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We analyze optimal schemes and also propose some practical schemes for the nonlocal conversion from
shared two Bell pairs to four-qubit entangled states in optical quantum networks. In the analysis, we consider
two-qubit operations as nonlocal operations and minimize the number of access to ancillary qubits as possible.
First, we consider two-qubit unitary operations without using ancillary qubits and derive a necessary and suffi-
cient condition for convertible states. Second, we consider nonlocal optical systems composed of passive linear
optics and postselection. For the passive linear optical systems, we derive achievable upper bounds of success
probabilities of the conversion in the case without ancillary qubits. We also compare the optimal success prob-
abilities with those of previously proposed schemes. Finally, we discuss success probabilities of the conversion

in the case with ancillary qubits.

I. INTRODUCTION

Multipartite entanglement is an important resource of a
quantum network that enables several multi-party quantum
information processing such as quantum key distribution
(QKD) [1], quantum teleportation [2, 3], and distributed quan-
tum computing [4-6]. For each of multi-party quantum in-
formation processing, different entangled resource states are
required. Particularly, Bell pairs, graph states [7-9], hyper-
graph states [10], W states [11-13], and Greenberger-Horne-
Zeilinger (GHZ) states [14] are used in a variety of proto-
cols as follows: Bell pairs can be used for QKD [1], quan-
tum teleportation of a general one-qubit state [2], and blind
quantum computing [15-17]. Graph states and hypergraph
states can be used for universal quantum computing [8, 9, 18].
W states can be used for leader election in anonymous quan-
tum networks [6] and asymmetric telecloning [19]. GHZ
states can be used for achieving consensus in distributed net-
works without classical postprocessing [6] and secure dele-
gated classical computing [20]. Recently, in addition to them,
Dicke states [21] and x states [3] have also been studied.
For example, Dicke states can be used for Grover’s quantum
search algorithm [22] and certain quantum versions of classi-
cal games [23, 24]. x states can be used for achieving optimal
violation of a Bell inequality [25] and quantum teleportation
of a general two-qubit state [3].

So far, several generation methods of multipartite entangled
states have been proposed [26-30]. In quantum networks, we
normally consider the state generation of various multipartite
entangled states by local operations and classical communi-
cation (LOCC) because of the characteristics of quantum en-
tanglement. This is fundamentally interesting. On the other
hand, it is well known that the conversion between any mul-
tipartite entangled state cannot be achieved using LOCC, be-
cause GHZ states, W states, graph states, Dicke states, and
X states come from inequivalent entanglement classes under
LOCC in the four-qubitcase [31, 32]. Recently, in order to cir-
cumvent such no-go result, the nonlocal conversion required

as the realistic networks has been actively studied. For ex-
ample, it has been shown that a four-qubit linear cluster state
can be probabilistically converted to a four-qubit GHZ state,
a four-qubit Dicke state, and two Bell pairs [33, 34] using
a tunable polarization-dependent beam splitter (PDBS) as a
nonlocal operation. As another work, an universal optimal
gate for transforming Dicke states has been proposed in the
case where some qubits can be accessed from one node [35].
Furthermore, a scheme to fuse three W states, which requires
an ancillary qubit and access to one qubit of each of the W
states, has also been proposed [36]. However, the utility of
nonlocal operations for the quantum network has not yet been
fully understood. It is still challenging to achieve entangle-
ment generation efficiently in restricted situations, where the
number of access to qubits is minimized.

In this paper, we analyze the optimal state-conversion from
two Bell pairs to four-qubit entangled states and also propose
some practical conversion schemes using restricted nonlocal
operations. Here, we focus on a situation where one node
is close to another one whilst far from other two nodes for
shared two Bell pairs. We also assume that nonlocal opera-
tions can be performed on only two nodes being close to each
other. First, in Sec. II, we consider general two-qubit unitary
operations as nonlocal operations. We then derive a neces-
sary and sufficient condition for convertible states in this case.
Second, in Sec. III, we consider optical systems composed of
passive linear optics and postselection as nonlocal operations.
In Sec. IIT A, we define nonlocal operations using only passive
linear optics and postselection for our conversion schemes.
Then in Sec. III B, we consider the nonlocal conversion from
two Bell pairs to well-known four-qubit entangled states such
as linear cluster states, GHZ states, W states, Dicke states,
different two Bell pairs, and y states using the definition in
Sec. IIT A. In particular, we derive optimal success probabil-
ities of the nonlocal conversion and show how to achieve the
optimal success probabilites in passive linear optical systems.
In Sec. III C, we show improvements of success probabilities
of the conversion when we use ancillary qubits. In Sec. IV, we
compare our scheme with some previous protocols and show



FIG. 1: An example of quantum networks. The image
magnification is a four-qubit state shared by four nodes that
are enclosed by dotted lines.

advantages of our scheme. Section V is devoted to the conclu-
sion. In Appendix A, we provide details of derivation of op-
timal success probabilities for our nonlocal conversion meth-
ods. In Appendix B, we derive the success probability and
the fidelity of an output state of a nonlocal converter given in
Sec. III B when the transmittance of PDBSs is deviated from
an ideal value.

II. STATE CONVERSION BY NONLOCAL TWO-QUBIT
UNITARY OPERATIONS

We focus on a shared four-qubit state in quantum networks,
as shown in Fig. 1. This four-qubit state is represented as
two qubits close to each other (nodes 2 and 3) and other two
qubits far from the others (nodes 1 and 4). In this situa-
tion, we consider the state conversion from two Bell pairs to
four-qubit entangled states using two-qubit unitary operations
performed on nodes 2 and 3. Two Bell pairs are given by
|[@7)1,2|9F) 3.4, Where [0F);; = (|[HH);j + [VV)i;)/V2.
Here, |H); (|]V');) represents a horizontally (vertically) polar-
ized photon in node ¢ of the network. We define V53 as a
two-qubit unitary operator performed on nodes 2 and 3. We
also define U; and Wy as a single-qubit unitary operator per-
formed on each node 1 and 4, respectively. Using these defini-
tions and the initial state |[®T); o|®T)3 4 with a relation given
by

