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Single atoms form a model system for understanding the limits of single photon detection. Here,
we develop a non-Markov theory of single-photon absorption by a two-level atom to place limits on
the absorption (transduction) time. We show the existence of a finite rise time in the probability
of excitation of the atom during the absorption event which is infinitely fast in previous Markov
theories. This rise time is governed by the bandwidth of the atom-field interaction spectrum and
leads to a fundamental jitter in time-stamping the absorption event. Our theoretical framework
captures both the weak and strong atom-field coupling regimes and sheds light on the spectral
matching between the interaction bandwidth and single photon Fock state pulse spectrum. Our
work opens questions whether such jitter in the absorption event can be observed in a multi-mode
realistic single photon detector. Finally, we also shed light on the fundamental differences between
linear and nonlinear detector outputs for single photon Fock state vs. coherent state pulses.

I. INTRODUCTION

Recently, single-photon detectors with high efficiency
(> 90%) [1], low dark count rate (< 1 milli-Hz) [2],
and reduced timing jitter (< 20 picoseconds) [3] have
raised substantial interest due to their widespread appli-
cations in quantum information processing [4, 5], imag-
ing, sensing/ranging and astronomy. Single-photon de-
tectors based on superconducting nanowires or semicon-
ductor avalanche photodiodes [6] are threshold detectors
fundamentally different from conventional coherent pho-
toreceivers. They typically work by outputting a classical
electrical signal that results from the amplification of a
weak quantum signal generated within the detector after
the transduction event (photon absorption).

While the classical response of the amplifier stage cur-
rently dominates the characteristics of the single photon
detector, it is important to note that the initial trans-
duction process from photons to detector modes is fun-
damentally probabilistic in nature. As absorption mode
volumes are decreased and amplifiers are improved, it is
plausible that quantum limits of single photon transduc-
tion to detector modes will eventually manifest itself. For
example, currently timing jitter of a single photon detec-
tor is defined using the deterministic output voltage sig-
nal where familiar concepts of rise time and fall time of
classical electrical signals can be applied. However, rising
edges and fall times can also be defined for quantum sig-
nals during the initial single photon transduction event
through the time-dependent excitation probability of de-
tector modes in a statistical sense. Thus even an ideal
single photon detector will be non-instantaneous and the
rise times and falling edges of the quantum signal will set
fundamental limits to the timing jitter performance.

Glauber’s theory of quantum photodetection and re-
lated work only provide the average counting rate of an
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ideal detector, which is proportional to the first order co-
herence of the electromagnetic field [7, 8]. In this class of
approaches, the interaction between light and the ideal
detector is based on first-order perturbation theory sim-
ilar to Fermi’s Golden rule. The properties of the detec-
tor, which is only weakly coupled to the electromagnetic
field, thus cannot be characterized beyond averaged ab-
sorption and emission times (eg: Einstein’s A and B co-
efficients for an atom in thermal equilibrium [9]). Thus
this approach can not give any information on the rise
time or fall time of the quantum or classical output signal
of the detector.

In this paper, we study the single atom as a model sys-
tem to understand limits of the initial transduction event
within an ideal narrowband single photon detector. Here,
the output signal is the time-dependent excitation prob-
ability of the atom for an incident single photon pulse.
We utilize an exactly solvable non-perturbative model to
show the behavior of rise times and fall times of the out-
put signal from such an atomic photodetector. We show
that a non-Markovian theory is essential to understand
the fundamental limit of the absorption (transduction)
event. We also study the atom-field interaction beyond
the weak coupling limit for various Fock state pulse en-
velopes and set limits on the rise times and fall times for
atomic excitation probability. We expect these results to
be a starting point for developing a complete theory for
a multi-mode broadband single photon detector beyond
weak interactions.

We note that the absorption [10–13] and scatter-
ing [14–26] of a propagating single-/multi-photon pulse
by a single atom have been extensively studied theoreti-
cally and also experimentally [26–30]. In particular, im-
portant recent work has shown the role of multi-mode
quantum pulses and interactions with atoms [11, 13, 14].
However, in the case of ultrashort incident pulses, most
previous theories are not directly applicable. This is
due to the widely utilized Markov approximation which
allows for instantaneous detector response times and
thus cannot set limits to the single photon transduction
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Figure 1. (a) Schematic of a two-level atom, which functions as a narrow-band photo-detector, in a cavity excited by single-
photon Fock-state pulses with envelope of Gaussian (i), exponential decaying (ii), and exponential rising (iii) shapes, respectively.
Here, τf is the length of the propagating pulse, γ the Markov spontaneous decay rate of the atom, and κ the loss rate of the
cavity. The atom-field interaction spectrum is modified by the cavity to be of Lorentzian form. (b) demonstrates the quantum
output signal P (t) of an ideal photo-detector with infinite fast photon transduction and a realistic one, respectively. In contrast
to the sharp time-stamping of a counting event in an ideal photo-detector, the finite rise/fall time of the quantum output
signal leads to an intrinsic jitter of a realistic detector. Our theory places limits on the rise time which can be infinitely
fast in Markovian approaches. In (c) and (d), we contrast between a classical deterministic signal sequence and a quantum
probabilistic output sequence. For the classical deterministic signal (c) with perfect period T and the same temporal profile,
the clicks happen at the same position each time when the classical output pulses cross the threshold. Thus the click events are
deterministic and no timing jitter exists. But for quantum signal sequence (d), each pulse describes the excitation probability.
The atom could be excited at any time during each pulse, which results in the quantum jitter.

event [10–13]. Note that the field of non-Markovian dy-
namics has recently given rise to widespread interest in
the field of open quantum systems. In particular, non-
Markovian theories have been previously utilized for sin-
gle atoms in a cavity for memory applications and scat-
tering in one-dimensional (1D) wave-guides [31] as well as
1D lattices [32]. However, the necessity of a non-Markov
theory to explore the timing jitter of the single photon
absorption event in an atom has not been realized. We
also discuss in our work the strong coupling regime of
cavity QED which cannot be reached for a free space
atom interacting with a single photon pulse. We also
note that density of states engineering directly controls
only the spontaneous emission i.e. fall time of the prob-
ability amplitude of the excited atom. Our focus in the
paper is the fundamental limit in the absorption time or
rise time in the excitation probability.

