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Using a model molecular system (A2) with two active electrons restricted to one dimension, we
examine high-harmonic generation (HHG) enhanced by rescattering. Our results show that even at
intensities well below the single ionization saturation, harmonics generated from the cation (A+

2 )
can be significantly enhanced due to the rescattering of the electron that is initially ionized. This
two-electron effect is manifested by the appearance of a secondary plateau and cutoff in the HHG
spectrum, extending beyond the predicted cutoff in the single active electron approximation. We
use our molecular model to investigate the wavelength dependence of rescattering enhanced HHG,
which was first reported in a model atomic system [I. Tikhomirov, T. Sato, and K. L. Ishikawa,
Phys. Rev. Lett. 118, 203202 (2017)]. We demonstrate that the HHG yield in the secondary cutoff
is highly sensitive to the available electron rescattering energies as indicated by a dramatic scaling
with respect to driving wavelength.

I. INTRODUCTION

The study of atoms and molecules interacting with
intense laser pulses (1013–1016 W/cm2) has revealed
fundamental processes, including high-harmonic gen-
eration (HHG) [1–4], nonsequential double ioniza-
tion (NSDI) [5–8], and above-threshold ionization
(ATI) [9–11]. These processes are generally interpreted
by a semiclassical (or recollision-based) model [12–14].
In this model the electron is first ionized from its ground
state and then accelerated in the continuum by the os-
cillating field. This ionized electron can be driven back
by the field and thus recollide with the cation. In the
case of HHG, the recollision leads to the emission of a
photon with energy Ω = Ip + Er. Here Ip is the ion-
ization potential of the target atom/molecule and Er is
the electron rescattering energy. Neglecting the effect of
the Coulomb potential, the semiclassical model predicts
the cutoff energy for HHG to be Ip + 3.2Up, where Up is
the ponderomotive energy. This expression for the semi-
classical cutoff energy is linked to the maximal energy
for the returning electron, 3.2Up. In quantum mechani-
cal calculations, the HHG process is typically described
within the single active electron (SAE) approximation,
which ignores dynamical multielectron effects.

In contrast to HHG, NSDI is a process that is under-
stood to be driven by multielectron effects that are be-
yond the SAE approximation [15, 16]. Numerous studies
have indicated that these nonsequential effects dominate
in strong field double ionization below the saturation in-
tensity for the first ionization, beyond which sequential
effects start to dominate [17–20]. In addition to direct
impact ionization, alternative routes to recollision-driven
double ionization have been identified, such as recollision
excitation with subsequent ionization (RESI) [21, 22].
In the RESI mechanism, the electron that is left in the
cation is first promoted to an excited state by exchang-
ing energy with the returning electron (recollision excita-
tion), and it can later be ionized when the field is close to

a maximum (subsequent ionization). When the maximal
energy of the returning electron is not sufficient to di-
rectly knock out the second electron from the cation, the
RESI mechanism is expected to be the dominant chan-
nel. Other studies have also proposed a mechanism in-
volving multiple recollisions as important in the NSDI
process [23, 24].

The incorporation of nonsequential effects in the inter-
action of atoms and molecules with strong fields remains
computationally challenging, particularly for quantum
mechanical models. In this paper we investigate mul-
tielectron rescattering effects in HHG beyond the SAE
approximation. We provide numerical evidence for the
enhancement of HHG due to nonsequential effects by
solving the two-active-electron (TAE) time-dependent
Schrödinger equation (TDSE). Using a one-dimensional
(1D) molecular model, we identify the secondary plateaus
and cutoffs in HHG spectra arising from the recollision
dynamics of the first ionized electron, as also recently re-
ported in a model atomic system [25]. These secondary
plateaus and cutoffs in our TAE molecular model extend
beyond the results calculated from its corresponding ef-
fective SAE model. We show that the efficiency of the
recollision-enhanced HHG process is mainly dependent
on the Up scaling of return energies with respect to the
laser intensity and wavelength λ. In particular, our re-
sults suggest that these two-electron recollision effects are
reduced for longer driving wavelengths, which exhibit a
dramatic scaling of λ−6 for the HHG yield in the sec-
ondary cutoff.