Ujl®*)i; = Ul 19F)i, (M
a converted four-qubit state | /) can be written as
1f) = UiVasWa|®F)12|® )54
= V35® )12|®" )34
1

:EZ
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i5)1,4V5 3li5)2.3, (2)

where V3 5 = Vo sUFWZI. From Eq. (2), it is known that
when |f) is divided into system A (the nodes 1 and 4) and

system B (the nodes 2 and 3), the Schmidt rank of |f) is four,
and all of Schmidt coefficients are equal to each other, i.e.,
1/2. Tt is a necessary condition for |f). Next, we show that
this condition is also a sufficient condition for | f). Any four-
qubit state that satisfy this condition can be written as

1< 1
B Z |pij)1,4l%i )23 = 3

4,7=0

D Vialif)iaV'aslif)es,
i,je{H,V}

where {|¢; ;)|0 < i,j < 1} and {[¢; ;)[0 < i,j < 1} are
orthonormal bases of systems A and B, respectively. V; 4 and

V75,3 are two-qubit unitary operators on systems A and B,
respectively. Moreover, any two-qubit unitary operator can be
decomposed as

(U@W)expli(h X @ X +0:.Y @Y + 632 @ 2)|(U' @ W'),(3)

where §; € R (i = 1,2,3) [37). U, W, U’, and W' are
single-qubit unitary operators. X, Y, and Z are Pauli X, Y,
and Z operators, respectively. For simplicity, we define R =
expli(01 X @ X +60Y @Y + 632 ® Z)|. From Egs. (1) and
(3,

1 - N
3 Z Vialig)1,4V'23lig)2,3
i, jeE{H,V}
= 01W4R1,4U’1W’4V’2,3|‘1>+>1,2|‘1>+>3,4 )
~ ~T ~ T o~
= V'o3U W'y Ry sUS WS |@T)12|@F)34  (5)
= |f).

This implies that the condition is also a sufficient condition
for | f). As aresult, the following theorem holds:

Theorem 1 A quantum state can be converted from two Bell
pairs |®1)1 2| P1)3 4 using two-qubit unitary operations per-
formed on nodes 2 and 3 if and only if when the quantum state
is divided into system A and system B, the Schmidt rank of the
quantum state is four, and all of Schmidt coefficients are equal
to1/2.

Note that in general, any two-qubit unitary operation is re-
quired for the conversion. Accordingly, this conversion
scheme requires some non-linearities. For example, cross-
Kerr non-linearity, an ancillary coherent state, and linear op-
tics are sufficient to perform any two-qubit unitary operation
on polarization qubits [38].

Using Theorem 1 and this situation, we examine the state
conversion from two Bell pairs to well-known four-qubit en-
tangled states. As well-known four-qubit entangled states,
we focus on the linear cluster state |Cy), the GHZ state
|GH Z,), the W state |Wy), the symmetric Dicke state |Di2)>,
|DF)1 3|PT )04, [PT)1,4|PT )23, and the x state |x) defined
as follows:
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From Egs. (6)-(12) and Theorem 1, the following corollary
holds:

Corollary 1 Two Bell pairs |®T); o|®T)3 4 cannot be con-

verted 1o |GH Zy), |Wy), |Df)), | D)1 4| T )2 3, and | x) us-
ing two-qubit unitary operations performed on nodes 2 and 3.
On the other hand, |91 o|®T)3 4 can be converted to |Cy)
and | D)1 3|®)2.4 using the same operations.

Note that even if we perform above nonlocal operations and
two-qubit unitary operations on nodes 1 and 4, Theorem 1 and
Corollary 1 hold. It is clear from Eqgs. (4) and (5).

III. NONLOCAL CONVERSION USING PASSIVE LINEAR
OPTICS AND POSTSELECTION

Corollary 1 means that |®1); o|®T)3 4 cannot be converted
to any four-qubit state using only two-qubit unitary operations
performed on nodes 2 and 3. In order to convert to more
various classes of the entanglement composed of four-qubit

|VH>174 — |HV>174 |VH>273 + |HV>273) (12)
V2 V2

states in optical quantum netwroks, we consider optical sys-
tems based on a postselection as nonlocal operations. The
optical systems considered in this section are composed of
passive linear optics, i.e., PDBSs, polarization-independent
beamsplitters, phase shifters (PSs), and wave plates. We also
assume the same situation as considered in Sec. II. In this
situation, we show that the passive linear optical systems en-
able us to convert from two Bell pairs to entangled states that
cannot be converted in Sec. II. To this end, in Sec. IIT A, we
define nonlocal operations using only passive linear optics and
postselection. In Sec. III B, using the definition of the nonlo-
cal operation given in Sec. III A, we derive achievable upper
bounds of success probabilities of the conversion from shared
two Bell pairs to well-known four-qubit entangled states. We
then show that existing optical systems can achieve the upper
bounds. In Sec. III C, we give improvements of the conversion
when we use ancillary qubits.



FIG. 2: The equivalence of two optical systems with two Bell pairs as an input. Two red circles connected by a black dashed
line represents the Bell pair |®). Each of black-colored symbols at output side represents a threshold detector. Each of passive
linear optical systems is represented by a corresponding unitary operator U, V, W, U, or W1 Here, V' = V(UT @ WT).

A. Nonlocal operation for our conversion method

A general passive linear optical system can be represented
as shown in the left-hand side of Fig. 2, because we consider
the situation where nonlocal operations can be performed on
only nodes 2 and 3, which are close to each other. Note that
positions of detectors and input photons can be fixed because
swap operations between different spatial modes can be real-
ized using only passive linear optics. In order to simplify the
form of the optical system without loss of generality and de-
fine our nonlocal operations, we prove the equivalence shown
in Fig. 2. In other words, we show that an output state is the
same in both optical systems in Fig. 2 when a postselection
succeeds. Here, we assume that the postselection succeeds
when all of threshold detectors detect a photon.

