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 8 

ABSTRACT 9 

Edge states of photonic crystals have attracted much attention for the potential applications such as 10 

high transmission waveguide bends, spin dependent splitters and one-way photonic circuits. Here, 11 

we theoretically discuss and experimentally observe the deterministic edge states in checkerboard 12 

photonic crystals. Due to the self-complementarity of checkerboard photonic crystals, a common 13 

band gap is structurally protected between two photonic crystals with different unit cells. 14 

Deterministic edge states are found inside the common band gap by exploiting the Zak phase 15 

analysis and surface impedance calculation. These edge states are also confirmed by a microwave 16 

experiment.  17 

 18 

I. INTRODUCTION 19 

Photonic crystals (PCs) are composed of periodic optical structures in which the electromagnetic 20 

waves propagate in a similar way as the electrons move inside the periodic potential of 21 

semiconductor crystals [1-3]. By carefully designing PCs with various components and structures, 22 
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the flow of light can be molded in anomalous ways and some fancy photonic phenomena can be 23 

observed, e.g., the super-prism [4], the negative refraction [5, 6], the sub-λ imaging [7], and the 24 

selective transmission [8]. Particularly, edge states in the photonic band gap of PCs have attracted 25 

much attention for the confinement and routing of light. For example, the photonic waveguide bend 26 

with near 100 percent transmission was achieved by joining three PC straight channels [9]. On-chip 27 

uni-directional propagation of spin-polarized light was realized by specially engineering the 28 

eigen-fields of edge states in glide-plane photonic crystal slabs [10]. Since edge states are not only 29 

theoretically significant but also of application importance, it is desirable to establish the existing 30 

conditions of edge states based on firm theories. Recently, between two PCs with different 31 

topological invariants, e.g., Zak phase [11-14], Chern number [15-18], spin Chern number [19-22], 32 

valley Chern number [23-26], edge states are found due to the topological protection [27-29]. 33 

Geometric phase induced edge states were demonstrated in two mutually inverted PCs [30]. Besides, 34 

the deterministic edge states between two inverted semi-finite PCs with slightly disturbed conical 35 

dispersions at zone center were theoretically predicted [31] and experimentally observed [32].  36 

In order to have edge states between two PCs, one condition, i.e., a common band gap, should be 37 

satisfied. To obtain a common band gap, the parameters of PCs (e.g., filling ratio and/or permittivity 38 

of dielectric medium in the unit cell) should be carefully designed. It will increase the difficulty of 39 

theoretical design and experimental fabrication for PC boundary. In this work, we consider the 40 

self-complementary checkerboard PC in which the “a common band gap” condition is naturally 41 

satisfied without the careful design of the parameters of PCs. Two topologically distinct PCs, i.e., 42 

PC1 and PC2, are constructed by different unit cells that are mutually complementary partners. To 43 

characterize the presence of edge states, different Zak phases of PC1 and PC2 are obtained and zero 44 
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surface impedance for the photonic crystal boundary is found. A microwave experiment is also 45 

carried out to demonstrate these deterministic edge states. 46 

 47 

II. SELF-COMPLEMENTARY CHECKERBOARD PHOTONIC CRYSTAL 48 

Let us start by considering the checkerboard PC shown schematically in Fig. 1(a). It is formed by 49 

two interlaced square lattices of dielectric rods with permittivity εdiel (black patches) and air rods 50 

(white patches). The lattice constant of PC is a, and the side length of dielectric/air rods is 51 

/ 2b a= . As the checkerboard PC is invariant under the interchange of dielectric rods and air rods, 52 

it is self-complementary [33]. Due to the self-complementarity, there are two ways to construct the 53 

checkerboard PC by choosing different unit cells. The first kind of unit cell is centered at the 54 

dielectric rod (outlined by the blue dashed square in Fig. 1(a)). The PC formed by periodically 55 

repeating the dielectric rod centered unit cell is shown in Fig. 1(b), and hereafter we name it as PC1. 56 

