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Abstract

We theoretically investigate long-range interactions between an excited L state He atom and
two identical S state He atoms, for the cases of the three atoms all in spin singlet states or all in
spin triplet states, denoted by He(ng*S)-He(ng*S)-He(ny *L), with ng and n{, principal quantum
numbers, A = 1 or 3 the spin multiplicity, and L the orbital angular momentum of a He atom. Using
degenerate perturbation theory for the energies up to second-order, we evaluate the coefficients Cs
of the first order dipolar interactions and the coefficients C's and Cg of the second order additive and
nonadditive interactions. Both the dipolar and dispersion interaction coefficients, for these three-
body degenerate systems, show dependences on the geometrical configurations of the three atoms.
The nonadditive interactions start to appear in second-order. To demonstrate the results and for
applications, the obtained coeflicients C), are evaluated with highly accurate variationally-generated
nonrelativistic wave functions in Hylleraas coordinates for He(11S)-He(11S)-He(21S), He(119)-
He(1'S)-He(2'P), He(21S)-He(215)-He(2 ! P), and He(23S)-He(23S)-He(23P). The calculations
are given for three like-nuclei for the cases of hypothetical infinite mass He nuclei, and of real finite
mass “He or *He nuclei. The special cases of the three atoms in equilateral triangle configurations
are explored in detail, and for the cases where one of the atoms is in a P state, we also present
results for the atoms in an isosceles right triangle configuration or in an equally spaced co-linear
configuration. The results can be applied to construct potential energy surfaces for three helium
atom systems.
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I. INTRODUCTION

We recently demonstrated for the case of three Li atoms with two atoms in their ground
states and one atom in the first excited P state that their long-range (i.e. atoms sufficiently
separated that electron exchange is negligible) interactions exhibit a first order interaction
potential dependent on the geometrical configuration of the atoms and that in second order
additive and non-additive dispersion interactions appear [1] (subsequently referred to as
Paper I). These long-range interactions are in sharp contrast to the case of three ground
state atoms, where geometric-configuration non-additive dispersion interactions (sometimes
called Axilrod-Teller-Muto terms) appear in third order, c¢f. Ref. [2]. Our results provide
accurate long-range potential energies of electronically excited Li trimers and the results
may be useful in the analysis of processes such as optical blockade effects [3] and cooperative
spontaneous emission [4], where long-range dipole-dipole interactions amongst several atoms
appear.

In the present paper, we extend the theory of Paper I to the case of three He atoms.
We investigate the long-range interactions between an excited L state He atom and two
identical S state He atoms, for the cases of the three atoms all in spin singlet states or all
in spin triplet states, denoted by He(ng*S)-He(ng*S)-He(n)*L), with ny and n{, principal
quantum numbers, A = 1 or 3 the spin multiplicity, and L the orbital angular momentum
of a He atom.

Interactions between three ground state He atoms were studied extensively, and elaborate
calculations of three-body interactions, including dispersion interactions contributions, are
available (see, for example, Ref. [5] and references therein). The three-ground state He atom
calculations are valuable for modeling liquid “He and solid He [6], for recombination and
scattering studies [7], investigations of Efimov states [7, 8], and thermophysics [5].

Rare gas metastable helium atoms have been widely used in many studies [9] such as
photoassociation spectroscopy [10], metastable loss in magneto-optical traps [11], Penning
ionization [12-15], and associative ionization [11]. Indeed, the three-body loss rate in a
"He(239) Bose-Einstein condensate was measured providing evidence from the trimer sys-
tem ‘He3(2395) for a universal three-body parameter [16]. For the case of two metastable
He atoms, with one atom in excited P-state level, the first-order resonant dipole-dipole
interaction produces an interatomic potential varying as Cs/R?, where the corresponding
coefficients C for weakly bound dimers of helium atoms were given in many papers [17, 18]
(and references therein). However, due to the degeneracy, these coefficients may not be used
in the study of helium clusters or the study of atom-molecule and molecule-molecule colli-
sion that involve a P-state atom. This is because, when a helium excited dimer turns into
an excited trimer or a cluster involving excited atoms, the interactions between atoms are
changed due to quantum many-body effects. So to proceed with calculations of molecular
He? excimer potential energy surfaces, investigations of the long-range multi-body interac-
tions are warranted. For example, early work by Phelps [19] studying the destruction of
He(23S) atoms using absorption measurements in a discharge found evidence for the forma-
tion of metastable helium dimers through the reaction He(23S) + He(1'S) + He(11S) and
evidence that the three-body interaction between a bound Hey(23) molecule and a He(119)
atom may be “repulsive or, at most, weakly attractive”. However, trimer excited potential
energy calculations were not available at the time, and, to date, may still be unavailable,
making interpretations based on collisional dynamics uncertain. Later studies, however,
confirm the importance and complexity, see Ref. [20] and references therein, of the kinetics



between the He(23S) atoms and the vibrationally excited Hey(a3Y,) molecules. Further
work, such as we present here, concerning the long-range interactions of combinations of
three He atoms when at least one is metastable is desirable, and may lead to understanding
of various recombination and scattering processes.

In this work, we present our research on long-range interactions for three like helium atoms
involving at least one atom in an excited state. Using variationally optimized nonrelativistic
atomic helium wave functions in Hylleraas coordinates, we present our theoretical calcu-
lations of long-range interaction coefficients for He(ng*S)-He(ng*S)-He(nj*L) considering
the energetically lowest five states: He(1'S), He(23S), He(2'S), He(23P) and He(2'P).
We present the additive “dipolar” interactions coefficients C3 and additive dispersion inter-
actions coefficients Cy, Cg that enter, respectively, in first- and second-order perturbation
theory. We also evaluate the second-order nonadditive dispersion interactions coefficients
Cs, Cy that contain a dependence on the geometrical configuration of the three atoms. In
addition, the coefficients are given explicitly and as numerical values for the three basic ge-
ometrical configurations of the nuclei in an equilateral triangle, in an isosceles right triangle
or equally spaced collinearly. Finally, long-range potentials in the sum of first and second
order energies for these three geometrical configurations are given.

Due to the quantum three-body effect, both the dipolar and dispersion interaction coeffi-
cients, for the degenerate He(ng *S)-He(ny*S)-He(ny* L) system, show a dependence on the
geometrical configurations of the three atoms. In the present work, the coefficients obtained
are given for three very common configurations. We also discuss the connection of this de-
generate three-body system with the nondegenerate three-body system and the three-body
atom-molecule system, which could be used in the study of three-body recombination or
ultracold atom-molecule collisions.