Let ¢l and d}, be the s(€ {H,V})-polarized photon cre-
ation operators for input spacial mode ¢ in node 1 and for out-
put spacial mode 7 in node 1, respectively. When a photon in
node 1 is input into the 1st spacial mode of the optical system
shown in the left-hand side of Fig. 2, CIS is transformed as
follows:

L/

UclyU =S (ujndly +ujvdly)
=1
Ll

Uel, U = Z(ﬂde;r'H"‘ﬂde;v),
j=1

where L’ is the number of input (output) special modes.
Here, complex numbers u;s and @, satisfy Ef:1(|uj al?+
ujv|?) = S8 (Jajm |2 +|ajv|?) = 1 due to the unitarity of
U. Accordingly, when the postselection in node 1 succeeds,
i.e., a photon is detected by a threshold detector in node 1, the
Bell pair [®*); 5 is converted to

(win[H)1 +uiv|[V)1)[H)2

+(Urg|H)1 + t1v|V)1)|V)2

= [H)1(urn|H)z + U1a[V)2)
V)i (uav |H)z + d1v|V)2) (13)

up to normalization. Equation (13) implies that a state con-
verted from [®7); o in the optical system corresponding to

U, is the same as a state converted from |<I>+>172 in the op-
tical system corresponding to UJ . For |®")3 4 and the opti-
cal system corresponding to W, we can explain in the same
way. Furthermore, in order to detect a photon by each of two
threshold detectors shown in the right-hand side of Fig. 2, two
photons have to go through the optical systems corresponding
to UJ and W, respectively. From these facts, we conclude
that the equivalence shown in Fig. 2 is satisfied. For our non-
local conversion methods, it is enough to consider only the
optical system for two photons in nodes 2 and 3, which corre-
sponds to V' = V(UT @ WT) (See also the right-hand side
of Fig. 2).

B. Nonlocal four-qubit state conversion

In this subsection, we derive success probabilities of opti-
mal nonlocal four-qubit state conversion from [® 1)1 5| @™ )3 4
using the optical system given in Sec. II A. Without loss of
generality, we assume that two photons in nodes 2 and 3 are
input from spacial modes 1 and 2, respectively. After the uni-
tary operator V' is performed on two photons in nodes 2 and
3, each of creation operators is transformed as follows:

L
V/CL]ILHV/T = Z(ﬂij;H +Bij;V)
j=1

L
Vial, V' = Z(%‘Hb;r-g +7jvbj‘v)
Jj=1
L
‘/ICL;HVI]L = Z(O‘JHb;H +aij;'V)
j=1
L
V'ah, V' = Z(nij;H +njvbly),

<
Il
-

where L(> 2) is the number of input (output) spacial
modes. Here, complex numbers «js, Bjs, 7Vjs, and n;s

. L L
satisfy Zj:l Zs:H,v |ajs|2 = Zj:l ZSZH,V |ﬂjs|2 =

L 2 L 2 _
Zj:l ZSZH,_V 1visl® = Zj:l Zs:H,V Injs|* = 1. When
the postselection succeeds, i.e., two photons are detected by



[t) The optimal value of psyc
|C4) 1/9
|GH Z4) 1/2
[Wy4) 0
D) 0
O 3]PT )2 1
IX) 0

TABLE I: The optimal values of pg,. for well-known
four-qubit entangled states.

two threshold detectors in output spacial modes 1 and 2, an
output state | F') is given by

|F) = Hpost V| PT)1,2|®T )34
n \/pSuC ’

where pguc(> 0) is the success probability of the postselec-

tion, I, is defined as
2 2
> 5 (T0 ) el (IT,
=1 =1

51:H,V Sz:H.,V

1_Ip ost =

and |vac) is a vacuum state. In order to convert to a target
state |¢), it is necessary to satisfy that |F') = |t). By taking
inner product with |s1s2)1,4, we obtain

Hpostvl|5152>2,3 = 2\/psuc <5152|174|t>-

By substituting (s1,$2) = (H,H), (H,V), (V,H), and
(V, V) into Eq. (14), we obtain following four equations

(14)

Mpost V'|HH )23 = 2v/psuc({HH|1,4]t)1,2,34 (15)
Hpost V/IHV )23 = 2¢/Psuc(HV |1,4]t)1,2,34  (16)
Hpost VIVH)23 = 2¢/Psuc(VH|14lt)1,234 (17)
post VIVV )23 = 2¢/Psuc(VV]1,4lt)1,2,34. (18)

Furthermore, by taking inner product with |ss2)2 3 in both
sides of each of Egs. (15), (16), (17), and (18), we obtain
16 constraints in total. Considering these constraints, we de-
rive the optimal value of the success probability pg,. for well-
known four-qubit entangled states (See Appendix A for de-
tails). The optimal success probabilities are summarized in
Table I.

Next, we consider optical systems that achieve the optimal
values of pg,c (See Fig. 3). In fact, the optical systems given
in Fig. 3 are equivalent to existing optical systems proposed
for well-known four qubit entangled states, which are given
in Table I. The optical system shown in Fig. 3 (a) is essen-
tially equivalent to the controlled-Z gate and the controlled- X
gate proposed in Refs. [39, 40]. The optical systems shown in
Fig. 3 (b) and (c¢) are also essentially equivalent to a nonlocal
gate proposed in Ref. [33]. With respect to an optical system
for conversion to |®T); 3|® 1) 4, which is not shown here,
it can obviously be constructed using only mirrors. Note that
these optical systems are not unique one that achieve optimal

success probabilities. In fact, |GH Z4) can also be converted
from |®T); 5|®T)3 4 with probability 1/2 by performing the
type-II fusion gate which is not shown here [41]. While it was
not known whether these existing optical systems are optimal
or not, our results show the optimality of these existing op-
tical systems from a network perspective. Our results also

show that |WW,), |D4(12)>, and |x) cannot be converted from
|®F)1.2/®)3 4 using only passive linear optics and postse-
lection (See Table I).