The other choice is that the unit cell is centered at the air rod (red dashed square). Similarly, PC2 is 57 

formed by periodically repeating the air rod centered unit cell [Fig. 1(c)]. Although PC1 and PC2 58 

have different boundary morphologies, they have the same band structures as their infinite structures 59 

form the checkerboard PC. As a result, the “a common band gap” condition will be naturally satisfied 60 

once a complete or directional band gap is found. Figure 1(d) shows the band structure for the 61 

transverse magnetic modes of the checkerboard PC with εdiel = 9. Between the lowest two bands, 62 

there is a complete band gap ranging from 0.245c/a to 0.254c/a (shaded in green). This band gap is 63 

commonly shared by PC1 and PC2, and it serves as a good starting point to find edge states. Note 64 

that although the band width of the complete band gap is small (3.6%), the directional band gap is 65 
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large enough for the confinement of edge states. For example, the directional band gap along the ΓX 66 

direction has a 27.2% gap-midgap ratio.  67 

 68 

III. DETERMINISTIC EDGE STATES 69 

A. Zak phase analysis 70 

To study the deterministic edge states at the photonic boundary between PC1 and PC2 (which are 71 

inherent in the checkerboard PC), we begin with the discussion about the Zak phase. The reduced 1D 72 

band structures for PC1 and PC2 with ky = 0.25π/a are shown in Figs. 2(a) and 2(b), respectively. 73 

These band structures are exactly the same due to the self-complementarity of checkerboard PC. But 74 

their Zak phases are different. Here the Zak phase of the lowest band can be obtained by considering 75 

the symmetries of eigen-states at two high symmetry k-points in the reduced 1D Brillouin zone, i.e., 76 

kx = -π/a (labelled by A) and kx = 0 (labelled by B) [30, 34]. Kohn’s results [34] tell us that if either 77 

A| ( 0) |E x =%  or B| ( 0) |E x =%  is equal to zero while the other one is nonzero, the Zak phase is π; 78 

otherwise the Zak phase is 0. Here, ( 0)kE x =v%  is defined as 
0

1( 0) (0, ) y
a ik y

k kE x E y e dy
a

− ⋅= = ∫v v%  79 

where the subscript k
v

 is considered at A or B points, and the electric fields at x = 0 are integrated. 80 

For example, the electric fields of eigen-states at A and B points for PC1 are shown in the middle 81 

insets of Fig. 2(a). After the numerical summation, we found that A| ( 0) | 0E x = =%  while 82 

B| ( 0) | 0E x = ≠%  (Note that A| ( 0) | 0E x = =%  can be obtained by inspecting two conditions, i.e., the 83 

symmetric condition and the periodic condition, imposing on the electric fields at x = 0 and x = a). 84 

Therefore, the Zak phase is π, which is given along with the band structure shown in Fig. 2(a). On 85 

the other hand, the Zak phase of the lowest bulk band of PC2 is 0 as both A| ( 0) |E x =%  and 86 
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B| ( 0) |E x =%  are nonzero [Fig. 2(b)]. Hence, we conclude that the first bands of PC1 and PC2 have 87 

different Zak phases. When the band gap above the first bulk band is considered, deterministic edge 88 

states can be found at the boundary between these two PCs with different Zak phases [30]. To see 89 

this, we consider the photonic boundary shown in the inset of Fig. 2(c). On the left-hand side of this 90 

boundary is the semi-infinite PC1 while on the right-hand side is the semi-infinite PC2. This 91 

photonic boundary is periodic along the y direction and its corresponding band structure is given in 92 

Fig. 2(c). Ingrained from the self-complementarity of checkerboard PC, a common band gap is found 93 

(shaded in white). Accompanied with the appearance of this common band gap, edge states 94 

expanding from ky = 0 to ky = π/a also appear (marked in green). Figure 2(d) plots the amplitude of 95 

electric fields of one representative edge state with f = 0.223c/a at ky = 0.25π/a (marked by a green 96 

star in Fig. 2(c)). The edge state localizes around the boundary and decays exponentially away from 97 

the boundary. For other values of ky, edge states are also found in this photonic boundary with two 98 

constituent PCs having different Zak phases.  99 

 100 

B. Surface impedance calculation 101 

Besides analyzing the Zak phase, the surface impedance calculation is another method to determine 102 

whether the edge states appear or not at the photonic boundary [35]. With the theoretical and 103 

experimental results, a universal zero-impedance condition has been found for two kinds of localized 104 

interface modes in the whole momentum space (both above and below the light line) [35]. Here, we 105 

obtain the surface impedance by the well-established retrieval method from scattering parameters [36, 106 

