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ABSTRACT 

 

Electron correlation plays a crucial role in quantum many-body physics ranging from molecular 

bonding, strong-field–induced multi-electron ionization, to superconducting in materials. 

Understanding the dynamic electron correlation in the photoionization of relatively simple 

quantum three-body systems, such as He and He-like ions, is an important step toward 

manipulating complex systems through photo-induced processes. Here we have performed ab 

initio investigations of two-photon double ionization (TPDI) of He and He-like ions [Li+, Be2+, 

and C4+] exposed to intense attosecond x-ray pulses. Results from such fully correlated 

quantum calculations show weaker and weaker electron correlation effects in TPDI spectra as 

the ionic charge increases, which is opposite to the intuition that the absolute increase of 

correlation in ground state should lead to more equal-energy sharing in photoionization. These 

findings indicate that the final-state electron–electron correlation ultimately determines their 

energy sharing in TPDI.  

 

PACS numbers: 32.80.Fb, 32.80.Rm, 42.65. Re 
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I. INTRODUCTION 

 

Electron-electron correlation plays a key role in understanding a variety of many-body 

phenomena in modern physics [1,2] and chemistry [3], ranging from superconductivity, 

molecular bonding, high-harmonic generation in multi-electron systems [4], and their ionization 

dynamics in intense few-cycle laser pulses [5]. Just like the essential role of electron exchange-

correlation (xc) functional to density-functional theory [6] for quantum many-body systems, the 

electron–electron correlation in quantum few-body systems holds the key to unraveling its 

fundamental effects on a wide range of phenomena in atomic and molecular physics [7]. For the 

simplest quantum few-body systems such as He or He-like ions, significant theoretical and 

experimental advances have been made in recent years. On the theory side, the fully correlated 

motion of two indistinguishable electrons can now be understood by numerically solving the 

six-dimensional (6-D) Schrödinger equation, with methods like convergent close coupling [8], 

time-dependent close coupling [9], exterior complex scaling [10], and the R-matrix method 

[11]. In experiments, the rich dynamics of such three-body breakup processes can also be 

mapped out by advanced techniques like COLTRIMS (cold target recoil ion momentum 

spectroscopy) [12]. 

Extensive studies on electron correlation in photoionization of He have been carried out 

in past two decades [13–20]. However, the correlation effects in He-like ions have only been 

studied to date for single-photon double ionizations [21-23]. It is expected that as the nuclear 

charge increases, the two electrons in a deeper Coulomb potential will become even more 

strongly correlated. This is witnessed by the increasing xc-energy between the two electrons in 

their ground state of He-like ions, with respect to the independent-electron model. Namely, the 
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absolute repulsion energy (1/r12) increases in He-like ions as Z increasing, even though its 

relative ratio to the total energy may become smaller.  In addition, the two outgoing electrons 

will be even more affected by the strong Coulomb field [24,25] of He-like ions. Therefore, one 

would expect that the two photo-ionized electrons should be more strongly correlated (thereby 

sharing their energies more equally) in He-like ions than the He case. This belief is based on 

observations in which initial-state correlation is important in the photoionization of He [26–31].  

In this paper, we have performed ab initio studies on two-photon double ionization 

(TPDI) of He and He-like ions of Li+, Be2+, and C4+ exposed to intense and ultrashort x-ray 

pulses. We choose the x-ray photon energy above the single-photon double-ionization (SPDI) 

threshold so that sequential TPDI is possible (i.e., each electron absorbs a single photon 

independently). By looking at how the resulting two electron spectra differ from the 

independent sequential TPDI (STPDI) picture, we can characterize the electron correlation 

effect. If the increase of absolute correlation energy dominates electron-electron energy sharing, 

one should expect the C4+ case will deviate much more from the STPDI picture than the He 

case. On the contrary, our results show the opposite.  