In the last of this subsection, we analyze practicality of our
schemes. First, we focus on the optical system shown in Fig. 3
(a). We consider how change in transmittance of PDBS af-
fects the success probability ps,. and the fidelity F' between
an output quantum state and |Cy). For simplicity, we assume
that all of PDBSs have the same transmittance 1y and Ty, for
H- and V-polarized photons, respectively. In the ideal case,
Ty and Ty is set to 1 and 1/3, respectively. Furthermore,
we assume that HWPs and the PS ideally work because we
can adjust their function by rotating angles of them. The effi-
ciency of two threshold detectors are denoted by 7 and 7)’. In
this case, psuc and F' are written as

psuc
o (Th + 2TuTy + TY — 6T Ty — 6TuTy + 12T5TY)
B 4

F

1Ty + 2Ty Ty — Ty |

2\/TZ + 2TyTy + T2 — 612Ty — 6Ty T2 + 12T3T2

and are plotted in Fig. 4 in the case of n = 7' = 1 (See

Appendix B for the derivation of pg,. and F'). Accordingly,
the efficiency of detectors does not affect the fidelity. Fur-
thermore, from Fig. 4 (b), it is known that F' > 0.9 is sat-
isfied even when the deviation from the ideal values of Ty
and Ty is 0.14, i.e., Ty = 0.86 and Ty = (1 4 0.14)/3.
This implies that our scheme is robust against experimental
imperfections and detector inefficiencies. With respect to pho-
ton distinguishability, we can adopt the same analysis used in
Ref. [39]. As aresult, considerable deviation from the optimal
performance occurs due to photon distinguishability as with
Ref. [39]. Second, we focus on the optical systems shown
in Fig. 3 (b) and (c¢). Since these optical systems are based
on the Mach-Zehnder interferometer, stabilization is impor-
tant to realize them. By using a Sagnac interferometer, we
can improve stability of them. In fact, essentially equivalent
optical systems have already been experimentally character-
ized by using the Sagnac interferometer [34]. Accordingly,
by using the same technique, it would be possible to realize
our method.

C. Improvement of success probabilities using ancillary qubits

We show that |TWy), |Di2)>, and |x) can be probabilisti-
cally converted from [®7); 5|®T)3 4 if ancillary qubits are
available in addition to passive linear optics and postselection.
Note that we minimize the access to ancillary qubits as pos-
sible. To this end, we also consider the conversion from |Cy)
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FIG. 3: Optical systems that achieve optimal values of pgy.. If one photon is detected in each of output special modes 1 and 2,
which are denoted by 1’ and 2', respectively, the postselection succeeds. (a) A nonlocal converter for |Cy). If one photon goes
for either of two dashed arrows, the conversion is failed. (b) A nonlocal converter for |GH Z,). (¢) A nonlocal converter for
|®F)1,4/P )2 3. Note that photons proceed in the direction of the arrows. A gray box with a diagonal line represents PDBS
whose transmittance for H(V)-polarized photons is 1 (1/3). A blue rectangle with two diagonal lines represents a wave plate
that operates as X. A blue rectangle with a diagonal line represents a PS that operates as Z. A black line represents a mirror. A
pale green box with a diagonal line represents PDBS whose transmittance for H(V)-polarized photons is 1 (0), i.e., polarizing
beam splitter (PBS). A green rectangle represents a wave plate that operates as the Hadamard gate.

to |D4(12)> and |x). Such conversion can be done with proba-
bilities 3/10 and 1/2 using optical systems given in Ref. [33]
and Fig. 5, respectively. Based on this fact, we construct con-
version methods for |Dfl2)> and |x) as follows: First, polariza-
tion encoded qubits are converted into spatial dual-rail qubits
using PDBS and a wave plate. It can be done with proba-
bility 1. Second, the controlled-Z gate is performed on pho-
tons in nodes 2 and 3 using Knill-Laflamme-Milburn (KLM)
scheme [42]. This step requires two ancillary qubits and suc-
ceeds with probability 1/16. Third, spatial dual-rail qubits are
converted into polarization encoded qubits using PDBS and a
wave plate. As a result, |®1); o|®1)3 4 is converted to |Cy).

Finally, |C4) is converted to |D512)> or |x) using the optical
systems mentioned above. Accordingly, |®1)q 2|®1)3 4 can

be converted to |D4(12)> and |x) using two ancillary qubits with
probabilities 3/160 and 1/32, respectively. The optical sys-

tems for |Df)> and |y) are given in Fig. 6 (a) and (b), respec-
tively. For |WW,), we can also construct a conversion method
based on existing methods as follows: First, we transform
|DF)1 2|PT)3 4 to |[W3) using method proposed in Ref. [43].
This transformation requires no ancillary qubit and succeeds
with probability 3/20. Next we use the expansion method
proposed in Refs. [29, 30] to generate |Wy) from |W3) and
one ancillary qubit. This expansion succeeds with probabil-
ity 4/15. Accordingly, this conversion method succeeds with
1/25 and requires only one ancillary qubit. The optical system
for |[W,) is given in Fig. 6 (c¢).

IV. COMPARISON WITH PREVIOUS SCHEMES

In previous conversion schemes using only LOCC,
|®F)12|PT)34 cannot be converted to |Cy), |GHZy),
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FIG. 4: The transmittance-dependence of the success probability and the fidelity of the optical system shown in Fig. 3 (a). Ty
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FIG. 5: An optical system that converts to |x) from |Cy) if
one photon is detected in each of output spacial modes 1 and
2, which are denoted by 1’ and 2/, respectively.

|DF)1,3/PT )24, and [ @)1 4|®T )5 3. In our optimal scheme,
we realize such conversion using nonlocal two-qubit opera-
tions without ancillary qubits. Furthermore, in the situation
considered in Sec. II and III B, our scheme is optimal.

We also compare our optimal scheme given in Sec. IIIB
with a conversion scheme based on the KLM scheme [42],
which is a scheme for universal quantum computing, in terms
of the number of required ancillary qubits and the success
probability. Note that we consider the KLM scheme that
succeeds with probability 1/16 and requires two ancillary
qubits to perform the controlled-Z gate. In order to convert
to |Cy) from |®1); o|PT)3 4, one controlled-Z gate is re-
quired. Accordingly, the KLM-based scheme requires two an-
cillary qubits and succeeds with probability 1/16. In order to
convert to |GHZy), |P1)1 3|P1)2.4, or [BT)1 4]®T)s 3 from
|®F)1,2|P )3 4, three controlled-Z gates are required. As a
result, the KLLM-based scheme requires six ancillary qubits
and succeeds with probability 1/4096. This argument implies
that our method is more efficient than the KLM-based scheme
in terms of the number of required ancillary qubits and the

success probability when @)1 o|®)3 4 is converted to |Cy),
|GHZ4>, |(I)+>173|(I)+>274, or |(I)+>174|‘1)+>2)3. On the other

hand, when |®T); 5|®T)3 4 is converted to |Wy), |D4(12)>, or
|x), the KLM-based scheme is more efficient than our pro-
posed scheme because such conversion cannot be achieved
using our scheme.

