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We propose general methodology of deterministic single-mode quantum interaction nonlinearly
modifying single quadrature variable of a continuous variable system. The methodology is based
on linear coupling of the system to ancillary systems subsequently measured by quadrature detec-
tors. The nonlinear interaction is obtained by using the data from the quadrature detection for
dynamical manipulation of the coupling parameters. This measurement-induced methodology en-
ables direct realization of arbitrary nonlinear quadrature interactions without the need to construct
them from the lowest-order gates. Such nonlinear interactions are crucial for more practical and
efficient manipulation of continuous quadrature variables as well as qubits encoded in continuous
variable systems.

I. INTRODUCTION

Quantum technology employing quantum information
processing with qubits is constrained to potentially large
but always finite-dimensional Hilbert spaces [1, 2]. To
move beyond this limitation and fully process and simu-
late infinite dimensional systems one has to take advan-
tage of continuous variables (CV) methods [3, 4]. More-
over, CV methods are suitable for manipulating qubits
encoded in the subspace of infinite dimensional systems
[5, 6]. Such a hybrid qubit-CV approach has turned out
to have practical advantages in quantum optics since it
can take advantage of robust encoding of qubits and de-
terministic operation with CV methods [6, 7]. The ex-
perimentally accessible CV operations are linear trans-
formations of continuous quadrature operators and can
be constructed from Hamiltonians of up to quadratic or-
der of the operators [8]. Such linear transformations can
be deterministically performed for systems in both Gaus-
sian and non-Gaussian states [9]. They cannot, however,
provide the nonlinear non-Gaussian dynamics which is
necessary for accessing the full quantum analog simula-
tion [4] and computation [3]. For that we require elemen-
tary nonlinear transformations which require Hamiltoni-
ans with cubic or higher order nonlinearity [10].

Gottesman, Kitaev, and Preskill (GKP) stimulated
long-standing theoretical and experimental development
of the missing tools required for the elementary third
order (cubic) nonlinear phase gate [5]. We have recently
expanded upon the original concept by designing a deter-
ministic cubic nonlinear phase gate for a traveling beam
of light based on adaptive continuous-variable measure-
ment and linear feed-forward control [11]. Such cubic
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gates can be used as elements in a suitable sequence
of non-commuting unitary operators that, together with
available linear gates, can be used for realization of an
arbitrary unitary operator of CV systems [10, 12]. Such
operators are sufficient for universal computing with both
CV and, through the hybrid approach [6], qubit quan-
tum systems. However, even though the cubic gates can
be used in this capacity, it is not always practical as
the number of required elementary gates quickly grows
with the order of the desired nonlinearity. For example,
the fourth order Kerr nonlinearity necessary for realiz-
ing controlled-NOT gates of qubits, quantum nondemo-
lition measurement of photon number [14], and creation
of Schrödinger cat states [15], requires tens of individ-
ual cubic or lower order gates in order to be realized
with sufficient precision [13]. Operations of even higher
orders are required for universal processing of CV quan-
tum systems. Hybrid implementation of unitary quan-
tum Toffoli gate for qubits [2, 16] demands nonlinearity
of the sixth order and unitary gates for manipulation with
CV encoded qubits have even stronger requirements [17].
Beyond quantum computing, such high order operations
would also allow quantum simulation of exotic dynamic
[18] and open up new possibilities for manipulating quan-
tum information. However, composing these higher order
gates from the lowest order elements quickly experimen-
tally intractable as the order increases. Fortunately, the
number of required operations can be dramatically de-
creased if at least some of the high-order nonlinear oper-
ations can be implemented directly [13].

In this paper we present a full methodology for di-
rectly realizing deterministic nonlinear quadrature phase
gates of an arbitrary order. These gates require a set of
ancillary harmonic oscillators linearly coupled to the tar-
get system and measured by quadrature detectors. The
required nonlinearity is obtained by nonlinear classical
feed-forward control [20]. In order to compensate quan-
tum noise appearing due to the deterministic nature of
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the gates, the ancillary oscillators need to be initialized in
nonlinearly squeezed states. Such states can be prepared
in advance by probabilistic methods [22] or on different
platforms, and stored before they are needed [26, 27]. We
will describe the overall strategy and then focus on the
illustrative example of the fourth order (quartic) nonlin-
ear gate. The proposal is implementable with the cur-
rent optical hybrid technology [6] and can be incorpo-
rated into a scalable architecture for optical quantum
computing [19], making it suitable for efficient realization
of universal quantum computing with qubits and CVs. It
can be also adapted to other physical platforms, such as
phononic modes in quantum electromechanical and op-
tomechanical systems [28], motion modes of trapped ions
[29], microwave radiation in cavity QED [30], or collective
spins of atoms [31, 32].

