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We present and analyze a protocol in which polaritons in a non-coplanar optical cavity form
fractional quantum Hall states. We model the formation of these states and present techniques for
subsequently creating anyons and measuring their fractional exchange statistics. In this protocol,
we use a rapid adiabatic passage scheme to sequentially add polaritons to the system, such that
the system is coherently driven from n to n + 1-particle Laughlin states. Quasiholes are created by
slowly moving local pinning potentials in from outside the cloud. They are braided by dragging the
pinning centers around one another, and the resulting phases are measured interferometrically. The
most technically challenging issue with implementing our procedure is that maintaining adiabaticity
and coherence requires that the two-particle interaction energy Vj is sufficiently large compared to
the single-polariton decay rate v, Vo/v > 10N?In N, where N is the number of particles in the
target state. While this condition is very demanding for present-day experiments where V5 /v ~ 50,

our protocol presents a significant advance over the existing protocols in the literature.

I. INTRODUCTION

Fractional quantum Hall (FQH) states are the iconic
examples of strongly correlated topological phases. They
arise from a delicate interplay between interactions and
magnetic field in a two-dimensional (2D) electron gas [1-
3]. Both theory [4-6] and experiments [7-9] suggest that
they possess “anyonic” quasiparticle excitations with
fractional statistics, which could provide the building
blocks for fault-tolerant quantum computation [10, 11].
In recent years, synthetic quantum materials [12-19] have
rapidly emerged as a promising platform to engineer FQH
states, especially bosonic Laughlin states [20-24]. Two
leading platforms are ultracold neutral atoms [21-42] and
cavity photons [43-53]. Unfortunately, as we describe be-
low, technical issues have so far prevented the realization
of these aspirations. Here we describe a simple proto-
col which overcomes many of the hurdles. It will allow
experimentalists to coherently produce particle-number
resolved v = 1/2 Laughlin states in a high-finesse optical
cavity using techniques that have already been demon-
strated [54-58]. We additionally show how one can cre-
ate quasiholes that are bound to external laser poten-
tials. We model a scheme for interferometrically mea-
suring the braiding phase when two such quasiholes are
moved around one another [59]. This procedure not only
yields the quasiparticle exchange statistics, but is also
a prototype of the externally controlled braiding needed
for topological quantum computation.

Photonic systems offer unique features particularly
suited for quantum information processing — fast dynam-
ics, long coherence times, versatile optical in-out cou-
pling, and ease of transmission over communication chan-
nels [60-63]. These features are also useful for preparing
interesting many-body states. However, in conventional
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nonlinear media, photons interact too weakly with one
another to establish strong enough correlation to pro-
duce FQH states. Nonetheless, some nontrivial quantum
states, such as a thermal Bose-Einstein condensate, have
been produced [64-68]. The strong coupling limit can
be reached by resonantly coupling the light to matter
and using the matter-matter interactions to mediate the
photon-photon interactions [18, 55, 69]. Such mediated
interactions have been demonstrated in both optical and
microwave domains. Optical experiments have confined
the light via macroscopic cavities [57, 70] or photonic
structures [71-73]. The interactions have been mediated
by atoms [70, 71], quantum dots [72], semiconductor ex-
citons [73, 74], or Rydberg-dressed atoms [57, 75]. Mi-
crowave experiments typically use resonating circuits and
superconducting qubits [76, 77].

In addition to strong interactions, creating FQH states
requires a magnetic field. Generating effective magnetic
fields for photons is nontrivial. Nonetheless, by employ-
ing clever cavity designs to modify the photon disper-
sion [54], experiments have created synthetic gauge fields
in “twisted” optical cavities [56, 58], microwave cavity
arrays [77, 78], radio-frequency circuits [79], and solid-
state photonic devices [80-86]. These developments have
set the stage to explore FQH physics in a single opti-
cal cavity [56-58] or in a lattice of coupled microwave
resonators [77, 78].

As in [51], we consider a near-degenerate cavity set-up,
similar to the one used to observe photonic Landau levels
in [56] and shown schematically in Fig. 1. Because of the
non-coplanar mirror geometry in such a twisted cavity,
the transverse light field obeys a 2D Schrodinger equa-
tion with an effective magnetic field (see Sec. II). One
can induce strong photon-photon interactions by load-
ing 8"Rb atoms into a transverse plane of the cavity and
illuminating them with a control beam that resonantly
couples the cavity photons to a long-lived highly excited
atomic state [87]. Experiments have demonstrated that
the resulting Rydberg polaritons are both long-lived [88]
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and strongly interacting [57].

Initial theoretical proposals to construct FQH phases
in single-cavity [47, 48] and coupled-cavity [49, 50] set-
ups employed a monochromatic drive to excite Laugh-
lin states via multi-photon resonances. These proposals
produce states with very small overlap with the desired
Laughlin state, and these overlaps fall off exponentially
with the number of photons in the target state [48]. More
sophisticated schemes have been proposed recently which
use frequency-selective incoherent pumps [51, 52, 89] or
alternate flux insertions and coherent pumping [53]. Un-
fortunately, even these complex approaches are lacking.
For example, the scheme in [51] yields at best a 70% over-
lap with the N = 3 Laughlin state. Using such a scheme
to produce states with more particles seems impractical.

Here we describe a simpler and more effective protocol
whereby one can reliably produce high-fidelity N-particle
Laughlin states in a twisted optical cavity. As we will
explain in Sec. III, this is achieved by using rapid adia-
batic passage ideas to sequentially transfer the state of
the cavity from the n to n 4 1-particle Laughlin state
[Figs. 3 and 5]. For adiabaticity, the duration of each
transfer, 7', must be large compared to the inverse of
the many-body level splittings. These splittings are pro-
portional to the two-particle interaction energy V;, and,
for the Laughlin states, the splittings are nearly inde-
pendent of the particle number. Thus one finds that
the accumulated error scales as Ne~¢, where & o< VT
For our protocol to be successful, the entire experiment
must be faster than the coherence time set by polariton
loss from the cavity. Hence, the key technical impedi-
ment to implementing our scheme, which is also present
in the earlier proposals [47, 48, 51], is engineering a suf-
ficiently large ratio between the interaction strength and
the single-polariton decay rate . In particular, for high-
fidelity generation of N-particle Laughlin states, we re-
quire Vo /v > 10N%1n N. Since current experimental set-
ups yield Vo /v ~ 50 [90], only the smallest N states may
be reliably produced. While nontrivial, it is reasonable
to expect this figure of merit will increase in the next few
years, enabling the creation of higher N states. Despite
this limitation, our protocol presents a significant step
forward, as the existing protocols either have low fidelity
(~0.01 for N = 2) [47, 48] or require prohibitively large
values of Vg /v (~ 3 x 10* for N = 3) [51].

