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We investigate the gauge invariance of the dynamic (ac) Stark shift under “hybrid” gauge transfor-

mations from the “length” (EF) to the “velocity” (ffﬁ) gauge. By a “hybrid” gauge transformation,
we understand a transformation in which the scalar and vector potentials are modified, but the wave
function remains unaltered. The gauge invariance of the leading term is well known, while we here
show that gauge invariance under perturbations holds only if one takes into account an additional
correction to the transition current, which persists only in the velocity gauge. We find a general
expression for this current, and apply the formalism to radiative and relativistic corrections to the
dynamic Stark effect, which is described by the sum of two polarizability matrix elements.

PACS numbers: 12.20.Ds, 32.80.Rm, 32.70.Cs, 11.15.Bt, 31.15.xp

I. INTRODUCTION

One might think that all conceivable questions regard-
ing the gauge invariance of physical processes in quantum
electrodynamics (QED) have already been addressed in
the literature. That is not the case. The point is that
strictly speaking, a transformation from the “length”
(E - 7) to the “velocity” (A - §) gauge requires a gauge
transformation of the wave function, which is, however,
inconvenient to implement in practice, and whose neces-
sity is almost always ignored in practical calculations [1].
Indeed, a particularly interesting gauge transformation is
the Power—Zienau transformation, which transforms the
QED Hamiltonian from the A7 (“velocity”) to the E - 7
(“length”) form [2, 3].

The question then is which gauge should be used in the
analysis, e.g., of spectroscopic experiments as one mod-
els the excitation dynamics [1, 4, 5]. In a now famous
remark on p. 268 of Ref. [4], Lamb notices that the in-
terpretation of the wave function is only preserved in the
length gauge, and that this gauge should be used, there-
fore, in the description of his experiments. Specifically,
this is because the momentum operator retains its physi-
cal interpretation only in the length gauge, without being
modified by the presence of a nonvanishing vector poten-
tial, which otherwise makes it necessary to distinguish
kinetic and canonical momenta [1].

Here, we would like to refer to a gauge transforma-
tion which ignores the phase of the wave function as a
“hybrid” gauge transformation. Recently, it has been
shown in Ref. [6] that, under “hybrid” gauge transforma-
tions, two-photon transition matrix elements are mani-
festly gauge-“dependent” (not gauge invariant) off res-
onance (i.e., when one transforms from the length to
the velocity gauge and ignores the gauge transforma-
tion of the wave function). Specifically, in two-photon
transitions, the gauge invariance of transition matrix el-
ements under the hybrid scheme holds only at exact res-
onance [6].

In contrast, it is well known [5, 7-10] that a number
of other processes which involve laser-atom interactions,

such as the ac Stark shift, or radiative corrections to the
real and imaginary part of the polarizability [9, 10], are in
fact gauge invariant under the “hybrid” transformations.
The common picture here is that one could, in principle,
formulate these effects in terms of an adiabatic switching
of the interaction Hamiltonian with a factor exp(—elt|),
where ¢ is infinitesimal and ¢ is the time variable, invoke
the Gell-Mann Low theorem [Eq. (21) of Ref. [11]], and
carry out the gauge transformation of the wave function
at t = +o0, where it amounts to the identity transforma-
tion (because the perturbing fields vanish). All processes
which allow for such a description, have been found to be
gauge invariant under “hybrid” transformations [5, 7-10].

We here investigate questions related to processes
which are gauge invariant under “hybrid” gauge transfor-
mations. Let us suppose that the (Schréodinger) Hamilto-
nian H of the system is being perturbed by an additional
Hamiltonian §H. This perturbation induces a change
in the energy by 0E = (¢|0H|¢), and the wave func-
tion perturbation is |6¢) = [1/(E — H)'|§H|¢), where
[1/(E — H)'] is the reduced Green function. The ques-
tion we pose is as follows: Which perturbation to the
interaction Hamiltonian (i.e., to the transition current)
needs to be added in the velocity gauge, for general 6 H,
in order to ensure gauge invariance of energy shifts, when
we consider the transformation from the velocity to the
length gauge?