II. THEORETICAL FORMULATION

In this paper, atomic units are used throughout. The three atoms are labeled by I, J
and K, with, respectively, internal coordinates o, p, and ¢. When the labels I, J, or K
appear, it is understood that cyclic permutation can be used.

In the present work, we take the electrostatic interactions Vj,3 between pairs of atoms
for the He(ng*S)-He(ny*S)-He(n),*L) system as a perturbation,

H' = Vigg = Vig + Vaz + Va1, (1)

with Vs, Vo3 and V3 the two-body mutual electrostatic interactions between atom 1, 2
and 3. According to degenerate perturbation theory, the zeroth-order wave function of the
unperturbed system can be written as

[WO) = alr) +blo2) +clos) - (2)
where ¢1, @9, ¢3 are three orthogonal eigenvectors corresponding to the same energy eigen-
value B\ = 2B\ + B\,

1) = Ison LM; )sono( ) o (0; )> (3)
|63) = |<pn0 0 a)wnO(O, p)sono(LM )> (5)
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The expansion coefficients a, b, ¢ are determined by diagonalizing the perturbation in the
basis set {¢1, @2, ¢3}, which depends on the geometrical configuration formed by the three
atoms. In the following, we show that all the dispersion interaction coefficients contain
some of or all of these three expansion coefficients a, b, ¢ leading to dependences on the
configuration of the three atoms.

For three well-separated helium atoms, the mutual interaction energy V;; can be ex-
panded according to Refs. [2, 21]

Vir =YY Ty (0)Thym, ()W (1) (6)

lrly mimy

In Eq.(6), the multipole transition operators are

3

Tll—m1<0-) = ZQiUzl‘IYlf—mz(oA’i)7 (7)
i=1
3

TlJmJ(p) = qupéJ}/EJmJ<ﬁj)7 (8)
j=1

where @); and ¢; are the charges of the i-th and j-th particles of the atoms I and J, respec-
tively. The geometry factor is

- Am(—1)V (lr + 1y —mp+my)l(l; ZJ)il/Z _
mr—mgj I — Y P’H’L[ m.y 0
VVZIZ‘] (1) RZIIJHJH [(I; +mp) (1 — mp)W 1y +mp) 1y —my)]/2 Lty (cos O1.s)
X expli(my —my)Pry], (9)

where R;; = R; — Ry is the relative position vector from atom I to atom .J, the notation
(U, 0y ) = QU +1)(20;+1) ..., and B ™ (cos ;) is the associated Legendre function
with 67, representing the angle between R;; and the z-axis. If we now choose the z axis
to be normal to the plane of the three atoms, giving 615 = a3 = 033 = 7/2, the associated

Legendre functions can be simplified as

PPO) = gl (D0 e () [(“Tm) ] )

®;; denotes the angle between R;; and the x-axis. It shows the dependence of the mutual
dipole-dipole interaction between two atoms on the orientation of the interacting dipoles
relative to the line connecting them [22]. Similar expressions result for Vi and Vir. For
simplicity, in this work, we transfer all these ®;; into interior angles («a, 3, v) of the triangle
formed by the three helium atoms with the same method as used in Paper 1.

A. The formulas for He(1'S5)-He(1'S)-He(215)
1. The first-order energy

According to the perturbation theory, the first-order energy correction for the He(11S)-
He(115)-He(215) system is
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and the corresponding interaction coefficients are

CD = |APBG + (A A, + A3 ANBYY (12)
where
Al =a,Ay=b Ay =c, (13)
B = 3w (L) R (8 —l71m 8) (8 rlri, 8)
mrmy
X (o (05 0)[| T3, (o) || (03 0)) (e (03 P) T, (P) |00 (03 P)) (14)
and

(IJ) _ mr—m lr+17+1 0 l] O O lJ O
B = D Wi DR (0—m10)(omjo

mrm.gy

(no (05 )T, ()], (03 0)) (@, (0 PIT, () [l (05 0)) - (15)

From the 3 — j symbols above, one has [; =0, m; =0, [; = 0 and m; = 0. Thus

X

3
ZQz Vi, s (0) ﬁ_ﬂ;‘@:o, (16)

o; Y, m =0. 17
;Cb ly, J(p] \/EZQJ ( )

Thus B{'” = B{"” = 0 and

AEW =0, (18)

2.  The second-order energy

The second-order energy correction for the He(1'S)-He(11S)-He(21S) system can be
written as

AED = -3 Y% (OO Vigs|xn, (Ls M; &) X, (Le My; p) X, (Lu M5 6))]?

E o E(O)
NsNitNy Ls Lt Ly MgMi M, nsLsingLi;ng Ly noS;noSin} S

(G o G
- Ry R ORG)

n>3



where Xy (LsMs; o) xn, (LiMy; p)Xn, (LuM,; ) is an intermediate state of the system with
the energy eigenvalue E,, 1., Limuiy = En.n, + Enr, + En,r,- It is noted that the above

summations should exclude terms with E,, 1 ., 1;mul. = ET(L?S%O Sinb S 6’2(7112), 02(7213), and C’éil)

are the additive dispersion coefficients. In this work we are only concerned with n = 3 and
4 in Eq. (19). The corresponding dispersion coefficients are

CS = (JAIP + |As )Ty + | Ak PTa + (AjA; + A3A)Ts, (20)
17 _ 2 2 2 * *

Cs " = (A" + ARy + |Ag "Ry + (A7A; + A AR, (21)

AIZG,A2:b7A3:C, (22)

where a, b and ¢ are defined in Eq. (2). The other terms in Egs. (20) and (21) are given by

Tl - ZKl(nS7nt71)1)7 (23>
TZ - ZKQ(n&ntal?l)v (24)
Ty = Y Ks(ng,ni, 1,1), (25)
Ry = Y [Ki(ng,n,1,2) + Ki(ng,n,,2,1)], (26)
Ry = Y [Ka(ng,ne,1,2) + Ka(ng,my, 2,1)], (27)
and
Rs = Y [Ks(ne,ne,1,2) + Ks(ng,n, 2,1)]. (28)

TsNit

The K;-Functions are defined by Egs. (77)-(79) in the Appendix.



B. The formulas for He(ng*S)-He(ng*S)-He(njy*P)
1. The first-order energy

According to the perturbation theory, the first-order energy correction for the He(ng*S)-
He(ng*S)-He(nf * P) system is

oMy oMy o, M)

AED = (O, 00y — 29
(U [ V13| W) R, R R (29)

where
CUD(1, M) = (ATA; + A5A) Do (M), (30)
Alza,AQZb,Agzc, (31)

and
47T(_1)1+M

Do(M) = !|<sono(0;0)|!T1(0)||song(1;a)>!2, (32)

9(1 — M1+ M)

where a, b, ¢ are defined in Eq. (2). It should be mentioned that there exist only additive
long-range interaction terms at this order of perturbation.