This paper is organized as follows. In Sec. II, we
present the 1D molecular model that we have imple-
mented and the numerical details for the calculated HHG
spectra and their associated time-frequency profiles. In
Sec. III, we discuss and analyze the time-frequency pro-
files of emission from the recollision-enhanced HHG pro-
cess and the corresponding wavelength and intensity de-
pendence of the secondary cutoff yields. Finally, we give
a summary of our results and some implications for ex-
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perimental studies in Sec. IV. Atomic units are used
throughout this paper unless otherwise stated.

II. THEORETICAL METHODS

Using a 1D molecular model (A2) with two active elec-
trons, we numerically solve the TDSE

i
∂

∂t
Ψ(x1, x2, t) = Ĥ(x1, x2, t)Ψ(x1, x2, t). (1)

The Hamiltonian, in the length gauge and dipole approx-
imation, is given by

Ĥ =

2
∑

k=1

[

−
1

2

∂2

∂x2k
+ Vne(xk)

]

+ Vee(x1, x2)

+ (x1 + x2)F (t),

(2)

where Vne is the electron-nucleus potential, Vee is the
electron-electron potential, and F (t) is the driving laser
field. In our calculations a linearly polarized laser field
F (t) = F0 f(t) sin(ωt) is applied, where F0 and ω are the
laser peak amplitude and frequency, respectively. The
envelope f(t) ramps up during the first two laser cycles
(τ = 4π/ω) and remains constant afterwards:

f(t) =











0, t < 0

sin2(πt/2τ), 0 ≤ t ≤ τ

1, t > τ.

(3)

Note that the ponderomotive energy is defined as Up =
F 2
0 /4ω

2, which corresponds to a quadratic scaling with
respect to the driving wavelength and a linear scaling for
the intensity.
Using soft-Coulomb potentials [26], the electron-

nucleus and electron-electron interactions are respec-
tively written as

Vne(x) = −
Z

√

(

x+ R
2

)2
+ a2ne

−
Z
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(

x− R
2

)2
+ a2ne

(4)

and

Vee(x1, x2) =
1

√

(x1 − x2)
2
+ a2ee

, (5)

where Z is the effective charge, R is the separation dis-
tance between the nuclei, and ane and aee are the soften-
ing parameters. Here we assume that the positions of the
nuclei are fixed during the temporal evolution. For the
1D A2 molecular system, we set the parameters Z = 1,
R = 1.9 a.u., a2ne = 0.7, and a2ee = 1. This results in
the ionization potentials of A2 and its cation A+

2 to be

I
(1)
p = 21.1 eV and I

(2)
p = 38.9 eV, respectively. The

difference between the ionization potentials for the first
and second electron can be controlled by varying the pa-
rameter R.

Numerical simulations presented in this work are
implemented using the grid-based quantum code,
OCTOPUS [27]. The initial state used in solving the
TDSE is the ground state of the molecular system for
both neutral and cationic species. In the neutral case,
we solve the full TDSE for two active electrons, which
hereafter is referred to as the A2 TAE model. On the
other hand, in the cationic case the TDSE is solved for
effectively only one electron (A+

2 SAE model). For the
A2 TAE calculations, converged results are achieved with
grid spacing ∆x = 0.4 a.u. (in both electron coordinates)
and time step ∆t = 0.03 a.u. In all calculations we ensure
that the noise level, e.g., due to spurious reflections from
the applied absorbing boundaries, is much lower than the
signal from secondary cutoffs in the HHG spectra.
Single-active-electron simulations are also employed in

order to compare with TAE results and to identify two-
electron effects present in our A2 molecular model. In
the SAE approximation, the dynamics is described by a
single-electron wave function ψ(x, t) such that

i
∂

∂t
ψ(x, t) = Ĥeff(x, t)ψ(x, t)

=

[

−
1

2

∂2

∂x2
+ Veff(x) + xF (t)

]

ψ(x, t).
(6)

In our study the effective potential Veff(x) is taken to
have the same form as Eq. (4) with parameters changed
to Z = 0.5 and a2ne = 0.4235 to match the ionization
potential of the two-electron A2 molecular system.
The associated HHG spectrum is evaluated from the

Fourier transform of the dipole acceleration a(t) [28].
Throughout the paper we take the Fourier transform over
the time duration of laser cycles 3–8, wherein a Hanning
window is applied. For the time-frequency analysis we
utilize the Gabor transform [29] as defined by

aG(Ω, t) =

∫

dt′a(t′)
exp

[

−(t′− t)2/2σ2
]

σ
√
2π

exp (−iΩt′),

(7)
where the standard deviation for the Gaussian window
function is set as σ = 1/(4ω) or about 4% of the laser
cycle.