A central motivation for preparing a Laughlin state is
to observe anyonic statistics by creating quasiparticles
and braiding them [47]. In Sec. IV we show that one
can generate quasiholes by adiabatically bringing in lo-
calized repulsive potentials through the edge of the cloud.
These potentials can be engineered through the dynam-
ical Stark shift from tightly focused lasers [91-93] (see
Fig. 1). The cavity geometry can be tuned to eliminate
the excitation of surface modes (Fig. 7). Subsequently,
one can drag the pinning potentials around one another
to perform quasihole braiding [23], which we discuss in
Sec. V. We find that both quasihole generation and braid-
ing can be implemented with high fidelity over much
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FIG. 1. (Color online) Schematic of the proposed experiment.
The non-planar geometry simulates an effective magnetic field
for the transverse dynamics of the cavity photons (red beam).
These photons are coupled to atoms (white dots) loaded into
a transverse plane (transparent disk) of the cavity. As shown
in the energy level diagram, the photons couple the ground
state |g) and an excited state |e) of the atoms with a collec-
tive Rabi frequency G. The excited state has a single-photon
detuning A, and lifetime 1/T" and is coupled to a metastable
Rydberg level |r) by a control laser (blue beam) with Rabi
frequency .. When the two-photon detuning J2 is smaller
than a linewidth, long-lived Rydberg polaritons form which
inherit the transverse photon dynamics and interact strongly
with one another. In Sec. III we describe how one can drive
these polaritons to form v = 1/2 Laughlin states in the trans-
verse plane. An additional laser (green beam) can be used
to produce a localized potential for the polaritons via the ac
Stark shift. As we show in Secs. IV and V, by moving such
potentials relative to the polariton cloud, one can create and
braid quasiholes in a Laughlin state.

shorter timescales than the preparation of the Laugh-
lin state. In Sec. VI we put forward an interferometric
scheme to measure the braiding phase and extract the
fractional exchange statistics (Fig. 10). We conclude with
a summary and outlook in Sec. VII.

While our analysis is focused on Rydberg polaritons
in optical cavities, nearly identical modeling applies to
exciton-polaritons in semiconductors [16, 17, 51, 73, 74,
94]. Brief estimates of the energy scales suggest that our
ideas are readily transferable to that domain.

II. THE PHYSICAL SYSTEM
A. Overview of polariton dynamics

We envision the “twisted” cavity set-up of [56], shown
schematically in Fig. 1. The cavity is nearly degenerate,
i.e., the transverse dynamics are much slower than the
longitudinal dynamics. In this limit, an effective equa-
tion can be derived for the transverse field profile within
the cavity. This equation is identical to the Schrédinger



equation for a 2D harmonically trapped charged particle
in a uniform magnetic field. In [95] they gave an intuitive
derivation of this mapping by tracing the coordinates of
a light ray as it repeatedly intersects a transverse plane
within the cavity. One thereby constructs a dynamical
map which describes the stroboscopic evolution of the
transverse position and wave vector of a light ray. The
latter plays the role of momentum. In the paraxial ap-
proximation, this map is linear and is equivalently gen-
erated by a 2D quadratic Hamiltonian. Quantizing this
Hamiltonian yields the desired Schrédinger equation. In
the case of a planar cavity with flat mirrors, the dynamics
map onto those of a free particle of mass mpn = hwo/ c?
where wy is the frequency of the longitudinal mode and
c is the speed of light. The mirror curvature confines the
light in the transverse direction, leading to a harmonic
trapping potential. The deviation from a planar geom-
etry rotates the light field about the axis, which gives
rise to Coriolis and centrifugal forces in the transverse
plane. The former acts as a uniform magnetic field per-
pendicular to the plane. Thus, the twisted cavity realizes
a Fock-Darwin Hamiltonian [96, 97] describing massive,
trapped particles in 2D experiencing a uniform magnetic
field. The effective photon mass, trap frequency, and
magnetic field strength can be controlled independently
by adjusting the cavity geometry.

Strong interactions can be introduced into the system
by coupling the photons to an atomic ensemble in a Ry-
dberg electromagnetically induced transparency (EIT)
configuration [75, 98], as discussed in detail in Ref. [87]
and illustrated in Fig. 1. A thin layer of laser-cooled
atoms is loaded into the cavity waist. The cavity pho-
tons couple the atomic ground state to an intermediate
excited state |e) which is in turn coupled to a metastable
Rydberg level |r) by a strong control laser. This light-
matter coupling yields two “bright” and one “dark” po-
lariton modes [98, 99]. Near EIT resonance, the dark
polariton mode has a long lifetime and represents a su-
perposition of a collective Rydberg excitation and a cav-
ity photon. The bright polariton modes, on the other
hand, are short-lived. For strong coupling, the splitting
between the dark and bright modes is large compared
to the energy scales of the transverse photon dynamics
and Rydberg-Rydberg interactions. Then the problem
reduces to describing the motion of dark polaritons in the
cavity waist, which inherit the single-particle dynamics
of photons and the interactions of Rydberg atoms.