V. CONCLUSION

In this work, we have considered two kinds of two-qubit
operations to analyze optimal nonlocal conversion of two Bell
pairs. First, we have derived a necessary and sufficient con-
dition for two-qubit unitary operators. Second, we have de-
rived optimal success probabilities for nonlocal conversion
using passive linear optical systems and a postselection. In
these arguments, we have assumed that no ancillary qubits
are available. Furthermore, we have shown that the optimal
success probabilities can be improved using ancillary qubits.
Finally, we compare our scheme with previously proposed
schemes. Our method is more efficient than the KLM-based
scheme when |®7)1 o|®™ )3 4 is converted to |Cy), |GH Zy),
|DF)1 3|PT )04, Or [®T)1 4|®T )2 5. On the other hand, when
|®F)1,2|PT)34 is converted to [Wy), |D512)>, or |x), the
KLM-based scheme is more efficient than our scheme.

In the quantum networks, we have various situations for
sharing entangled resource states. For example, if nonlocal
operations performed on three photons are available, |C}y) can
be converted from |® )| H H) with probability 1/4 [44]. This
success probability is greater than one that can be achieved by
our method. As another example, an optical system proposed
in Ref. [45] can also be used for state conversion from super-
position of two Bell pairs to several four-qubit graph states.
It is an important step to clarify what we can do using non-
local operations towards the realization of advanced quantum
networks. Thus, there still remains an interesting open prob-
lem of how to optimally convert to various entangled resource
states with a certain initial state and restricted quantum oper-
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FIG. 6: Optical systems considered in Sec. III C. The KLM CZ gate represents a optical system given in Fig. 2 of Ref. [42].
The HWP (0.+) converts |H) (|V')) into cos (264 )| H) + sin (20+)|V') (sin (20+)|H) — cos (20+)|V)), where

204 = arcsin /(5 4 1/5)/10. (a) A nonlocal converter for |D4(12)). (b) A nonlocal converter for |x). (¢) A nonlocal converter
for [W,). When one photon is detected by a threshold detector, this converter correctly works. On the other hand, if at least one

photon goes for the dashed arrow, the conversion is failed.

ations in quantum networks.
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APPENDIX A

We derive the achievable maximum values of pg,. for the
conversion from the initial state |®T); 5|®T)3 4 to the well-
known four-qubit entangled states, such as |Cy), |GHZ,),

(W), DS, [@F) 1 3]@ a4, [BF)1 4| BT s, and ).
A. [t) =|C4)

The success probability of the state conversion for the state
|C4) is calculated with

Hpostvl|q)+>l,2|q)+>3,4 = \/psuc|c4>-

From inner products of |s152)1.4 (s1,52 € {H,V}), we ob-
tain

HpostV/|HH>2,3 = \/psuc|HH>2.,33 (21)

HpostV/|HV>2,3 = psuC|HV>2,37 (22)

HpostV/|VH>2,3 = psuC|VH>2,37 (23)
and

Hpostvl|vv>2,3 = —+/Psuc |VV>2,3- (24)

Using inner products of |s1s2)2 3 in both sides of each of
Egs. (21), (22), (23), and (24), we also obtain

VDsue = Biaoor + Pomain (25)
= Bianev + Bavmu (26)
= Mvaag +Y2HQ1Y (27)
= —(mvnev +rvmv), (28)



and
0 = Bipasy + fovarn (29)
= fivasy + Bapanv (30)
= Brvaoy + Bavary 3D

= Biumen + BormH
= Bivnen + Barmv
= Bivnev + fevmyv
= MHOM2H + V2HOH
= YMHOM2V + V2vQi1H

From Egs. (25), (29), (30), and (31),

= Mvoey +Yvaly (32)
= Y1HN2H + VeHMH (33)
= Y12V + Yeviig (34)
= Y1ivN2H + Y2HMNMV- (35)
|

0 = (fivaen + femarv)oamasy + (Biacoy + fevonm)erony (36)

= A/ Psuc¥1vagy.

Here, ayyasy = 0 is required to satisfy psyc > 0. Replacing
a with g in Eq. (36), 81y P2y = 0 is also required. More-
over, from the same way with Egs. (28), (33), (34), and (35),
muanen = nuYer = 0. fagy # 0, oy = 7y = 0is
derived from a1y gy = 0 and Eq. (32), and then pgy. = 0 is
derived from Eq. (27). In order to satisfy psyc > 0, agy =0
has to be satisfied. According to the same way used in the
above proof, it also requires S1y = 12 = y1g = 0. By
substituting aoyy = 0 into Eq. (29), we obtain 0 = Soy 5.
Here, we consider three cases: (I) oy = 0 and ay g # 0, (I)
ﬁgv 75 0 and oalg = O, and (IH) ﬁgv =Q1g = 0.