37]. As schematically shown in Figs. 3(a) and 3(c), plane waves are incident with the wave-vector 107 

(k), and periodic boundary conditions are applied along the y direction. In principle, a semi-infinite 108 
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stack of layers should be employed along the x direction. But in the simulation, the value of surface 109 

impedance inside the band gap converges to a constant when the number of layer is as many as 30. 110 

The reflection (r) and transmission (t) coefficients are exacted and the surface impedance Z can be 111 

obtained [36-38]: 112 

2 2

2 2 2 2

(1 )
Z( , )

(1- ) 1 /
y

y

r t
k

r t k k
ω + −

= ±
− ⋅ −

,      (1) 113 

where k is the amplitude of k, and ky is the tangential component of k along the boundary. The sign of 114 

surface impedance in Eq. (1) can be determined by the causality consideration: the real part of 115 

surface impedance (i.e., Re(Z)) should be larger than or equal to zero. Inside the band gap, Re(Z) 116 

goes to zero and the imaginary part of surface impedance (i.e., Im(Z)) determines how the waves 117 

reflect and transmit across the boundary. For example, Figure 3(b) plots the variation of Im(Z) for a 118 

given ky = 0.25π/a as a function of frequency. For PC1, the value of Im(Z1) decreases monotonically 119 

from 0 to about -4 with the increasing frequency inside the directional band gap ranging from 120 

0.194c/a to 0.262c/a [see the blue curve in Fig. 3(b)]. Whereas for PC2, the value of Im(Z2) 121 

decreases monotonically from about 4 to 0 with the increasing frequency [see the red curve in Fig. 122 

3(b)]. Due to the opposite signs between Im(Z1) and Im(Z2) and also their monotonicity, the zero 123 

surface impedance condition of Im(Z1) + Im(Z2) = 0 can be achieved at a particular frequency. At this 124 

frequency, one edge state of photonic boundary can be found. As marked by the green star at which 125 

Im(Z1) + Im(Z2) = 0 is fulfilled, the edge state exists at f = 0.223c/a [Fig. 3(b)]. It is in good 126 

agreement with the frequency obtained by the full-wave calculations shown in Fig. 2(d). 127 

For generality, Figures 3(d) and 3(e) respectively show Im(Z1) and Im(Z2) in the ω-ky diagram. 128 

Here the surface impedance for electromagnetic waves inside the directional band gap is given as we 129 

try to find edge states in the band gap. Also, only the surface impedance for the extended states 130 
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locating above the light line is given as the evanescent waves below the light line (shaded in grey) 131 

are not considered. For PC1, Im(Z1) decreases monotonically from 0 to -∞ with the increasing 132 

frequency [Fig. 3(d)], while Im(Z2) decreases monotonically from +∞ to 0 for PC2 [Fig. 3(e)]. To 133 

find out the frequencies at which the zero surface impedance condition will be fulfilled, we plot 134 

Im(Z1) + Im(Z2) in Fig. 3(f). For each ky, Im(Z1) + Im(Z2) drops monotonically from +∞ to –∞ with 135 

the increasing frequency. It will definitely go across the value of 0, and it implies that there exists 136 

one edge state inside the common band gap. This is confirmed by the white dashed curve in Fig. 3(f) 137 

where Im(Z1) + Im(Z2) = 0 is plot. It is in good agreement with the edge dispersion obtained by the 138 

full-wave calculations shown in Fig. 2(c).  139 

Note that the Zak phase of the first bulk band (i.e., φ) and the surface impedance of the first and 140 

second lowest band gap (i.e., Zgap1 and Zgap2) are closely related [11, 31]: 141 

gap2 gap1sgn[Im(Z )] / sgn[Im(Z )] exp( )iϕ= − .      (2) 142 

As the sign of the first lowest band gap is always negative [31], the sign of the second lowest band 143 

gap can be obtained by gap 2sgn[Im(Z )] exp( )iϕ= . This relation is verified by the results shown in 144 

