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Abstract

We consider a quantum-electrodynamic problem of the spontaneous emission from a two-
dimensional (2D) emitter, such as a quantum well or a 2D semiconductor, placed in a quasi-2D
waveguide or cavity with subwavelength confinement in one direction. We apply the Heisenberg-
Langevin approach which includes dissipation and fluctuations in the electron ensemble and in the
electromagnetic field of a cavity on equal footing. The Langevin noise operators that we introduce
do not depend on any particular model of dissipative reservoir and can be applied to any dissipation
mechanism. Moreover, our approach is applicable to nonequilibrium electron systems, e.g. in the
presence of pumping, beyond the applicability of the standard fluctuation-dissipation theorem. We
derive analytic results for simple but practically important geometries: strip lines and rectangular
cavities. Our results show that a significant enhancement of the spontaneous emission, by a factor
of order 100 or higher, is possible for quantum wells and other 2D emitters in a subwavelength

cavity.



I. INTRODUCTION

Enhancement of the radiative processes due to the localization of emitters in a subwave-
length cavity (so-called Purcell enhancement [1]) is a fundamental cavity-quantum electro-
dynamics (QED) effect which finds an increasingly broad range of applications in the areas
as diverse as nanophotonics, plasmonics, linear and nonlinear optical sensing, and high-speed
communications, to name a few. It has been studied theoretically and experimentally so
many times that it is hard to believe that any further development is needed. However,
there seems to be a significant gap in the formalism for the situations typically encountered
in quantum optoelectronic devices, when the electron ensemble is out of equilibrium and
there is strong dissipation both in the optical dipole oscillations in a macroscopic ensemble
of fermionic emitters (e.g. electrons and holes in a semiconductor quantum well or a layer
of quantum dots, or a 2D semiconductor such as MoSy, or monolayer graphene) and for
the electromagnetic (EM) field in a cavity. Examples include subwavelength semiconductor
lasers [2H6] and other devices or circuits with subwavelength confinement in one or more
dimensions e.g. [7H9]. In this case using a simple Purcell-type factor ~ QA3/V | where Q is
a quality factor of EM modes in a cavity of volume V and X is the emission wavelength,
can drastically overestimate the cavity enhancement of the spontaneous emission. Although
this fact is well known, a consistent QED theory including dissipation and fluctuations is
usually replaced by a more phenomenological rate equations approach [3]. Recent theoreti-
cal analysis of subwavelength lasers [2] did include QED Heisenberg-Langevin equations for

the EM cavity modes, but not for the dynamics of the active medium.

Here we use a consistent Heisenberg-Langevin approach [10] [11] which includes dissipation
and fluctuations in the fermionic ensemble and in the EM field of a subwavelength cavity on
equal footing. Note that the description of dissipation and noise of a quantum field due to its
interaction with an active nonequilibrium medium require a completely different approach
as compared to the effects of Ohmic losses or radiation losses in an electrodynamic system.
The latter effects can be analyzed within a standard fluctuation-dissipation theorem [12].
The standard description would also work for a popular model of a dissipative reservoir as
an equilibrium ensemble of oscillators [13]. This approach would only allow one to describe
thermal emission from a medium in thermal equilibrium. In contrast, our formalism allows

us to treat radiation effects and obtain a correct expression for the current operator including



fluctuations due to nonequilibrium electron systems, e.g. in the presence of pumping, be-
yond the applicability of the standard fluctuation-dissipation theorem. The Langevin noise
operators that we introduce are not based on a model of a thermal reservoir. Instead, they
are derived directly from the condition of preserving the commutation relations and gener-
alized Einstein relations [I3]. Therefore, they can be applied to any dissipation/fluctuation
mechanism.

We apply the general formalism to the problem of spontaneous emission in a quasi-2D
waveguide or cavity with subwavelength confinement in one direction. Remarkably, we are
able to derive closed-form analytic results for all relevant quantities such as spontaneous
emission power for simple but practically important geometries: strip lines and rectangular
cavities. Our results provide general framework and convenient formulas for the evaluation
of enhancement of radiative processes in such systems. Our results also indicate that a
significant enhancement of the spontaneous emission, by a factor of order 100 or higher, is
possible for QWs and other 2D emitters sandwiched between metal plates in a subwavelength
cavity.

Section II describes the spatial structure of the EM field in a subwavelength quasi-2D elec-
trodynamic structure and develops the quantization procedure. Section III introduces cou-
pling to the fermionic system. Section IV derives and solves Heisenberg-Langevin equations
for the density operator of quasiparticles and EM field operators. It derives the expression

for the spontaneous emission power and its useful limiting cases.

II. ELECTROMAGNETIC FIELD OF A SUBWAVELENGTH CAVITY
A. Spatial structure of the EM field modes

Consider a very thin layer of quantum dipole emitters (which we will call a quantum well
(QW) for brevity, although it can be any fermionic system), placed inside a strip line or a
cavity formed by two metallic planes at z = L, /2 where L, < ¢/v/éw , where & is a typical
(average) value of the dielectric constant € = £(2) of the filling; see Fig. 1.