III. RESULTS AND DISCUSSION

In this section we explore recollision-enhanced multi-
electron effects in HHG from the solution of the TDSE
for two active electrons restricted to 1D. First, we con-
sider the case of laser wavelength equal to 1400 nm and
peak intensity equal to 5 × 1013 W/cm2, which is well
below the saturation intensity for the first ionization.
Figure 1 shows that the HHG spectrum calculated from
the A2 TAE molecular model (solid red) has a primary
cutoff at about 55 eV, which closely matches the cut-
off energy from the SAE molecular model (dashed blue).
This is consistent with the commonly used SAE semi-
classical model which estimates the cutoff energy to be



3

FIG. 1. HHG spectra generated from the A2 TAE (solid red)
and SAE (dashed blue) molecule and from its correspond-
ing cation A

+
2 (dotted green). Here the driving laser field

has a peak intensity of 5× 1013 W/cm2 and a wavelength of
1400 nm. For each system the simulation is initialized from
its ground state. The vertical dashed lines correspond to the
first and second cutoffs.

I
(1)
p + 3.2Up (≈ 50 eV). The discrepancy between actual
and estimated values can be attributed to the additional
kinetic energy acquired by the electron during recombi-
nation with the cation [14].

Aside from the primary cutoff that closely matches the
A2 SAE model shown in Fig. 1, the HHG spectrum for
the A2 TAE model also has a secondary cutoff at about
72 eV. The position of this second cutoff is in good agree-
ment with the cutoff energy from the HHG spectrum for
the A+

2 SAE model (dotted green). This indicates that
the corresponding secondary plateau is due to the contri-
bution from HHG in the A+

2 cation. Although the posi-
tion of the secondary cutoff matches the SAE prediction
for the cation, the strength of the secondary plateau is
very different. We find an overall enhancement of several
orders of magnitude in the HHG yield at the secondary
plateau for the A2 TAE system compared to the A+

2 SAE
model. We note that the efficiency of the HHG process
starting from the cation is predominantly determined by
the ionization probability of the cation, and therefore
can be associated to a sequential double ionization pro-
cess. The fact that we find such a large enhancement
of HHG from the cation when starting from the TAE
neutral molecule suggests that the correlation between
the rescattering electron and the remaining electron in
the cation plays an important role. This is similar to
the well known enhancement of NSDI dominating over
sequential double ionization. In what follows we further
substantiate these multielectron recollision effects.

The underlying mechanisms behind double ionization
have been investigated in great detail using classical
methods [30–32]. Briefly, in the RESI mechanism the
first electron is ionized and driven back by the oscillating
field. The initially ionized electron recollides with the

cation and thus potentially exchanges energy with the
second electron left in the cation. Depending on the en-
ergy exchange between the two electrons, the cation may
be promoted to an excited state. This, in turn, enhances
the second ionization and correspondingly the HHG in
the cation. For the laser parameters considered in Fig. 1,
the available energies of returning trajectories are com-
parable to the first excitation energy of A+

2 (13.3 eV).
Based on the investigation of classical double ionization,
this condition has been shown to result in an efficient ex-
change of energy between the two electrons during recol-
lision [33]. In the present work we are interested in how
multielectron rescattering effects can be manifested in
HHG spectra. We will present more evidence for the non-
sequential mechanism behind the enhancement of HHG
as well as examine its efficiency in the following.