The paper is arranged as follows: we shall briefly give the calculation method in Sec. II, 

which is followed by discussion of results in Sec. III. The conclusion is drawn in Sec. IV. 

 

II. THE TIME-DEPENDENT CLOSE-COUPLING METHOD 

 

Our ab initio investigations on the electron correlation in TPDI of He and He-like ions are 

carried out by numerically solving the 6-D time-dependent Schrödinger equation (TDSE). We 

consider fully correlated, two-active-electron He, Li+, Be2+, and C4+ interacting with an 
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intense, linearly polarized ultrashort x-ray pulse. The fully correlated two-electron motion is 

governed by the 6-D TDSE of the following form (atomic units are used throughout): 
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where r1and r2 are the position vectors of each electron, with respect to the nucleus having a 

charge Z. The x-ray pulse [Ex(t)] interacts with both electrons in the dipolar form. A more-

tractable solution can be obtained by following the time-dependent close-coupling (TDCC) 

recipe [32]: expanding the 6-D wave function φ(r1,r2|t) in terms of bipolar spherical harmonics  
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for a specific symmetry (LM). After we expand the Coulomb repulsion term 1 21 −r r and the 

x-ray field interaction ( ) ( )1 2x t +r rE  in terms of spherical harmonics, substitute these 

expansions into the above Schrödinger Eq. (1), and integrate over the angles Ω1 and Ω2, we end 

up with a set of coupled partial differential equations with only two radial variables r1 and r2: 

 



5 
 

 
( ) ( )

( ) ( )
1 2 1 2 1 2

, 1 2 1 2

ˆ ˆ ˆ, ,

ˆ , , ,

j c j

I
j k k

k

i r r t T T V r r t
t

V r r t r r t

∂ ⎡ ⎤Ψ = + + Ψ⎣ ⎦∂
+ Ψ∑

 (2) 

 
where each partial wave index j corresponds to a specific momentum combination (L, M, l1, l2). 

In Eq. (2), the diagonal operators 1 2ˆ ˆ, ,T T  and ĉV  give the kinetic energies and the Coulomb 

attractions between each electron and the nucleus, while the off-diagonal potential term 

( ), 1 2ˆ ,I
j kV r r t  consists of the Coulomb interaction between two electrons and their interactions 

with external fields. Since the x-ray pulse is linearly polarized, we may set the magnetic 

quantum number to zero in the case of the singlet (M = 0) ground state chosen as the 

initial state. 

Combining the real-space-product (RSP) algorithm with the finite-element discrete-variable 

representation (FEDVR) [33], we have developed a parallel code RSP–FEDVR–TDCC [34] 

accurately solving Eq. (2) on supercomputers for collisional and photionization problems [35–

41]. For the calculations presented here, we have used up to 900 size-varied finite elements (FE’s) 

with four-point DVR per FE, which gives a maximum radius of ~302 Bohr. Before the x-ray 

pulse interactions, we relaxed trial wave packets with 16 partial waves (l1 = l2 = 0 to 15 and L = 

0) by the imaginary-time propagation and obtained ground-state energies for each of the cases. 

For the calculations presented here, we have used up to 900 size-varied finite elements (FE’s) 

with four-point DVR per FE, which gives a maximum radius of ~302 Bohr. Before the x-ray 

pulse interactions, we relaxed trial wave packets with 16 partial waves (l1 = l2 = 0 to 15 and L = 

0) by the imaginary-time propagation and obtained ground-state energies for each of the cases. 

The results are listed in Table I, in comparison with the values from National Institute of 
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Standards and Technology (NIST) [42], which shows an accuracy of ΔE/E < 0.05% for all the 

cases. For the TPDI results presented here, we have used a total of 143 partial waves in our 

expansion with all possible combinations of angular momenta: L = 0 to 3 and l1 = l2 = 0 to 15. 

For the ground state (L = 0) absorbing two photons, the final outgoing two electrons have a well-

defined total angular momentum of L = 0, 2 (S and D waves). Convergence has been reached with 

the parameters chosen. 