A TM-polarized EM field is described by the following components of the electric field,

magnetic field and electric induction:

)

(E,.,B,.D,.) = Re [(E(z) B,(2),D, Z(z)) e—iwmqw] (1)
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FIG. 1. A sketch of a nanocavity with thickness L, much smaller than wavelength. An active layer
of 2D emitters is shown in dark blue. The profile of the electric field of the fundamental TEq1;
mode is sketched on the sides. The radiation can be outcoupled through the gratings or cavity

edges.

Where we assumed that the strip line is oriented along x. From Maxwell’s equations,

V-D =0, VXB:B, V><E:—E (2)
c c
together with the material equation,
D=c<(2)E (3)
we obtain:
Eﬂjz _ L= iwljz 8Ex W o L q =
= — Dac; B, = — 5 =1—B _DZ 4
0z 1 it c 9 ¢ o(2) + Ze(z) )

The first equation in (4) yields



For subwavelength thickness L.q < 1 the previous equation gives D, =~ const, which
corresponds to the quasi-electrostatic structure of the field in the (y, z) cross section of the
strip line. From the second and third equations in Eq. we can obtain

aEz .WQDz q £

=i @ —i—z’%Dz (5)

0z
Lz
2 ~
Next we integrate Eq. as / dz ... , taking into account D, ~ const and the boundary
L.
-5

conditions on the metal planes: F,(+%) = Ex(—%) = 0. As a result, we obtain the

dispersion relation:
Lz
2

(6)
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Since the direction of z-axis was arbitrary, we can represent the electric field vector as
E = D,F,(r)e ™"+ C.C., (7)

where the factor Fy(r) determines the spatial structure of the field:

(8)

vector g is in the (x,y) plane, D, is a constant which in this case corresponds to a z-
independent amplitude of the electric induction. According to the Brillouin concept, one
can use the waves defined by Eqs. @— to construct any waveguide and cavity modes. They
have quasi-TEM polarization. In particular, if the sides y = £L, /2 are also metal-coated,

consider the lowest order (01) waveguide mode:

2 2
| L
E =D, F, (r)e = +CC, ¢+ (Li) W L. o
Yy

Ly
2
[ e(2)"'d=
Ly
2

where the explicit form to the factor Fy, (r) o< e =" is given below. If the facets x = +L, /2

are metal-coated as well, the waveguide becomes a resonator and the lowest order modes

are TEOlN:
i Nr\? 7\ w? L.
E = DNFN(T‘)G Nt + CC, ( Lz > + (L_y> == g_ﬁ_%— (10)
[ e(2)"tdz
Ly



In Egs. @ and the factors D,, and Dy are coordinate-independent amplitudes of the
electric induction. The factors Fy,, n(r) in Egs. , @, can be written in the same

form using the index v = q, ¢, N to denote a corresponding spatial structure:

cos (NOdd7m>
F,(r)= ZOCV(:L’,y)’ Cq = e, (g, = COS (%) e'?, (= cos (%) X sin (Neu[;sﬂa:)
L,

(1)
where f s ¢,Chd*r o« 0, . For a particular case of a uniform dielectric constant, Eqs. @—
are exact. Similar equations can be derived if one simply utilizes jumps of the dielectric
constants on the sides instead of metal coating. Even without any jump in the dielectric
constants, an open end of a thin waveguide with vertical size much smaller than wavelength
is a good reflector and therefore any radiation losses through the facets are small and are

not affecting the mode spatial structure significantly.

B. Field quantization in a subwavelength waveguide/cavity

Here we consider field quantization in a volume V = L.S , where S = L, x L, . The

field operator can be represented in a standard form [I4, [15]:
E =Y [B(r),é +E'(r),q]] (12)

G, y)

where ¢, and ¢,7 are boson annihilation and creation operators, E,(r) = z, B D,,
e(z

and D, is the normalization constant corresponding to the z-independent amplitude of the

electric induction. The value of D, needs to be chosen in such a way that the commutation
relation for boson operators ¢, and ¢,' have a standard form [y, éyT] = ¢,,s. In this case the

field Hamiltonian will also be standard:

Hy = Z hw, (é,7e, + %) (13)

To find the explicit expression for D, we apply the phenomenological procedure of field
quantization in a medium [I4] [16] which was justified in [I7] based on a rigorous quantum
electrodynamics theory. According to this approach, the normalization is determined by the

requirement that the classical energy density W of the EM field E = E,(r)e~“"* + C.C.,
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B = B,(r)e " 4+ C.C give the total energy of [, Wd*r = hw,. For our strip line this

procedure yields the following expression for the normalization constant (see Appendix A):

2
D2 = : T ’ (14>
Lz 1 I(w?e(w, 2)
. *d2 : d
f5C CV rx _L 252((,0,/’ Z)OJ,, |: 80) w=wy ’

where [o CqCrd*r = S, [ (G d®r = S/2 and [ (nCyd?r = S/4. In the limiting case of
plane waves in a homogeneous medium Eq. corresponds to a standard normalization

of the electric field [14 [16] 17]; indeed, taking into account that in a homogeneous medium

2mhw, .
D, = E,(w,), Eq. (14) gives |E,|* = v 6(w§5(t:,z) , where V = L.S is the
2w, ow —

quantization volume.