This paper is organized as follows. In Sec. II, the model
and non-Markov theory to describe single-photon trans-
duction by a single atom is presented. The limits to the
transduction time and the concept of quantum timing
jitter are given in Sec. III. In Sec. IV, we study the role
of the spectral match between the Fock state pulse and
the atom-field interaction spectrum. In Sec. V, we study

the fundamental difference between linear and nonlinear
detector outputs for different types of quantum pulse.
Finally, we collect our main conclusions in Sec. VI. The
details of the wave function and spectral amplitude of a
single-photon pulse is given in Appendix A and some de-
tailed calculation about the excitation probability of the
atom is presented in Appendix B.

II. NON-MARKOV THEORY OF
SINGLE-PHOTON ABSORPTION BY A SINGLE

ATOM

In this section we define our model and provide the
non-Markov theory of photon transduction before apply-
ing it to explore timing jitter. We study the absorption
of a single photon Fock state (SPFS) pulse propagating
in the +z direction by a two-level atom (playing the role
of a nonlinear detector) at z = z0. In Coulomb gauge,
the interaction between the pulse and the atom is given
by [11, 14]

Ha−p = i~
∫ ∞
0

dω[g(ω)eiωz0/câ(ω)σ̂+ − h.c.], (1)
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where â(ω) is the bosonic operator of the pulse mode
with frequency ω, σ̂+ = |e〉〈g| the Pauli operator of the
atom with ground state |g〉, excited state |e〉 and energy
splitting ωd, and the rotating-wave approximation has
been taken. The amplitude of the atom-field interaction
spectrum is given by

g(ω) =

√
ω

4πε0~cA
(~ε · ~deg), (2)

where A is the effective transverse cross section of the
pulse [14, 33], ~deg the electric dipole vector of the atom,
and we have assumed that the pulse is linearly polarized
along the direction denoted by the unit vector ~ε. Here,
only the pulse modes have been taken into account and
the remainder field modes in the environment will be
regarded as a bosonic bath of the atom in the following.

The interaction Hamiltonian between the atom and the
bath modes is given by,

H ′a−b = i~
∫ ′

dω[g′(ω)eikzz0 b̂(ω)σ̂+ − h.c.]. (3)

For a bath mode with wave vector k and frequency
ω = c|k|, the coupling coefficient g′(ω) has a similar form
of g(ω) in Eq. (2). It should be pointed out that the

prime of
∫ ′
dω means the the integral over ω includes the

summation over different polarization and propagating
directions of the bath modes with frequency ω [14], but
excludes the pulse modes which have already been taken
into account in Eq. (1).

In the case of SPFS pulse, the time evolution of the
whole system can be solved exactly for some special in-
teraction spectra. The initial state of the total system
is assumed to be |ψ(t0)〉 = |g〉|1a〉|0b〉, where the atom
is in the ground state |g〉, all the bath modes are in the
vacuum state |0b〉, and the state of the pulse modes |1a〉
is given by [33],

|1a〉 =

∫
dωξ(ω)â†(ω)|0a〉. (4)

The normalization of the wave packet requires∫
dω|ξ(ω)|2 = 1. (5)

The details about the spectral amplitude ξ(ω) for SPFS
pulse of different envelope shapes is given in Appendix A.
The Hamiltonian (1) and (3) conserve the total excitation
number of the whole system, thus the wave function of
the total system at time t can be expanded in the single-
excitation subspace as

|ψ(t)〉=
[∫
dωA(ω, t)â†(ω)+

∫ ′
dωB(ω, t)b̂†(ω)+C(t)σ̂+

]
|G〉.(6)

Here, |G〉 = |g〉|0a〉|0b〉 is the ground state of the
whole system and the time-dependent coefficientsA(ω, t),
B(ω, t), and C(t) are determined by the Schrödinger

equation with initially conditions A(ω, t0) = ξ(ω) and
B(ω, t0) = C(t0) = 0.

After eliminating the degrees of freedom of the field,
we obtain the equation describing the exact dynamics of
C(t) (please refer to Appendix B 1 for details),

d

dt
C(t) = −

∫ t

t0

G(t− t′)C(t′)dt′

+

∫
g(ω)ξ(ω)eiωz0/ce−i(ω−ωd)(t−t0)dω, (7)

where we have removed the fast oscillating factor
exp(−iωdt) of the probability amplitude C(t) and used
the initial condition A(ω, t0) = ξ(ω). The first and sec-
ond terms on the r.h.s. of Eq. (7) dominate the decay and
simulation behaviors of the atom, respectively. Similar
non-Markov input-output theories have also be developed
to handle single-photon storing in a cavity [34] and state
transfer in a quantum network [35].