First, we consider the case (I). From Egs. (25)-(28), the
square root of the success probability is given by

VPsue = Bimaon + foronn
= Biunev
= Tivo2H
= —Mvnv.
As a result, aoy = —noy and iy = —7vyp are satis-
fied, and they imply that Sogary = —2B1gasy. Since

|B1a|? + |Ber]? < 1and |arg|? + |agy|? < 1 are satisfied

L L
from Zj:l ZS:H,V lajs|? = Zj:l ZS:H,V 1Bjs> = 1,
the relation is rewritten as follows:

4priwcsn* = |Bamornl?
< (1= 18?1 = |azul?)
1 — (Jazu* +|Biul?
|Birosn|® < (oorl® + 151 |) (37)

3

Since psue = |1 on |2 is a monotone increasing function of
|B1m| and |a2p |, and [1 — (|aap|*+|B1#|%)]/3 is a monotone

(Brvagy + Bavas)arpoaoy + (Birasy + Pamonm)ory azy

decreasing function of | 81 g | and |2 |, psuc is maximized by
|B1m| and |z pr| that satisfy equality in Eq. (37). We define
€(> 0) such that |81|> = €|aap|? holds. From above cal-
culation, an upper bound of the success probability is given
by

28+1&+2—2u+@vé+1%+1}(%)

Dsuc < meax{ 36¢

Since the right-hand side of Eq. (38) is maximized with € = 1,
Psue < 1/9. For the case (II), according to the process in the
same way as well as (I), psue < 1/9. When we consider the
case (IID), it can be divided into four cases: (i) fopy = Yoy =
yov = 0, (i) cay = mug = mv = 0, (iii) Soy = muy =
my = 0,and (iv) B2 = a1y = mu = vey = 0. For (i) and
(ii), from Eqgs. (25)-(28), noy = aag = —noy is satisfied. As
aresult, psyc = 0. For (iii) and (iv), with the same way as well
as (), psuc < 1/9.

B. |t)=|GHZ))

The conversion from [®1); o|®1)3 4 to the state |GH Z,)
is written by
Hpostvl|(1)+>l,2 |(I)+>3,4 =V psuchHZ4> .
We also obtain the following equations from inner products of
|$182)1,45
HpostV/|HH>2,3 V 2psuc|HH>2,37 (39)
HpostV/|HV>2,3 = 0, (40)
HpostVI|VH>2,3 = 07 (41)



and
HpostVI|VV>2,3 =V 2psuc|VV>2,3- (4‘2)

We give the following relations from inner products of
|81 82>273 with Egs. (39), (40), (41), and (42),

V20sue = Praoex + feronn (43)
= Mviev +Y2vmnv, (44)
and
0 = friraoy + Pavarn (45)
= fivasy + Bapanv (46)
= Brvaoy + Bavary 47)
= Pianen + BeamH (48)
= Pianev + Boviim (49)

= Bivnen + Barmv
= Pivnav + Bavmy
= MHO2H + V2HO1H
= MHMV +Yvaig
= Mvaz2H +epoiv
= mMvay +Y2vary
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From Egs. (43), (45), (46), and (47),

= YiHN2H + V2HH (50)
= YiHN2v +YoviiH (5D
= Y1ivN2H + Y2HMNMV- (52)
|

0 = (fivaen + femarv)oamasy + (Biacoy + fevonm)erony (53)

=V 2Psuc1v Qv

Accordingly, ajyagy = 0 to satisfy pgue > 0. By replacing
« with 8 in Eq. (53), we also obtain Sy 82y = 0. As results
of performing the similar calculation for Egs. (44), (50), (51),
and (52), we get the relation of mgnenr = YigYyenm = 0.
From above results, ayyy = 0 or aoyy = 0 must be satisfied
at least. For a1y and awy, here, we redefine o,y as a;p = 0
and ogy,. For 1 and 12, we also redefine nxg as ngg = 0
and 17 ;. From Eqgs. (48) and (49) and above redefinitions,

0= Brangy = BeaNpy - (54)

Accordingly, we then have to consider two cases: (I) Sy = 0
and (I) By # 0.

M Bra =0
From Eq. (43),

oo VB Plosn? 1
suc 2 — 2'

(D fru # 0

From Eq. (54), n;;; = 1z = 0 is derived and then

_ e Pl _ 1
pSuC 2 — 2'

Therefore, the maximum value of the success probability is

give by psuc < 1/2.

C. [ty = W)
The conversion from |®1); 5|®™ )5 4 to the state [Wy) is
given by
Hpostvl|q)+>l,2|(1)+>3,4 = \/psuC|W4>-
By taking inner products of |s1$2)1 4, We obtain

Hpostv/|HH>2,3 - \/psuc(|HV>2,3 + |VH>2,3); (55)

HpostV/|HV>2,3 = \/psuC|HH>2,37 (56)
HpostV/|VH>2,3 = \/psuC|HH>2,37 (57)



and
HpostV’|VV>273 =0. (58)

From inner products of |s152)2 3 with Egs. (55), (56), (57),
and (58), we obtain
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From Egs. (62), (67), (68), and (69),

VDsue = Birooy + fovouim (59)
= Bivasy + Begary (60)
= Biamen + BermiH (61)
= MHQ2H + Y2HH, (62)
and
0 = Biuoaon + Pegainm
= frvagy + favary (63)
= Bianev + Bavimm (64)
= Bwvimen + Barmyv (65)
= Pivnav + Bavmy (66)
= Muav +Yevoiy (67)
= mvoazg +Y2H01V (63)
= Mvoay + Yvory (69)
= Y1iH"2H + V2HMH
= MHMV + Y2vH
= MvN2eH + Y2HMV
= mvnev +Yeviv.
0 = (mvaer +erov)aigasy + (Eeey +Y2vain)asgoy

= (muE2H + Yo H)V Qv + (v aey + Yov iy ) HO2H

= V/DPsuc¥1v a2y .

Accordingly, ajy sy = 0 when pg,e > 0 is satisfied. In a
case where ai;y = 0, from Egs. (60) and (63), asy = 0. On
the other hand, in another case where aoy = 0, from Egs. (59)
and (63), ayy = 0. Thus, a;y = agy = 0. Then, we derive

\/m = BgvalH = ﬁlvagH from EqS. (59) and (60) This
implies that in order to satisfy that ps,. > 0, B1vBoy # 0
is required. While, from Eqgs. (61), (64), (65), and (66), we
obtain the following relation,

0 = (Brvner + Boamv)BiuaBov + (Bianev + Baviim)Bam biv

VDPsucBrv Bav .

Then 31y B21v=0. As a result, ps,c = 0.