B. Single-particle Hamiltonian

Projecting the 2D photon Hamiltonian onto the dark-
polariton manifold renormalizes the photon mass and
trap frequency, yielding the single-particle Hamiltonian
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where 1&(7") denotes the bosonic polariton field operator,
M and wr are the effective polariton mass and trap fre-
quency, wp denotes half the cyclotron frequency, and ¢
is the unit vector in the azimuthal direction. Here we
have explicitly used a symmetric-gauge vector potential
to represent the uniform magnetic field and set i = 1.
The cyclotron frequency 2wp sets the energy gap be-
tween Landau levels and is typically a few GHz [56].
This is much faster than the motion of polaritons, so
the dynamics are confined to the lowest Landau level.
The polariton mass M is related to the photon mass
mpn and the collective Rabi frequencies G and . of
the atomic transitions (see Fig. 1) via M = myy/ cos® 0
where 0 = tan=1(G/Q.) [87]. For typical experimental
parameters, mpn ~ 2 x 107°m, [56] and 6 =~ 60° [57, 88],
we get M ~ 10~*m, where m, is the electron mass. Sim-
ilarly, the trap frequency seen by polaritons is related to
that seen by photons via wr = wr pn cos? 0, where WT,ph
is calculated from the cavity geometry [90, 95]. This
frequency was varied from zero to several tens of MHz
in [56] by changing the mirror separation. As we will see
in Sec. IV, one needs a finite wy in order to adiabatically
produce quasiholes without exciting edge modes.

C. Interaction Hamiltonian

Rydberg atoms interact through a strong dipole-dipole
coupling of the form V(r) = Cg/r% [100]. This leads to
strong polariton-polariton interactions which are most
simply modeled by a hard core of radius 7, known as
the “blockade radius” [87, 101]. For typical experimen-
tal conditions, 7, is several um and can be varied us-
ing the scaling r, o< n''/6 where n is principal quan-
tum number of the Rydberg state |r) [75, 102]. For
mean polariton separations larger than r,, the interac-
tion can be further approximated by a contact potential.
In current experiments this regime can be reached for
few tens of polaritons by controlling the cavity waist ra-
dius w = /2/(Mwp) which sets the average polariton
separation [90]. Under this approximation, we can write
down the interaction Hamiltonian

= g / T (P (P, ()

where ¢ is the effective interaction strength which de-
pends on Cy as well as the EIT parameters €., A., and
I" where . denotes the Rabi frequency of the control
laser, A, is the detuning to the excited state |e), and T’
is the decay rate of |e). The Rydberg-Rydberg interac-
tions are generically inelastic, which can be modeled by
taking g complex. The imaginary part can, in principle,
be made arbitrarily small by increasing both Q. and A,
while keeping the ratio A./Q. ~ 0.25 [90]. Thus, we
limit ourselves to real values of ¢ in this paper.



D. Single-particle spectrum

Combining Egs. (1) and (2) we find the many-body
Hamiltonian H = Hy + Hiy,. The single-particle spec-
trum in the absence of a trap consists of Landau lev-
els separated by the cyclotron frequency 2wg. The low-
est Landau level (LLL) is spanned by angular momen-
tum eigenstates ¢y, (7) o< 7™e"™¢ exp (—r? /w?) with m =
0,1,2,.... The harmonic trap splits the energies of these
states and rescales the Wavefunctlons, yielding new eigen-
states ¢, (7) x z™e —121*/2 with energies €, = Wef + ME,
where 2 = re? /I, | = 1//Mwet, wet = \/w% + w2, and
€ = weg —wp. In the absence of interactions, the energy
of a many-body state in the LLL depends only on the
total particle number N and total angular momentum
L. A generic noninteracting eigenstate takes the form of
a Gaussian times a symmetric polynomial in the coordi-
nates z1, 29, ..., zN representing the positions of the N
particles. Interactions split this degeneracy.

E. The Laughlin state

An exact N-particle eigenstate of the Hamiltonian is
the v = 1/2 Laughlin state [22]
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which is composed of single-particle states in the LLL
with m = 0,1,...,2(N — 1). It has zero interaction en-
ergy as the wavefunction vanishes whenever two particles
coincide. Further, it is an angular momentum eigenstate
with L = N(N —1) and energy Exy = Nweg+N(N —1)e.
As we will see below, the Laughlin state is the unique V-
particle ground state in the L = N(N — 1) manifold.
Therefore, one way to excite |®y) is to pump on the
single-particle mode with angular momentum N — 1 and
frequency wer+ (N —1)e, which is the essence of the multi-
photon resonance protocols proposed in [47, 48]. How-
ever, as discussed in Sec. I, this approach produces an ex-
ponentially small overlap with |®x) due to the coupling
with other many-body states. Here we will circumvent
this problem by employing a rapid adiabatic passage pro-
tocol which drives the system from |®p) — 1) — -+ —
|®n) through a sequence of frequency sweeps. Physi-
cally, the transition from |®,) to |®,1) is implemented
by adding a particle with angular momentum m = 2n
while maintaining the strong correlation in Eq. (3).

F. Projection to the lowest Landau level

The efficiency of our drive mechanism is limited by
the energy splittings between the Laughlin states and
the neighboring many-body states. To quantify this effi-
ciency, we will assume that the dynamics are confined to
the LLL, as in [47, 48, 51], and consider states within that

manifold. To ensure that the LLL is spectrally well re-
solved from the second Landau level, we will need to take
€ K 2wp /Mmax, where the relevant single-particle states
all have m < Mmuyax. For Laughlin states |®Py), mmax =
2(N — 1), so this requirement becomes N < (wp/wr)?.
For typical experiments, (wg/wr)? 2 10% [56], so this re-
quirement is not particularly limiting. Further, we will
assume that there is no Landau level mixing from interac-
tions. Typical interaction energies between two particles
in the LLL can be estimated from the zeroth Haldane
pseudopotential Vo = g(¢o|6(7)|¢o) = g/ (12) [48, 103].
Hence, our assumption is justified provided Vy <« 2wg,
which is indeed fulfilled in present-day experimental con-
ditions, where Vj is several MHz and wp ~ 1 GHz [90].

We project the dynamics onto the LLL by substituting
D7) = S ()@ into Eqs. (1) and (2), where d,,
annihilates a particle in the state |¢,,). Thus we obtain
the restricted Hamiltonian

Hyip = wegN + 6L+ Vg Z 2 CHDATA,, (4
5=0

where N = Y% af a,, and L = Y20°_ maf,a,, mea-
sure the total particle number N and total angular mo-
mentum L, and A, = sl/[ml(s = m)] abs—m
annihilates two particles with net angular momentum s.