2.  The second-order energy

The second-order energy correction for the He(ng*S)-He(ng *S)-He(nj * P) system can
be written as

O Vi (LM )0, (LM )M 5)
2 _— |<\Ij | 123|an( siVig; O )X \ Lot Vg5 P ) Xny \ LotV €
Y Y - 2
NsNgNy LsLy Ly Mg Mg My, nsLS§ntLt§nuLu - nOS;TLOS;TL()L
_ .y (Oéi%,M) CLI(1L, M) | CRY(1, M)
2 \" T 7% R

Con (L M) O™ M) | o, M)) (39

n_ Pn n pPn n pPn
R12R23 R23R31 R31R12

where Xy, (LsMs; &) Xn, (LiMy; p)Xn, (LuM,; ) is an intermediate state of the system with
the energy eigenvalue E,, 1. .n,,:nulw = Ensr, +En, 0, + En,L,- It is noted that the above sum-
mations should exclude terms with E,_ 1 .n,0imeL. = Eé?))smo Sini L Cé,lf)(l, M), Céis)(l, M),
and C’éil)(l,M) are the additive dispersion coeflicients, and 0512’23)(17]\4), C§23’31)(1,M),

n n
and C’éil’lz)(l,M ) are the nonadditive dispersion coefficients. In this work we are only

concerned with n = 3 and 4 in Eq. (33). The corresponding dispersion coefficients are

C (1, M) = (JAL? + | Ay 2Dy (M) + |Ag|*Ds, (34)



Cy (L M) = (AP + [A/P)Qu(M) + | Ax"Qz + (AFA; + A3ANQs(M), (35)

C((SIJJK)(]-yM) = @4(AK7AD ]-7M7 nJ)a (36>
CéIJ,JK)(l’M) — @4(AK7A1727M7 nJ)v (37)

with
Ai=a,A=bAs=cm=a,m=0m1=", (38)

where a, b and ¢ are defined in Eq. (2) and «, 5 and « are the interior angles, and the other
terms in Eqgs. (34)-(37) are given by

Dl(M) = Z Fl(”svntaL&l;lal;LM)a (39)
nsntLs
ID)Q — ZF2(nS7nt7171)7 (40)

Nsnt

QM) = Z [Fi(ns,ne, L, 1;1,3; 1, M) + Fy(ng, ne, Ls, 1;2,2; 1, M)

nsntLg
+ Fl(ns;nt7L371;371;17M>+Fl<n87nt7LS72;171;17 )]7 (41)
@2 = Z[FQ(nsant7172)+F2(nsunt727]-)]7 (42>

Qs(M) = > [Fa(ne,me, 1,152,21, M) + Fy(ng,ny, 1,2;2,1;1, M)

nsNt

+ F3(nsa T, 27 17 17 27 17 M) + F3(nsa T, 27 27 17 17 17 M)] ) (43)
(44)
and
Qu(Ax, Ap A, M) = 2> Re[Aj Ay M= Fy(ny, X\, My; 1, M) . (45)
’VLtMt

Recall, in the above, (I, J, K) forms a cyclic permutation of (1,2,3). Many of the details of
the perturbation theory were given in Paper 1. The expressions of the F; appearing above
are given by Egs. (A10)-(A13) of Paper I.

III. RESULTS AND DISCUSSION

In the present work, the atomic wave functions of helium were constructed variationally
using Hylleraas basis sets and the intermediate states were generated by diagonalizing the
helium Hamiltonian [23]. All relevant matrix elements of the multipole transition operators
were thus calculated, including the finite nuclear mass corrections [17]. With these, we
calculate the first-order dipolar and second-order long-range dispersion coefficients for the
He(ng *S)-He(ng *S)-He(ny * L) system.



According to the Eqgs. (19)—(45), we can see that the dependence of these interaction
coefficients on the geometrical configurations of the three atoms is due to two reasons.
Firstly, all these coefficients contain the expansion coefficients a, b, ¢. The cause of this
dependence is the existence of the three degenerate states that are shown in Egs. (3)—(5).
Secondly, these nonadditive interaction coefficients contain the interior angles of the triangle
a, B, v formed by these three helium atoms. So in this paper, the expansion coefficients a,
b, ¢ and the interior angles «, 3, v are called geometric parameters.

Now, let us reconsider the formulas of additive dispersion interaction coefficients that are
shown in Egs. (20), (21), (30), (34) and (35). Since these coefficients do not contain the
interior angles «, (8, 7, we can easily separate them into geometric parameters a, b, ¢, and
the interaction constants Ty, Ty, T3, Ry, Ry, R3, Do(M = 0), Do(M = +£1), D;(M = 0),
]D)l(M = :l:]_), ]D)Q, Ql(M = 0), Ql(M = :t].), @2, Qg(M = 0), Qg(M = :t].) that are
independent of geometrical configuration of the three atoms. For the He(1'S)-He(1'S)-
He(21S9) system, Ty, Ty, T3 are connected to the second-order additive dispersion coefficient
C’éU). Ry, Ry, R3, are connected to the second-order additive dispersion coefficient CEEU).
For He(ng*S)-He(ng*S)-He(n)* P) system, Dy(M = 0) and Do(M = 1) are connected
to the first-order additive coefficient C?E”)(L, M). Dy(M = 0), Dy(M = £1), and Dy are
connected to the second-order additive dispersion coefficient C’él‘])(L7 M), and Q:(M = 0),
Qi1(M = =£1), Q2, Q3(M = 0), and Q3(M = £1) are connected to the second-order additive

dispersion coefficient Céu)(L, M). The values of these interaction constants for two helium
isotopes are listed in Table I and Table II, respectively. While, as shown in Eqgs. (36) and
(37), the nonadditive interaction coefficients are inseparable, because they contain both the
expansion coefficients a, b, ¢ and the interior angles «, (3, .

Actually, with these interaction constants, we can easily find the connection between this
work and previous studies of long-range interactions for two-body system. For example, if
we set a = \%, b= :I:\/Li, ¢ = 0, our expressions describe the long-range interactions for the

two-body noS — njL system. For example, for the He(1'S)-He(2'S9) system, the second-
order dispersion coefficients Cg = T, +Ts, Cs = R, +R3. For He(ng *S)-He(ng*S)-He(nj * P)
system, the first-order dispersion interaction coefficient C5(M) = Dy(M), the second-order
dispersion coefficients Cg(M) = Dy(M), Cs(M) = Qi (M) + Qs(M). Similarly, If we set
a =0b=0, c =1, our expressions describe the long-range interactions for the two-body
noS — n,S system, where Cy = Dy, Cg = Qs.