A. Gabor analysis

We investigate the time-frequency profiles of the HHG
emission using the Gabor analysis given in Eq. (7). This
provides a way to visualize the emission times as well
as the relative yields of harmonics, particularly at the
first and second cutoff energies. Figure 2 presents a com-
parison between the time-frequency profiles of the HHG
emission for the two A2 molecular models: (a) TAE and
(b) SAE. As shown in Fig. 1, the position of the first cut-
off is consistent for both models. For the time-frequency
profile from the SAE model, there is no visible emission
of harmonics beyond the first cutoff. However, emission
in the secondary plateau can be clearly seen from the
time-frequency profile for the TAE case.
As exhibited in Fig. 2(a), the harmonics in the first cut-

off are emitted with nearly constant yield starting at the
first half-cycle after the driving field ramp-up. We note
that the time it takes for the harmonics in the secondary
plateau to reach their full value is delayed by several half-
cycles relative to the harmonics in the first cutoff (HHG
in the neutral molecule). The delay in the harmonic emis-
sion supports the recollision-enhanced mechanism for the
HHG in the cation, which is only initiated when the
first electron that is ionized recombines with the cation.
This is also in agreement with the time-frequency anal-
ysis from Ref. [25]. The enhancement in the secondary
plateau relative to the A2 SAE model is demonstrated by
comparing the two panels of Fig. 2. This enhancement
for the TAE model appears already starting at t = 2.45
laser cycles.
In addition to harmonic emission in the secondary

plateau, we find remarkable differences in the struc-
tures from the TAE and SAE time-frequency profiles in
Figs. 2(a) and (b) all through the primary plateau. These
differences highlight the role of recollision effects in the
HHG process. In particular, the enhancement of HHG
from the A+

2 cation in the TAE case appears to modify
the overall shape of the time-frequency profile around the
first cutoff (at 55 eV) when compared to the SAE case.
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FIG. 2. Gabor analysis of the HHG from A2 molecule with the same laser parameters as in Fig. 1. The time-frequency profiles
are obtained from (a) TAE and (b) SAE simulations. The horizontal dashed lines correspond to the first and second cutoffs
(same as previous figure). Only the first cutoff is indicated in (b).

In other words, near the primary cutoff the contribu-
tions from HHG in both the neutral and cationic species
overlap, thereby resulting in the observed interference
structures. At lower energies in the primary plateau,
we see even more complicated structures for the TAE
case shown in Fig. 2(a). The overlapping structures in
the time-frequency profile make it somewhat difficult to
distinguish contributions from different trajectories, e.g.,
the so-called short and long trajectories [34].

Next, we investigate how the signature of two-electron
recollision effects in the HHG process is influenced by the
laser wavelength. Figure 3 displays TAE and SAE time-
frequency profiles for harmonics generated by a 2750 nm
laser field with the same intensity as in Fig. 2. This in-
crease in the wavelength corresponds to about four times
higher Up than the previous case. In Fig. 3(a), we indi-
cate the emission of harmonics in the secondary plateau
from the TAE model (white arrows). As expected from
the recollision model of HHG, the position of the second
cutoff relative to the first cutoff does not scale with the
driving wavelength. Rather, the relative position of the
second cutoff is determined only by the difference in ion-

ization potentials, I
(2)
p −I(1)p . When compared to the case

with shorter wavelength shown in Fig. 2(a), we observe
the following from the time-frequency profile in Fig. 3(a).
First, the second plateau has a much weaker relative yield
in the case with longer wavelength. In addition, the emis-
sion of second-cutoff harmonics only appears starting at
t = 3.45 laser cycles in Fig. 3(a). This means that the
appearance of second-cutoff harmonics happens at later
times in the case with longer wavelength. We also note
that, in general, the TAE and SAE time-frequency pro-
files are much more similar in the longer wavelength case.

Additionally, we analyze the time profiles of harmonic
emission near the two cutoff energies, which are displayed
in Fig. 4. These time profiles correspond to horizontal
lineouts from the Gabor mappings in Figs. 2(a) and 3(a).
To be precise, the time profiles are Gabor transforms