G. Many-body spectrum

The eigenstates of ﬁLLL can be labeled by N and
L. Fig. 2(a) shows the spectrum in the N = 3 mani-
fold. The lowest energy state with L = N(NN — 1) is the
Laughlin state |®x). The lowest energy eigenstates with
L > N(N — 1) represent quasihole and edge excitations
of the Laughlin state and are degenerate with |®y) for
e = 0 [51]. Each of these states is separated from the ex-
cited states with the same L by an energy gap Ay ~ Vj
(see Fig. 2). As we will see in the next section, it is this
gap which sets the maximum speed at which one can
drive the system from |®yn_1) to |®n). Any state with
L < N(N —1) also has an interaction energy Fin, > Ay.
As the trap frequency is increased from zero, the eigen-
state energies are simply increased by L. Consequently,
there is a range of € for which the Laughlin state is the
unique N-particle ground state and it costs energy to
excite edge modes. As we will describe in Sec. IV, this
energy cost will aid the adiabatic generation of quasiholes
by suppressing unwanted edge excitations.

H. Polariton loss

A number of processes limit the polariton lifetime.
First, the cavity has finite finesse and a photon will even-
tually escape. Second, the atomic Rydberg states have
finite lifetime, reflecting the fact that the atom can de-
cay, emitting a photon into a non-cavity mode. Third,
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FIG. 2. (a) Spectrum of three polaritons in a twisted op-
tical cavity, described by the Hamiltonian in Eq. (4), which
illustrates the general features of the N-body spectrum. The
ground state highlighted by the circled blue dot has total an-
gular momentum L = N(N — 1) = 6 and corresponds to the
v = 1/2 Laughlin state |®n). At fixed L, the excitation gap
from this state is An, which arises from polariton-polariton
interactions. The lowest-energy excitation with higher angu-
lar momentum has energy €, whereas that with lower angular
momentum has energy Ay — Ne, where ¢ is related to the
harmonic confinement and the effective magnetic field. The
square- and diamond-shaped dots represent the excited states
|®%) and |P%) defined in Sec. III. (b) Number dependence
of the excitation gap Anx. For N 2 5, it saturates at 0.6Vp
where V) is the interaction energy of two particles in the low-
est Landau level with zero relative angular momentum.

as already discussed, the interactions between Rydberg
atoms can have inelastic components and cause polariton
loss. As we discussed in Sec. II C, this latter process can
be made negligible by carefully choosing parameters. In
current experiments, the first two processes yield a net
polariton decay rate v ~ 100 kHz [90].

Our protocol to create Laughlin states and braid quasi-
particles relies on coherent evolution, and losing even a
single polariton would be deleterious. Thus the entire
experiment must be conducted on us timescales.

III. LAUGHLIN STATE PREPARATION
A. Overview

Our protocol for creating the N-particle Laughlin state
|® ) is based on a series of coherent optical drives which
transfer the system from |®,) to |®,41) via rapid adia-
batic passage [104]. The idea of adding photons sequen-

tially was also used in [53].

In Sec. ITE we explained that successive Laughlin
states differ in their total angular momentum by L, —
L,, = 2n. Thus, in our protocol, we illuminate the cav-
ity in state |®,) with a laser that couples strongly to
the mode with m = 2n, and sweep the detuning of the
drive from negative to positive. If such a sweep is per-
formed sufficiently slowly, the system will be adiabati-
cally transferred to the state |®,,41). Our goal is to find
the fastest possible sweep rate. We find that adiabaticity
requires that the entire process takes place over a time
Ty, 2 40(N/Vp)In N. In order to have negligible loss dur-
ing this time, 77, < 2/N+~, where ~ is the single-polariton
decay rate.

B. Sweep protocol

A coherent drive is expressed by the Hamiltonian

Hy = / Pr (7 )P (P +H.e. = i Am(t)al +H.c., (5)

m=0

where A(7,t) denotes the optical drive field and A, (t) =
[ drA(7,t) ¢, (), whereby we have projected Hg, onto
the LLL (see Sec. IID). Thus, A, (t) represents the field
component with a phase winding e?™?. The transition
from |®,,) to |®,4+1) requires an optical drive with Ay, # 0
only for m = 2n. Such helically-phased laser beams are
readily available [105, 106].

Thus we consider a drive which couples |®,,) to |D,41),

t
HY = A (t) exp [—z/ At (wn + 5n(t’))} al, +H.c., (6)

where w,, is the resonant frequency, w, = E,+1 — E, =
wesr+2ne (see Sec. ITE), §,,(t) denotes the detuning which
is swept from negative to positive values (or vice-versa),
and A, (t) is the amplitude which is controlled by the
laser intensity and can be used to vary the Rabi frequency
Qn(t) = A (t)(®p11]al,|®,). This set-up is similar to
the two-state Landau-Zener problem [107, 108] where the
amplitude is constant and the detuning is swept over a fi-
nite range —Omax t0 +0max at a constant rate v = 0;0,,(t).
In the Landau-Zener problem, the system will transition
to the state |®,,41) provided dpmax > || 2 /v [109]. In
our case, the transition probability will be modified be-
cause the coupling is not restricted to the two Laughlin
states. In particular, the drive in Eq. (6) couples any pair
of states which differ in particle number by 1 and total
angular momentum by 2n. We will also somewhat im-
prove the transition probability by sculpting the profiles
Ay (t) and 6, (t) [110-113).

The leading correction to the Landau-Zener problem
comes from the in-coupled states which are closest to
resonance. As sketched in Fig. 3, these unwanted states
are denoted by |®¢ ;) and [®7_,) which are the lowest
energy excited states with quantum numbers N =n+1,
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FIG. 3. (Color online) Spectrum of states coupled during our
driving protocol. Solid blue arrow shows the desired tran-
sition from the n-particle Laughlin state |®,) to the n + 1-
particle Laughlin state |®,41) with a resonant frequency wp,.
Dashed red arrows show possible undesired transitions to the
low-lying excited states |®5 ;1) and |®7_,). These transitions
are off-resonant by the many-body gaps A, 41 and A, 4o.

L=n(n+1)and N =n+2, L =n(n+3). The drive in
Eq. (6) couples |®,,) to |®¢ , ;) with Rabi frequency Qf, =
Ay (D6 ]G, |Py). Similarly, it couples [®,,11) to [®F ;)
with Rabi frequency Qf., = A, (®Y, ,|ab,[®ni1). The
energy splittings of these transitions are wf = w, + A 41
and waH = wp + Apqo, where A, is the bulk excita-
tion gap shown in Fig. 2. To suppress these undesired
excitations, we must have dmax S Apa1, Apia ~ V.