All the memory effects on the decay behavior of the
atom is contained in the integral kernel [36, 37],

G(t) =

∫
dω|g(ω)|2ei(ω−ωd)t +

∫ ′
dω|g′(ω)|2ei(ω−ωd)t. (8)

We first analyze the Markov approximation of previous
works. The usual assumption entails that the band width
of the interaction spectrum is much larger than the cou-
pling strength. Then the Wigner-Weisskopf approxima-
tion [38, 39] applies, which is proved to be equivalent to
the Markov approximation [36]. By taking |g(ω)|2 and
|g′(ω)|2 out of the integral, the kernel G(t) is reduced to
a memory-less one [11, 14, 40],

G(t− t′) = (γp + γ′)δ(t− t′), (9)

where γp = 2π|g(ωd)|2 and γ′ = 2π|g′(ωd)|2 characterize
the decay of the atom back to pulse modes and the decay
to bath modes, respectively. Similar argument can be
applied to the second term in r.h.s in Eq. (7) and g(ω)
will be taken out of the integral as a constant. Here
we point to this flat-spectrum approximation which is
the fundamental reason for instantaneous response times
of the single atom [11, 15]. As shown in Appendix B,
this approximation loses its validity for ultrashort (broad-
band) pulses as well as the strong coupling regime (γ ≈ κ)
of cavity QED.

Instead, we consider here the atom to be placed in
a microcavity as shown in Fig. 1 (a). Usually, this in-
creases the atom-field coupling strength due to the Pur-
cell effect [41–43]. In this case, the atom-field interaction
spectrum is modified by the cavity to be of Lorentzian
form,

|gtot(ω)|2=|g(ω)|2+|g′(ω)|2 =
γ/2π

[(ω − ωd)/κ]
2
+1

, (10)

where the center of the interaction spectrum is assumed
to be at ωd for simplicity, the band width κ is deter-
mined by the Q factor of the cavity, and γ = γp + γ′



4

(the spontaneous decay rate under Markov approxima-
tion) characterizes the atom-field coupling strength. In
the bad-cavity limit, the incident pulse shape will not be
changed significantly by the cavity wall. Note here that
we normalize the Lorentzian spectrum to compare with

the Markov approximation (flat interaction spectrum) in
the κ→∞ limit. This corresponds to the bad-cavity or
weak-coupling limit of our theory.

After a somewhat lengthy calculation, we finally ar-
rive at a simple and intuitive exact solution for C(t) (the
detailed calculation is given in Appendix B 2),

C(t) = s1

{
e−p1(t−t0)C(t0) + e−p1(t−t0)

∫ t−t0

0

ep1t
′
[∫

dωg(ω)ξ(ω)eiωz0/ce−i(ω−ωd)t
′
]
dt′
}

+s2

{
e−p2(t−t0)C(t0) + e−p2(t−t0)

∫ t−t0

0

ep2t
′
[∫

dωg(ω)ξ(ω)eiωz0/ce−i(ω−ωd)t
′
]
dt′
}
, (11)

where the decay rates pj (also the frequency shift for
strong coupling case) and the ratios coefficients sj for
the two branches are given in Appendix B. The C(t0)
terms have been kept to study the spontaneous decay
behavior of the atom.

III. LIMITS TO SINGLE-PHOTON
TRANSDUCTION BY AN ATOM

Unlike the ideal photo-detector as shown in Fig. 1 (b),
the output signal of a realistic detector always has a
rise/fall time. In this section, we study the details of
photon transduction by a single two-level atom. In exper-
iments, the most commonly used waveform is a Gaussian
wavepacket. In Fig. 2, we present the time-dependent
excitation probability P (t) of the atom stimulated by a
Gaussian SPFS pulse. Fig. 2 (a-c) contrast the results
obtained by the Markov theory (green lines) and our
non-Markov theory (gray lines) for the weak coupling
regime κ = 10γ. We make the key observation that as
the input pulse length τf is decreased from τf = 1/10γ
to τf = 1/100γ, the excitation probability P (t) obtained
from the Markov theory has a rise time which directly fol-
lows the input pulse. This implies ultrashort pulses can
cause sharp rise times in the single atom with no limit
albeit with a low maximum in the excitation probabil-
ity [see red arrow in Fig. 2 (c)]. This is a consequence
of the Markov approximation by replacing g(ω) with a

constant
√
γp/2π in Eq. (11) [11, 14, 15]. A closer look

made possible by our non-Markov theory shows that the
rise time (gray lines) does not reduce as the pulse length
is decreased. A clear bound exists on the fastest possi-
ble rise time even for a single atom excitation probability
P (t). This rise time is limited by the atom-field interac-
tion spectrum width κ.

In Fig. 2 (d), we study the influence of the coupling
strength on the atom excitation probability P (t). In case
of weak coupling κ = 10γ, just as expected, there is no
significant difference in the value of the probability P (t)
with (dashed green line) or without (solid gray line) the
Markov approximation in the weak-coupling case, while

a significant variation occurs in the strong-coupling case
(the dotted red line with κ = γ). The strong coupling
enhances the excitation probability of the atom P (t)
when τf ∼ 1/γ for the Gaussian SPFS pulse.

A. Concept of quantum jitter time for a single
atom

We elucidate here the concept of a quantum jitter time
for a single atom. For the deterministic output signal of
a classical system , eg: voltage signal of an RC circuit as
shown in Fig. 1 (c), the characteristic rise time and fall
time do not imply a timing jitter unless noise is added.
In the case of a quantum output as shown in Fig. 1 (d),
the probabilistic nature of the waveform implies there ex-
ists fundamental uncertainty in time-stamping an event
such as photon transduction. For sake of discussion, we
analyze the probability of excitation of the single atom
as an output waveform. Evidently, this output signal
will has a finite rise time for incident pulse with finite
length. Under the previously used Markov approxima-
tion, we immediately notice that as the pulse length gets
shorter, the rise time of the excitation probability is in-
finitesimal. This implies, in principle, time-stamping of
transduction is deterministic for a single photon by a sin-
gle atom. However, our non-Markov theory predicts that
even for a delta function input Fock state pulse, the rise
time is finite and limited by the atom-field interaction
spectrum bandwidth. Note the probability of excitation
tends to zero for this narrow-band atomic detector but
the rising rate (inverse of the rise time) is finite, not infi-
nite. We emphasize that the finite rise time to the output
waveform immediately implies there exists a quantum jit-
ter in the absorption event. Thus even if the atom was
completely characterized, the photon absorption event
can occur anywhere within this finite rise-time and fall-
time in subsequent experiments.