III. NON-DISSIPATIVE DYNAMICS OF A COUPLED SYSTEM OF PHOTONS
AND ELECTRONS

A. General formalism

We will denote a quantum state of an electron in a QW or any other 2D nanostructure by
a band index m which may include also the subband, spin, and valley index as needed, and
the 2D quasimomentum k corresponding to the motion in (x, y) plane. The second-quantized

energy of a system of such quasiparticles is

- g
He = E kaamkamk (15)

mk
where djﬂk, amp are creation and annihilation operators of fermions, W, = W,mkr are the

diagonal matrix elements of the energy operator of a quasiparticle. The eigenfunctions can

be written as
eik:'r

|m7 k) = ﬁ

Y (2) (16)

1
where [ e BB 2r = SSprr, | Ym(2)VE(2)dz = Gpn. Here we assume that a 2D nanos-
1

2
tructure occupies a region —1/2 < z < [/2, 1 < L,. The total Hamiltonian of a coupled

system of photons and electrons is

H=H;+H +V (17)



where the operators H ¢ and H, are given by Eqgs. and , and V is the interaction

Hamiltonian, which can also be written in the second-quantized form:

V= Z Vnmk’kﬁnmkk’ (18)
mnkk’
Where pumkks = @l g émp is the densit tor. Matrix elements Vynuk in Eq. (L8)
Prmkk! = O,/ 0mi 15 the density operator. Matrix elements Viwi in Eq. (18) are
operators since they depend on the quantum field.
Taking into account the quasi-electrostatic structure of the electric field in the transverse

cross-section of a strip line, we can write the interaction Hamiltonian in the electric potential

approximation:
z

V=e / E.dz (19)

—1/2

Using Eq. for the field operator, the matrix elements of the interaction Hamiltonian are

where d,,,, is the effective dipole moment of the optical transition:

/2 z

i =—c [ i) | [ 55 | out)] a: (1)

e(2)
—1/2 —1/2
v 1 —ik'r ikr v V) *
¢ = 3 /S e e, (2, y)e*rdir, (U = (¢ (22)

For a homogeneous medium, in which £, = D, /e , Eq. (20) will contain a standard expres-
sion dym D, = —e(n|zlm)E,,.

The Hamiltonian Eq. gives rise to the Heisenberg equations for photon operators:

S Y " i*z~<u>w

Cy = ﬁ[H’ Cy] = —ww,C, + ﬁDV e dnm k'k Pmnkk’

= L) = i, — 2Dy S APt 2
C, h[ ] =iw,el . ankk, m Qe Prankk (23)

We write a similar equation for the density operator using a shortcut notation |m, k) = |u)

for brevity. Using the fundamental commutation relation [I7HI9)

[/3/1’77’7 ,6“7,] - (5;#77/3/“7’ - 5#17’:5#’77) (24)
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which is valid whether the creation and annihilation operators dil and a, satisfy the com-

mutation relations for bosons or fermions, we obtain:
Pun = ﬁ[H Pun) = 7 Z gt P — pw’Hu ) (25)

The resulting equation for the density operator has the same form as the von Neumann
equation, although the original Heisenberg equation had an opposite sign in front of the
commutator [I7HI9]. This is to be expected, because for time-dependent Heisenberg oper-

ators d;g and G, the average of dyadics p,, = a/

1a, over the initial quantum state should

correspond to a usual density matrix.

B. Matrix elements of the interaction Hamiltonian

The form of the interaction Hamiltonian for the fields with different spatial structure

depends on the matrix elements C,S,/) defined in Eq. . In particular, for plane waves we

obtain C 't = Ok'k+q- For a waveguide or a cavity the correspondmg expressions for (. (4c)

and Ck/ . are quite cumbersome and are given in Appendix B.

If we take into account that the de Broglie wavelength of electrons is typically much
TN 7N

L, L

for matrix elements are simplified. Indeed, in this case we can assume that the optical

smaller than the spatial scale of the EM field, i.e. k> |q|, ¢z, — , the expressions
transitions are direct in momentum space and take C,g,)c ~ a0 . The factor in front of the
delta—function is one for plane waves; for a waveguide or a cavity one should choose «, =
VD ow G k,k kk, With this choice, a resonance line which is smeared in the quasimomentum
space can be reduced to the delta-function «a,,dg, while conserving the sum of intensities of all
transitions within the line. The Parseval theorem then gives >, Ck,k kk, =S [ GGrdPr

(see Appendix B). As a result the matrix element can be written in the same form for plane

waves, in a waveguide, and in a cavity:



where

= o 2mhw,
Dl = 56T w) 27)
B i 1 I(w?e(w, 2)
6w = [ o | e 29

Note that in a uniform nondispersive medium chn =dun/e and G =L, /e.