As we discussed earlier, the desired transition from
|®,,) to |®,11) occurs with near-unity probability only
if dmax > |Qn| = v/v. Thus, we have a bound on the
sweep rate, v < A2, A2, Figure 2(b) shows that
A, varies weakly with n, saturating at 3V, /5 for n 2 5.
Hence, we can choose the same detuning range and sweep
rate for each transfer Further, as illustrated in Fig. 4,
] o (@41 |ad, [@,)] is roughly independent of n and
therefore roughly the same laser intensity can be used for
each transition. We also see that the undesired matrix
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FIG. 4. (Color online) Matrix elements of the drive between
the coupled many-body states. The operator G2, annihilates
a particle in the angular momentum mode m = 2n.
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FIG. 5. (a) (Color online) Overlap of the system wavefunc-
tion |¥(t)) with each N-particle Laughlin state |®n) as a
function of time during our driving protocol, described by
Egs. (6)—(8). Each subsequent plateau corresponds to increas-
ing N by 1. The duration of each sweep is 47. As before, V; is
the two-particle interaction energy. (b) Cumulative error in
the final state preparation as a function of 7 for three different
particle numbers, with cq = 4, ¢s = 5.33.

elements fall off with n. Thus we do not expect coupling
to these states to be a problem even when n is large.

As argued in [110-112], the adiabaticity requirements
are somewhat relaxed if one takes smooth profiles for the
laser intensity A, (¢) and detuning 0,,(t). Thus we take

Q(t — (4n + 2)7)

A (t) = I n|a2n|‘1>n+1>| , On(t) =0(t — (An+2)7), (7)
where Q(t) = —e 4 and 4(t) = %ée_ﬁ . (8

These profiles are characterized by the parameters cq, cs,
and 7. The first two parameters set the amplitudes of the
Rabi frequency and the detuning, and 7 sets the timescale
of the frequency sweep. The Rabi frequency €2,, is only
significant in the interval ¢ = 4n7 to t = 4(n+1)7, during
which the system is transferred from |®,,) to |®,,41). The
factor of 4 is chosen so that each sweep is well separated
from the others. In the limit cq < ¢5 and 7 > ¢5/Vp, the
sweep reduces to the original Landau-Zener problem with
Rabi frequency cq /7 and sweep rate v = cs/72. Then the
transition probability is given by P ~ 1 — exp(—mc3/cs)



[107, 108]. Generically, we find that P ~ 1 provided
co S es S ¢ and T > ¢5/Vy. Hence, the drive protocol
is optimized by taking cq and c¢s of order unity and 7
sufficiently large compared to 1/Vj.

Figure 5(a) shows the creation of the N = 4 Laughlin
state with cq = 4, ¢s = 5.33, and 7 = 12.5/V,. For P =~
1, the error 1— P in a given sweep is roughly independent
of n and falls off exponentially as V7 is increased. Hence,
the cumulative error after N sweeps, for large V7, scales
as Ne ¢ where ¢ o Vpr. This feature is apparent in
Fig. 5(b) where we plot the cumulative error as a function
of Vo7 for different values of N. As a rough estimate, we
find this error is less than 1% for 7 2 (10/Vp) In N. Thus,
one can prepare |®y) with such high fidelity in a total
time T, 2 40(N/Vp) In N.

In the Supplemental Material [114], we show anima-
tions of the polariton density during our driving protocol.
If the sweeps are adiabatic, the density is uniform and
the radius of the Laughlin puddle grows as y/n as more
photons are injected into the system. For non-adiabatic
sweeps, we see the development of vortices arising from
the coupling to other many-body states.

C. Constraint from polariton loss

We require that Nyoss, the expected number of polari-
tons lost during the preparation of |®y) is small com-
pared to 1. We can estimate Njss by noting that the
system approximately spends an interval 77, /N in a state
with n polaritons, where n varies from 0 to N — 1. For
a single-polariton decay rate -y, the net loss rate from an
n-polariton state is nvy. Hence,

N—-1
NlosszTL/NZn'}/%N’YTL/2. (9)

n=0

Thus, our protocol can be used to prepare the N-particle
Laughlin state provided Njoss < 1, 0r Vo /v > 20N21In N,
where we have taken 77, = 40(N/V;)In N.

IV. QUASIHOLE GENERATION

A. Overview

A quasiparticle or quasihole is a collective excitation
with particle-like properties. For example, a quasihole at
location zp in the Laughlin state |® ) is described by the
wavefunction ®Q,({z;}) ij:l(zj —z20)on({z;}) 4]
This state has all the properties of the Laughlin state,
except there is a density depletion near zo. Integrating
this depletion over space yields the surprising result that
exactly half a particle has been removed from this re-
gion. The wavefunction ®Q;({z;}) is readily generalized
to the case of multiple quasiholes. Thus, a state with two
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FIG. 6. (Color online) Polariton density p in the Laughlin
state |Pny=3) (left) and a two-quasihole state |PRF_3) (right).

quasiholes at +zq is described by the wavefunction

PV ({#}) H(Zz‘ —20)(2zi +20)®n({2}).  (10)

As shown in Fig. 6, the particle density in |®{?) nearly
vanishes within a circle of radius ~ [ centered at 4z,
thus forming holes in an otherwise uniform-density back-
ground of |®y). Past calculations have shown that ex-
changing the two defects yields a Berry phase of ¢5 = /2
in the thermodynamic limit [4-6, 22]. Thus the quasi-
holes can be considered as quantum particles with frac-
tional statistics. Here we show how to produce these
defects by introducing additional laser potentials.

To produce a quasihole, we apply a localized repul-
sive potential just outside the Laughlin cloud and bring
it radially inward through the edge. If the potential is
strong enough and the radial sweep is sufficiently adi-
abatic, then we find that the final state will contain a
quasihole bound to the potential. This procedure is more
efficient than increasing the height of a potential barrier
at a fixed location, as proposed in [22] for atomic sys-
tems. FExperiments have demonstrated that such local
potentials can be generated optically [91, 92, 115, 116],
e.g., by illuminating the atoms with a laser that Stark-
shifts the intermediate state in the Rydberg transitions.
This illumination can be tightly focused and moved spa-
tially. By sweeping two such potentials through opposite
sides of the Laughlin cloud, one can create a quasihole at
each end, which can then be braided around one another.