A. Dispersion coefficients for He(1'S)-He(115)-He(2'5)

In this section, we address the dispersion coefficients for the He(1'S)-He(1'S)-He(21S)
system. For the He(1'S)-He(1'S)-He(21S) system, its degeneracy is not be removed by
the first-order energy correction but is removed in the second-order, which leads to an in-
ternuclear distance R;; dependence of atomic states of the three atom system. Thus, the
quantum states of the He(1'S)-He(1'S)-He(21S) system depend on the geometrical con-
figurations of the three atoms and on the size of those configurations (or the internuclear
distance R;;). Accordingly the dipolar or dispersion interaction coefficients, for most con-
figurations, are not constant, but change with different internuclear distances R;; and the
long-range interactions can only be obtained for specific values of R;;. However, for the
very special configuration of an equilateral triangle with Rjs= Rs3 = Rj3;, the dispersion
coefficients remain constant, which will be discussed in the following.



1. Zeroth-order wave function for an equilateral triangle

For an equilateral triangle with Rio= Ro3 = R31 =R, the perturbation matrix with respect
to {41, ¢o, ¢3} thus becomes

A D D
H=|DAD], (46)
DD A
where
A=Ay = Agy = Ay, (47)
D = Ay =Al, = A1z = A5 = Agg =A%, (48)

where the functions A;; are defined by Eqgs. (67)-(72) in the Appendix. Solving the eigen-
value problem of the above matrix Eq. (46), one obtains the eigenvalues A + 2D, A — D,
A — D, and the corresponding zeroth-order wave functions

v, = %ww%ww%m (49)
v = %wn - %wg» (50)

\I’gj)A: \/—|¢1 \/7|¢2 |¢3 (51)

where the symbol “A” denotes the equilateral triangle. Because they have the same eigen-
value A — D, the corresponding eigenstates \I!g?)A and \Ifg))A are not unique. Thus, any eigen-
states under unitary transformations in the two dimensional eigenspace belonging to the
eigenvalue A — D can be chosen to evaluate the corresponding dipolar and dispersion coeffi-
cients and different quantum states may lead to different coefficients. This phenomenon re-
flects a kind of quantum three-body effect. In any case, the perturbed Hamiltonian H’ would
remain unchanged under any unitary transformation in the two dimensional eigenspace be-
longing to the eigenvalue A — D. Therefore, the total long-range interaction would remain
constant under any unitary transformation in this eigenspace. In the present work, we take
one set of these eigenfunctions, Egs. (50) and (51), as an example.

2. Dispersion coefficients for an equilateral triangle

With these zeroth-order wave functions Eqgs. (49)-(51) the corresponding long-range
interaction coefficients C{'” and C{'” for the isotopic He(11S)-He(1'S)-He(21S) systems
are listed in Table III. We note that these coefficients C’él‘]) and C’él‘]) are all the same
and positive for \115?2 with the geometric parameter a = b = ¢ = 1/4/3. For \Ifg’))A with the
geometric parameter b = 0, a = —c = 1/\/5, 06(12) = Cy 23 and C (12) 6’8(23). For \Ifé?)A
with the geometric parameter b = —\/g, a = ¢ = 1/v/6, we also have 0612): Cé23) and

Cém): C’é%). These relationships between these coefficients are due to the different values
of geometric parameters.
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B. Dipolar and dispersion coefficients for He(ng*S)-He(no *S)-He(nj * P)

In this work, we will present the dipolar and dispersion coefficients for two important
configurations: an equilateral triangle and a straight line. In addition, we will also evaluate
the dipolar and dispersion coefficients for an isosceles right triangle that will be listed in the
Supplemental Material.

1. Zeroth-order wave function for an equilateral triangle

For the equilateral triangle with Rio= Rs3 = R3; =R, the perturbation matrix with
respect to {¢1, @2, ¢3} becomes

H' = Hj, (52)

_ = o
— O
O ==

where

i (—1)M[(2L — 1)I1]2
R2LAT (2L + 1)2(L — M)I(L + M)

Hi, = (no (0: )| T (@) [[omy (Lia))[*. (53)
Solving the eigenvalue problem of the above matrix Eq. (52) for the equilateral triangle, one

obtains the eigenvalues 2H},, —H1,, —H{,, and the corresponding orthonormalized zeroth-
order wave functions

o _ 1 1 1
Wia = \/§\¢1>+\/§\¢2>+\/§’¢3>7 (54)
WL = slon) - slon). (55)

Wk = lon) \/§|¢2> + o). (56)

where the symbol “A” denotes the equilateral triangle. We note that Eq. (54) corresponds
to the “Dicke state” [4].

2. Dipolar and dispersion coefficients for an equilateral triangle

With these zeroth-order wave functions Eqs. (54)-(56), for the isotopic He(1S)-He(119)-
He(2'P), He(2'S)-He(2'S)-He(2'P) and He(23S)-He(23S)-He(23P) systems, the corre-
sponding long-range interaction coeflicients are listed in Tables IV-VIII.

Table IV lists the first-order dipolar coefficients Céu)(l,l\/[) for the equilateral triangle.
We note that these coefficients all satisfy C’éu)(l, M =0) :—2C’§I‘])(1, M = +1). For \Ilg?)A
with the geometric parameter a = b = ¢ = 1/v/3, C’él‘])(l, M = 0) are all the same and
negative; C’éU)(l, M = =£1) are all the same and positive. For \Il;?)A with the geometric
parameter b = 0, a = —c = 1/v/2, C’ém)(l,M) = C§23)(1’M) = 0; C§31)(1,M = 0) appears
positive, Cg(,gl)(l,M = =41) negative. For \Ilé?)A with the geometric parameter b = — %,

11



a=c=1/V6, C§12)(1, M =0) and C§23)(1, M = 0) are same and positive; C’éw)(l7 M = +1)
and C§23)(1,M = 41) are same and negative. While C’égl)(l,M = 0) appears negative,
03(,31)(1, M = =+1) positive. All these relationships between these coefficients are due to
the different values of geometric parameters. These positive or negative signs mean that
different states of a fixed system may lead to different types of interaction: attraction or
repulsion.