II. CV QUANTUM OPERATIONS

The ultimate tool of CV quantum information pro-
cessing is a unitary transformation realizing dynamics
of an arbitrary Hamiltonian [10]. For CV harmonic
oscillators, which are described with help of quadra-
ture operators x̂ and p̂, with [x̂, p̂] = i, the arbitrary
Hamiltonian can be expressed as a bivariate polynomial
Ĥ =

∑

k,l ck,l(x̂
k p̂l + p̂lx̂k). The elementary technique

that allows construction of such operators relies on us-
ing a number of simple operations and merging them
together as:

eiAeiBe−iAe−iB ≈ e
i

2
[A,B]. (1)

This technique, originally presented in [10] and in larger
detail studied in [12, 13], allows combining operations
with different Hamiltonians into their composites. When
the orders of the constituent Hamiltonians are NA and
NB, the resulting Hamiltonian is of the order N =
NA + NB − 2. This means that combining operations
of at least third order is capable of creating an operation
with order higher than that of its constituents, which
can ultimately lead to creation of operations with arbi-
trary orders. The most elementary operation suitable for
this operation is the cubic phase gate with Hamiltonian
Ĥ ∝ x̂3 [10, 11]. However, as the order of the desired op-
eration grows, we can start encountering scaling issues.
The exact quantity of required operations strongly de-
pends on their specific forms, but, for example, realizing
operation of 10th order requires at least 26 individual
third order operations [34]. This issue could be resolved
by realizing at least some of the higher order operations
directly, without the need to construct them from the
lowest level components repeatedly using formula (1).
In the Heisenberg representation, the cubic phase gate

transforms operators of a quantum state as x̂′ = x̂ and
p̂′ = p̂ − 3χ3x̂

2, where χ3 is the cubic interaction gain.
The realizing quantum circuit is depicted in Fig. 1a. The
two oscillators, the signal and the ancilla, are coupled

FIG. 1: Schematic circuits for various implementations of
nonlinear gates. QND - quantum non-demolition interaction,
QM - quadrature measurement, Ak - ancillary state of the

k-th order squeezed in p̂−NχN x̂N−1. eix̂
k

- unitary realiza-
tion of k-th order nonlinear gate with arbitrary strength. a)
Cubic gate with N = 3; b) N + 1-th order gate implemented
recursively; c) N-th order gate with streamlined feed-forward;
d) N-th order gate implemented in the measurement induced
way. G represents a tunable Gaussian operation, which can be
either QND or beam splitter. A0 is ancillary state squeezed
in x̂.

through a QND gate, which is characterized by interac-
tion Hamiltonian HQND = x̂p̂a. The x̂a quadrature of
the ancilla is then measured and the obtained value is
used to drive feed-forward corrections of the first (dis-
placement) and second (squeezing) orders. The coupling
and the feed-forward operations are individually Gaus-
sian, but the ancillary state A3 is not. In order to com-
pensate for the back action noise, the ancilla A3 has to
be prepared in the cubic squeezed state, which has fluc-
tuations of operator p̂a− 3χ3x̂

2
a, where the parameter χ3

sets the strength of the nonlinearity, reduced and ideally
approaching zero.

The principle can be extended to nonlinear Hamilto-
nians of higher order, Ĥ ∝ x̂N . They can be realized by
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employing an ancilla with reduced fluctuations in quadra-
ture p̂ −NχN x̂N−1. However, in this case, the required
feed-forward operations are of orders 1, · · · , N − 1, see
Fig. 1b and each of them requires an ancilla squeezed
in a specific nonlinear quadrature. So, while the same
method can be used for realizing these lower-order non-
linear circuits in such recursive manner, the total number
of gates required for realizing operation of N -th order is
2N−3, which is again the undesirable exponential scaling.
Fortunately it is possible to merge the required feed-

forward operations so that only N − 2 individual non-
linear gates are needed in total. The scheme is depicted
in Fig. 1c and it relies on a sequence of N QND interac-
tions with N ancillary states with reduced fluctuations in
quadratures p̂Ak − ξkx̂