B. Modeling

We model the potentials by Dirac delta functions of
strength « applied at positions +7(t) where « is a con-
stant and 7(t) is swept radially inward along the x axis.
This model is good as long as the spatial extent of the ac-
tual potential is smaller than the scaled magnetic length
. The potential energy is then described by the Hamil-
tonian

U(t) = a/dQT[5(F—*o(t))+5(F+Fo(t))]W(F)lﬁ(f)- (11)



Projecting into the LLL, we find
Opi(t) = Upe™ o) Z(ZO(t))2SQ257 (12)
s=0

where zg = ro/l, Qs = 25 _gal_ dm/y/mi(s — m).,
and Uy = 2a/(nl?). Hence, the Hamiltonian conserves
the particle number N but changes the total angular mo-
mentum L through the operator Q.

The potentials must be strong enough to fully deplete
the density at +zo. If the sweep is adiabatic, the sys-
tem will always be in an eigenstate of Hyrr, + UrLL(t),
where Hryp is the unperturbed Hamiltonian given by
Eq. (4). For Uy sufficiently large, the ground state be-
longs to the null space of Urry. This space is heavily
de%fenerate and spanned by wavefunctions of the form
[LL:(zi — 20)(zi + 20)f({#;}), where f is a symmetric
polynomial times a Gaussian. The two-quasihole state
|®%?) in Eq. (10) is the lowest-energy eigenstate of this
form in the absence of a trap (¢ = 0). However, for ¢ = 0,
the ground state manifold is degenerate, consisting of
all f({#}) = ®~v({#;})x({#;}) for arbitrary symmetric
polynomials x. The harmonic trap splits the energies of
different angular momentum states, thus lifting the de-
generacy. For small €, the ground state |¥) can be found
by applying degenerate perturbation theory, which yields
1 — (OR|W, )2 ~ £2/A%, where Ay is the many-body
interaction splitting shown in Fig. 2. Thus, |®%°) repre-
sents the approximate ground state. We find numerically
that the overlap [(®3?|¥,)|? remains near unity as long
as e < Up and e < Apn/N.

Thus we consider a sweep where the instantaneous
ground state of the system evolves from |®y) when the
potentials are outside the cloud to approximately |®%)
when they are fully inside. To produce quasiholes, the
sweep must be sufficiently slow that the system resides
in the instantaneous ground state at all times. Similar
to the analysis in Sec. III, we numerically integrate the
time-dependent Schrodinger equation to evaluate the fi-
delity of this process. Owing to the presence of edge
modes, we find that the most sensitive part of the pro-
cess is when the potential moves through the edge of the
cloud at R ~ 2y/N — 11 [22]. In particular, if the motion
from rg = R+ 1 to ro = R — [ is adiabatic, then the en-
tire sweep is adiabatic. For simplicity, we consider linear
sweeps in which rg is reduced at a constant rate.

The maximum allowed sweep rate |0;(ro/l)| can be es-
timated by requiring that the rate must be smaller than
the energy gap AE between the ground state and the
first excited state. When the potentials are near the
edge of the cloud, the system is largely unperturbed,
then AFE is roughly the minimum of ¢ and Ay — Ne
(see Fig. 2). The former corresponds to the lowest en-
ergy surface waves which increase the total angular mo-
mentum by 1 unit but do not result in any density in-
creases. The latter corresponds to bulk excitations which
increase the density and decrease the total angular mo-
mentum. To prevent exciting these modes, one must have
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FIG. 7. (a) (Color online) Fidelity of two-quasihole state

preparation with a strong impurity potential (U = 20V5) as
a function of sweep rate |0;(ro/l)| for different trap frequen-
cies parametrized by . Here, ro is the radial distance of each
pinning potential from the center and [ is the scaled mag-
netic length. Vertical lines show where |0;(ro/l)| = € for each
curve. The final overlap approaches unity for |9;(ro/l)| < &
provided € < esn = An/(2N) = V5 /8 (for N = 3), where Ay
is the many-body interaction splitting shown in Fig. 2. To
avoid visual distraction, the curve for £/eyn = 4 is only shown
for |0¢(ro/l)] > 0.1Vh. (b) Fidelity of two-quasihole state
preparation as a function of the strength Up of the applied
potential. Here, |0¢(ro/l)| = /2 = ewn/2 (adiabatic sweep).

|0:(ro/1)] < e, Ay — Ne. Thus we need a small but finite
trap frequency such that 0 < ¢ < Ay/N. This energy
gap is maximized for e = Ayx /(N 4 1). However, the po-
tentials modify the excitation spectrum as they enter the
cloud. We numerically find that adiabaticity throughout
the sweep requires |0(ro/1)| S e S An/(2N).

As a measure of adiabaticity, we plot the final overlap
|(®2|Ws)|? for N = 3 in Fig. 7(a) as a function of the
sweep rate for different values of e, with Uy > . We
see that the overlap approaches 1 for |0:(ro/l)] < € S
An/(2N). We show animations of the polariton density
during the sweep in the Supplemental Material [114]. For
non-adiabatic sweeps, the potentials excite surface modes
in the density profile.

For smaller Uy, the ground state is not well approxi-
mated by |®%°). This feature is illustrated in Fig. 7(b)
which shows the overlap following an adiabatic evolution.
As expected, the overlap is near unity if Uy > ¢.

We note that a strong attractive potential (Uy < 0)
will also produce quasiholes. This is because the total
energy is conserved and for |Up| > ¢, Vp, the dynamics



get projected onto the zero-energy subspace of the ap-
plied potential, regardless of the sign of Up.