Table V lists the leading terms of the second-order long-range interaction C’éu)(l, M =0)
and C’éU’JK)(l,M = 0) for the equilateral triangle. Table VI lists C’é”)(l,M = +1)
and CéU’JK)(l,M = +1). We note that the absolute values of C’éu)(l,M = 0) and
C’éIJ’JK)(l,M = 0) are always a little bit larger than those of C’éu)(l,M = +1) and
C’é”"]K)(l,M = =£1), respectively. The additive interaction coeflicients Cé”)(l,M ) are
always positive, while the nonadditive interaction coefficients C’éU’JK)(l, M) can be postive,
negative or zero. This is due to the different signs of Q4(a, b, 1, M, ) and geometric param-

eters. For example, for \Il;?) , the nonadditive coefficients 06(12’23)(1, M = 0) are negative

because Q4(a,b,1, M,~) > 0 and a = —c = 1/4/2; the nonadditive coefficients C’ézg’gl)(l, M)
and Cégl’lz)(l,M) are zero because Qy(a,b,1,M,v) = 0 and b = 0. The second-order
long-range interaction Céu)(l, M) and C’é”’JK)(l, M) have a very similar characteristic as

Cé”)(l, M) and Cé”’JK)(l, M), respectively. The numerical values are listed in Tables VII-
VIII.

From Tables V-VIII, we can see that the dispersion coefficients for the additive terms
are always positive, but the dispersion coefficients for the nonadditive terms can be pos-
itive or negative or zero. Furthermore, the absolute values of the non-zero nonadditive
dispersion coefficients are less than the additive dispersion coefficients by one to two orders

of magnitude. However, the nonadditive terms may not be neglected in constructing an

(12,23) _ (12) _
: . C 1L, M==+1)\ , C{8?P(1,M=+1
accurate potential surface. For example, the ratios of (=% R4( 2 )) /(=2 (RS )) for

127423 12

the W'y of He(11S)-He(1'S)-He(2'P), He(2'S)-He(2'S)-He(2' P) and He(23S)-He(22S)-
He(23P) systems, are 0.08%, 26% and 24%, respectively. The curves of potential energy
(E), for the He(1'S)-He(1'S)-He(2'P), He(2'S)-He(2'S)-He(2' P) and He(235)-He(235)-
He(23P) systems, corresponding to the different zeroth-order wave functions, are plotted in
Fig. 2 - Fig. 4, respectively.

3. Zeroth-order wave function for a straight line

For the configuration of three atoms equally spaced and forming a straight line with Ri,=
% Ry3 = R31 =R, the perturbation matrix with respect to {¢1, @2, ¢3} thus becomes

011
H=H,|10 3 (57)
130

Solving the eigenvalue problem of the above matrix, one obtains the eigenvalues

}i—éz (1 + 3V 57) , % (1 — 3\/57) , —HTiz, and the corresponding zeroth-order wave functions

" 357 — 1 16 16
Ul o= p1) + |pa) +
1026 — 6/ 57 1026 — 64/57 v/ 1026 — 657

12

|#s),  (58)



—(3V57+1) 16 16

g0 = i N | -
2, 1096 1 6 57|<Z51> 1026+6\/ﬁ|¢2> 1026+6\/ﬁ|¢3> (59)
0 Ll

\IJ3’7 o \/§|¢2> + \/§|¢3> ) (60)

where the symbol“—" denotes the geometrical configuration of a straight line.

4. Dipolar and dispersion coefficients for a straight line

With these zeroth-order wave functions Eqgs. (58)-(60), for the isotopic He(11S)-He(115)-
He(2'P), He(2'S)-He(21S)-He(2'P) and He(23S)-He(23S)-He(23P) systems, the corre-
sponding long-range interaction coefficients are listed in Tables IX-XTII.

Table IX lists the ﬁrst order dipolar coefficients C (1 M) for a straight line. We note

that C 12)(1 M) = C’ (1 M) for all three zeroth-order wave functions \I/(O) \Iféol with
the geometric parameters b = ¢ and \Il( with the geometric parameter a = 0. This is why
C§ )(1, M) = 0(31 (I, M) = 0 for \IJ . Similar to the coefficients shown in Table IV, these

coefficients also satisfy 03 D, M = 0) =—2 Cé” (1, M = +1). However the numerical
values of these coefficients are totally different. This is because a change in geometric
configuration would lead to a change in quantum state of the three-body system, causing
changes in these long-range interaction coefficients.

Tables X-XIII list the second-order dispersion coefficients C’él‘])(l, M), C’éIJ’JK)(l, M),
C’(I‘])(l M) and C’B(”"]K)(l, M) for a straight line. We note that C’éu)(l, M) = Cé?’l)(l, M),
i1, M) = e (1, M), e8P (1, M) = ¢V (1, M) and ¢ (1, M) = ¢339 (1, M)
because b= +c, a =0, and f = ~. We find that allowing for finite nuclear mass increases
the additive dispersion coefficients, as shown in Tables X-XIII. The nonadditive terms may
also not be neglected in constructing a three-body potential surface for He(ng*S)-He(ng *S)-
He(n),*P). The curves of potential energy (E) of the He(11S)-He(11S)-He(21P), He(215)-
He(21S5)-He(2!'P) and He(23S5)-He(235)-He(2 3 P) systems, resulting from AE® and AE?)
for this geometrical structure, are shown in Figs. 5 - Fig. 7, respectively.

5. Zeroth-order wave function for an isosceles right triangle

For the configuration of three atoms forming an isosceles right triangle with Ris= \/Li Ros
= R31 =R, the perturbation matrix with respect to {¢1, ¢2, ¢3} thus becomes

0 1
H' = Hj, 1 ? i | - (61)

Solving the eigenvalue problem of the above matrix, one obtains the eigenvalues,

HTiz (\/§ + v 130) H12 (\/_ —4/130 ) 2\}%, and the corresponding zeroth-order wave func-
tions

130
o = LB

4
2/65 — /65 \/65— \/65—\/%|¢>
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_ —(V130+v?2)

3O L PR S S Y 63

N TR A ey - L =y e (63)
1 1

‘I’:(J,O)i = _E|¢2> + EW:&% (64)

where the symbol “1” denotes the geometrical configuration of an isosceles right triangle.

6. Dipolar and dispersion coefficients for an isosceles right triangle

The dispersion coefficients of an isosceles right triangle have very similar characteris-
tics as the case of the straight line. Thus the values of dispersion coefficients Céu)(l,l\/[),
(1) (1,JK) (1) (I11,JK) : :
Cs (1, M), Cq (1, M), Cg""’(1, M) and Cg (1, M) and the corresponding potential
energy curves for He(ng*S)-He(ng*S)-He(n, * P) are listed in the Supplemental Material.