In most systems, the weak coupling condition γ � κ
for the spontaneous decay process is well satisfied. In this
case, the Wigner-Weisskopf approximation is applicable
to the first term on the r.h.s. of Eq. (7) by replacing



5

-0.2 0 0.2 0.4 0.6
0

0.1

0.2

0.3
P

(t
)

(a)

f
=1/10

Non-Markov

Markov

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6

 t

0

0.1

0.2

P
(t

)

(b)

f
=1/20

Non-Markov

Markov

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.02

0.04

0.06

(c)

f
=1/100

unphysical
rise time

Non-Markov

Markov

-4 -2 0 2 4 

 t

0

0.2

0.4

0.6

0.8

(d)

1
strong coupling =

weak coupling =10

Markov

Figure 2. The excitation probability P (t) of the atom stim-
ulated by single-photon Fock-state pulse. Here, we take the
Markov spontaneous decay rate of the atom as the unit γ = 1.
(a-c) Comparison of P (t) obtained by Markov theory (dashed-
green lines) and non-Markov theory (solid-gray lines) for dif-
ferent pulse length. Here, the width of the interaction spec-
trum κ is taken as κ = 10γ for non-Markov theory and
κ→∞ for Markov theory and the vertical dashed lines show
the position of the maximum of the non-Markovian excita-
tion probability P (t). The pulse lengths in (a-c) are taken
as τf = 1/10γ, τf = 1/20γ, and τf = 1/100γ, respectively.
As indicated by the red arrow in (c), the rise time of P (t)
under Markov approximation will go to zero when the pulse
length τf → 0. The solid-gray lines of the non-Markov clearly
show there exists a finite rise time to the excitation probabil-
ity of the single atom. (d) Comparison between the weak
coupling and strong coupling regime of cavity QED. Here,
the pulse length is set as τf = 1/γ. The dashed green line
is obtained by the Markov theory. The solid gray line and
dotted red line correspond to weak-coupling case (κ = 10γ)
and strong-coupling case (κ = γ), respectively. High excita-
tion probability P (t) > 0.96 (see the red-circled upper limit
1) is obtained in the strong-coupling regime for the Gaussian
pulse.

the memory kernel G(t − t′) with γδ(t − t′). But the
same approximation can not be made on the second term,
especially when the width of the pulse spectrum 1/τf is
of the same order of or even larger than the interaction
spectrum width κ. Then, the solution for C(t) is given
by,

C(t)=e−
γ
2 (t−t0)

∫ t−t0

0

dt′e
γ
2 t

′
∫ ∞
0

dωg(ω)ξ(ω)ei
ωz0
c −i(ω−ωd)t

′
.(12)

In order to get the analytic limit on photon transduc-
tion time, we take the Lorentzian interaction spectrum
(B6) as an illustration and study a special case, where
the length of the pulse is infinite short (δ-pulse). Frankly
speaking, incident broadband pulses can be reshaped by
a narrowband cavity. However, our focus here is the rise
time of the atom caused by the stimulated absorption.
This fundamental limit in the rise-time is independent
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Figure 3. For a δ-incident pulse, the rising edge CR(t) of the
probability amplitude with or without Markov approximation
are displayed by the solid-light-blue line and the the dashed-
blue line, respectively. The rising edge of the Markov CR(t) is
a step function with infinite large rising speed, while the rising
edge of the non-Markov one has a finite increasing window.
The corresponding finite rising speed dCR(t)/dt as depicted
by the dotted-red line is limited by the finite interaction spec-
trum width κ. This finite increasing speed with finite width
places a limit on the rise time of the atomic photodetector.
Note that for probabilistic quantum waveforms, this finite rise
time implies a fundamental jitter different from deterministic
classical output signals.

of the pulse-shape and is a property of the atom-cavity
interaction spectrum bandwidth. Furthermore, we note
that non-Markov dynamics can occur even in the weak
coupling limit since the broadband nature of the pulse is
the fundamental origin of the non-Markovian dynamics.

In the case of weak-coupling γp ≤ γ � κ using δ-
pulse with a constant spectrum amplitude ξ(ω) = ξ0, the
solution of C(t) reduces to a much simpler form

C(t) = ξ0
√

2γpe
−γ(t−t0)/2CR(t), (13)

where the fall time of C(t) is determined by the spon-
taneous decay rate γ and the rise time is determined by
the monotonically increasing function,

CR =

∫ t−t0

0

Θ(t′ − z0/c)κe−κ(t
′−z0/c)eγt

′/2dt′, (14)

with the Heaviside step function Θ(t). Note that in the
Markov limit κ→∞, the function κ exp[−κ|t′−z0/c|]→
δ(t′ − z0/c), then C(t)’s rising edge disappears (see the
solid-light-blue line in Fig. 3) and C(t) decays instanta-
neously after the arrival of the pulse (zero rise time), i.e.,
C(t) = ξ0

√
γp exp[−γ(t − t0 − z0/c)/2]. However, for a

finite atom-field interaction spectrum κ, the width of the
rising window of CR(t) is determined by the width of its
rising speed, i.e., its time derivative

d

dt
CR(t) = Θ(t)κe−κt+γt/2, (15)
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where we have set z0 = 0 for simplicity. In the weak cou-
pling limit γ � κ, the width of the rising speed dCR(t)/dt
is approximated as 1/κ (see the dotted-red line Fig. 3).
Thus the width of the rising edge of C(t) as shown by the
dashed-blue line in Fig. 3 as well as the the rising edge of
the excitation probability P (t), has a lower limit ∼ 1/κ.