k−1
Ak , where k = 1, · · · , N and the

parameter ξk = ±1 characterizes the orientation of the
state. Apart from the orientation, the resource states do
not depend upon the measurement results. The strengths
of nonlinearities can be modified by setting the gains of
the Gaussian QND operations, which can be realized by
fast feed-forward [20]. This is significantly more feasi-
ble than preparing tailored quantum states. Also, for
k = 1, 2 the required states are Gaussian and the gates
are not nonlinear. As a consequence, the required oper-
ation can be usually realized in a different manner [33].
For the sake of resulting formulas, though, we are going
to use the gate-based expression. The QND operations
transform the quadrature operators of the signal s and
the k-th ancillary mode Ak according to

x̂′
s = x̂s, p̂

′
s = p̂s + zkp̂Ak,

x̂′
Ak = x̂Ak − zkx̂s, p̂

′
Ak = p̂Ak. (2)

The ancillary modes are then measured, yielding values
qk = x̂Ak − zkx̂s. The gains zk of the QND operations
are going to be functions of the previously measured val-
ues. To find them, we can express the final quadrature
relations as

x̂out = x̂in, p̂out = p̂in +

N
∑

j=1

zj p̂Aj, (3)

where zj are yet to be determined. We can use the non-
linear property of ancillary states and the relationship
between the operators and the measured quadratures,

p̂Ak = ξkx̂
k−1
Ak , x̂Ak = zkx̂in + qk, (4)

where qk are the values obtained by the quadrature de-
tectors, and arrive at the final form of the p̂-quadrature
relations as

p̂out = p̂in +

N−1
∑

k=0

x̂k
in

N−k
∑

j=1

ξN−j+1

×

(

N − j
k

)

(qN−j+1)
N−j−k(zN−j+1)

k+1. (5)

We can see that transformation given by (3) and (5)
realizes the desired x̂N operation when the QND gain

is proportional to the desired nonlinear operation gain,
(zN )N = NχN with ξN = 1, and the remaining gains
satisfy a set of N − 1 equations

N−k
∑

j=1

ξN−j+1

(

N − j
k

)

(qN−j+1)
N−j−k(zN−j+1)

k+1 = 0

(6)
for all k = 0, · · · , N−2. This is a set of polynomial equa-
tions for zj which is already in the upper diagonal form
and has always a unique solution when the parameters ξj
can be adjusted. More importantly, the solution can be
found in a recurrent form, so values of each zj and ξj are
functions only of the already known quantities zm, ξm,
and qm, where m > j. Also note that the measured value
q1 is not needed and the measurement therefore does not
need to be performed.
For feasible tests of the operation which could be per-

formed in the near future we can consider engineering
the resource states approximatively by assembling them
in a limited Hilbert space [11, 35]. This can be done with
optical detectors [21–23] or, for larger number of ancil-
las, with help of two-level quantum systems [24, 25]. The
available dimension of the Hilbert space sets limits to the
fluctuations of the nonlinear quadrature and higher or-
ders of nonlinearity require more ancillary photons or two
level systems to reach same squeezing of residual noise.
However, when the available dimensions of the Hilbert
spaces for each of the resource states are equal, the noise
added during the direct implementation of a single high-
order operation tends to be lower than if the operation
was constructed from the lower order gates (see the Ap-
pendices for the details).

III. NONLINEAR MEASUREMENT INDUCED

APPROACH

Applying elementary quantum circuits directly to a
quantum state is a very straightforward approach. How-
ever, in practice it is often beneficial to take advantage of
the inherent entangling property of quantum states and
impress the desired nonlinearity onto the states through
a suitable measurement performed on a suitable subsys-
tem. So while the components of the circuit in Fig. 1c
already follow the measurement induced paradigm, it is
sensible to take this path to its logical conclusion and
perform the full gate completely through a measure-
ment. The scheme is sketched in Fig. 1d and it consists
of a single QND interaction coupling together the ini-
tial system with ancillary system As prepared in a suffi-
ciently squeezed vacuum state. This ancillary system is
then subjected to the in-line non-linear gate consisting
of QND gates with parameters zk coupling the system
to N ancillary states, which are subsequently measured
by x̂-quadrature detectors. In addition, the remaining
ancillary mode is measured by a p̂-quadrature measure-
ment, which is used to erase the influence of the carrier
ancilla. The individual x̂-quadrature measurements pro-
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vide measurement results qk = x̂k − zkx̂in. After the
initial system is displaced by the measured value of the

final p̂-quadrature measurement, y = p̂0+
∑N

k=1 p̂Ak, the
quadrature operators of the initial system can be exactly
described by (3) and therefore subsequently corrected in
the same manner. Under ideal conditions the measure-
ment induced and the in-line schemes are mathematically
equivalent.