 

 
 
 
 
 
 
 
 
 
 
 

 
 

 

III. RESULTS AND DISCUSSIONS 

 

 We first consider TPDI of He and He-like ions with photon energies above the SPDI 

threshold to have the same excess energy of 50 eV for each case. Namely, we have chosen 

x-ray pulses of ω 129 eV, 248 eV, 421.4 eV, and 932 eV, respectively, for cases of He, 

Li+, Be2+, and C4+. The linearly polarized x-ray pulses have intensities varying from I = 5 × 

1016 W/cm2 for He to I = 1017 W/cm2, 2 × 1017 W/cm2, and 2 × 1018 W/cm2 for Li+, Be2+, and 

C4+, respectively. All the x-ray pulses had a pulse duration of Tp = 500 attoseconds with a sin2 

TABLE I: The ground-state energies of He and He-like ions 
calculated by our (RSP–FEDVR–TDCC) code compared with the 
values reported by NIST. 

Species RSP–FEDVR–TDCC 
(atomic unit) 

NIST 
(atomic unit) 

ΔE/E 
(%) 

He –2.9033 –2.9034 0.003 
Li+ –7.2786 –7.2798 0.016 

Be2+ –13.6522 –13.6566 0.030 
C4+ –32.4008 –32.4160 0.047 
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pulse shape, e.g. the x-ray pulse field is derived from /  with the vector 

potential defined as / sin  and /2 /2. 

After the pulse interaction, we further propagated the wave packet for another 500 attoseconds so 

that the outgoing TPDI electrons were far away (≥100 bohr) from the nucleus. The resulting 

electron probabilities at the end of simulation are shown by Fig. 1 on a plane spanned by the 

radial coordinates r1 and r2. For the chosen photon energies, the SPDI process resulted in the 

same excess energy so that the SPDI “ring” appears at the same location of |r| ≈ 68 bohr in every 

panel. The two-photon double-ionization features show up at larger radii for Li+, Be2+ to C4+, as 

the larger photon energy boosts the TPDI electron wave packet to a higher momentum.  

 

FIG. 1. (Color online) The final photoionization probability–density distribution on the plane 

spanned by the radial coordinates r1 and r2, for (a) He and He-like ions of (b) Li+, (c) Be2+, and 

(d) C4+ exposed to intense x-ray pulses. 
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All four panels in Fig. 1 show two peaks in the TPDI probability distribution, which are close to 

what are expected from the sequential double-ionization path. Namely, if the two electrons 

independently absorb one photon each, we anticipate to finding one electron having an outgoing 

energy of 1 1E h Ipν= −  and the other with 2 2 ,E h Ipν= − where Ip1 and Ip2 are the ionization 

potentials of first and second electron, respectively, in these He isoelectron systems. Some 

interference features are also observed in the TPDI wave packets. 

 

To see the momentum distribution of the outgoing electron wave packets, we projected 

the normalized double continuum ( )1 1 2 2
andp l p lφ φ  of corresponding ions onto the total wave 

function (after the ground state was projected out). The resulting ionizing-electron probability 

densities ( )
2

, , 1 21 2 1 2
,L

L l l l lP p p
⎡ ⎤
Σ⎢ ⎥
⎣ ⎦

 in momentum space are plotted in Fig. 2 for the four cases. 