We shall investigate this question, using the ac Stark
shift as an example. Indeed, quite recently, the ac Stark
shift has been investigated in strong laser fields [12, 13],
with an emphasis on the dressed-state formalism, and
on the nontrivial additional QED corrections which in-
fluence the Mollow spectrum of the emitted radiation,
beyond the trivial shift of the unperturbed atomic levels,
due to QED effects. The relativistic and radiative cor-
rections to the incoherent radiation spectrum emitted by
the dressed states, have been analyzed. By contrast, in a
weak laser field, the atom-laser interaction can be treated
perturbatively. The perturbative effect of a time varying
electric field is commonly referred to as the dynamic or
ac (“alternating current”) Stark shift [11, 14].



We organize this paper as follows. After recalling fun-
damental aspects of a gauge transformations in Sec. IT A,
we present in Sec. II B a short orientation on the leading-
order dynamic (ac) Stark shift. In Secs. IIT A and III B,
we examine the question of how a perturbative poten-
tial modifies the dynamic polarizability and, hence, the
ac Stark shift in the length and in the velocity gauges,
respectively. A proof of the gauge invariance of the dy-
namic polarizability induced by a perturbative potential
is presented in Sec. IV A. Two special cases of pertur-
bative potentials are of phenomenological relevance (see
Sec. IV B), namely, (i) an effective Lamb-shift potential
which describes the leading radiative correction to the
ac Stark shift, and () the Hamiltonian describing the
leading relativistic correction.

II. FOUNDATIONS
A. Gauge Transformation

We recall that under an electromagnetic U(1) gauge
transformation, a wave function ¢(7,t) transforms as fol-
lows,

ie A(T,t
o0~ 800 —ow (N0 )60, (1)

and the scalar and vector potentials transform as

A7 t) = A7) = AFt) + AA(F 1),  (1b)
o

O(7,t) — (7, t) = O(F,t) — EA(F’ t), (1c)

where A(7,t) is an arbitrary function of 7 and ¢, while

—

A(7,t) and ®(7,t) are, respectively, the vector and the
scalar potentials. Under a full gauge transformation
of the wave function and the potentials, transition ma-
trix elements and energy shifts are invariant. However,
it is sometimes computationally cumbersome to imple-
ment a gauge transformation of both the wave function
and potentials, and one often resorts to a hybrid gauge-
transformation [1, 6, 15, 16], where the wave function is
left invariant, and only the (vector) potentials are trans-
formed.

B. Leading (Nonrelativistic) Dynamic Stark Shift

We assume an atom to be irradiated by a laser with
polarization vector ér,. To good approximation, one may
ignore the magnetic field which leads to a small pertur-
bation of the interaction. We implicitly assume that the
atom is in a standing-wave laser field at a point of max-
imum electric field intensity, where the magnetic field
completely vanishes. This approximation was also made
in Ref. [14]. Field-configuration dependent corrections
are discussed in Sec. IV of Ref. [5] and in Sec. IIT of
Ref. [17].

The dynamic Stark shift AFE,. is given by

o GQILQ
AE,. = T Ycega?’ (2a)
Q=uw’ <<¢ (EL'f)H%M(EL'f) ¢>
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Here w is the angular laser frequency, and I, is the laser
intensity. Here and in the following, we will assume, with-
out loss of generality, that the laser field is oriented along
the z-axis, i.e., €, = 2. The corresponding canonically
conjugate momentum will be denoted by p* = —19/(9z).
We can restrict the discussion to a z-polarized laser field
with frequency w because the only atomic states under
investigation here are S states which are isotropic. In
contrast, the dynamic Stark shift would depend on the
magnetic quantum number of P states and states with
higher orbital angular momenta.

III. PERTURBATIONS
A. Length—Gauge Perturbation

In the following, we use natural units with ¢ = h =
¢ =1, as is customary in the treatment of relativistic cor-
rections in atomic physics. Thus, for example, in our unit
system, the Rydberg constant R, is equal to a?m/2.
Our unit of length is the reduced electron Compton wave-
length. We consider a perturbation to the dynamic Stark
shift (2) due to some perturbation § H which is added to
the Schrodinger Hamiltonian. Because both relativistic
as well as the leading logarithmic radiative corrections
can be expressed in terms of perturbative potentials, the
formalism developed here allows for a unified treatment
of the relativistic and radiative corrections to the dy-
namic polarizability, as discussed below in Sec. IV B.