= (Bianem + Paramu)bivBav + (Bivnev + Bavinv)Bia Bem

D. [t)=|D{)

The state conversion from |[®7); o|®)54 to the state

|D4(12)> is written as

Hpostvl|q)+>1,2|(1)+>3,4 = \/psuc|D4(12)>-



We obtain the following relations with inner products of
|8182>1,4,

HpostV/|HH>2,3 \/psuc|vv>2,3 (70)
2 o
Mpost V[ HV )23 DPsuc(|HV )23+ |[VH)s 3)

= , (71
5 NG (71)
Mpost VIIVH)23  /Psuc([HV )23 + [V H)23) 72)
2 /6 :
and
Hpostv/|vv>2,3 o \/psuc|HH>2,3 (73)

2 NG

From inner products of |s1s2)2 3 using Egs. (70), (71), (72),
and (73), we obtain the following relations,
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and

0 = firasy + Peroun (80)
= BivoeH + fopony (81)
= firasy + Bavann (82)

= Pianen + Bormu
= Bivnav + Bavmv
= MHO2H + Y2HO1H (83)

= mMvaay + vaiy

DPsuc  Bivasy + Bavary (74) = MHN2v +VevinH
6 2 = MvnH + Y2HMV
_ Biunev + Bavmu (75) = MVIRv T Y2viv.
B 2
+
_ Bivner + Barmv 76)
2
+
_ YiHQ2v T V2V 1H a7
2
QoH + e}
_ YivQ2H T Y2HM1V (78)
2
_l’_
— HiRd QWHmH : (79)  From Egs. (74), (80), (81), and (82),
|
0 = (Bvaen + fanarv)aigasy + (Bevaim + Biraoy)oepory

= (fivaav + favarv)argoen + (Beroim + Biaaen )iy oy

2psuc
= 3 Q1HO2H -

With pgue > 0, azgasy = 0. Here, we consider two cases,
ie., (D) arg = 0and D) oy = 0.

D a1g =0
From Eq. (77), asyyig # 0. Then, with Egs. (82)
and (83), 1y = asy = 0. From Egs. (78) and (81),
Bopr = 0 and aiy # 0 are also derived.

(I) aeg =0
From Eq. (78), a1y # 0. Then, with Egs. (81)
and (83), Bopr = a1y = 0. From Egs. (77) and (82),
B1g = 0 and ay # 0 are also derived.

From above results, a1y = asyg = P1g = P2 = 0 and
a1y agy # 0 are given. Then, from Egs. (74)-(79),

2pSuC
3 = M1HM2H + YoeHMH
2Psuc 1 1
= 5 (it )
3 \avfiv  aivfev
_ 2psucarv Pav + cov Prv
3 aivfevasyBiv
2pSuC
ary Bavasy By = . (84)

3



From Egs. (74) and (84), we obtain
2psu
3 ¢ = avBevasyBiv
2Z)S'LIC
= — Bovaqy | Bavouy
3
in/3. | 2Psu
TN Z5E = Bvary (85)
2psu
= 3 ¢~ Bivasy
in 2psu
Bivagy = T = (86)
|
2psu
3 S = |Bovarv|? = |Bivasy|? = [mubov]? =

Accordingly, psyc is maximized when |aqy|? + |aov|? = 1
is satisfied. With [V’al VT, V'al, V'T] = 0, and Egs. (85)
0 = ajyfiv +agyfay

and (86), we get the following relation,
* e:Fzrr/B '2psuc :|:17r/3 /2psuc
Psuc \/_ 2 2
=\ L F V(o] —lazv[7)].

As aresult, psye = 0.

E. [t)=[0T)15|0F)24

psuc = 1 can be achieved because a swap operation be-
tween photons in nodes 2 and 3 can be done using passive
linear optics with unit probability.

F. [t)=[®1)14|®T )23

The state conversion from [®T);5[®T)5,4 to

|®T)1,4|D ) 3 is written by

Hpostvl|q)+>l,2|q)+>3,4 - \/psuc|(1)+>1,4|q)+>2,3-

|Brrasn| + |feroan| + |Praasy| + |Bavarv |

~
Il
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and then

InexBiv? = mmoev|? = [yeraiv)?

By taking inner product of | H H ) 4, we obtain the following
relation,

Hpostv/|HH>2,3 - \/psuc(|HH>2,3 + |VV>23) (87)
By also taking inner products of |s1s1)2,3 with Eq. (87), we
obtain the following equation,

VDsue = Praaoy + Beronm = Biuaay + Bovary

and then

VDPsue = Bimaom + Bamonm
_ Bimoon + Panain + fiuasy + Pavony
N 2
| Bimocn + Bamain + Pruasv + Pavany
N 2
- |Braasn| + |Bercim| + |Biaoay| + | Bavaiv ]
- 2

Equation (88) is maximized when Z?:l (lom? + |ajv]?) =
Z?ZlqﬂjHP + |Bjv|?) = 1 is satisfied. In order to derive
the maximum value of py,., we use the method of Lagrange

multiplier. First, using variables A and p, we define a function

fas

2 2
2 2 2
2 + ;uﬂm + 18P~ 1| +p ;mm +lagv ) -

. (88)



Second, we calculate

of
o 0, (89)

where z € {[a1n |, laav |, laanl, [eev], [Bial, [Biv], [ Baml,
|B2v |, A, pu}. From Eq. (89), we obtain the following relations,

|042H| = —4/\|51H|7 (90)
lagy| = —4X|frv], ODn
loam| = —4X|Baml, 92)
loay| = —4A[Bav], (93)

2

> (ajul® +logv?) =1, (94)

j=1

and

2

> 1Biml” + 18 *) = 1. (95)

=1

From Egs. (90)-(95), A = —1/4. Then, we obtain ,/psic <
1/2. Note that A = —1/4 gives the (local) maximum of
Eq. (88). As the result, psy. < 1/4.