The QND coupling can be also replaced by a symmet-
ric passive linear coupling, which is described by inter-
action Hamiltonian ĤBS ∝ x̂1p̂2 + p̂1x̂2. This coupling,
which for optical systems stands for the ubiquitous beam
splitter, is passive; it only transfers energy between the
systems instead of creating it. As a consequence it of-
ten is more feasible and less prone to noise and imper-
fections, and at optical frequencies it can work with ar-
bitrarily high speed. On the other hand, the mixing of
both quadratures makes it often more difficult to treat, as
compared to the QND. In our scenario, however, the op-
erations can be made equivalent. To see this, let us again
consider the measurement induced scheme of Fig. 1d.
The first beam splitter can have an arbitrary transmis-
sivity t0. However, we will also it preceded by Gaussian
squeezing operation, which ensures that x̂out = x̂in. Af-
ter the ancillary state A0 interacts with the first beam
splitter, with positive transmissivity tN and reflectivity
rN , it transforms to

x̂(N)
s = tN x̂in + rN x̂AN , p̂(N)

s = tN p̂in + rN p̂AN , (7)

and the x̂ quadrature measurement of the nonlinear an-
cilla provides value qN = tN x̂AN − rN x̂in. In order to
simplify the description we can now use this measured
value and use it to transform the state (7) by Gaussian
displacement and squeezing into:

x̂(N)′

s = x̂in, p̂(N)′

s = t2N p̂in + tNrN p̂AN . (8)

Since these operations are Gaussian, as is the rest of the
active components of the circuit, it is enough to consider
them virtually and include their influence only into the
measured data. Here we treat them as physical opera-
tions to simplify the derivation. After the sequence of
all N beam splitters and erasing the influence of the car-
rier ancilla, the quadrature operators of the signal can be
expressed as

x̂out = x̂in, p̂out = p̂in +

N
∑

j=1



tjrj

N
∏

k=j

t−2
k



 p̂Aj. (9)

The form is again equivalent to (3). The coefficients

tjrj
∏N

k=j t
−2
k which need to be compensated are more in-

volved than in the previous scenarios, but the final set of
equations for the beam splitter coefficients can be solved
in the same manner as for the QND scenario.

FIG. 2: (Color online) Scheme for the optical realization of
the fourth order nonlinear circuit. BS - beam splitter; HD -
homodyne detection; ein̂θ - operation realizing θ phase shift;
eix̂pdisp - p̂-quadrature displacement by value pdisp; t0, t4, t3 -
splitting ratios of respective beam splitters; y, q4, q3 - values
measured by the homodyne detectors.

IV. QUARTIC NONLINEARITY

This specific gate, a step above the elementary cubic
nonlinearity, is strongly beneficial in realization of Kerr
nonlinearity [13]. The particular linear optical scheme is
in Fig. 2. The implementation follows the steps drawn
in the general section with only few differences. The an-
cillary states are prepared with squeezing in quadratures
p̂Ak − kχkx̂

k−1
Ak , where the parameters χk are not related

to the strength of the nonlinearity and only represent ad-
ditional degrees of freedom which can be exploited during
the preparation. The squeezing operations (8) previously
considered to simplify the description are missing. The
last two blocks corresponding to ancillas of orders 1 and
2 are also missing; these two operations are Gaussian and
are therefore implemented in another way. The displace-
ment directly, the squeezing by adaptive measurement of
the quadrature rotated by θ, which depends on previous
measurement results [33]. The three values measured by
the optical homodyne detectors are:

q4 = −r0r4x̂in − t0r4x̂A0 + t4x̂A4, (10)

q3 = −r0t4r3x̂in − t0t4r3x̂A0 − r4r3x̂A4 + t3x̂A3, (11)

y = sin θ(r0t4t3x̂in + t0t4t3x̂A0 + r4t3x̂A4 + r3x̂A3)