We define the excitation probability density of the
atom by normalizing P (t),

P(t) = P (t)/

∫
P (t)dt. (16)

The transduction time of a photon by an atom is charac-
terized by the width of envelope of the excitation proba-
bility density P(t), which equals to the sum of the widths
of the rising and falling edges of P (t). For weak coupling
case, the fastest rise time and fall time of the atomic
probability of excitation is given by

∆ = 1/κ+ 1/γ, (17)

We note the first time constant corresponds to a finite
rise-time (transduction) and the second constant corre-
sponds to a fall time (spontaneous decay of the atom
into field modes and bath modes). For a realistic detec-
tor, the decay after the transduction is irreversible and
will occur into the large set of amplifier modes. The fall
time can also be directly controlled via density of states
engineering. But the rise time is set by the bandwidth of
detector-field coupling, which can not be eliminated. We
can now analyze the consequence of the above equation
for a solid state system. Note that the transduction event
of light in a solid is governed by the electron-electron in-
teraction which sets an upper limit (tens of femtoseconds
for normal metals and semiconductors) for the rate of
absorption [44, 45]. This will inevitably cause a jitter at
least of the order of electron-electron interaction time.

IV. SPECTRAL MATCHING IN PHOTON
TRANSDUCTION

For a single photon detector, fundamental characteris-
tics such as quantum efficiency are considered indepen-
dent of the input field. This is evident in approaches such
as detector tomography [46], which are agnostic to the de-
tector modes. Our concept of quantum timing jitter and
spectral matching can be incorporated the formal theory
of positive-operator valued measure (POVM) [47, 48]. As
shown in the previous part, the excitation probability of
detector modes and its time evolution in the transduc-
tion event depends on the spatio-temporal input Fock
state and field-detector interaction spectrum. Thus it
is probable that the spectral, spatial and temporal re-
sponse characteristics of a single photon detector is sen-
sitive to the chosen single photon waveform. To explore
this idea, we consider the role of the spectral overlap
between the SPFS pulse and the atom-field interaction
spectrum. From Eqs. (7) and (11), we find that the tem-
poral pattern of the rising edge of C(t) is determined

by the overlap between the pulse spectrum ξ(ω) and the
atom-field interaction spectrum g(ω). We show that the
maximum of excitation probability P (t) can be optimized
by matching these two spectra. Note we do not assume a
flat/constant interaction spectrum as in previous works
and our theory also works in the strong-coupling regime
(|g| > κ).

The value of the excitation probability P (t) is deter-
mined by the overlap integral of interaction spectrum
g(ω) and pulse spectrum ξ(ω), as can be seen from
Eq. (11). In the frequency domain, the width of the
pulse spectrum |ξ(ω)|2 is given by 1/τf . Thus, for a given
interaction spectrum, the maximum excitation probabil-
ity P (t) can be optimized by changing the pulse length.
In Fig. 4, we give the results of numerical optimization
of P (t). The three columns represent SPFS pulses with
envelopes of Gaussian, decaying exponential, and ris-
ing exponential, respectively. In Fig. 4 (a-c), different
lines represent different pulse length and different cou-
pling strength (different interaction spectrum width κ).
Larger maximum of P (t) can be obtained when the inci-
dent pulse has an optimized length τf ≈ 1/γ. For an op-
timized spectrally matched pulse τf = 1/γ, the stronger
coupling strength will enhance the maximum excitation
probability P (t) for Gaussian [Fig. 4 (a)] and decaying
exponential pulses [Fig. 4 (b)]. However, this depresses
P (t) for rising exponential pulses [Fig. 4 (c)]. It should
be pointed out that the maximum of P (t) for Gaussian
pulse obtained from our non-Markov theory ∼ 0.96 is
larger than the Markov one ∼ 0.8 obtained in previous
studies [11, 13].

In Fig. 4 (d-f), we plot the maximum of P (t) as func-
tions of pulse length τf and interaction spectrum width κ.
We find that the global maximum of P (t) is always lo-
cated at τf ≈ 1/γ. To investigate the influence of the
atom-field coupling strength on the global maximum of
P (t), we re-express the probability amplitude C(t) in
Eq. (11) as C(t) = C1(t) + C2(t) with

Cj(t) = sj

∫
dω
g(ω + ωd)ξ(ω + ωd)

pj − iω
e−iωt. (18)

Here, the integral variable ω is replaced with ω+ωd, the
position of the atom is set as z0 = 0 for simplicity, and
the lower limit of the integral over t′ has been extended to
−∞ without loss of generality. In the weak coupling case
γ � κ, one has s1 ≈ 1, p1 ≈ γ and s2 ≈ 0, p2 ≈ κ. Al-
most, only C1(t) has contribution to C(t). In the strong
coupling region κ ≈ γ, the decay rate of both C1(t) and
C2(t) is given by <[pj ] = κ ≈ γ. The maximum of the
probability amplitude C(t) is determined by the over-
lap of the interaction spectrum g(ω), the pulse spectrum
ξ(ω), and a factor ∼ 1/(γ − iω). This is why the global
maximum of P (t) is located at τf ≈ 1/γ.
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Figure 4. The numerical results for Gaussian, decaying exponential, and rising exponential pulse are shown in the first to the
third columns, respectively. In (a-c), the time-dependent excitation probability P (t) of the atom under different parameters
is displayed. The parameters for (a-c) are the same and are shown in the legend of (b). In (d-f), the maximum of P (t) as a
function of pulse length τf and interaction spectrum width κ is presented. For a given κ, one can optimize the pulse length to
get higher excitation probability and the global maximum is always located at τf ≈ 1/γ as indicated by Eq. (18).