We can calculate the time required to generate the
two-quasihole state, T}, by noting that rg is being swept
over a distance d 2 2l at a rate |0y(ro/l)] S An/(2N).
Hence, T}, 2 4N/Apn. We found earlier that Ay sat-
urates at 3Vy/5 for N = 5 and Ay = Vj, where Vj is
the zeroth Haldane pseudopotential [Fig. 2(b)]. Thus,
the minimum quasihole preparation time will vary from
4AN/V, for small N to (20/3)N/V, for N 2 5. This bound
is much smaller than the time required to prepare the V-
particle Laughlin state, 77, = 40(N/Vp) In N (see Sec. 3).

V. QUASIHOLE BRAIDING
A. Overview

In the previous section, we showed how one can cre-
ate a pair of quasiholes at opposite ends of the Laugh-
lin state, each bound to a local external potential. The
same potentials can be dragged around one another to
braid the two quasiholes [23]. One must move the po-
tentials slowly enough to ensure that the quasiholes re-
main bound to the potentials throughout the process.
The adiabaticity condition also differs for clockwise and
counterclockwise motion, as the effective magnetic field
breaks time-reversal symmetry. Below we investigate the
conditions for an adiabatic braiding.

As we explained in the last section, the ground state
|¥,) in the presence of the applied potentials approxi-
mates the desired two-quasihole state |®%°) in Eq. (10).
We consider braiding these quasiholes by rotating the
two potentials on a circle by an angle w. This rotation
can be modeled by taking 7(t) = ro(cos o (t), sin @o(t))
in Eq. (11), where ¢o(t) varies from 0 to +n. For an
infinitely slow braiding, the system follows the instanta-
neous ground state |¥4(t)), which is simply the rotated
version of the initial state |¥,). Hence, in this case, the
two quasiholes move with the potentials. However, for a
finite rotation speed, the overlap with the ground state is
no longer unity. Then the “braiding error” can be calcu-
lated as n =1 — [(V,|¥f)|? where |¥) is the final state
of the system. Since polaritons are lost in the experiment
at a finite rate, our goal is to minimize the braiding du-
ration 7p while keeping 1 below a cutoff 7.

B. Modeling

For simplicity, we only consider rotations where g (t)
changes at a constant rate w,. Then we can trans-
form to the corotating frame where the system evolves
(within the LLL) under a time-independent Hamiltonian
H.o« = Hyir + UrLn(0) — wyL, where Hypy, and Uppy,
are defined in Eqs. (4) and (12). Hence, the braiding is
equivalent to introducing a perturbation 6 H = —wy L for
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FIG. 8. (Color online) Contour plot showing the braiding er-
ror 17 when two strong impurity potentials (Up = 100V}), each
binding a quasihole at +rg, are rotated by 7 at an angular
speed wy. Here, N = 3 and € = 0 (no trap). The vertical
band centered around ro/l & 2.5 corresponds to edge excita-
tions. Other peaks correspond to bulk resonances. As before,
| denotes the scaled magnetic length.

a time Ty, = 7/|wp|. The error 7 is set by the dimension-
less parameters wy,/Vp, €/Vo, ro/l, and Uy /Vp.

Figure 8 shows the error as a function of wy and ry for
e =0and Uy/Vy > 1. If r( is near the edge of the cloud,
the braiding can excite surface modes, resulting in braid-
ing error. Similarly, there appear to be bulk resonances
at particular radii and rotation frequencies. As more
clearly illustrated by the line-cuts in Fig. 9, this struc-
ture results in a threshold behavior, where n ~ 0 when
|ws |/ Vo is sufficiently small. The threshold for positive wy
(counterclockwise rotations) is roughly independent of ¢,
while that for negative w;, drops, and becomes sharper, as
€ grows. The thresholds also move to lower values as one
decreases rg. Generally, the braiding is more adiabatic
for rotations in the direction of the Lorentz force, which
is counterclockwise in our case. In the Supplemental Ma-
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FIG. 9. (Color online) Braiding error 7 vs rotation rate ws
at different trap frequencies for N = 3, Uy/Vp = 100, and
ro/l = 1.5. Note that for adiabatic quasihole generation, one
must have £ < egn = An/(2N) = 0.125V; [Figs. 7 and 2(b)].



terial [114], we show videos of the excitations created in
the non-adiabatic regime. For |wp|/Vp > 1, the quasi-
holes do not have time to move, so the system remains
in the initial state and 7 — 0. This limit is clearly not
suitable for quasihole braiding.

The threshold frequency for w, > 0 and N = 3 is
approximately 0.1V{. Thus, one can perform an adiabatic
braiding of two quasiholes in a 3-particle Laughlin state
in a time T}, 2 107 /Vp with vanishingly small error. This
duration is much smaller than the N = 3 Laughlin state
preparation time Ty, = 130/V, but comparable to the
quasihole generation time T}, 2 16/V;. One can further
reduce T, by moving the potentials in a more smooth
manner [117].

VI. MEASURING ANYONIC STATISTICS
A. Overview

During an adiabatic braiding of two quasiholes, the
many-body wavefunction picks up a geometric (or Berry)
phase ¢4, in addition to a dynamical phase ¢4 associated
with the time evolution. The geometric phase can be fur-
ther decomposed into two pieces, ¢4 = 2¢1 + ¢, where
¢1 corresponds to the phase which would be acquired if
one had a single quasihole and moved it through the same
path. One can interpret ¢, as the Aharonov-Bohm phase
resulting from an effective magnetic field felt by a quasi-
hole. The remainder, ¢, is interpreted as a statistical
phase which originates from exchanging the two quasi-
holes. Equivalently, ¢, can be understood as encoding
how the presence of one quasihole influences the mag-
netic field which the other experiences. Past theoretical
studies have shown that ¢s = +m/2 in the thermody-
namic limit (depending on the direction of rotation) [4-
6, 22]. Here we examine how these “anyonic” statistics
manifest for finite particle numbers and show how one
can measure ¢ in experiments.