Because of energy conservation, the outgoing electrons have maximum probabilities along two 

rings in the momentum space, corresponding to the SPDI and TPDI processes. Again, one sees 

that the SPDI ring appears at the same momentum of |p| ≈ 1.92 a.u. (because of the same SPDI 

excess energy of Eex ≈ 50 eV). Now, Fig. 2 clearly shows the TPDI peaks at higher and higher 

“momentum rings” for the four cases varying from He in Fig. 2(a) to C4+ in Fig. 2(d). Also, we 

observe that the width of these momentum rings becomes narrower and narrower. This is due to 

the fact that for the same pulse duration (500 attoseconds) used, the bandwidth of the low-

frequency (hν = 129 eV) x-ray pulse for the He case is much broader than the high-frequency 

(hν = 932 eV) x-ray pulse for the C4+ case in Fig. 2(d). It is also interesting to see that for He-

like ions there are one or more additional weaker peaks on the TPDI momentum ring, besides 

the two dominant peaks; for example, Fig. 2(c) displays two additional momentum peaks at 
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1 2 2.7 5.2 a.u.p p  These additional peaks come from the “path” of single-photon single-

ionization with core excitation in the TPDI process [26]. Namely, the He-isoelectron systems 

absorbing one photon can cause one electron ionization with the second electron being 

simultaneously promoted to excited states like 2p and 3p of residual He+, Li2+, Be3+, C5+; then 

the second photon will release these excited core electrons, leading to both electrons ending at 

the same TPDI momentum ring.  

 

 

FIG. 2. (Color online) The momentum distribution of photo-induced double ionization of (a) He 

and He-like ions of (b) Li+, (c) Be2+, and (d) C4+ exposed to intense x-ray pulses. 
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Now, we turn to the electron–electron correlations by calculating the triple-differential 

cross section (TDCS) of TPDI, which is defined as [26,28] 

 

 

( )( )

( ) ( )

3
1

1 2 2 1
1 2 1 2

2

, 1 2 1 21 2 1 2 1 2
0,2 1 2

d d d tan
d d

, ,L L
l l l l l l

L l l

C p p p p
E p p

D P p p Y

σ δ α −

=

= −
Ω Ω

× Ω Ω

∫ ∫

∑ ∑
 (3) 

 

with the hyper-spherical angle ( )1
2 1tan ,p pα −= the phase factor ( ) ( )1 2 1 2
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with the Coulomb phases 1lσ and 2 ,lσ  and the constant ( )2 2 24 ,pC I Tω π= which is related to 

x-ray pulse parameters. The TDCS results for the corresponding cases are plotted in Fig. 3 as a 

function of the second electron ejection angle (θ2) and energy (E2), given the first electron 

being ejected along the x-ray pulse polarization direction (θ1 = 0°). Note that all TDCS results 

presented in this paper are for the co-planar geometry, i.e., φ1 = φ2 = 0°. Figure 3 shows that the 

back-to-back ejection (θ1 = 0° and θ2 = 180°) has the largest probability, as expected. In Fig. 3, 

the horizontal dashed lines mark the energies expected if independent STPDI occurs. One can 

immediately find that for He the two peaks at θ2 = 180° shift toward each other (i.e., away from 

the expected STPDI energies), while the co-ejected two electrons (θ2 = 0°) repel each other 

from STPDI. Note that the core-excitation path in TPDI is clearly visible in He-like ions (this 

feature is hidden for He because of the broad bandwidth of x-ray pulse used). As discussed 

above, the energy shifting away from STPDI manifests the energy sharing between the two 
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outgoing electrons in TPDI: the more-correlated electrons tend to more equally share the excess 

energy available for them.  

 

 

FIG. 3. (Color online) The triple-differential cross-section (TDCS) of two-photon double 

ionization (in units of 10-50 cm4 s/sr2 eV) as a function of the second electron ejection angle (θ2) 

and energy (E2) in the co-planar geometry (φ1 = φ2 = 0°), for the case of the first electron 

ejection angle of θ1 = 0°. The different panels correspond to the cases shown in Fig. 1, in which 

the horizontal dashed lines mark the expected energies from the sequential two-photon double 

ionization (STPDI).  