C. The probability of the spontaneous emission

Consider a spontaneous radiative transition m — n for a quasiparticle in an open elec-
trodynamic system, e.g. in the space between two conducting planes or in a waveguide. The
transition probability is usually calculated using Fermi’s golden rule [20]:

2w W, W
A = — 17 125 (= - L 2
men T pg /d 71Vril 5( 7 7 Wu) (29)

where the integration [ dII; is taken over all final states of a system labeled by f. The

matrix element V}; in this case is equal to <1V]Vnmk/k\0,,>, where |n,) is a Fock state of

photons. Using Egs. and — we obtain
Vi = —dpm DEC % —dpn D2k (30)

Taking into account the photon density of states, one can get for the radiation emitted into

space between two conducting planes

S|q|dfdw,

M = 5210w, j0q)

where 6 determines the direction of vector q in the (z,y) plane. For the radiation emitted

into a waveguide,
L,dw,,

" 27|0w,, /0|

The resulting expressions for the spontaneous emission probabilities are

dil;

A(q) — 27T|szn|2wmn|q|
T hG (L, Wi )| 0w/ 0Qwy=wpn

() 27 |d |2 Wrnn

men hLy,G (L., wWnn)|0we, /0G|,

=Wmn
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where w,,, is the transition frequency.

In order to use Fermi’s golden rule in a cavity, one has to formally introduce the density
of states assuming that the modal spectrum is spread near the resonance frequency w,,, by

the linewidth Aw :

B (Aw/2m)
Ay = o S AT (33)

which results in

8 4
2w\dmn\2( ZZ”)
AN (AL = 4

Eq. is also valid for a waveguide at a critical frequency, i.e. for |Ow,, /0g.| = 0, because
such a system is effectively a cavity. In a homogeneous medium, expressions , and

can be simplified. In this case Eqs. and lead to

dnl® |,
G(L.,wmn) L. [0(w?)
2w, | Ow |,

Finally we compare the spontaneous emission probability in a cavity with that in free space.

4w®|dpn)*V/E
3hc3

The latter is equal to A® = . Their ratio is

A 37 (c/wy/R)? (4w21> (35)

AO T 2 LL,L. \ Aw

Note that in Eq. the minimal lateral sizes of an electrodynamic system we consider are

L,, = mc/wy/e , whereas the value of L, can be much smaller.

Up to a numerical factor which depends on geometry, Eq. is a widely used expression
for the Purcell enhancement of the spontaneous emission. However, Egs. , , and
do not include the effects of nonradiative relaxation in an ensemble of fermions. Moreover,
the above approach does not allow one to determine the line broadening in a cavity in a
consistent way. To include all dissipation processes consistently, we use the Heisenberg-

Langevin formalism.
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IV. DISSIPATIVE DYNAMICS IN AN ENSEMBLE OF PHOTONS AND ELEC-
TRONS

A. Heisenberg-Langevin equations for the quasiparticle density operator

Dissipative effects in an open quantum system can be taken into account by adding the
relaxation operator E)un and corresponding Langevin noise operator E un to the right-hand
side of Eq. (25)) [10, 111, 15}, 18, 19, 21]. One cannot add dissipation phenomenologically, with-
out including Langevin sources, because this would violate the fundamental commutation

relation Eq. [10, [1T], 18, 19]. For the simplest model of “transverse” relaxation, when

A

Rystn = —=YunPun- (36)

Refs. [10, 11] derived the following expressions for the commutator and correlator of the

Langevin noise (for a particular case of a two-level system):

[F/m(t/)a F,In(t)] = (_’Y;m(ﬁnn - ﬁuu) + Rnn - Auu)(S(t/ —t)
(B (), Eran()) = (2% (Pr) + (Ris) )0t 1)

where F /In = FW and the symbol (...) means in this case the averaging over both the

(37)

initial quantum state and the statistics of a dissipative reservoir. The dissipation operator
in its simplest form of Eq. implies the absence of any inertia in a dissipative subsystem:;
that is why the noise operator turns out to be delta-correlated in time. Note that for
degenerate fermion distributions Eqs. are valid if the evolution equation for the density
operator includes exchange effects which take care of Pauli blocking.

The nonzero value of the relaxation operator for populations, Ruu # 0 in Eq. cor-
responds to the nonequilibrium distribution. A steady-state distribution can be nonequi-
librium because of an external pumping. An incoherent pumping generally redistributes
populations over many subbands; therefore within the model taking into account a limited
number of subbands such a pumping is convenient to introduce as a source jmz in the evolu-
tion equation for the density operator. This way we can assume that there is a generalized
relaxation operator ]z%,m = R,m + j;m on the right-hand side of Eq. , and the steady-state
(but not necessarily equilibrium) distribution corresponds to the condition <éuu> = 0 for
all u. Of course, the modification of the relaxation operator causes the noise operator to

change. However, within the simplest model of Eq. this does not affect the general form

12



of Eqgs. . One just needs to keep in mind that the relaxation constants ,, and operators
fiw in Eq. , contain the contribution from incoherent pumping.