+ cos θ(r0t4t3p̂in + t0t4t3p̂A0 + r4t3p̂A4 + r3p̂A3).
(12)

The splitting ratio of the second beam splitter, as well as
the required phase shift, depend on the already measured
results:

χ3

(

r3

t3

)3

= −
4χ4r

3
4

t4
q4, (13)

tan θ = −
6χ3r

2
3

t3
q3 −

12χ4r
2
4t

2
3

t24

(

t24 − r24
)

q24 , (14)
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and fast electronic circuits [6] are required to process the
data quickly enough to provide the required feed-forward.
Finally, the remaining signal state needs to be displaced
by a single value

pdisp = −
4χ4r0r4

t0t
4
4

q34 −
3χ3r0r3

t0t4t
3
3

(

r4r3

t4
q4 + q3

)2

−
r0r4

t0t
2
4t

2
3

tan θ

(

q4 +
t4r3

r4
q3

)

+
r0

t0t4t3 cos θ
q2 (15)

in order to transform the output quadrature operators to

x̂out = t0x̂in − r0x̂A0, (16a)

p̂out =
1

t0

[

p̂in +
4χ4r

4
0r

4
4

t44

(

x̂in +
t0

r0
x̂A0

)3
]

+
r0r4

t0t4

(

p̂A4 − 4χ4x̂
3
A4

)

+
r0r4

t0t4

[

4χ4

χ3t4
(r0r4x̂in + t0r4x̂A0 − t4x̂A4)

]
1
3

×
(

p̂A3 − 3χ3x̂
2
A3

)

. (16b)

We can see that the operators correspond to the in-
put signal, squeezed by factor t0, transformed by the
fourth order nonlinear phase gate with effective strength

χ′
4 =

4χ4r
4
0r

4
4

t44
. The remaining terms represent the im-

perfections arising from ancillary states - both the finite
linear squeezing in the mode A0 and the finite nonlinear
squeezing in modes A4 and A3. The last term depends on
the input state as well as both nonlinear ancillas, which
is caused by the coupling parameter t3 depending on the
measurement of A4. As a consequence, if we assume that
the input state is suitably limited in the phase space, for
good performance the nonlinear ancillary states should
satisfy

〈[∆(p̂A3 − 3χ3x̂
2
A3)]

2〉 ≪
1

〈[∆x̂
1
3

A4]
2〉
. (17)

This represents an example of squeezing requirement for
a new class of nonlinear squeezed states. The dynamical
problem of implementing any nonlinear phase gate has
been therefore turned into the static problem of preparing
suitable quantum resource states.

V. CONCLUSION.

The presented methodology has two revolutionary ad-
vantages over the previous methods. First, further inte-
gration of feed-forward to adjust the coupling coefficients
allows to manipulate with strengths of the nonlinear op-
eration by using only Gaussian tools. As a consequence,
there is no need to prepare nonlinear quantum states for
specific strengths of the nonlinearity, which significantly
streamlines the state preparation phase of the circuit, as

it moves all non-Gaussian requirements to preparation
of only universal single-mode nonlinear squeezed states.
Second, the ability to merge the necessary feed-forwards
into a single sequence removes the exponential scaling
in the number of operations. The higher order ancillary
states exhibit more complex quantum superpositions, but
reducing their overall number leads both to easier imple-
mentation and better performance. Together these in-
novations with the current development of time-resolved
optical quantum technology [27] open up the possibility
of feasible and efficient experimental realization of the
nonlinear phase gates and their application to CV simu-
lation and hybrid qubit-CV computation [3, 4, 6, 18].
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Appendix A: Approximative nonlinear squeezed

states

The deterministic nonlinear quadrature phase gates
require resource states that are squeezed in a specific
nonlinear quadrature. Gate implementing operation x̂N

needs states for which the quadrature moment given by
〈[∆(p̂−x̂N−1)]2〉 is reduced and ideally approaching zero.
Such states can be approximatively prepared by con-
structing specific states in a limited dimensional Hilbert
space and then suitably shaping them by Gaussian oper-
ations [35]. The optimal form can be found by extending
the approach of [33] and finding the minimum eigenvalue
and the corresponding eigenstate of operator

Ŷ (λ, d) =

D−1
∑

m=0,n=0

〈m|[ŷ(λ)− d]2|n〉|m〉〈n|, (18)

where N is the order of the required nonlinearity, D is
the available dimension of the Hilbert space, and

ŷ(λ) = λp̂−

(

x̂

λ

)N−1

. (19)

The real parameters λ and d are optimized over and cor-
respond to the corrective Gaussian operations of squeez-
ing (λ) and displacement (d) applied to the produced
state. We have performed the optimization and the min-
imal variances obtainable for varying dimension of the
Hilbert space are shown in Fig. 3.
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FIG. 3: Variances of the nonlinear quadrature ŷAN = p̂ −

x̂N−1 for states prepared in a limited Hilbert space with di-
mension D.