-10 -5 0 5 10
 t

0

0.2

0.4

0.6

0.8

y(
t)

(a)

Linear photodetector

Fock state
Coherent state

-10 -5 0 5 10
 t

0

0.2

0.4

0.6

0.8

y(
t)

(b)

Nonlinear photodetector

Fock state
Coherent state

Figure 5. The output waveforms y(t) of linear (a) and non-
linear (b) photodetectors are displayed. The incident pulse is
of Gaussian type with length τf = 1/γ. The solid green line
and dotted red line denote the single-photon Fock-state pulse
and single-photon coherent-state pulse, respectively. All the
results are obtained under the Markov approximation. The
output waveform y(t) of the linear photodetector for Fock-
state puse and coherent pulse are the same. However, for
the nonlinear photodetector, the maximum of y(t) for the
coherent-state pulse is much smaller than that of the Fock
state pulse.

V. LINEAR PHOTO-DETECTOR VS
NONLINEAR DETECTOR

In this section, we shed light on the difference between
a linear photo-detector—a harmonic oscillator and a non-
linear one—single two-level atom. The Fock-state and
coherent-state pulses have different statistical properties
causing fundamental differences in excitation probabili-

ties [9]. The SPFS pulse has fixed photon number n̄ = 1
and zero variance ∆n = 0. However, for a single-photon
coherent-state (SPCS) pulse with mean photon number
n̄ = 1, the corresponding variance is given by ∆n = n̄.
As we show below, the harmonic-oscillator detector can
not distinguish between the SPFS and SPCS pulse. Its
output is linearly proportional to the strength of the in-
cident pulse. But, for a single-atom detector, the output
waveforms of SPFS and SPCS pulses are very different.

The collective modes in a detector can be well modeled
as harmonic oscillators. Here, we just consider one of the

harmonic modes (described by the bosonic operators d̂

and d̂†), which is resonant with the center frequency of
the incident pulse ω0. The motion equation of this linear
photo-detector is given in Appendix B 3. The output
waveform of this linear detector is given by the mean

excitation in the detector y(t) = 〈d̂†(t)d̂(t)〉. As y(t) is
just proportional to the strength (mean photon number)
of the incident pulse, the output waveform y(t) of the
linear detector is the same for SPFS and SPCS pulses as
shown in Fig. 5 (a).

For the single-atom nonlinear detector, the output
waveform is given by the excitation probability y(t) =
P (t), which has a upper limit 1. Due to the conserva-
tion of excitation number, we can split the whole Hilbert
space into many subspaces. Each subspace has fixed exci-
tation number and there is no cross talk between different
subspaces. For a SPCS pulse, there is a large probability
that no photon in this pulse (the zero-excitation sub-
space). And the multi-photon components in the pulse
can at most lead to one excitation in the detector, thus
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multi-photon components can not compensate for the
loss resulting from the zero-photon component. Conse-
quently, the excitation of the single-atom detector for
SPCS pulse will be much lower than that for SPFS pulse
as shown in Fig 5 (b). This result has also been found in
Ref. [11], however the contrast between linear and non-
linear outputs for different types of quantum pulses has
not been shown till date and the underlying mechanism
has not been revealed. It should be pointed out that
all results in Fig 5 are obtained under the Markov ap-
proximation, since there is almost no difference between
Markov and non-Markov ones in the case of optimal pulse
length τf = 1/γ and weak coupling as shown in Fig. 2
(b).

VI. CONCLUSION

In this paper, we have explored single photon trans-
duction by a single atom using a non-Markovian theory
to place bounds on the rise time of the atomic excitation
probability. This upper limit to rise time is governed
by the atom-field interaction spectrum and is not infi-
nite as in previous theories. We note that the finite rise
time and fall time of a probabilistic waveform implies a
quantum jitter for atomic excitation probability. This
arises even if the atomic excitation probability distri-
bution is completely characterized experimentally since
subsequent measurements of the absorption event can lie
anywhere with the temporal width governed by the fi-
nite rise time and fall time. It is possible to scale up
the model using dipole-dipole interactions between atoms
[49] and also apply it to ultra-fast processes in quantum
plasmonics [50]. In future work, we will address chal-
lenges of multi-mode and broadband single photon de-
tectors building from insight of this narrow-band single-
mode case.
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Appendix A: Wave function of the quantized pulse

The theory of quantization of the continuous-mode
field is given by Ref. [33]. In Coulomb gauge, the positive
frequency part of the electric field operator of the pulse
can be expanded as [9, 33],

Ê(z) = i

∫ ∞
0

dω

√
~ω

4πε0cA
â(ω)eiωz/c, (A1)

where the constant c is the speed of the light in the vac-
uum, ε0 the permittivity of the vacuum, A the effective
cross section of the pulse, the field operators â(ω) follow
the bosonic commutation relation,

[â(ω), â†(ω′)] = δ(ω − ω′). (A2)

By taking the electric-dipole approximation, one can eas-
ily obtain the interaction Hamiltonians between the atom
and the continuous-mode field in Eqs. (1) and (3).