The equation for the density operator can be further simplified if we (i) include only two
subbands, i.e. m,n = 1,2; (ii) assume that optical transitions in the interaction Hamiltonian
are direct; see Eq. . In this case the equation for the off-diagonal density operator ele-
ments includes only the elements po1xx and progr = ﬁ;mk Finally, (iii) we assume populations

to satisfy finkk = fA{QQkk = 0. This gives

. . A ) idoy _— ) ) A

P21k + 1w21 (k) Porkk + Yorkkfoikk = = Z D,é, | - (prikk — P22kek) + Forkks (38)
Wor — Wik

h
As usual, the properties pf the Langevin source Fjpg(t) in Eq. are convenient to ex-

where wo (k) =

press through the properties of its spectral components: Fglkk(t) = Fw;glkkethdw, F_w;lgkk =
Fu]:;ﬂkk . Taking into account that Rnkk = RQZkk = 0, we can get from Eq. (see also
[10, 19])

V21kk

( Jal r V21kk

otk Fur2tik) = nord(w — '), (Flpuie o) = nmgd(w — '), (39)

where n1g = (p11xk) and nog = (Paokk) are constant populations supported by pumping.

B. Heisenberg-Langevin equations for field operators

Similarly to relaxation in the medium, relaxation of the EM field gives rise to the noise
sources in the equations for field operators [I5]. When field absorption by fermions is
included, the noise term for the EM field appears due to Langevin noise terms in the density
operator equations [10, [IT], 19, 22]. Including any additional field absorption unrelated to
absorption in the medium should be accompanied by adding Langevin noise terms directly to
field equations. We take into account this additional absorption for the vth mode of the field
by including phenomenological dissipative operators —I'¢, and —1'¢], to the right-hand side
of the field equations . To preserve the commutation relation [é,, ¢/] we need to add the
Langevin noise operator L(t), satisfying the commutation relation [L(#'), LT(t)] = 2I'6(t —t')
(see Appendix C). Its correlator is equal to (LT (#')L(t)) = Z-2I'6(t—t'), where the parameter

= is determined by a state of a dissipative resevoir. When the latter is in equilibrium, we

obtain [I5] = = (eM/T —1)71,

13



Next we take into account that the dissipation of a given vth mode of the EM field could
also be due to absorption in metal walls and bulk material unrelated to the active medium.
In this case we add the dissipative operators to the right-hand side of Eq. , —(L 4+ 1y)e,
and — (I, + I,)él, together with corresponding Langevin noise terms, LY and LY . Here
the factor I'. describes radiative and diffraction losses out from the cavity and I', describes
Ohmic losses. Taking into account Eq. for the interaction Hamiltonian, we obtain
_idiD;

h

b+ (iw, + T4+ T,) - &, > pore + LY + LY. (40)

v

Here the Langevin sources can again be defined through the properties of their spectral

components:
L) = / LW e ®tdw, LY., = LWt
<ﬁ£”g?22£73;w> = () 2 o ),
(BB = () + 20720 s — o), (41)

where ng,  (w,) = and 7, , are the temperature of the ambient space which

ehwu/TT,a -1
controls radiative losses and the bulk material inside the cavity. The presence 9,,, in Eq.
corresponds to the Langevin sources that are d-correlated not only in space but also in time

[10, 19].

C. Spontaneous emission from an ensemble of nonequilibrium fermions in a single-

mode cavity

If we assume the populations to be given, the Heisenberg equations for the off-diagonal
elements of the density operator can be averaged over the original state of quasiparticles.
After averaging, the off-diagonal elements will depend on the field operators, noise operators,
and populations n,,,. The operators of populations p,mke in Eq. will be replaced by
c-numbers: pPrmkk = Nk ; see [17, [19].

The structure of Egs. and suggests the substitution ¢, = &y, (t)e ™! ¢ =

T

e (et vt Here é,(t) and ¢ (t) are “slow” amplitudes in the following sense: (¢g,) <

wy (Coy); see [IT7]. Neglecting any inhomogeneous broadening of the resonance line, a steady-

14



state solution of Eq. for a single-mode cavity is

. _idn D, Cove " (nyg — nag) Foore “tdw
P21kk ~ 5 - + - .
i(wa1 — wWy) + Vo1kk i(wa1 — W) + V21kk

Substituting Eq. into Eq. we obtain

. zd D I e iw—w)t gy,
Cov + (I + Ty + 00w + 7)éoy 2! Z/ :;lkk_w -

rw’e

+ /L(V) —i(w’ wy)tdw/_’_ /zg;)ﬂe_i(w”_w”)tdw” (43)

where
N1k — Nok Nk — N2k
dw = 2°Re , 2*Im , 44
Z w21 - wu — 121kk T Z w21 - Wu — 121kk ( )
d21| |D |2 |d21|227rwy
2* = | 45
. hL,L,G(L.,w,) (45)

The frequency shift dw of the “cold” cavity mode is due to the optical transitions between
electron states in a QW. We can redefine the cavity mode frequency assuming that the effect
of electrons has been included in w, from the very beginning (a “hot” cavity mode). The
decay rate 7 describes absorption by electrons; the population inversion corresponds to
v < 0. If (y+ I + I,) <0 the instability develops and the field grows with time; we don’t
consider this case here.