In the length gauge, the dynamic Stark shift is pro-
portional to the quantity @ [see Eq. (2)] which may be
expressed as

Q=w’p,

where in turn (the reference state is |¢)),

p=p1+p2, (3)

Pl—<¢ ZH—LMZ‘¢>’ (4a)
P2=<¢ Z$Z’¢> (4b)

We now consider the first-order perturbation received by
the quantity p via the action of a perturbative Hamilto-
nian 6 H which modifies the Schrédinger Hamiltonian H
according to H — H + 0H. The perturbation d H leads



to a perturbation of the energy of the bound state, of
the wave function and, of course, dH also constitutes a
correction to the Hamiltonian H in the propagator de-
nominator. In general, we have the following first-order
perturbations:

H— H+6H, (5a)

E—E+6E, 6E=(4[5H|¢),  (5b)

¢> . (5¢)

Here, the prime in the operator 1/ (E — H)' indicates
that the reference state is excluded from the spectral de-
composition of the operator (“reduced Green function”).
The correction received by @ via the action of d H is then

5Q = w?3p, (6)

where dp is the sum of six terms,

910+ (g ) o

6
5p="_dp;- (7)
j=1

Here, dp; and dpo are perturbations to the Hamiltonian,

m 1
5p1=—<¢zH_E+w T 1o’ ¢>7 (8a)
m 1
5p2=—<¢ ZH—E—w(SHH—E—wZ ¢>. (8b)

The quantities dp3 and dp4 are energy perturbations,

2
o (o ) ) 22

2
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Finally, the terms dps5 ¢ are perturbations to the wave
function,

1 /
dps =2 <¢ ZH—nlé—i-wZ(E—H) 0H ¢>, (8e)

1 /
dpg =2 <¢ ZH—W;—wZ<E—H> 0H ¢>. (8f)

B. Velocity—Gauge Perturbation

The dynamic Stark shift, in the velocity gauge, is pro-
portional to the quantity " which may be expressed as

Q' =x, X=X1+Xx2+Xx3, 9)

where
gy _m P
X1_<¢mH—E—I—wm¢>7 (10a)
el _m P
w= (0|l =Ty o
X3 = —(¢l¢) = —1. (10c)

The seagull term is responsible for y3. The prime in Q'
denotes the velocity-gauge form of the correction. It is
instructive to observe that the large-w asymptotic of @Q’
read as follows,

i o™ P g P
=122 (ol n] o)

1= 2% (|57 m)]o)

w2

=-1- <¢}§ ™29 5637

w2

_ 4 (Za)* m?
N 3 nd W2

0r0 (11)

where we assume a hydrogenic state with principal quan-
tum number n that is nonvanishing at the origin only for
S symmetry,

sy = o g, (12)

mn3

(0]

The first-order correction to the dynamic polarizability,
in the velocity gauge, is

0Q" = dx, (13)
where again the prime denotes the velocity-gauge form
of the correction. Eventually, we desire to show that

0Q = 0Q)'. Just like its length-gauge counterpart dp, the
velocity-gauge correction dx is the sum of various terms,

8
ox = Zéxj . (14)
j=1

Here, 0x1 and dx2 are perturbations of the Hamiltonian,

. p_z m 1 p_z

X1 = <¢mH—E—I—w6HH—E—i-wm¢>7
(15a)

3 () [ A R — )

X2 = mH—-F—w H—-—FE—-—wm
(15Db)



The quantities dx3 and dx4 are energy perturbations,

2
N S R S AT
5><3—<¢ m (m) m ¢> T
(15¢)
2
e (m N ]\ el
5X4_<¢E<H—E—w) E¢> - .
(15d)

The terms dys5 ¢ are perturbations to the wave function,

_ v _oom_ p Ly
6X5_2<¢mH—E+wm<E—H)6H¢>’
(15¢)
oxg—2 (ol ™ P ! I6H¢
X6 = mH-—FE—wm \E—H
(15¢f)

Quite surprisingly, in the velocity gauge, there are two
more terms,

z

ox7 = 2i <¢ % H—LE—HJ [0H, 2] ¢> ; (15g)

These corrections are due to a modification of the tran-
sition current in the velocity gauge,

pi

0
LA
m m

+45°,  8j' =i[0H,2'], (16)
with the correction §j° perturbing both transition cur-
rents in the polarizability matrix element.