 

Similar features are observed for the Li+ and Be2+ cases in Figs. 3(b) and 3(c), although the 

energy shifts from STPDI get smaller and smaller. Finally, Fig. 3(d) shows a much smaller 

electron correlation for C4+. Namely, the two electrons are ejected, almost following the 
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independent STPDI path. This is completely contrary to the intuition that the strongly 

correlated ground state and the stronger Coulomb field of C4+ should lead to more equal energy 

sharing between the two outgoing electrons.  

 

 

 

FIG. 4. (Color online) Similar to Fig. 3 but for He and He-like ions exposed to different x-ray 

pulses: (a) He with hν = 85 eV, (b) He with hν = 421.4 eV, (c) Li+ with hν = 421.4 eV, and 

(d) Be2+ with hν = 421.4 eV, respectively. The same x-ray pulse intensity of I = 2 × 

1017 W/cm2 applies for (b)–(d), while I = 5 × 1016 W/cm2 applies to (a).  

 

To investigate if the observed electron correlation in TPDI of He-like ions is caused by 

the different photon energies chosen, we re-examined the three cases of He, Li+, and Be2+ by 

using the same photon energy and intensity (hν = 421.4 eV and I = 2 × 1017 W/cm2). The 
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resulting TDCS’s are plotted in Figs. 4(b)–4(d) in the same energy scale. Again, one still sees 

more equal-energy sharing in He than in the Li+ and Be2+ cases. In addition, Fig. 4(a) examines 

the case of He interacting with an x-ray pulse of hν = 85 eV and I = 5 × 1016 W/cm2. In 

comparison with Figs. 3(a) and 4(b), Fig. 4(a) shows an even larger energy sharing (more away 

from STPDI). To understand the trend in TPDI energy sharing, we summarize these results in 

Fig. 5 by plotting the energy difference between the TPDI peak and the expected independent 

STPDI values for the different cases. Figure 5 unambiguously shows that the energy sharing of 

~3 to 5 eV for He is a factor of ~5 larger than the C4+ case. We find that the overall feature of 

weaker electron correlation in TPDI of He-like ions is independent of x-ray photon energy and 

intensity. 

 

 

FIG. 5. (Color online) The energy shift of in the TPDI peak from the expected sequential TPDI 

locations as a function of Z of He-like ions, for the different cases investigated.  

Note that for the main results presented in Figs. 3 and 5, we have kept the same excess 

energy ( 1 2 50excessE h Ip Ip eVν= − − = ). Namely, these calculations are performed at 
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different kinematical regions. We wonder how the results may change if we compare the TPDI 

process of He-like ions at the same kinematical condition. To explore this, we have fixed the 

ratio of 1 2/ ( )excessE Ip Ip+  to be ~7.6% for cases of He, Li+ and Be2+ interacting with 

different x-ray pulses: (a) hν = 85 eV and I = 5× 1016 W/cm2  for He;  (b) hν = 213.1 eV and I = 

1017 W/cm2  for Li+; and (c) hν = 399.7 eV and I = 2× 1017 W/cm2  for Be2+.  The resulting 

triple-differential cross-sections (TDCS) of TPDI are plotted in Fig. 6 as a function of the ejected 

electron energy of either electron-1 or electron-2 (indistinguishable), for these cases at the back-

to-back ejection geometry (θ1 = 0° and θ2 = 180°). The vertical dashed lines mark the expected 

locations if two electrons do not share the two-photon energy during ionization (i.e., the STPDI 

path). Figure 6 shows the similar weakening electron correlation with increasing Z at the same 

kinematical condition (peaks getting closer to the STPDI lines when nuclear charge increases).  