The steady-state solution of Eq. has the form

s zd12D Z/ Fopre @)t dw
—w +F +F +’}/] [(WQl—W)‘i"‘)/Qlkk]
L(V),efz(w —w)t I:(V)Hefi(w”fwy)tdw//
= b [ el . (40)
[Z(wv )+F+Fa+7] [l(wv_w)+F+Fa+’V]

Next, we use the Hermitian conjugate of Eq. to find the value of (&],¢,), assuming
that the statistics of noise operators Fiypp(t), LY (t) and LY (t) are independent from each

other. Using Egs. and we obtain

dw n
N dw Y21kkTi2k
i) =22 / 7 (@, —w)? + (I + Iy + 7)) x [(war — )% + 2Bl

+ L (w,) +
— 7. (W,
L+, +v

I

—_— v). (4
@) (47
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For simplicity, we neglect the last two terms in Eq. which describe the contribution
of the EM background of a surrounding medium and thermal radiation of the material inside

a cavity. The power emitted by electrons into the outside space is P = 21, X hw, X (égyéoy>:

Z dw 20 Yo1kk N2k
o 2

24 (L + Ty 4 7)?) X [(w2r — w)2 4+ 73 )

Equation for the spontaneous emission power is the main result of this section. It
has two obvious limiting cases:

(i) The transition line is much narrower than the cavity resonance: I, + I, + 7 > Yo1xk-

In this case we can get from Eq.

I L.+ 1,
oty S ok, (49)

P:h VA(N) A 1 . . .
wy[As 2 ( w)Aw:Awif)f] L+ Io+y (w—wn) + (L + 15 4+7)*

where Agi)l(Aw) is the probability of the spontaneous emission in a cavity given by Eq.
and Awé;)f = 2(I. + I, + 7). The second factor in Eq. determines the fraction of
the radiation which escaped outside. The third factor is due to a position of the narrow
transition line within a broader cavity mode line. The last factor is a number of radiating
S
articles: Nok = ——— [ nod?k.
(ii) The transition line is much wider than the cavity resonance: I'. 4+ I'; + v < Y21k In

this case

I
P = hwu[Agi)1(Aw) Z (w (Y21) V21kkN2k (50)

Sk . .
A"J—A“’eff] I+ 1,4+ v w21>2 + 7221kk

Instead of the cavity linewidth 2(1. + I, + ) Eq. contains the homogeneous linewidth
Awgc)f = (791) where the right-hand side is an average value of Yo1x,. Now the third factor is
due to a position of the narrow cavity mode line within a broader transition line. Therefore,
the effective quality factor is determined by greater of the two values, I + I, + 7 or (7a1).

The spontaneous emission efficiency is proportional to the factor , Where ~ is

I +1I,+~y
the decay rate of the field due to absorption by electrons. Since v depends on the electron
density, the spontaneous emission efficiency per particle also depends on their density.

One can further simplify Eq. if relaxation constants o1, do not depend on k, i.e.

V21kk = 7Y21-

dw 201
rer Vm/_ NG
: T [(wy —w)? + (I 4 To +7)?] X [(war —w)? + 73] 2 (51

o0
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Here ~ is defined by Eq. ; for yo1xk = 701 it becomes

N =02 P S (g — ). (52)
k

where 22 is given by Eq. . Using Eq. , one can rewrite Eq. as

P = hw,,Ag,)l Z Nok, (53)
k
where A
27\J21|2 ( 22 )
AN Aey s (54)
>t hL,L,G(L.,w,)
and
1 _ / d_w 2Fr’721 (55>
Awepr ) A [(wy —w)? + (I + Ty +7)%] X [(war — w)2 + 73]

[e.o]

For a cavity filled with a uniform and dispersionless medium with dielectric constant e

one can further simplify Eq. as

hw, AOY n2k:] [wQ 2/2L—\/;)] Qeff (56)

4w3|d21| \/_
0
Where A©) — BT

electric medium € and Q.ff =

is the spontaneous emission rate into free space filled with di-

- is the effective quality factor. The term in the first
brackets on the rhs of Eq. is et]i{e power of spontaneous emission into free space; the
term in the second brackets is the geometric enhancement due to a subwavelength cavity.
The integral in Eq. is a product of two Lorentzians which can be easily evaluated
analytically but is a bit cumbersome. Assuming for simplicity exact resonance between the
transition frequency and the cavity resonance, w, = ws;, we obtain
worl W21

e - — ,
Qess 200+ I +v) (v + 1+ T, +7) 2(v21 + I7)