IV. CONCLUSION

The long-range additive dipolar and additive dispersion interactions and nonadditive
dispersion interactions C3, C, Cg for the He(ng*S)-He(ng*S)-He(nf, *L) systems He(11S)-
He(1'S)-He(2'S), He(1'S)-He(1'S)-He(2'P), He(2'S)-He(21S)-He(2' P), and He(235)-
He(23S)-He(23P) were obtained by perturbation theory. We considered configurations of
three-like nuclei for the hypothetical infinite mass He nucleus and for the *He and the *He
nucleus.

The coefficients are dependent on the geometrical configuration of the atoms. We
note that the geometry dependent nonadditive dispersion interactions for the degenerate
He(ng *S)-He(ng *S)-He(n) * P) system start to appear at the second order in the perturba-
tive treatment, in contrast to the case of three S atoms where nonadditive dispersion inter-
actions appear at third order. The formulas obtained apply to all geometrical configurations
and we demonstrated the methodology for three basic types of geometrical configurations
(nuclei forming an equilateral triangle or an isosceles triangle, or nuclei equally-spaced and
collinear) by calculating these coefficients to high precision using variational wave functions
in Hylleraas coordinates. Our numerical results may be useful in constructing accurate
three-body potential curves and for applications to scattering and recombination studies.

The present numerical approach differs from widely-used “single-electron” approaches
(e.g. “model potentials”) used for the calculation of trimer interactions involving three
highly-excited alkali-metal atoms each in a Rydberg state, see for example Ref. [24], in that
we include fully the correlation of the electrons in the He atoms. On the other hand, the
electronic structure of metastable triplet He atoms is similar to alkali-metal atoms in the
sense of having a single active electron, so a comparison with the theory of Ref. [24] might
be possible.
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V. APPENDIX

In the present work, we take the mutual electrostatic interactions V;; between pairs
of atoms for the He(ng*S)-He(ny*S)-He(nj*S) system as a perturbation. According to
degenerate perturbation theory, the zeroth-order wave function of the unperturbed system
can be written as

(W) = alr) +bles) + cles) (65)

where ¢1, @2, ¢3 are three orthogonal eigenvectors corresponding to the same energy eigen-
value Eggmn{) = 2E7(1?))s + Ei?){g With the zeroth-order wave function of Eq. (65), we can
derive general formulas of the dispersion coefficients for the He(1'S)-He(11S)-He(219) sys-
tem. The values of coefficients a, b and ¢ can be obtained by the degenerate perturbation

theory.

A. The zeroth-order wave function

According to degenerate perturbation theory, the zeroth-order energy correction is ob-
tained by the perturbation matrix with respect to {¢1, @2, P3}

A Ap Agg
H = ATQ Aoy Aos ) (66)
AT:& A§3 A33
where
. |<¢1|VY123|X7L3(L5M57U)an(LtMtvp)Xnu(LuMuvg)HQ
An = - Z Z Z (0)

NNy Lg L Ly Ms My My, EnSLs;ntLﬁnuLu - ETLOS?NOS}”{)S
- YT Y 1672 [P (0) (Lo + Ly — My — M) (L, Ly) ™
- RPE 202 (Lot MLy — MLy + My)(Ly — M,)]

nsne LsLy MsMy

{0y (0; )| T2, (@) [ Xns (Lis; 0)) 2200 (05 P T, (P) X, (L5 p)) |
EnsLs + EntLt - E((()))S - E(O)

n n,S
_yy oy 6w [P Ok L= M, = ML L)
R2Let2Lut2 (L, + My){(Ly — My)/(Ly + M) (Ly — M,)!

Nty Ly Ly My My,

[(©n0 (0; )T L, (P) 1xne (Lit; P)) P[00 (05 T, ($) | X (L3 6)) |
En1, + Ep.. — 2B

noS

33D 1672 [PYEM(0)(Ly + Ly — My — M,)!1*(Ly, L) >
Rt (L + M,)(Ly — M)/(Ly + M)\(Ls — M,)!

NNy LsLy MsMy

y {0 (05 ) Tr, ()1 X0y (Lis; @) *[{000 (03 )1 T, ()X (L3 §)) 1P
EnsLs + EnuLu - EnoS - En{)S

X

X

)
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. Z Z Z ’<¢2"/123’an (LsMs;U)Xnt(LtMt;p)Xnu (LuMuag)HQ

AQQ = E E(O)
nsneNy LsLyLy MMM, nsLsineLeinula ™ HngSingSimg S
Y Y 167 [PMMH(0) (L + Ly — My — M)(L, L)~
nsny LsLe MsM; R%SHL“LQ (Ls + ML — My){(Ly + My){(Ly — My)!
y (000 (0; )| T () || X, (L3 0)) 21 { 0y (05 P T, ()| X (L )P
Enr, +EnrL, — Efz?s - Eo(l(g)))s
YT 1672 [PYAMe(0)(Ly + Ly — My — M) *(Ly, Ly,) 2
o ot Ry (L M) (L — M)/ (L + M) WLy — My)!
y {2 (05 DI TL, () 1, (Lt P10 (03 )1 T, (€)X (L ) 2
Enery + Enyr, — EQs — Bl
) DD DD P [P (0)(Ly + Ly — My — M,)!(Ly, Ly) 2
e Ryt (L M) (L — M) (L + My)!(Ls — M)
(00 (03 0) [T, () [ X, (L ) [0 (0; )1 7., () 1 X (L )
En.p.+ En,r, — 2Fn,s ’
(68)
I DS !<¢3!V123|xn;5(LsMs; o) Xn, (_L;;\(fot); P)Xn (LuMu; 6))
nsneny LsLiLy MMM, s Lsing Ltsnu Ly noS;noSin} S
Y Y 1672 [PYAM(0) (L + Ly — My — My)! (L, Ly) ™2
L it Ry (Lo + M) (Ls — M) (Ly + My)!(Ly — My)!
o [ (0:0)[[ T2, (@) [ Xn, (Ls; a)) [{£no (0; )| TL, (P)1I Xne (L5 p))
Bn,r, + Enu, — 2B
YT 1672 [PYAM(0)(Ly + Ly — My — M) *(Ly, Ly,) 2
S e b RO (L M)/ (L — My)!N(Ly + M,)!(Ly — M,)!
y {200 (0 )1 T2., () 10, (L5 P)) P {60, (03 )11 T, () [ X (L3 )
Epyio + Enyn, — Ens — Bl
Yy [P (0) (L + Lo — M, — M,)*(Ly, L) 2
= Ryt (L 4 M) (L — Mu)!N(Ls + M) (L — M,)!
(00 (03 )| T2, () [ X, (L 7)) [{£no (05 )1 TL,, () X (L §))
EnsLs + EnuLu - EnoS - En()S 7
(69)
Ay == > > > (61Vias|xn, (LM @)X, (LeMis p) X, (L M5 6))*