The wave function of a single-photon Fock-state pulse
with a spectral amplitude ξ(ω) is given in Eq. (4). The
Fourier transform of ξ(ω) gives the wave packet ampli-
tude in the time-space domain,

ξ(t, z) =
1√
2π

∫
dωξ(ω)e−iω(t−z/c). (A3)

In this paper, the following four types of pulse are used:
(i) Gaussian pulse with wave packet amplitude in the

time-space domain,

ξ(t, z) =

(
1

2πτ2f

)1/4

exp

[
− (t− z/c)2

4τ2f
−iω0(t− z

c
)

]
, (A4)

where τf is the pulse length and ω0 is the central fre-
quency, which is assumed to be resonant with the atom,
i.e., ω0 = ωd. The corresponding spectral amplitude in
the frequency domain reads,

ξ(ω) =
(
2τ2f /π

)1/4
exp

[
−τ2f (ω − ω0)2

]
. (A5)

(ii) Decaying exponential pulse with wave packet,

ξ(t, z) =

{
0, t < z/c√

1
τf
e
− 1

2τf
(1+2iω0τf )(t−z/c)

, t > z/c
, (A6)

and the corresponding spectral,

ξ(ω) =

√
2τf
π

1

1− 2i(ω − ω0)τf
. (A7)

(iii) Rising exponential pulse with wave packet,

ξ(t, z) =

{√
1
τf
e

1
2τf

(1−2iω0τf )(t−z/c)
, t 6 z/c

0, t > z/c
, (A8)

and the corresponding spectral,

ξ(ω) =

√
2τf
π

1

1 + 2i(ω − ω0)τf
. (A9)

(iv) Infinite short δ-pulse, e.g., the pulse length of the
Gaussian type in Eq. (A4) goes to 0. The corresponding
spectral can be replaced with a constant ξ(ω) = ξ0 ∝ τf .

In addition, the wave function of a single-photon
coherent-state pulse is given by

|ψf 〉 =
∏
ω

|ξ(ω)〉, (A10)

where |ξ(ω)〉 is the eigen state (coherent state) of the field
operator â(ω)|ξ(ω)〉 = ξ(ω)|ξ(ω)〉. The amplitude ξ(ω)
satisfies

∫
dω|ξ(ω)|2 = n̄f , with the mean photon number

in each pulse n̄f .
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Appendix B: Exact dynamics of the photodetector

In this appendix, we give some detailed calcula-
tion of the dynamics of the atom interacting with the
continuous-mode field. For the single-photon pulse with
visible-wavelength, the thermal excitation can be ne-
glected and the wave function of the total system is ex-
panded in the single-excitation subspace as in Eq. (6).

1. Motion equations

The equations of the coefficients A(ω, t), B(ω, t), and
C(t) in Eq. (6) are given by the Schrödinger’s equation,

d

dt
A(ω, t) = −g∗(ω)e−iωz0/cC(t)ei(ω−ωd)(t−t0), (B1)

d

dt
B(ω; t) = −g′∗(ω)e−ikzz0C(t)ei(ω−ωd)(t−t0), (B2)

d

dt
C(t) =

∫
dωg(ω)eiωz0/cA(ω, t)e−i(ω−ωd)(t−t0)

+

∫ ′
dg′∗(ω)eikzz0B(ω, t)e−i(ω−ωd)(t−t0). (B3)

Here, these equations are obtained in the interaction pic-
ture, thus the fast oscillating factors in A, B, and C have
been removed. The formal solution of A and B read,

A(ω, t)=ξ(ω)−
∫ t

t0

dt′g∗(ω)e−iωz0/cC(t′)ei(ω−ωd)(t
′−t0), (B4)

B(ω, t) = −
∫ t

t0

dt′g′∗(ω)eikzz0C(t′)ei(ω−ωd)(t
′−t0), (B5)

where we have used the initial conditions A(ω, t0) = ξ(ω)
and B(ω, t0) = 0. Substituting these formal solutions
into Eq. (B3), the effective equation for C(t) given in
Eq. (7) is obtained. The total atom-field interaction spec-
trum is divided into |gtot(ω)|2 = |g(ω)|2+|g′(ω)|2, repre-
senting the coupling of the atom to the pulse modes and
bath modes, respectively. Under the Wigner-Weisskopf
approximation, these two parts contribute two decay
rates of C(t) [11]: γp = 2π|g(ωd)|2 and γ′ = 2π|g′(ωd)|2.

In the following, we focus on the solution of C(t) in
the case of Lorentzian interaction spectrum in Eq. (10).
The coupling amplitude g(ω) is chosen as

g(ω) =

√
γp
2π

1

(ω − ωd)/κ+ i
. (B6)

For Lorentzian interaction spectrum, the corresponding
memory kernel G(t− t′) reads

G(t) =

∫
dω|gtot(ω)|2e−i(ω−ωd)t =

γκ

2
e−κ|t|, (B7)

where γ = γp + γ′ and we have extend the lower limit
of ω in the integral (B7) to −∞, since κ � ωd. To get
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Figure 6. The probability P (t) of the atom in the excited
state during its spontaneous decay process. Here, we take
the Markov spontaneous decay rate of the atom as the unit
γ = 1. Different lines represent different interaction spectrum
width, from weak-coupling (κ/γ = 100) to strong coupling
region (κ/γ = 1).

the results for strong atom-field coupling regime in the
last two sections of the paper, the interaction spectrum is
taken to be of the Lorentzian form. This limitation can
be removed in the weak coupling case and the excitation
probability P (t) can be easily obtained numerically via
Eq. (12) for arbitrary interaction spectrum |g(ω)|2.

