T ) obtained in Figs. 9(b) and 9(c) sug-
gest that logCl(x;T ) approaches a linear function of x
as T increases. This is consistent with the intuition that,
at very high temperature, the statistics of the particles
ceases to play a role and one-body correlations of im-
penetrable SU(N) fermions should become identical to
those of the spinless fermions to which they are mapped,
for which an exponential decay is known to occur at fi-
nite temperature. In Figs. 9(b) and 9(c), we also show

0.1 1 10
T

1

10

x 0

n = 0.05
n = 0.10
n = 0.20
n = 0.50

0.1 1 10
T

0.2

0.5

1.0

γ 
-1

n = 0.05
n = 0.10
n = 0.20
n = 0.50

(a)

(b)

FIG. 10. (a) γ(T ) and (b) x0(T ), obtained by fitting our
numerical results with Eq. (32), plotted as functions of T for
different fillings n. The symbols show the numerical results,
while the solid lines are guides to the eye.

the one-body correlations for the corresponding spinless
fermions and hard-core bosons (see Appendix B for the
definition of hard-core bosons). Hard-core bosons are
also mappable to the spinless fermion Hamiltonian to
which we mapped the constrained impenetrable SU(N)
fermions [13]. As expected, the results for all three mod-
els approach each other with increasing temperature.

Figure 10(a) shows how γ(T ) approaches 1 with in-
creasing temperature for different fillings n. It is inter-
esting to note that, despite the fact that the exponent
of the stretched exponential decreases with increasing
temperature, Fig. 9(a) shows that the higher the tem-
perature the smaller the correlations at any given dis-
tance x, for Cl(x;T ) ≥ 10−12. This occurs because, as
shown in Fig. 10(b), x0(T ) also decreases with increas-
ing temperature. We should add that the departure of
Cl(x;T ) from a Gaussian at finite temperature results
in an enhancement of one-body correlations at long dis-
tances with respect to the ground state (see Appendix C)
This is something that may be of experimental interest
at low temperatures.

To conclude, we report results for the total
quasimomentum distribution function mk(T ) =∑
l,x e

ikxCl(x;T )/L, which is of special interest to

experiments with ultracold fermions. mk(T ) for the
DQP model is shown in Fig. 11 at three different
temperatures T = 0, 0.5, and 5. In that figure, we
also show the quasimomentum distribution functions
of spinless fermions and hard-core bosons at the same
temperatures.

In the ground state, mk of DQPs shows a smooth peak
near k = 0 (see also Fig. 4). This is in stark contrast
to the quasimomentum distribution of spinless fermions,
which exhibits a step like distribution with a Fermi edge,
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FIG. 11. Quasimomentum distribution function mk of DQPs
(DQP, solid lines), spinless fermions (SF, dashed-dotted
lines), and hard-core bosons (HCB, dashed lines) at (a) T = 0,
(b) T = 0.5, and (c) T = 5. The results were obtained in
chains with L = 1200 sites at filling n = 0.5.

and of hard-core bosons, which exhibits a sharp peak at
k = 0 (note the discontinuity in the y-axis) making ap-
parent the occurrence of quasicondensation [13, 49, 50].
Temperatures below the energy scale of the hopping [see
Fig. 11(b)] do not change much the quasimomentum dis-
tribution of DQPs, change the quasimomentum distribu-
tion of spinless fermions about the Fermi edge, and have
a dramatic effect in the quasimomentum distribution of
hard-core bosons. The latter occurs because one-body
correlations switch from power-law to exponentially de-
caying when T becomes nonzero [52]. At temperatures
above the bandwidth of the spinless fermions model (4
in our units), see Fig. 11(c), the quasimomentum distri-
bution of DQPs, spinless fermions, and hard-core bosons
become near indistinguishable. This, which is consistent
with the results for Cl(x;T ) shown in Fig. 9(c), high-
lights the irrelevance of the particle statistics in mk at
those temperatures.