B. Extracting statistical phase

In the next subsection we describe an interferomet-
ric protocol for measuring the total many-body phase
¢ = ¢4+ ¢q. Given such a protocol, it is straightforward
to extract ¢ : First, by repeating the experiment multi-
ple times with different sweep rates, one can distinguish
between ¢4 and ¢4. Second, ¢, can be extracted from ¢,
by comparing two experiments. In the first experiment,
illustrated in Fig. 10(a), one rotates two quasiholes by
7. In the second experiment, illustrated in Fig. 10(b), a
single quasihole is rotated by 2w. The latter yields the
same Aharonov-Bohm phase 2¢; but no statistical phase.
This approach is similar to the ones suggested in [22, 47].
Figure 10(c) shows the value of ¢ which would thereby
be extracted.
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FIG. 10. (Color online) (a,b) Polariton density in the a—
y plane for the two experiments needed to extract the sta-
tistical phase ¢ associated with exchanging two quasiholes.
Brighter colors represent higher density, and as in Fig. 6, the
dark discs correspond to quasiholes bound to potentials. Here
N = 4. In (a) two quasiholes are exchanged while in (b) one
quasihole is moved in a circle. (c) Statistical phase inferred
from subtracting the geometric phases that would be found
in these two experiments. In the thermodynamic limit, with
well-separated quasiholes, one expects ¢s = 7/2. Note that rg
denotes the radial distance of each quasihole from the center
and [ is the scaled magnetic length.

If the two quasiholes are too close together, they in-
teract and it is not appropriate to interpret ¢, as being
due to statistics. Similarly, if the quasiholes are moved
outside of the bulk region, their properties are modified.
Thus, in the small clouds we study, one only expects
¢s = /2 over a finite range of 9. As N is increased, so
should the bulk region. This trend is clear in Fig. 10(c).
To calculate the curves in this figure, we took advan-
tage of a simple relationship between the geometric phase
and the total angular momentum [118, 119], which yields
¢s/m=N(N — 1)+ (L)oo — 2(L)o. Here (L), and (L)oo
are the expectation of L in the single-quasihole and two-
quasihole states, respectively.

C. Measuring total braiding phase

Our approach to measuring the total many-body phase
¢ requires being able to create a reference state |R’)
which is unaffected by the sweep protocols which we use
to fill the cavity with polaritons. That is, if we put the
system in state |R’), then apply the manipulations in



Secs. I11, IV, and V, it will still be in state |R'). One way
to generate this reference is to drive an atom into a Ry-
dberg state |r') with a large blockade radius. Then |R’)
will represent a collective Rydberg excitation. Clearly,
|r") should be distinct from the state |r) used to pro-
duce polaritons. Bloackade physics will then prevent any
further excitations during our protocol [57, 75].

To measure ¢, one first uses a 7/2-pulse to prepare the
system in the superposition |0) + |R’) where |0) denotes
all atoms being in the ground state. One then follows the
procedures in Secs. III to V to create the desired Laugh-
lin state, generate quasiholes, and braid them. Then the
process is repeated backwards, removing the quasiholes
and coherently converting the Laughlin state to the vac-
uum. During this cycle, |R’) is unaffected and |0) gains
a total phase ¢ = ¢q + ¢, i.e., [0) +|R') — €'?|0) + |R').
Finally, a second m/2-pulse is applied to recombine the
states |0) and |R'), and the phase ¢ is read out by mea-
suring the ground-state occupation. This approach is
related to the one proposed in [59] for measuring topo-
logical invariants and is similar to quantum computing
protocols for measuring expectation values [120].

In order to maintain coherence, the entire experiment
must be performed on a timescale short compared to the
polariton lifetime and the lifetime of the Rydberg state
|r’), which are typically few tens of us [90].

VII. SUMMARY AND OUTLOOK

The rapidly growing field of many-body cavity quan-
tum electrodynamics presents new opportunities to re-
alize novel quantum states in a driven dissipative envi-
ronment. In particular, with strong light-matter cou-
pling and synthetic gauge fields, experiments now have
the necessary ingredients to prepare fractional quantum
Hall states of polaritons [56-58, 77, 78]. Here we have de-
veloped a protocol by which one can create the simplest
of such states, the v = 1/2 Laughlin states, in a twisted
optical cavity (Fig. 1). We further explained how to gen-
erate quasiholes and directly measure their fractional ex-
change statistics.

In our protocol, one sequentially drives the system be-
tween the n- and n + 1-particle Laughlin states, |®,) —
|®,,+1). This transition requires injecting a single photon
with angular momentum 2n. We show that the transi-
tion can be achieved by illuminating the cavity mirrors
with an appropriately tuned laser and sweeping its fre-
quency. We find that one can create a very high-fidelity
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N-particle Laughlin state in a time 7' N In N (Fig. 5).
This can be contrasted with previous proposals for which
the fidelity was exponentially small in N [47-50].

We have also shown how one can adiabatically produce
and braid quasiholes in |® ) by moving local pinning po-
tentials (Figs. 7-9), and extract their anyonic statistics
via interferometry (Fig. 10). Our results will facilitate
ongoing experiments aiming to observe fractional quan-
tum Hall physics in photonic systems [56-58].

High-fidelity preparation of Laughlin states requires a
separation of energy scales between the two-particle in-
teraction energy Vy and the single-polariton decay rate
~. In our protocol, this condition arises from the need to
maintain both adiabaticity and coherence, and takes the
form Vy/ > 10N?21In N. While this condition is very de-
manding in current experiments, where V;/v = 50, this
figure of merit is continually improving. Note that the
bound 10N?In N is still much smaller than in Ref. [51]
where one needs Vy /v 2 3 x 10* for N = 3.

Directly measuring the exchange statistics of two
quasiholes in the bosonic v = 1/2 state would be ex-
tremely impactful and would be a step towards more
complicated braiding protocols. For example, at v = 1,
bosons in the lowest Landau level form a paired Pfaf-
fian state in which the quasiholes behave like Majo-
rana fermions. Exchanging two of them rotates the sys-
tem among a set of degenerate levels. At v = 3/2,
the exchange statistics are sufficiently rich that one can
perform arbitrary unitary gates by braiding the parti-
cles [11, 23, 24].

One fascinating feature of using optical cavities as
a platform for many-body physics is that the under-
lying system is coupled to a highly controllable envi-
ronment, which can be utilized to manipulate the sys-
tem [51, 52, 89]. For example, one can implement a feed-
back stabilization mechanism where the photons emit-
ted from the cavity are filtered by their angular momen-
tum [51, 121] and the lost angular momentum is replen-
ished by an appropriate drive. Despite such obvious po-
tential, it is not yet clear how to best utilize the environ-
ment. Future studies can look deeper into this resource.
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