2. Exact Solution for Lorentzian spectrum

To get the exact solution of C(t), we take the following
Laplace transform

f [p] = L[f(t)] =

∫ ∞
0

e−ptf(t)dt, (B8)

f(t) = L−1 [f [p]] =

∫ ε+i∞

ε−i∞
eptf [p]dp, (B9)

of Eq. (7). Then, we have

C[p]=F [p]×
[
C(t0) +

∫
dω

g(ω)

p+ i(ω − ωd)
ξ(ω)eiωz0/c

]
,

(B10)
where the initial value C(t0) is kept to study the spon-
taneous decay behavior of the atom and the singularities
of F [p] = [p + γκ/2(p + κ)]−1 will be used to carry out
the inverse Laplace transform .

When κ 6= 2γ, we can split F [p] into

F [p] =
s1

p+ p1
+

s2
p+ p2

(B11)

where pj = [κ + (−1)j
√
κ2 − 2κγ]/2 are the poles and

sj = [1− (−1)j/
√

1− 2γ/κ]/2 are the corresponding ex-
panding coefficients with j = 1, 2. The real and imagi-
nary parts of pj (j = 1, 2) correspond to the decay rate
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and the Lamb shift, respectively. The inverse Laplace
transform of C[p] gives the solution of C(t) in Eq. (11).

For the special case κ = 2γ, we have p1 = p2 = γ and

F [p] =
1

p+ γ
+

γ

(p+ γ)2
. (B12)

The inverse Laplace transform of C[p] gives

C(t) =

[
e−γ(t−t0)C(t0) +

∫ t−t0

0

dt′e−γ(t−t
′)

∫
dωg(ω)ξ(ω)eiωz0/ce−i(ω−ωd)t

′
]

+

[
γ(t− t0)e−p2(t−t0)C(t0) +

∫ t−t0

0

dt′γ(t− t′)e−γ(t−t
′)

[∫
dωg(ω)ξ(ω)eiωz0/ce−i(ω−ωd)t

′
]
dt′
]
. (B13)

In the weak-coupling case γ � κ, we can expand the
coefficients pj and sj to the first order of γ/κ to ob-
tain p1 ≈ γ/2, p2 ≈ κ, s1 ≈ 1 + γ/2κ, and s2 ≈ −γ/2κ.
The second branch has a much larger decay rate p2 � p1
and much smaller weight factor |s2| � |s1|. In this case,
for t > 1/κ, we can neglect the contribution from the sec-
ond branch. This is the reason why a pure exponential
spontaneous decay is observed in most experiments.

To reveal the decay behavior of the atom, we study the
spontaneous decay process of the atom with initial condi-
tions C(t0) = 1 and A(ω, t0) = B(ω, t0) = 0. For κ 6= 2γ,
the probability of the atom staying in the excited state
at time t is given by

P (t) = |C(t)|2 =
[
s1e
−p1(t−t0) + s2e

−p2(t−t0)
]2
. (B14)

Usually, the probability P (t) will not be a simple expo-
nential decay. This non-exponential decay has already
been found by Imamoḡlu in 1994 [51]. Only in the weak
coupling case γ � κ, the probability approximately de-
cay exponentially as P (t) ≈ exp[−γ(t− t0)]. As shown in
Fig. 6, the probabilities of of the atom in the excited state
P (t) from weak coupling regime (dash-dotted black line)
to strong (solid-blue line) coupling regime are displayed.

3. Quantum Langevin equation for a linear
detector

In the previous part, the single-photon transduction by
a nonlinear detector (a two-level atom) have been stud-
ied. Similar method can be applied to a linear detector
case—a harmonic oscillator. If the atom is replaced by
a harmonic oscillator with frequency ωd, we can easily
obtain the quantum Langevin equation equation for the

annihilation operator d̂ of the the oscillator[40],

d

dt
d̂(t) = −

∫ t

t0

G(t− t′)d̂(t′)dt′ + âin(t) + b̂in(t), (B15)

where the memory kernel G(t) is the same as the one in
Eq. (8) and the operators

âin(t) =

∫
dωg(ω)â(ω, t0)eiωz0/ce−i(ω−ωd)t, (B16)

b̂in(t) =

∫ ′
dωg′(ω)b̂(ω, t0)e−ikzz0e−i(ω−ωd)t, (B17)

represent the input from the pulse modes and bath
modes, respectively. As a generalization of the tradi-
tional input-output theory [40], the signal and noise field
modes are handled separately. Different from the noise

operator b̂in(t), the input signal operator âin(t), which
is determined by the incident pulse, can not be simply
treated as a white noise operator.

Finally, it should be point out that, to get a larger
excitation probability P (t) and to compare the results
obtained by our non-Markov theory with the previous
Markov ones [11, 13], we let γp = γ during the calcu-
lation. Thus, all results obtained in this paper should
be modified by a factor γp/γ. This factor denotes the
proportion of the pulse modes in the total field modes.
For three-dimensional free space, we assume that the po-
larization of the pulse is parallel to the direction of the
electric dipole. In this case, the factor reads γp/γ = 3/8π.
For 1D wave guide, if the cross section the is small
enough, the modes with wave vector in the xy-plane

(~k · ~z = 0) can be neglected. In this case, the factor
is γp/γ = 1/2. Usually, to realize an efficient coupling of
photons to a single atom in experiment, the incident light
pulse is focused onto the atom by a antennas [52, 53] or
a parabolic mirror [54]. The factor γp/γ can reach near
100% [55].
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