(57)

where the last expression is in the limit I, > [, + 7.
For a fixed transition linewidth 2, we normalize Q.fs by the Q-factor of the radiative

w 2
transition ——~ and plot the normalized Q-factor Q,orm = gkl

Y21 Aweyy
cavity linewidth I for different values of the total normalized intracavity absorption rate

as a function of the

(I';+7y)/721; see Fig. 2. As shown in Fig. 2, the total magnitude of the intracavity absorption

rate should be kept below the total linewidth 72, of the emission line. Figure 2 also shows
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u},: beyond the value

of I, corresponding to the peak value of the effective Q-factor Q.s¢. For smaller values of

that it makes no sense to increase the Q-factor of the cavity mode

I, the intracavity quantum efficiency will stay roughly the same, limited by the dissipation
rate 79, of the optical polarization, whereas the radiation power outcoupled from the cavity
reduces o< I'.. The effective Q-factor quickly drops down with detuning of the cavity mode

from the emission line; see Fig. 3.

1 1 1 1 1 1 1 1 1 1 =

0 1 2 3 4
Fr/721

WI

FIG. 2. The normalized effective Q-factor as a function of the normailzed cavity linewidth I5./~o1
at exact resonance wo; = w,. Four curves correspond to four different values of the total intracavity

absorption rate (I'y + ) /~21: 0.01, 0.1, 1, and 10, from top to bottom curve.

For mid-infrared intersubband transitions in multiple QW nanocavities at hws; ~ 100 —
200 meV and full linewidth 2v5; = 10 meV [23] the maximum Q.sr ~ 50 — 100 and the
geometric enhancement in Eq. can add another factor of 10—100. For THz intersubband
transitions (Qers is similar whereas the geometric enhancement is a factor of 10 higher.
For a near-infrared interband transition in semiconductor QWs the frequency is ~ 5 — 10
times higher, but the linewidth is 2 — 3 times higher as well, so Q.fs can be about 100-
300. This example also suggests that an optimal radiative loss from a cavity (or a cavity

mode linewidth) for semiconductor 2D emitters should be of the order of 5-10 meV. 2D
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1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 -2 0 2 4
(w,, — w21)/’721

FIG. 3. The normalized effective Q-factor as a function of frequency detuning at I5. = 9. Three
curves correspond to three different values of the total intracavity absorption rate (I, + v)/7v21:
0.01, 0.1, and 1, from top to bottom curve. They are plotted for the value of the normailzed cavity

linewidth I, /v21 = 0.1, 0.3, and 1, respectively, which correspond to the maximum Q¢ in Fig. 2.

semiconductors such as MoS, have excitonic emission lines that are quite broad, up to 50-
100 meV. They are ideally suited for integration with plasmonic nanocavities which have a
relatively low Q-factor but a very small effective mode volume. As an example, Ref. [26]
reports a 2000-fold enhancement in the photoluminescence intensity from MoS, monolayer in
a plasmonic nanocavity formed by a gold substrate and a patch silver nanoantenna. Since
the emission line of MoSs was so broad (about 30 nm at 660 nm wavelength), according
to Egs. , the authors made an optimal choice of using a plasmonic nanocavity
with strong radiative outcoupling and comparably broad nanocavity modes, but with an
ultrasmall effective mode volume of ~ 1073(\/+/€)3.

All results in this section are applicable to a waveguide at the cutoff frequency.

In conclusion, using consistent Heisenberg-Langevin approach we derived general ana-
lytic formulas describing the spontaneous emission of 2D emitters placed in plane-parallel
subwavelength cavities or waveguides. We found that a significant enhancement of the out-

coupled spontaneous emission and quantum efficiency of semiconductor quantum devices
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can be achieved for realistic device parameters. The present formalism can be extended to
the nonlinear optical processes in 2D subwavelength cavities [27].

This material is based upon work supported by the Air Force Office of Scientific Re-
search under award numbers FA9550-17-1-0341, FA9550-14-1-0376, and FA9550-15-1-0153.
M.T. acknowledges the support from the Ministry of Education and Science of the Russian
Federation contract No. 14.W03.31.0032.