Appendix B: Comparison of different architectures

for implementation of the quartic gate

Beside the direct approach we are advocating in the
manuscript, high order nonlinear gates can be also com-
posed as a sequence of nonlinear gates of lower order [12].
The number of required lower order gates is substantially
higher, but they are easier to implement. The compar-
ison of the two methods can be made in terms of total
amount of excess noise that gets added during the imple-
mentation. The excess noise depends on the architecture
of the gate and on the properties of the nonlinear ancil-
lary states, which are ideally squeezed in the nonlinear
quadratures ŷAN = p̂− x̂N−1.
Let us consider an example of the quartic operation

with hamiltonian Ĥ = χ4x̂
4. According to [12] it can be

decomposed into a sequence of six cubic gates and four
Gaussian gates as per

[−ǫx̂3, [ǫx̂3, ǫp̂2]] =
9

2
ǫ3x̂4, (20)

where ǫ = (2χ4

9 )1/3. In principle, each of the three opera-
tions used in the sequence could have a different coupling
constant, but they would all have to be much smaller
than one and the total interaction strength χ4 would be
always proportional to their product. In practical sce-
narios, detailed optimization over the three parameters
would probably improve performance, but for the pur-
pose of this benchmark we will consider them equal, be-
cause this scenario maximizes their product. If we neglect
the error terms proportional to ǫ4 and assume that the
Gaussian gates can be realized perfectly, only the cubic

gates contribute to the noise, each one by

N3 = (2ǫ)2/3〈(∆ŷA3)
2〉. (21)

In total, the noise contributes to different quadratures,
but the total amount is Ndec = 6N3. It should be also
noted that separating the operation into two sequences,
each one with half the strength of the total, generally
leads to higher amount of added noise and is therefore
unpractical.
If we are attempting to realize the same operation di-

rectly, according to our proposal, the output quadrature
can be found as (5, main article):

p̂out = p̂in + 4χ4x̂
3
in − z4ŷA4 − z3ŷA,3, (22)

where z4 = (4χ4)
1/4 and z3 = −[9χ4(x̂A4−z4x̂0)]

1/3 and
we have neglected the terms which can be corrected by
Gaussian operations. The total added noise can be then
estimated to be

Ndir = (4χ4)
1
2 〈(∆ŷA4)

2〉 (23)

+(9χ4)
2
3 〈(x̂A4 − z4x̂in)

2
3 〉〈(∆ŷA3)

2〉.

To compare these two expressions we can need to set
some assumptions about our system. We shall consider
χ4 = 0.1 and input state which has distribution of the x̂in

quadrature given by Gaussian function with zero mean
and variance ∆2 = 5. The second assumption is relevant
for (22), because the input state affects the distribution
of z3. Keep in mind that any state which in the x rep-
resentation is narrower than the assumed function would
receive less noise. Finally, for our resource states, we shall
consider realistic approximations with D = 4, which can
be feasibly prepared already with the present technology.
In this dimension, the minimal variances are, as can be
seen in Fig. 3, 〈(∆ŷA3)

2〉 ≈ 0.5 and 〈(∆ŷA3)
2〉 ≈ 1.

Under these assumptions, the amounts of total added
noise can be estimated to be

Ndec ≈ 4.1〈(∆ŷA3)
2〉 ≈ 2 (24)

and

Ndir ≈ 0.63〈(∆ŷA4)
2〉+ 1.12〈(∆ŷA3)

2〉 ≈ 1.2. (25)

We can therefore see that the proposed direct scheme sug-
gests superior performance even though the total Hilbert
space of the resource states is significantly smaller, D2 <
D6. This statement remains true for all the checked di-
mensions, up to D = 15. This result is immediately rele-
vant for the first proof-of-principle experiments aimed at
demonstrating exotic higher order quantum nonlineari-
ties.
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