[given by Eq. (7)] evaluated at specific energies. Shown in
the upper and lower panels of Fig. 4 are the time profiles
for the two respective wavelengths, 1400 and 2750 nm.
In the case of shorter wavelength, the time profile for the
first cutoff in the TAE case (solid blue) shows that the
yield levels off starting at t = 2.45 laser cycles, within the
first half-cycle after the ramp-up. On the other hand, the
second cutoff (dotted red) gradually increases and then
levels off roughly at t = 3.45 laser cycles, which is delayed
by a full cycle compared to the first cutoff. This reflects
the delayed emission from the secondary cutoff that is
visible in Fig. 2(a). Compared to the primary cutoff,
harmonics in the secondary cutoff are generated from an
additional recollision of the second electron, which has
been initially ionized by the recollision of the first elec-
tron. In the case of the second-cutoff harmonics, the
second electron has to travel in the continuum for about
2/3 of a laser cycle after being ionized from the cation.
The travel time of the second electron explains why the
observed delay in the emission of second-cutoff harmonics
is more than a half-cycle. In the same way, it means that
the residual second-cutoff yields observed before t = 3.45
laser cycles are due to recollisions of the first electron
during the ramp-up of the laser field.

As we have previously discussed, modifications in the
time-frequency profile are observed for the shorter wave-
length case, particularly near the first cutoff energy.
From the time profiles in the upper panel of Fig. 4, we
find the corresponding HHG emission peaks that are re-
curring every half-cycle after the ramp-up for both the
first and second cutoffs. These peaks are in generally
good agreement with the semiclassical prediction (verti-
cal gray lines), which is about 0.05 laser cycle before ze-
ros of the field. However, we note that the peaks for the
first (second) cutoff are slightly shifted to earlier (later)
times compared to the semiclassical prediction, starting
at t = 3.45 laser cycles. This corresponds to the same
time when the yield in the second cutoff levels off, in-
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FIG. 3. Gabor analysis of the HHG from A2 molecule with the same laser peak intensity as in Fig. 2 but with a different
wavelength, 2750 nm. The horizontal dashed lines for the first and second cutoffs are shown, similar to Fig. 2. The white
arrows indicate emission at the second cutoff present in (a) TAE simulation but not in (b) SAE simulation.

dicating that the HHG from the A+
2 cation has gained

sufficiently high yield for it to interfere with the HHG
from the A2 molecule. Our results suggests that this
leads to a slight preference for the short trajectory near
the first cutoff region and a slight preference for the long
trajectory near the second cutoff region, which can also
be seen from Fig. 2(a). As a reference, the time profiles
for the first cutoff from the SAE model (dashed cyan) are
also shown in both panels of Fig. 4. For the SAE case,
peaks in the time profiles of the first cutoff are nearly
mirror-symmetric and centered at emission times close
to the semiclassical prediction.

Next, we inspect the time profiles from the longer
wavelength case displayed in the lower panel of Fig. 4
and compare them with the shorter wavelength case. Al-
though emission of second-cutoff harmonics is still ob-
served in the case of longer wavelength, the relative HHG
yield for the second cutoff is much lower compared to
the case of shorter wavelength. Additionally, instead of a
gradual increase, the yield for the second cutoff suddenly
increases from t = 2.95 to 3.45 laser cycles and remains
almost constant thereafter. We attribute this difference
for the two wavelengths to the recollisions during the
ramp-up. The gradual increase in the second-cutoff HHG
yield for the shorter wavelength case shows that recolli-
sions during the ramp-up can lead to enhancement in the
subsequent half-cycles. For the longer wavelength case,
there is almost no enhancement of the second-cutoff HHG
yield during the first cycle after ramp-up, which means
that recollisions during the ramp-up have very little ef-
fect. We find that the second-cutoff yields associated to
recollisions during the ramp-up are relatively sensitive to
its duration. Nevertheless, we find robust and consistent
results for later times, one laser cycle after the ramp-up,
when the second-cutoff yields have plateaued and the as-
sociated laser peak intensity is well-defined. These later
times are of interest in our analysis here and we therefore
focus on them in the remainder of the Paper.

In general, we observe that the HHG spectra for SAE
calculations become closer to the corresponding TAE re-
sults when the wavelength is increased. For instance,
notice that time profiles at the first cutoff from TAE
and SAE models are in almost perfect agreement for
the longer wavelength case, which is illustrated in the
lower panel of Fig. 4. This is expected since there is
overall a very good agreement in the time-frequency pro-
files from the TAE and SAE models, as demonstrated in
Fig. 3 (except for the emission at the secondary cutoff).
The agreement between the two models suggests that the
recollision-enhanced HHG process is suppressed for the
longer wavelength case and that HHG from the neutral
molecule dominates over HHG from the cation. Hence,
the recollision mechanism is not as efficient in enhancing
HHG yields from the cation in the high Up limit. In some
sense, this justifies the use of SAE models in this regime
where two-electron recollision effects are diminished. Im-
provement in the performance of SAE models for longer
wavelengths has also been discussed and studied for ATI
using the same two-electron model [35].