The state conversion to |x) from [®T); o|®T)3 4 is given
as

Hpostvl|q)+>l,2|(1)+>3,4 =/ psuC|X>'

We take the following relations from inner products of
|5182)1,45

pS'LlC
2

post V' |HH)2 3 (|HH)2,3+|VV)a3), (96)

[ Dsu
Mpost V| HV )23 = — 2C(|HV>2,3+|VH>273), 97)

psuc
2

Myost V'[VH)o 3 = (|IHVY23+|VH)23), (98)
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and
Dsu
Mpost V/[VV )23 = 2C(|HH>2,3+|VV>273). (99)

From inner products of |s152)2,3 with Egs. (96), (97), (98),
and (99), we obtain the following equations,

psuc

5 = Braazy + Bamonn (100)
= fivazy + Pavary (101)
= —(Bramev + Bavmm) (102)
= —(Brvnem + Bermv)
= MHQ2V +Y2valg (103)
= Mvazg +Y2H0V
= MHN2H + V2HNH (104)
= Mmvnev +Y2vnv,
and
0 = Bruaoy + Bavaun (105)
= Bivasy + Pegary (106)
= Biumen + Boumu (107)
= Bivnev + Bavmv
= MHQ2H + VeHO1H (108)
= Mvoey + Yevaiv
= Y1HN2V + YovNiH (109)

= M1vN2H + YV2HMV.

When ;s = 0 (1 € {1,2},s € {H, V}) is satisfied,
U pS;C = Bisags = Yis O3,

0 = Bisazs = Vis 05,

and

where 1 =2,2=1,H = V,and V = H. Finally, we get
Psuc = 0. With the same way of the above process, we also
calculate with B/, v;z, and 15 5 (7,4, € {1,2}, ¢/, 5,5 €
{H,V'}) and then a5 Birsv;5m; o # 0, when peye > 0. From
Egs. (100), (101), (105), and (106),



15

0 = (Prraay + fovarm)oavasm + (Bivasa + Beraiy )i mooy (110)
= (Biroon + Perarm)oavasy + (Bivasy + Bavonv)oigasy
pSuC
= \/ 2 (qvoaoy + arposm).
[
Replacing o with 3 in Eq. (110), nov = (—1)™napr, and m1y = —(—1)%, g are also derived.

0= psuc(ﬁlvﬁw + Biufom)-

With the same process for other equations and pgyc > 0,

aryoagy +argoasy = 0, (111)
BivBav + BiuPou = 0,
aryoagg +argagy = 0, (112)

BrvBan + PruPav =
YivY2v + YiHYV2H =
mviev +mHeN2H =
YivYeH +ViHY2V =

e R e e R = = =]

and

mvnen +munzy = 0.

From Eqgs. (111) and (112),

1Oy Q1HO2H
Qo gy
a2y Q2H
Q2H a2y
(65274 (— 1)“a2H .

Here, a € {0,1}. From the same equations, we also obtain

the following equation,

_041V042V _Oé1H042V
a1H ary
My _ o
Q1H ary
a1y —(—l)aalH.

By using the same way for other equations, B2y = (—

1)*Bam,

Here, b, ¢, d € {0, 1}. From Egs. (100) and (105),

pS'LlC
2

= Pfiaoan + Peraiy

= (-1)*Bigaay + (—1)"Bavarm

= [(-D)* = (-1)"|Br1razv.
Here, a = b @ 1 has to be held to satisfy pgyc > 0. From
Egs. (102) and (107),

pS;C = —(Bianev + Povinm)
= ~[(-1)*Bianem + (—1)°Bammix]
= —[(-1)* = (-1)"|Bianen.

Then, b = d & 1 holds with pgy. > 0. From Egs. (103) and
(108),

= MHMV + YovaiHg

= (—-1)*vpoen + (—1)°yomoin
(=D = (=) Inmueen
[1—(=1)**Iymagy,

and then @ = ¢ ® 1, when pg,. > 0. From Eqgs. (104) and
(109),

= YiHNM2H + Y2HMH

= (=1)%ymnev + (=1)“yavnin
= (=) = (=) many
= [1-(= 1)C®d]71H772H,

BlV = —(—1)bﬂ1H’ Yov = (—1)6’}/2]_], v = —(_1)C'YIH7 and then ¢ = d @ 1, when Psuc > 0. Thus,
J
pSuC a a
5 = (=1)*2B1masy = —(=1)"2B1anen = 2vincav = 271H72H,
[
and then coy = —1oy = —agy. However, this contradicts s BjrsVjr sz # 0. Accordingly, psuc = 0.



APPENDIX B

In this appendix, we derive Egs. (19) and (20). We de-
fine Uppgs as a unitary operator denoting the function of the

psuc
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PDBS with transmittance 7y and 7Ty. By using this defini-
tion and Pauli operators X; and Z; acting on spatial mode ¢,
the success probability can be written as

= ) |[Mpest Zor X2 X1 Uppps X2 X1UpppsUppps |0 1) @) ||

/

Ty|HHHH) + TaTy (|(HHVV) + VVHH)) + Ty [VVVV)

2

= " ||Hpost Zor X2 X1/ Upps X2 X1

= " ||Mpost Z2 X2 X1 UppBs

Tu|HVVH) + VTaTy (|HVHV) + |VHVH)) + Ty [VHHV)

2

2

2

/
- %HTH(l —2Ty)|HHHH) + Ty Ty ((HHVV) + |VV HH))

+VTu(1 —Ty)Ty (1 = Ty)(|HVHV) + |VHVH)) — Ty (2T — 1)|[VVVV)|?

n

= T[T,’ga —2Ty)? + 2T2T2 + 2Ty (1 — Ty)Tyv (1 — Ty) + T2 (2T — 1)%]

) (T + 2Ty Ty + T% — 6T Ty — 6TyT2 + 12T2TZ)

4

where |[|¢)]| = /(¢|1). From above calculation, when the
postselection succeeds, the output state |1out) 1S

v’

2 V psuc
+TyTy(|HHVV) + |[VVHH))

[Yout) = [Ty(1—2Tyv)|HHHH)

)

+/Ty(1 —Ty)Tv(1 —Ty)(|HVHV) + |VHVH))

—Tv (2T — 1)|[VVVV)).
Accordingly, the fidelity I is

Fo= /[{Calthour)[?
= |<C4|w0ut>|
[Ty (1 —2Tv) +2TuTyv + Ty (2T — 1)]

2T +2TyTy + T2 — 6T2Ty — 6TTE + 12T3TE

Ty + 2Ty Ty — Ty

2\/Tf + 2TyTy + Tg — 6131y — 6Ty Ty + 12T3 13
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