NsNtNy Ls Ly Loy Ms My My
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< <¢2"/123|an (LSMS§ O')Xm(LtMt§ p)Xnu (LuMu; §)>

(0)
EnsLs'ntLt'nuLu - EnOS TL()S;TLE)S

PMMU0) (L 4 Ly — My — My)!?(Ly, Ly) 2

B [ (

- _T;LZ“% R?L +2Lt+2 (L + M)/(Ly — M)\(L; + My)/(Ly — M,)!
)"
)

]
(
X (pny (03 )| T2, (o) | Xns (Ls; ) (0 (0; I, ()| Xs (Lt P
S0 (03 T, (@)X, (L3 0)) Py (03 )T, ()X, (L )

By, + Enp, — BV — EY)

)

ngyS
(70)
Aig == Y > > (el Vasslxm, (LaM; &) xn (LeMy; p) X, (L Mus; )
NNty Ls Ly Ly Mg MM,
<¢3|V123|an (LsMs§ O')Xnt(LtMt§ p)XTLu (LuMu; g))
x r 7O
nsLsineLiiny Ly, — noS;noS; nOS
=-2.> > P O)(Fu Lo — My = M) (L, L)
- 2Ls+2Lu+2 _
nenu LsLy MM uR (Lo Mu)! (Lo = Mu)!(Ls + M) (L — M)
X (ony (0;0) || T, (o )lens(stU)>*<90n0(0;C)IITLu(C)IIXnu(Lu;C»
y (@ (03 0) | T, (o) | X0, (Ls 7)) (P (0 ) 1 T2, ()| X, (L3 §))
EnsLs + EnuLu - EnOS - En{)S ’
(71)
Agy = — Z Z Z (D2 Vizs|Xn, (Ls Ms; 0) Xn, (Lt Mi; p) X, (LMo €))
NsNtMNqy LSLtLu MthMu
% (#3|Vi23]Xn, (LsMy; 0) X, (Le My; p) X, (LMo S))
(0)
EnsLSQntLﬁnuLu Enos ;oS nOS
=20 ) [PL (O) (L + L — M= MPLy L)
NNy L Loy My My, R2Lt+2L1 s Lt + Mt)l(Lt o Mt) ( )'(Lu )
X oy (03 )T, ()X, (Lts ) (P06 (05 )| T, (S )Hxnu( 16))"
x(sono( s P T, (P) | Xni (Lt; p)) (g (05 6) (| T2, (S )lenu(Lu,<)>
(0) (0) ’
EntLt _I_ EnuLu EnOS Ené)s
(72)

We solve this eigenvalue problem to get the eigenvalues and corresponding zeroth-order wave
functions.
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B. The second-order energy correction

The second-order energy correction is given by

O Vi [on, (B Myi ) g (LM ) (LM )2
2 _— |<\Ij | 123|Xn5( siVs5 O ) Xn \ Lt M5 P ) Xy \ LoVl §
Y Y Y S
NsNtNy Lg Lt Ly Mg MMy, nsLsineLying Lo, nDS;TLOS;TL/OS
= Vi Vay) + Vi, (73)

where X (LsMs; o) Xn, (LiMy; p)Xn, (LuM,;6) is an intermediate state of the system with
the energy eigenvalue F, 1 n.rinube = Pnor, + Enir, + En,r,. It is noted that the above

summations should exclude terms with 1 .n,Linui. = Efz?))sm Simp L Then the three addi-

tive terms in the second-order energy correction, denoted by ‘/1(22), ‘/2(32 ), and ‘/3(12 ), become
respectively

CH D3PI [P (O) (L Lo = M, = MW (L, L)
2 R?L +2Lt+2 (Ls + Mg)/(Ls — M) (Ly + My)!(Ly — M,)!

nsnt LsLy MMy

o Nen (0 0) | Tz, (o o)|1Xn. (Ls; )1 [{@no (0; L) T2, () 1 X: (Lt )2

0 0
EnsLs + EntLt - E’r(l())s - E’)ELB)S

DI (PRI (0)(Ls + Lo — My — M) (L, Li)~2
R?Ls+2Lt+2 (Ls + M,)!(Ly — M)!/(L; + M)\ (L; — M,)!

nsn¢ LsLy Mg My
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(75)

2
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NsNy LgLy MMy,

w Ls
(Lu 4+ My){(Ly — My)\(Lg + M)/ (L — M,
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eng (00 Tz, (@)X, (L )2 [{(©no (0 )| T2, ()X, (L )2
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Enng + EnuLu 2EnOS
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NsNy LsLy MsMy
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In the above, the K; functions are defined by
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(77)

: T L T L 2
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)
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Y

X
0 0
EnsLs _'_ EntLt - E’r(LQ)S - E7(7,6)S
(79)
where G4 (L;, L;) is further defined by
PN 0)(Li 4+ Ly — M; — M;)1)?
Gl(LzuLj> _ 1677'2([/1',[1]')72 Z [ LH-L'j ( )( ' J ‘ ])] - (80)
frar) (Li + M;)N(L; — M;)!(Ly + M;)I(L; — M;)!
Then the second-order energy correction is simplified to
12 23 31
amt = o3 (Gl Gy Gy 1)

where C’éi‘]) are the additive dispersion coefficients. These coefficients can be expressed as

05312)<L7 M) = ‘CLP Z Z Kl(nsanta st Lt) + |b|2 Z Z Kl(”ta”sa Lt7 Ls)

nsnt LsLy nsnt LsLt

+ |C|2 Z Z KQ(nsa Ny, L87 Lt) + Cl*bz Z K3(n57 Ty, LS) Lt)
NNt LsLt NsNt LsLt

+ b0 Y Kj(neng, Ly, Ly) (82)
nsne Ls Ly

ORI (L, M) = [a* > Ko(ng,ng, Le, L) + 02> Y Ki(ne, i, Li, Ly)

NNy Ly Ly, NNy Lt Ly,

+ ‘6‘2 Z Z Kl(nTM g, Lu’ Lt) + b*C Z Z K3(nta Ny, Lt7 Lu)
NNy LiLoy, NNy Lt Ly

+ DY Y K3y, Ly, L) (83)
NntNqy LtLu

CRV(L, M) = [a* Y 3" Ki(ngnu, L, L) + 02 > > Ka(ng,ny, Ly, L)

NsNy LsLy NsNy LsLy

+ 1P Y0 Ki(nuyne, Lu, L) +a*c¢ Y > K5 (nu, na, Lu, Ly)
NsNy LgLy, NgNy LLgsLy

+ c*a Z Z Ks3(ny, ng, Ly, L) . (84)
NsNy LgLy
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TABLE I: Values of Ty, Ty, T3, Ry, Ry, R for the He(11S)-He(11S)-He(219) system, in atomic
units. All these quantities are independent of the geometrical configuration formed by the three

atoms. The numbers in parentheses represent the computational uncertainties.