Appendix A: EM field quantization in a subwavelength cavity filled with a layered

dispersive medium

We start from the expression for the energy of a classical EM field in a nonmagnetic

medium [14], 24]:

t
B? 1 .
W =—+ — [ EDdt. Al
8T + 47?/ (A1)
c

According to Eq. in our case the electric field and electric induction vectors are equal

to

G, y)

e(wy, 2)

E=2,D, e+ C.C., D =2,D,(z,y)e ™"+ C.C. (A2)

For a non-uniform medium with frequency dispersion the spatial distribution of the field
depends explicitly on the frequency w, ; this fact requires certain modification of the approach
used in [14] 22] to calculate the field energy . Assume an adiabatically slow “turning on”
of the electric induction at the moment of time ¢t = C, i.e. D, = D,(t),D,(C) =0,D, <

w,D,,. In this case one can write

D = z,¢,(x,y)e ™ (—iw,D, + D,) + C.C.
(A3)

E ~ 2,(, (7, y)e vt ( D, —1—@'D,,% ( L ) ) + C.C.

e(z,wy) e(z,w)

In addition, we take into account that for monochromatic fields E = E,(r)e~*“** + C.C. ,
B =B,(r)e'+C.C. and D = D,(r)e '+ C.C. in a cavity or under periodic boundary
conditions the flux of the complex vector E, x B; through a surface enclosing volume is

equal to zero. This allows one to prove that (see also [I7), 25])
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/ B,B:d’r = / D, E*d*r, (A4)
\4 14

Using Egs. (A1) - (A4)) one can get

Le
5

3, |DV|2/ * 72 / 2 _ i 1
/Wd T = _47'(' CVCyd r X 5(z,wl,) wuaw E(Z,CU) o dz.
\% S _

Lz
2

After we impose the requirement fv Wd3r = hw, and take into account the relation

L) Lo

€ € 2w Ow

we arrive at the normalization condition Eq. .

Appendix B: Matrix elements of the interaction Hamiltonian for fermions coupled

to an EM field in a cavity or a waveguide

The explicit form of the matrix elements in Eq. is
(i) in the waveguide:
(qz) _

Kl = Okl koo Vi) y (B1)
where
s s / Ly : / s Ly
S1n [(ky —+ L_y — ky> 7:| Sin |:(ky + L_y — ky) 7]
Y by = + :
(ky+ 7 — k) Ly (K + £ k) Ly
(ii) in the cavity:
(N) _
Chrke = Yy by X (B2)

where

sin [(kw + _N—OLd:Tr _ ké) %} sin [(k;; + N%dﬂ _ k:$> %]

X = - + ~
(ko + 2= — k) L, (K, + M= — k) I,
(even) .Sin [(k; 4 Nezznﬂ— — kx> %} .Sin [(kx 4 Nezznﬂ— _ k;) %}
Xk;,km = —1 :
(; + Mgor — k) L, (ko + Mo — k) L,
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These expressions are presented in the form which shows explicitly the factors of the type
sin(Ax)

x
When calculating the radiated power by an ensemble of fermions we need to know the

squares of matrix elements summed over electron k-states, in particular »_,, Yk;,ky ka,k;, and
! :

Zk; X ko Xk, k- Taking into account that

+o0o 9 +o0o
sin® z cos?
L =n, [ 2T _gp =,
x B
— 00 — 00

we obtain

L 1 L
y r_ z ;o
ZY%”“ZJY’%% o /néﬁkyyky’%dky Ty ZX’“&’]%X’C”% 27 /Xk&’kxka’k&dkx T2

(B3)

Since [¢ (g, d*r = S/2 and [ (nCyd®r = S/4 , Eq. 1) give the equation Y _,, ,(;,)c ,(;c),T =
S [ G¢d?r, which is used in Sec. IIb.

Appendix C: Commutation relations for Langevin sources

Consider a quantum oscillator described by the Hamiltonian H = hw(éfé +1/2). After

f

“wtand ¢f = &)

substituting ¢ = ¢pe e~ the Heisenberg equations of motion take the form
¢ = 0, ég) = 0. The simplest model of interaction with a dissipative reservoir modifies
these equations as follows: Go+ ey = 0, é(T] + I ég = 0. However, this modification leads
to violation of boson commutation relation [éo, ég] = 1. To resolve this issue and preserve
the commutator one has to add the Langevin sources to the right-hand side of Heisenberg

equations [15]:

éo+Tég=1L, & +reh=1L" (C1)

Langevin noise operators in Eq. describe fluctuations in a dissipative system. Note that
([:) = 0 ; the notation (---) means averaging over the statistics of the dissipative reservoir
and over the initial quantum state |¥) within the Heisenberg picture.

The operator L is usually defined together with the relaxation constant I within a given
model of the reservoir [I5]. However, the commutation relations for a noise operator can be

obtained directly from the given form of the relaxation operator if we require that standard
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commutation relations [, ég] = 1, [éo, ¢o] = 1, be satisfied at any moment of time. Indeed,

lets substitute the solution of the operator-valued equations (C1))

t t
o = éo(0)e It + / DL, & =el(0)e T + / DL dt! (C2)
0 0
into the commutators. It is easy to see that the standard commutation relations will be

satisfied if, first of all, the field operators at an initial moment of time, ¢y(0) and 65(0),
commute with Langevin operators L(t) and Li(t) in any combination. Second, the following

condition has to be satisfied:

[L,é)] = [é0, LT =T. (C3)
t
Substituting Eq. into Eq. and using the identity [ X (#')0(t — t')dt’ = X (t)/2 we
0
arrive at
[L(t), LT(t)] = 206 (¢ — t'). (C4)
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