V. SUMMARY

We have studied impenetrable SU(N) fermions within
sectors of the Hamiltonian in which consecutive fermions
have different spin flavors. We call this constrained model
a model of distinguishable quantum particles (DQPs), for
which the original statistics of the particles plays no role.
This is because contiguous particles have different spin

flavors and particle exchanges are forbidden by the im-
penetrability constraint. Consequently, our results apply
equally to impenetrable SU(N) bosons under the same
constraint that contiguous bosons have different spin fla-
vors. For the model of DQPs, we introduced an exact
numerical approach based on a mapping onto noninter-
acting spinless fermions that allows one to compute spin
resolved one-body correlation functions in eigenstates of
the Hamiltonian and at finite temperature.

We showed that, in the ground state of the DQP model,
the decay of one-body correlations is Gaussian. This is in
contrast to the power-law or exponential decay known to
occur in the ground state of traditional 1D models [13].
We also showed that, at low fillings in the lattice, the
quasimomentum distribution function of DQPs exhibits
a 1/k4 tail. At finite temperature, we showed that one-
body correlations are well described by a stretched expo-
nential decay, with an exponent that transitions between
2 and 1 as the temperature increases. Namely, the corre-
lations transition between Gaussian in the ground state
and exponential at high temperature. At high temper-
atures, we also showed that the momentum distribution
function of DQPs becomes identical to those of spinless
fermions and hard-core bosons.

As an outlook, it would be interesting to find other
models in 1D in which one-body correlations exhibit a
Gaussian decay in the ground state. This might help
shed further light on the conditions needed for such cor-
relations to occur and on the universality of our results.
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Appendix A: Finite size effects of Cl(x) in the
ground state

In Fig. 12, we show Cl(x) for five chains of different
sizes L at filling n = 0.5. The results for Cl(x) agree with
each other independently of the values of L chosen, which
means that finite-size effects for the total one-body cor-
relations are negligible already for systems with L ∼ 100.
This is in stark contrast to the spin resolved correlations
Cσl (x), see Fig. 6, which can exhibit significant finite size
effects for much larger chain sizes.

In Fig. 7, we chose L = 1200 for the calculations of
Cl(x). For such a chain size, we expect the numerical
results to be indistinguishable from those in the thermo-
dynamic limit.
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Appendix B: Hard-core bosons

The hard-core boson Hamiltonian can be written as

ĤHCB = −
L−1∑
l=1

(
b̂†l+1b̂l + H.c.

)
, (B1)

supplemented by the constraints (b̂l)
2 = (b̂†l )

2 = 0, where

b̂†l (b̂l) is the creation (annihilation) operator of a hard-
core boson at site l. This model is the infinite on-site re-
pulsion limit of the Bose-Hubbard model [13]. By virtue
of the Holstein-Primakoff and the Jordan-Wigner trans-
formations [13, 53, 54], one can map the Hamiltonian in
Eq. (B1) onto a Hamiltonian of spinless fermions, Eq. (5),

using b̂l = eiπ
∑
m<l ĉ

†
mĉm ĉl. We calculate the one-body

correlations of hard-core bosons using the approach in-
troduced in Refs. [49, 50] for the ground state, and in
Ref. [52] for finite temperature.

Appendix C: Low temperature behavior of Cl(x;T )

Figure 13 shows the low and intermediate temperature
behavior of Cl(x;T ) versus x at filling n = 0.5. The main

point to be highlighted about those results is that while
finite temperatures always reduce the total one-body cor-
relations at short distances, the switch from Gaussian in
the ground state to stretched exponential decay at finite
temperature (see the inset) results in an enhancement of
the total one-body correlations at long distances. This
enhancement is likely to be relevant to experiments only
at low temperatures, so that the correlations are not too
small to be detected. Such a finite-temperature behavior
at long distances, not apparent in the occupations of the
low-k momenta which decrease with increasing tempera-
ture [see Figs. 11(a) and 11(b)], is another remarkable
property of DQPs when compared to traditional one-
dimensional models. In the latter models, one-body cor-
relations at long distances are usually reduced at finite
temperatures with respect to the ground state.
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FIG. 13. Total one-body correlations Cl(x;T ) at low and
intermediate temperature for n = 0.5, L = 1200, and l =
L/2 + 1. (Inset) Symbols depict the results for T = 0.1 (also
shown in the main panel) while the solid line is a fit to Eq. (32)
with γ(T ) = 1.84.
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