Figs. 2 and 3. For example, the Zak phase of the first bulk band of PC1 is π (i.e., φ = π), hence 145 

gap 2sgn[Im(Z )] 1= − . This is confirmed by the negative values of Im(Z1) shown in Fig. 3(d). On the 146 

contrary, φ = 0 and gap 2sgn[Im(Z )] 1=  for PC2. So we find the positive values of Im(Z2) in Fig. 147 

3(e). 148 

 149 

C. Microwave experimental verification 150 

To prove the existence of edge states predicted by both the Zak phase analysis and surface 151 

impedance calculation, a microwave experiment is carried out. Figure 4(a) shows the photo of the 152 
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experimental sample with PC1 locating on the left and PC2 on the right. Due to the similarity 153 

between the TM0 modes of 3D waveguide and TM modes of 2D system, these PC arrays are 154 

sandwiched between two parallel perfect electric conductor plates (not shown). The lattice constant 155 

is a = 10 mm for both two PCs. The relative permittivity of dielectric squared rod (alumina) is εdiel = 156 

8.2, which is smaller than expected due to the fabrication defect. But note that the reduction of 157 

permittivity of dielectric rods does not change the Zak phase and the sign of Im(Z) of each PC, and 158 

hence the deterministic edge states still exist. To see this, the projected band structures of two PCs 159 

and the edge state dispersions along the ky direction are shown in Fig. 4(b). Due to the 160 

self-complementarity of checkerboard PC, PC1 and PC2 share the same projected bulk bands 161 

(shaded in black). Inside the common directional band gap (white region), deterministic edge states 162 

are found [marked in green in Fig. 4(b)]. As to excite these edge states, a monopole source is placed 163 

at the bottom of the boundary (outlined by a green arrow in Fig. 4(a)). It emits electromagnetic 164 

waves with various wave-vectors and excites the upwards propagating edge states along the photonic 165 

boundary. This monopole source and PC sample are put on the bottom perfect electric conductor 166 

plate which is stationary during the measurement. On the contrary, the top plate is mounted on a two 167 

dimensional (xy plane) motorized translation stage. A hole is drilled in the top plate, and a scanning 168 

antenna is inserted to record the electric fields. All the signals are collected by the vector network 169 

analyzer (Agilent E5071C) which is connected to both source and detective antennas. As an example, 170 

the experimentally measured Ez field of edge state at 7.54 GHz is shown in Fig. 4(e). Here, the 171 

measured region is limited to 140×160 mm2 due to the finite size of the experimental sample. The 172 

electric field is confined at the boundary (x = 70 mm) and decay away from the boundary. It is in 173 

good agreement with the numerical simulation result shown in Fig. 4(d). In addition, we perform the 174 
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fast Fourier transform on the measured fields to retrieve the wave-vectors of excited edge states. As 175 

shown in Fig. 4(c), the dark and bright colors indicate low and high Fourier amplitudes, respectively. 176 

The experimental data (bright color) capture well the numerical dispersions (green line) for the 177 

deterministic edge states. Note that edge states around 6.8 GHz are not excited due to the small 178 

group velocity for edge states near ky from 0 to 0.2π/a.  179 

 180 

IV. CONCLUSION 181 

In conclusion, by employing the self-complementary feature of the checkerboard PC, the “a common 182 

band gap” condition for finding edge states is naturally satisfied between two PCs which are 183 

constructed by different unit cells. Inside the common band gap, the deterministic edge states are 184 

found under both the Zak phase analysis and the surface impedance calculation. Lastly, a microwave 185 

experiment is also carried out to demonstrate these deterministic edge states. 186 
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FIGURES AND FIGURE CAPTIONS 281 