B. Wavelength and intensity dependence

For a more comprehensive analysis of the wavelength
dependence, we calculate the HHG yields at the two cut-
offs for varying wavelengths from 1000–3000 nm using
the TAE A2 model (see Fig. 5). Aside from fluctuations
presumably due to channel closings [36, 37], the relative
HHG yield for the second cutoff decreases drastically with
increasing wavelength. Here we evaluate the efficiency for
the recollision-enhanced HHG by comparing the trends
in the yields for the first and second cutoffs, labeled YC1

and YC2. These yields, which are directly obtained from
the HHG spectra, are defined as the values of the HHG
intensities at the respective cutoff harmonics. The overall
scaling of the yield with driving wavelength is about λ−1
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FIG. 4. Time profiles of the first (solid blue) and second
(dotted red) cutoffs from TAE calculations. As a reference,
the time profiles of the first cutoff (dashed cyan) from SAE
calculations are also shown. The upper and lower panels cor-
respond to driving field wavelengths of 1400 and 2750 nm,
respectively, from the previous figures. The vertical gray lines
indicate emission times predicted by the semiclassical model.

for the first cutoff while the scaling for the second cutoff is
about λ−6. To explain the difference in the wavelength
scalings for the first and second-cutoff yields, we com-
pare the mechanisms responsible for the HHG emission,
i.e., an additional recollision event for the second cutoff.
In the subsequent dynamics following ionization, these
mechanisms for HHG in both the neutral molecule and
the cation is essentially the same and therefore we expect
a similar wavelength scaling of λ−1 due to the spreading
of the wave packet in 1D. Thus, the remaining factor in
the scaling of the second-cutoff yields that is from the rec-
ollision enhancement is equal to λ−5. This can be further
separated into two components: (1) the electron wave
packet recolliding with the cation and (2) the efficiency
of the recollision for enhancing the second ionization [38].
The former component simply gives another factor of λ−1

from the wave packet spreading. Consequently, the latter
factor is equal to λ−4, which is attributed to the efficiency
for the ionization enhancement. Such a dramatic scaling
is consistent with the analysis of energy exchange in clas-
sical NSDI studies [39]. Physically, this means that in-
creasing the energy available from the returning electron

FIG. 5. Wavelength dependence of the yields at the first and
second cutoffs obtained from TAE calculations, indicated by
diamonds (YC1) and circles (YC2). The fitted trends (dashed
curves) are also shown with λ

−1 and λ
−6 dependence for

YC1 and YC2, respectively. The peak intensity is fixed at
5× 1013 W/cm2. The scale for corresponding maximal re-
turn energies, 3.2Up, is included.

FIG. 6. Intensity dependence of the yields at the first and
second cutoffs obtained from TAE calculations, indicated by
diamonds (YC1) and circles (YC2). The driving wavelength is
fixed at 900 nm. As in Fig. 5, the scale for corresponding
maximal return energies is included.

results in a decline in efficiency. The resulting wavelength
scaling indicates that the two-electron enhancement ef-
fects in HHG may be limited in the regime of relatively
long wavelengths, specifically when the maximum return
energies are higher than the second ionization potential.