For clarification, we should add that the correction
to the wavefunction (5¢) is orthogonal to the first-order
wave function (conservation of the norm), and hence, the
seagull-term contribution y3 receives no correction due to
the perturbative potential [see Eq. (10c)].

IV. GAUGE INVARIANCE
A. Proof of Gauge Invariance

First, let us point out that the gauge invariance of
the leading-order dynamic polarizability [Eq. (3) vs. (9)]
requires the relation

Q=x=uwp=Q. (17)

We will skip the details of the derivation of this iden-
tity which may be found in [7] and on pp. 357 — 359 of
Ref. [18]. Indeed, the verification of the identity Q' = @

is a rather easy, albeit somewhat tedious exercise involv-

ing the repeated application of the commutator relation
pZ

— =i[H,z]=i[H-EF+tw,z|. (18)

m

The gauge invariance ) = Q' of the leading-order dy-

namic Stark shift (17) raises pertinent questions con-

cerning a potentially similar relation 6QQ = dQ’ for the

first-order correction to this quantity. In detail, for the

nonrelativistic case, the gauge-invariance relation is

2 3
Q=Q & * <Zpi>=2xi, (19)
i=1 i=1

with two terms in the length gauge, but three terms in
the velocity gauge. For the correction, the appropriate
form is

6 8
6Q =6Q & W? (Zm) = i (20)
=1 =1

We now present the derivation of the formula (20)
(gauge invariance of the correction to the dynamic po-
larizability mediated by a perturbative potential  H), by
first investigating the velocity-gauge form of the correc-
tion, and then transforming into the length gauge. For
dx1 as defined in (15a), we have

‘)
m 1

H
"H-F+w H—E+wz‘¢>

v v

m 1 p

p
0H —
H—-—FE+wm

mH—-—FE+w

= —w? <¢

+2w<¢

ox1 ——<¢

0H 2

)+ (0o 511210
‘)

An analogous relation, valid for dy2, can be obtained by
the replacement w — —w in Eq. (21a). We transform
dxs as defined in (15¢) according to

m
L
H—-F+4+w

=w?dp +2w <¢) 0H z

m
PR
H-F+w

+{(d|zmdoH z| §) . (21a)

2
B p’ m p* (9|0H o)
o <¢ () & ¢> T
=w? op3 — 2w <¢ zim z ¢> (pl0H o)
H—-F+w
+(0|2%| ¢) (glmH|p) . (21b)

Again, an analogous relation, valid for dx4, can be ob-
tained by the replacement w — —w in Eq. (21b). For



dxs, the following relation is useful,

dxs =2 <¢

v

!
P m p° 1
m H—-E+wm (E—H) 5H‘¢>

= w?éps — 2w <¢ ZLZ5H‘¢>
— w
o <¢ 2 . ¢> (6 16H] 6)
+(¢|z*méH|¢) — (¢]2*| ¢) (dlm IH|o)

+ 2w <¢ z2<EiH>/m5H|¢>. (21c)

Replacement of w by —w in Eq. (21c) yields dys. Us-
ing Egs. (21a)—(21c), we finally obtain the simple and
compact relation

‘)

6 6
w225pi 225)(1- —2w <¢> z
i=1 i=1

[0H, 2]

m
H—-F+4+w

—2(¢[zm [0H,2]| §) . (22)

We recall that the expression Z?:l dxi represents the
sum of the wave-function correction, the correction to
the Hamiltonian, and the correction due to the energy
perturbation mediated by a perturbative potential 0 H.