Atom T, Ta T3 Ry Ry R3

< He 41.8413161(1)  1.4609778377(1)  2.90911603(1)  3310.4418(1)  14.11785735(1)  96.090681(2)
4He 41.8723173(1) 1.4621228531(1)  2.91128666(1)  3312.0535(1)  14.12578804(1)  96.141508(2)
3He 41.8824647(1) 1.4624976699(1)  2.91199719(1)  3312.5809(1)  14.12838381(1)  96.158143(2)

TABLE II: Values of Dy(M = 0), Do(M = +1), D1(M = 0), D1(M = £1), Dy, Qi (M = 0),
Qi1(M = £1), Q2, Q3(M = 0), and Q3(M = =£1) for the He(ng*S)-He(ng*S)-He(n) * P) system,
in atomic units. All these quantities are independent of the geometrical configuration formed by
the three atoms. The numbers in parentheses represent the computational uncertainties.

Atom ]D)()(M = 0) ]D)()(M = :|:1) Dy (M = 0) Dy (M = :I:l) Do
Qi1 (M =0) Qi (M = +1) Q2 Q3(M =0) Q3(M = +1)
He(11S)-He(11S)-He(21 P)
*He —0.1770556027(1) 0.0885278013(1) 32.6430764067(3) 45.758183356(1) 1.4609778377(1)
377.0136(1) 5123.8556(1) 14.1178573524(3) 19.5357464(2) —78.9244427(5)
‘e —0.1770765305(1) 0.0885382652(1) 32.6709827359(1) 45.797120320(1) 1.4621228531(1)
376.9508(1) 5127.4835(1) 14.1257880415(1) 19.5451867(2) —178.9606567(6)
3He —0.1770833800(1) 0.0885416900(1) 32.6801176662(2) 45.809866024(1) 1.4624976699(1)
376.9301(1) 5128.6709(1) 14.1283838158(2) 19.5482763(2) —78.9725084(6)
He(21S5)-He(21S)-He(21 P)
>He —8.5048343026(1) 4.2524171513(1) 4068.2(1) 4849.0(2) 11241.0468(1)
456379(2) 1547973(4) 817250.251(2) 36573.7501(1) —962005.7512(1)
“He —8.5078707885(1) 4.2539353942(1) 4071.8(1) 4853.3(2) 11247.7393(1)
456573(2) 1548946(5) 817626.242(2) 36641.8289(1) —962545.9503(1)
3He —8.5088643582(1) 4.2544321791(1) 4073.0(1) 4854.7(2) 11249.9297(1)
456635(3) 1549265(5) 817749.274(2) 36664.1093(1) —962722.7314(1)
He(23S)-He(235)-He(23P)
e —6.4077465538(1) 3.2038732769(1) 1862.5727(2) 2251.4034(2) 3276.6801(3)
135961.610(2) 531453.96(2) 210566.55(2) 32944.5218(1) —291050.4284(1)
4He —6.4090875602(1) 3.2045437801(1) 1863.4728(2) 2252.4905(1) 3279.4590(3)
135980.281(2) 531566.81(2) 210667.81(2) 32941.0762(1) —291128.5937(1)
3He —6.4095263009(2) 3.2047631504(1) 1863.7672(1) 2252.8465(2) 3280.3686(2)

135986.388(2)

531603.71(1)

210700.95(2)

32939.9454(1)

—291154.1703(1)
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TABLE III: The additive dispersion coefficients CG(U) and Céu) of the He(115)-He(11S5)-He(219)
system for three different types of the zeroth-order wave functions, where the three atoms form
an equilateral triangle, in atomic units. The numbers in parentheses represent the computational
uncertainties.

Atom  State cit? cl® c3v cft? ol v

> He v’} 30.320614(1) 30.320614(1) 30.320614(1) 2275.727(1) 2275.727(1) 2275.727(1)
LIS 21.651146(1) 21.651146(1) 38.932200(1) 1662.279(1) 1662.279(1) 3214.351(1)
) 33.171849(1) 33.171849(1) 15.890795(1) 2696.994(1) 2696.994(1) 1144.922(1)

1He 1WA 30.343110(1) 30.343110(1) 30.343110(1) 2276.838(1) 2276.838(1) 2276.838(1)
w} 21.667220(1) 21.667220(1) 38.961030(1) 1663.089(1) 1663.089(1) 3215.912(1)
LN 33.196427(1) 33.196427(1) 15.902616(1) 2698.304(1) 2698.304(1) 1145.482(1)

3He v 30.350473(1) 30.350473(1) 30.350473(1) 2277.202(1) 2277.202(1) 2277.202(1)
1IN 21.672481(1) 21.672481(1) 38.970467(1) 1663.354(1) 1663.354(1) 3216.422(1)
RSN 33.204472(1) 33.204472(1) 15.906485(1) 2698.733(1) 2698.733(1) 1145.665(1)
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FIG. 1: Long-range potentials for the He(11S)-He(11S)-He(21S) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of AEM) and AE®),

where AEM =0,
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FIG. 2: Long-range potentials for the He(11S)-He(1'5)-He(2!P) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of AE®) and AE®).
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FIG. 3: Long-range potentials for the He(21S5)-He(215)-He(2 ! P) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of AE(®) and AE®).
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FIG. 4: Long-range potentials for the He(23S5)-He(23S5)-He(23P) system for three different types
of the zeroth-order wave functions, where the three atoms form an equilateral triangle, in atomic
units. For each curve labeled by a wave function, the plotted curve is the sum of AE®) and AE®).
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FIG. 5: Long-range potentials for the He(11S)-He(11S)-He(2!P) system for three different types
of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
For each curve labeled by a wave function, the plotted curve is the sum of AE®) and AE®).
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FIG. 6: Long-range potentials for the He(21S5)-He(21S)-He(2! P) system for three different types
of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
For each curve labeled by a wave function, the plotted curve is the sum of AE®) and AE®),
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FIG. 7: Long-range potentials for the He(23S)-He(235)-He(23P) system for three different types
of the zeroth-order wave functions, where the three atoms form a straight line, in atomic units.
For each curve labeled by a wave function, the plotted curve is the sum of AE®) and AE®),
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