 282 

FIG. 1. (Color online) (a) The schematic of checkerboard PC which consists of two interlaced square 283 

lattices of dielectric rods with εdiel (black patches) and air rods (white patches). The lattice constant 284 

of PC is a, and the side length of rods is / 2b a= . Due to the self-complementarity of 285 

checkerboard PC, the unit cell can be chosen to be centered at dielectric rod (blue dashed square) or 286 

air rod (red dashed square). (b, c) The schematics of (b) PC1 which is constructed by periodically 287 

repeating the dielectric rod centered unit cell and (c) PC2 which is constructed by periodically 288 

repeating the air rod centered unit cell. (d) Band structure for the transverse magnetic modes of the 289 

checkerboard PC with εdiel = 9. The inset shows the first Brillouin zone. A complete band gap ranging 290 

from 0.245c/a to 0.254c/a is highlighted by a green rectangle. This band gap is shared by PC1 and 291 

PC2 due to the self-complementarity of checkerboard PC. 292 
 293 

 294 
FIG. 2. (Color online) Zak phase analysis. (a) Band structure, eigen-fields and Zak phase for PC1 295 

whose unit cell is centered at dielectric rod. The schematic of the unit cell is shown in the right inset. 296 

The coordinate origin is located at the center of the left boundary of the unit cell. The middle inset 297 

shows the electric fields of two eigen-states at high symmetry A point (kx = -π/a) and B point (kx = 0). 298 

As A| ( 0) | 0E x = =%  and B| ( 0) | 0E x = ≠% , the Zak phase is π which is given along with the reduced 299 

1D band structure for ky = 0.25π/a. (b) Band structure, eigen-fields and Zak phase for PC2 whose 300 

unit cell is centered at air rod. Due to different field distributions of eigen-states at A point comparing 301 

to those of PC1, the Zak phase for PC2 changes to be 0. (c) Projected band structures for the 302 

photonic boundary between the semi-infinite PC1 and PC2. The green line represents edge states 303 

dispersion, and the inset shows the schematic of photonic boundary. (d) The amplitude of electric 304 

fields of one representative edge state with f = 0.223c/a at ky = 0.25π/a (marked by a green star in 305 

(c)). Fields are localized near the boundary.  306 
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 307 

FIG. 3. (Color online) Surface impedance calculation. The schemetics of (a) the semi-infinite PC1 308 

and (c) the semi-infinite PC2 for the transmission simulation. (b) The value of Im(Z) for PC1 (i.e., 309 

Im(Z1) and marked in blue) and Im(Z) for PC2 (i.e., Im(Z2) and marked in red) as a function of 310 

frequency. The tangential component of incident wave-vector is ky = 0.25π/a. One edge state exists at 311 

f = 0.223c/a at which the zero impedance condition Im(Z1) + Im(Z2) = 0 is fulfilled (green star). (d) 312 

Distribution of surface impedance Im(Z1(ω, ky)) for PC1. (e) Distribution of surface impedance 313 

Im(Z2(ω, ky)) for PC2. (f) Distribution of Im(Z1) + Im(Z2). For each ky, Im(Z1) + Im(Z2) drops 314 

monotonically from +∞ to –∞ with the increasing frequency, and goes across the value of zero. A 315 

white-dashed line outlines the positions (ω, ky) where Im(Z1) + Im(Z2) = 0 is fulfilled. 316 

 317 

 318 

FIG. 4. (Color online) Microwave experimental verification. (a) Photo of experimental sample with 319 

PC1 on the left while PC2 on the right. The dielectric rod is alumina rod with εdiel = 8.2, and the 320 

lattice constant of PC is a = 10 mm. A pink dashed rectangle outlines the scanned region in the 321 
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experiment, and a green arrow marks the monopole source. (b) Calculated projected bands (black) 322 

and edge states (green) dispersions for the boundary shown in (a). (c) Measured dispersions (bright 323 

color) for the deterministic edge states, compared with the numerical data (green line). (d) The 324 

simulated and (e) measured Ez fields of edge states at the frequency of 7.54 GHz.  325 