What remains to be shown is that the sum of the
additional terms dx7 and dxs, as defined in Egs. (15g)
and (15h), reproduces the remaining terms on the right-
hand side of Eq. (22). This can be accomplished as fol-
lows,

3 =24 (]2 7o)
G R D)
- =2l - 2 fon. )
+ (= —w)}
_ _2w< LN ¢>
+2w< z%[(ﬁiz] ¢>>
—2 (¢ |zm [6H, 2] 9) . (23)

= = = P—
wr, wr, wr, wr,
AR
UJLj< wr,
FIG. 1. (color online). Feynman diagrams for the self-energy

radlatlve correction to the dynamic Stark shift. Interactions
with the external laser field are labeled with wry,.

We recognize, in the last line, the terms on the right-hand
side of Eq. (22). This concludes the proof of Eq. (20).

B. Relativistic and Radiative Effects
1. Leading relativistic correction

A Foldy—Wouthuysen transformation of the Dirac—
Coulomb Hamiltonian [19] gives us the following rela-
tivistic correction (see e.g. [20, p. 19])

—.

 m(Zo) (L-§). (24

_pr Za) (3
0H = o3t o O () +

For the relativistic correction to the current, we need the
commutator

Zo

4m?2r3

d=—pp>.  (25)

[6H’Z]:_ 2m3p

4 ]
8m3 ’

The two additional terms, in this case [see Eqs. (15g)
and (15h)], are

P° m I .
:2 — —
OXoH,7 <¢ mH—E+w< 58P P > ¢>,
(26)
5 o (g2 ™ L s)|e
X6H.8 = mH—-FE—w om3 VP '

(27)

We observe that these terms are exactly equal to the
terms on the right-hand side of Eq. (22), which leads us
immediately to the gauge-invariance relation

6 8
W? > opi(6H) = ox;(0H). (28)
i=1 j=1



The two additional terms dx7 and dyg in the velocity
gauge are definitely necessary in order to ensure gauge in-
variance; they are due to correction to the current which
prevails only in the velocity, but not in the length gauge
(see p. 21 of Ref. [20]).

2. Leading radiative correction

Inspired by effective field-theory, or nonrelativistic
quantum electrodynamics [21], we here pursue an effec-
tive treatment in which the leading logarithmic QED cor-
rection due to radiative photons is described by an effec-
tive Lamb-shift potential (see also Fig. 1)

) )

SH = 6Viamb = %a (Za) In[(Za)™?)

m

It is sometimes useful to consider a “standard” pertur-
bative potential [22]

oV = % 647, (30)

which is related to §Viamp by a simple prefactor,

N @) (7
Wi = 22 [r(z)] Inl(Za) %)
_ ?‘))_: In[(Za)~%) 8V . (31)

The standard potential (30) leads to a “normalized”
energy shift with unit prefactors,

7 4
Gy m s, )

SE(pl;) =
for hydrogenic states with the principal quantum number
n, orbital quantum number ¢, and total angular momen-
tum quantum number j. If a numerical evaluation is
desired, then the radiative corrections 6@Q) can be read off
from the sum of the various terms listed in Eq. (8). A gen-
eralization to the leading effect of vacuum polarization,
replacing §V by the Uehling potential [23] is immediate.

In general, for a perturbative potential §V that fulfills
[0V, z] = 0, the additional terms dx7 and dxs are not
necessary. In this case, the gauge-invariance statement
can be summarized as follows,

6 6
[6V,2] =0 = w?> 6pi(6V) = dx;(6V), (33)
j=1

i=1

leaving out dy7 = dxs = 0.