From the limitation related to the wavelength scaling,
a natural question that arises is whether there is an op-
timal Up for the recollision-enhanced mechanism as re-
flected in calculated HHG spectra. Hence, we discuss
how the Up scaling for increasing laser intensity affects
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the recollision-enhanced HHG process when the wave-
length is fixed. In Fig. 6, we show the trends in the
intensity dependence of HHG yields from the first and
second cutoffs for a wavelength of 900 nm. Using this
wavelength allows us to increase the intensity such that
the corresponding Up’s are similar to the shorter wave-
lengths from Fig. 5. As illustrated from the intensity
dependence in Fig. 6, the rates by which both first and
second-cutoff HHG yields increase are roughly the same
for the intermediate intensities, 0.5–1.0 × 1014 W/cm2.
In this regime the corresponding return energies, which
are determined by Up, are comparable to the first ex-
citation energy of A+

2 (13.3 eV). Overall, this range of
laser intensities results in a relatively high efficiency for
the enhancement of HHG in the second cutoff compared
to the lower intensities. For the lowest intensity consid-
ered in Fig. 6, YC2 is very low (4–5 orders of magnitude
lower than YC1) since the return energy is hardly suffi-
cient to excite the cation. Interestingly, we note that the
ratio YC2/YC1 within the intermediate intensity range is
almost unaffected by the increase in intensity.
Increasing the driving intensity further brings us into

the regime wherein the available return energies become
closer to the second ionization potential. As discussed
in the wavelength dependence, the increase in return en-
ergies does not necessarily translate into improved ef-
ficiency for the recollision-enhanced HHG process. In
fact, the resulting efficiency is demonstrated to turn over
as the intensity is increased above 1.0 × 1014 W/cm2

in Fig. 6 [40]. We find that the second-cutoff yield
remains almost constant while the first-cutoff yield in-
creases; thus, the ratio YC2/YC1 decreases with increas-
ing intensity. Again, this is consistent with the analysis
of NSDI trends with respect to the laser intensity using
a classical model [39]. In our analysis, we have similarly
exhibited an optimal condition for the enhancement of
HHG from secondary cutoffs based on the Up scaling of
electron rescattering energies for increasing intensity.
Altogether, the trends we find indicate that the de-

crease in efficiency for the HHG in the cation is mainly
due to the scaling of rescattering energies as determined
by Up. These results are consistent with our proposed
mechanism for the recollision-enhanced HHG process.
Although the spreading of the electron wave packet can
play a critical role in the wavelength scaling of NSDI [41],
this factor has negligible effect in our 1D model. By cal-
culating the ratio YC2/YC1 with increasing wavelength
while Up is fixed, the ratio between the yields is found
to be nearly independent of λ for the range of intermedi-
ate intensities considered in Fig. 6. Therefore, the wave
packet spreading does not significantly contribute to the
wavelength dependence of relative HHG yield for the sec-

ondary cutoff.

IV. SUMMARY AND CONCLUSIONS

In summary, we have investigated the role of nonse-
quential dynamics in the HHG process for multielectron
systems using a 1D A2 molecular model. From the so-
lution of the two-electron TDSE, recollision effects are
shown to give rise to the enhancement of HHG in the
A+

2 cation. This enhancement is manifested by the sec-
ondary plateaus and cutoffs in the HHG spectra, which
extend beyond the commonly used SAE approximation.
In particular, the recollision-enhanced HHG is observed
to be most pronounced at intensities below the satura-
tion of the first ionization such that effects related to
NSDI become important. By applying Gabor analysis,
we provide evidence for a nonsequential mechanism for
the HHG in the cation. We find that the emission of
second-cutoff harmonics can be delayed by a full laser cy-
cle compared to the first-cutoff harmonics. In addition,
our results indicate that the efficiency of this recollision-
enhanced HHG process is mainly dependent on the Up

scaling of the electron rescattering energies. We deter-
mine a dramatic scaling of λ−6 for the HHG yield in the
second cutoff, thereby suggesting that the two-electron
recollision effects are diminished for longer driving wave-
lengths. This, in turn, results in the improvement of the
performance of SAE models for calculating HHG spectra
in this high Up regime.

Experimental observations of the secondary cutoffs in
HHG spectra investigated here seem to be accessible with
current or near-future technology. For example, recent
measurements have characterized the contribution from
the second least bound orbital (HOMO-1) of N2 in the
cutoff region of HHG spectra [42]. In our study we
provide insights for the design of experiments that can
capture signatures of multielectron rescattering effects in
HHG. Generally speaking, atoms and molecules with a
difference between the first and second ionization poten-
tials, which can be spectrally separated, are the best can-
didates for such experiments.
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Schröter, J. Deipenwisch, J. R. Crespo Lopez-Urrutia,
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