 

FIG. 6. (color online) TDCS 
versus the ejected electron 
energy for the back-to-back 
ejection geometry, for (a) He, 
(b) Li+ and (c) Be2+ 
interacting with different x-
ray pulses at the same ratio of 

1 2/ ( ) 7.6%excessE Ip Ip+ ≈
. 
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These observations indicate that the final-state correlation determines the energy sharing 

in TPDI, instead of initial-state correlation. Namely, if each independent photon knocks out 

each individual electron into the continuum states, how long the two electrons keep interacting 

with each other in the continuum ultimately determines their energy sharing. The longer the two 

continuum electrons stay closer to each other, the more tendency they will exchange their 

energy efficiently. This “correlation time” should be inversely proportional to the relative 

velocity of the two electrons: ( ) ( )1 22 2 .h Ip h Ipδ ν ν= − − −v  The larger their relative 

velocity, the quicker they come apart from each other, thereby being less correlated. Taking 

Fig. 3 as an example, this correlation time for He is the longest as the ionization potential 

difference between |Ip1| and |Ip2| is the smallest compared to other He-like ions [He (Ip1 ≈ –

24.59 eV, Ip2 ≈ –54.42 eV) versus C4+ (Ip1 ≈ –392.1 eV, Ip2 ≈ –490 eV)]. Therefore, the two 

electrons from He tend to have more energy sharing than the He-like ions, thereby leading to 

more deviation from the STPDI picture. This argument also explains the more energy sharing 

for He and Li+ with smaller photon energies (see Fig.5).  

 

IV. CONCLUSION 

 

In summary, we have performed ab initio studies on the two-photon double ionization of 

He and He-like ions with x-ray pulses having photon energies above the SPDI threshold. We 

found that the electron correlation in TPDI of He-like ions becomes weaker and weaker as Z 

increases, which is opposite to the intuition that the strongly correlated ground state and the 

stronger Coulomb field of He-like ions might result in more correlated TPDI behavior. More 

investigations with different photon energies further confirm that the final-state correlation 
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determines the energy sharing between the two outgoing TPDI electrons. Namely, the more 

symmetric the velocity/energy of the two outgoing electrons, the longer the correlation time, 

thereby leading to more equal-energy sharing in the TPDI process of He than He-like ions. We 

hope that the new phenomenon and its physics insight revealed here can advance our 

understanding of the dynamic electron correlation in quantum systems.  
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Figure captions 

FIG. 1. (Color online) The final photoionization probability–density distribution on the plane 

spanned by the radial coordinates r1 and r2, for (a) He and He-like ions of (b) Li+, (c) Be2+, and 

(d) C4+ exposed to intense x-ray pulses. 

 

FIG. 2. (Color online) The momentum distribution of photo-induced double ionization of (a) He 

and He-like ions of (b) Li+, (c) Be2+, and (d) C4+ exposed to intense x-ray pulses. 

 

FIG. 3. (Color online) The triple-differential cross-section (TDCS) of two-photon double 

ionization (in units of 10-50 cm4 s/sr2 eV)  as a function of the second electron ejection angle 

(θ2) and energy (E2) in the co-planar geometry (φ1 = φ2 = 0°), for the case of the first electron 

ejection angle of θ1 = 0°. The different panels correspond to the cases shown in Fig. 1, in which 

the horizontal dashed lines mark the expected energies from the sequential two-photon double 

ionization (STPDI).  

 

FIG. 4. (Color online) Similar to Fig. 3 but for He and He-like ions exposed to different x-ray 

pulses: (a) He with hν = 85 eV, (b) He with hν = 421.4 eV, (c) Li+ with hν = 421.4 eV, and 

(d) Be2+ with hν = 421.4 eV, respectively. The same x-ray pulse intensity of I = 2 × 

1017 W/cm2 applies for (b)–(d), while I = 5 × 1016 W/cm2 applies to (a).  

 

FIG. 5. (Color online) The energy shift of in the TPDI peak from the expected sequential TPDI 

locations as a function of Z of He-like ions, for the different cases investigated.  

 

FIG. 6. (color online) TDCS versus the ejected electron energy for the back-to-back ejection 

geometry, for (a) He, (b) Li+ and (c) Be2+ interacting with different x-ray pulses at the same ratio 

of 1 2/ ( ) 7.6%excessE Ip Ip+ ≈ . 