In Figs. 2 and 3, we present numerical data for the
frequency-dependent radiative correction (the “logarith-
mic coefficient”)

AQ _ (ta® )@
0 _<37r In(a™?) 0 (34)
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FIG. 2. (color online). Ratio of the first-order radiative cor-
rection of the dynamic polarizability to the unperturbed dy-
namic polarizability as a function of the laser photon energy
w (we set i = 1), divided by the Hartree energy Ep. The data
are obtained for the ground state of hydrogen. The quantity
AQ is defined in Eq. (34).
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FIG. 3. (color online). Same as Fig. 2, but in a frequency
range which covers the intermediate 2P state, where the laser
frequency can excite the 1.5—2P transition resonantly. The
plot is included for reference. Of course, near resonance, the
second-order perturbation treatment of the atom-laser inter-
action, which is the basis for Eq. (2), breaks down, and the
dressed-state formalism has to be used (see Ref. [13]). The 2P
resonance is responsible for the first peak in the radiative cor-
rection at w = % FEy, and the second pole is due to the zero of
the unperturbed matrix element @ at w = 0.429538 Fj,. All
calculations are performed in the non-recoil approximation.
The figure illustrates the dramatic increase of the radiative
correction as the resonance is approached.

where 0@ is the leading logarithmic radiative correc-
tion due to the effective potential (31), evaluated for
the ground-state of hydrogen. The numerical calcula-
tions use techniques originally developed in self-energy
calculations [24]. Large coefficients are obtained for the
leading logarithmic correction.



V. CONCLUSIONS

We have investigated the gauge invariance of the dy-
namic (ac) Stark shift under the “hybrid” gauge trans-
formation from the length to the velocity gauge. The
length-gauge perturbations due to a perturbative Hamil-
tonian dH have been discussed in Sec. IIT A, while the
velocity-gauge formulation is given in Sec. III B.

In the velocity gauge, six perturbations, two each to
the Hamiltonian, to the energy and to the wave func-
tion, have been given in Eq. (8), while the eight terms
in the velocity gauge can be found in Eq. (15). Gauge
invariance amounts to showing the identity (20). This is
accomplished in Sec. IV A, where we also give a general
form of the additional correction to the current, which is
necessary to include in the velocity gauge [see Eq. (16)].
Indeed, the general form of the correction to the current,
induced by the perturbative Hamiltonian § H,

8  =i[6H, 2", (35)

has not been recorded in the literature, to the best of our
knowledge, and constitutes a main result of our investi-
gations.

While all derivations discussed in the current paper
have been given for one-electron atoms, the generaliza-
tion to many-electron systems is straightforward: One
simply sums over the electron coordinates. One should
add that the derivation here is related to the one recently
presented in Appendix A of [8] in the context of the gauge
invariance of radiative corrections to the two-photon de-
cay width, and to Ref. [9, 10] for the gauge invariance of
the imaginary part of the atomic polarizability.

In general, the length gauge is favorable for the for-
mulation of relativistic corrections because the number
of terms is smaller in this gauge, and the interactions are
formulated in terms of gauge-invariant field strengths (E
and é) instead of gauge-dependent scalar and vector po-

-,

tentials (® and A); see Refs. [1, 6] for further discussions
on this point.

A specific picture is emerging from the recent investiga-
tions on gauge invariance: For resonant processes which
involve eigenstates of the same energy, of the combined
atom+radiation-field system, the “hybrid” gauge invari-
ance holds. This is, e.g., the case for the two-photon
decay width [8], where the initial 2.5 state has the same
energy as the final state (atom is in the 15 state, and
two photons are in the radiation field). This is also the
case for two-photon transition matrix elements, provided
the final state has the same energy as the initial state,
plus the energy of the two absorbed photons (i.e., at res-
onance, see Refs. [6, 8]). For the dynamic polarizability
studied in the current article, the resonance condition is
always met because relevant matrix elements describe the
absorption of a laser photon and the concomitant emis-
sion of that same photon. So, the initial state considered
in our investigations here has the same energy as the fi-
nal atomic state, which is in fact identical to the initial
state (it has the same number of laser photons, and the
same atomic state).

The deeper reason for the “hybrid” gauge invariance
of resonant processes lies in the possibility of formulat-
ing such energy perturbations in terms of adiabatically
switched fields and potentials; the gauge transformation
of the initial and final states of the wave function at
t — 400 amounts to the identity transformation because
the adiabatically switched fields and potentials vanish
in that same limit. Hence, the gauge transformation of
the wave function can be omitted. This general picture
is confirmed by the investigations presented here, and
augmented by the general form of the transition current
which has to be added in the velocity gauge.
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