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We study the response of HeH+ to an intense, few-cycle laser pulse. Specifically, we present the
carrier-envelope phase dependence of the kinetic energy release spectrum, the spatial asymmetry,
and the total dissociation probability in two-cycle pulses with an intensity of 1014 W/cm2 and
wavelengths of 3200 nm and 4000 nm. Strong spatial asymmetries are found in spite of the fact that
the electron always becomes localized as He+H+, demonstrating that control of such asymmetries
can be obtained via control of the nuclear degrees of freedom — as opposed to its usual interpretation
as control over the electronic degrees of freedom. We explain these CEP effects in terms of our
photon-phase representation.

I. INTRODUCTION

In the past few decades, there has been much focus
on using intense, ultrafast laser pulses to control the dis-
sociation of molecules. Theoretical studies of this na-
ture have predicted that physical observables can be con-
trolled by varying the delay between two pulses with
different colors [1–4] or by varying the carrier-envelope
phase (CEP) of a single-color pulse [5–9]. Specifically,
studies focusing on the various isotopologues of H+

2

have shown that these forms of coherent control can
be achieved for the kinetic energy release (KER) spec-
trum, momentum distribution, total dissociation prob-
ability, and spatial asymmetry of the dissociating frag-
ments [3, 5, 6, 9–11]. Similar studies on CO have pre-
dicted that two-color pulses can be used to control molec-
ular orientation [4, 12, 13]. These theoretical predictions
have been realized in experiments starting from the neu-
tral targets H2 [14–18], D2 [13, 15, 18–22], HD [19, 23],
CO [4, 13, 24–26], DCl [27, 28], and small polyatomic
molecules [29–37]. More recently, experimental CEP con-
trol has been demonstrated directly on H+

2 [38–40].

While theoretical and experimental results have con-
clusively shown that coherent control can be achieved
using either the two-color phase or the CEP, there is
still room for improvement in our understanding of the
physical mechanisms responsible for this control, espe-
cially for the CEP. Considerable interpretive and predic-
tive success has been achieved using our photon-phase
representation [7, 9, 18, 39–43] to understand these two
types of control in terms of interference between differ-
ent photon pathways. This methodology has, for in-
stance, been successfully applied to interpret results for
CEP control of alkali atoms and xenon [42, 43] (respec-
tively), for H2 and D2 [18, 41], and for H+

2 and its iso-
topologues [7, 9, 10, 39, 40]. Because the photon-phase
representation depends only upon the incident field (and
not the system itself), it can be employed to help us gain
physical insight into CEP and two-color effects in any sys-
tem, including more complicated atoms and molecules.

In this paper, we will take advantage of the generality
of the photon-phase representation to extend our under-

standing of coherent control to a new system: HeH+,
the simplest heteronuclear molecule with an electronic
asymmetry in the standard Born-Oppenheimer approx-
imation. We have previously shown [44] that exposing
HeH+ to long-wavelength pulses (longer than roughly
λ = 2000 nm) produces dissociation probabilities that
are large enough to realistically measure provided the in-
tensity approaches I = 1014 W/cm2. These relatively
large dissociation probabilities, coupled with the fact
that HeH+ ion beams have been shown to be viable ex-
perimental targets [45–47], make both experimental and
theoretical studies on CEP control of HeH+ dissociation
reasonable. Moreover, HeH+ is a particularly interest-
ing molecule to study because its dissociation is dom-
inated by permanent dipole effects in this regime [44].
This property makes HeH+ different from the vast ma-
jority of molecules studied in intense laser fields, which
are dominated by electronic transitions.

In H+
2 and its isotopologues, CEP control of the spa-

tial asymmetry of the H++H dissociation fragments is
often described as “controlling electron localization” [16–
20]. In this paper, however, we demonstrate that a clear
CEP-dependent spatial asymmetry can be observed in
the strong-field process

HeH+ + n~ω → He(1s2) + H+ (1)

even though the electron always localizes the same way—
on the He atom—as it must since the dynamics occurs
on a single electronic state. This system thus clearly il-
lustrates the general principle that controlling the spatial
asymmetry of dissociation fragments is actually control-
ling the nuclear degrees of freedom, not the electronic.
This statement applies equally well to H+

2 once it is rec-
ognized that H+

2 can only dissociate into H++H—i.e.,
the electron always localizes to produce an H atom—and
that the direction of the H+ is a continuous distribution.
In other words, what is controlled is the direction of H+

just as for the present case of HeH+. Indeed, all control
over the spatial asymmetry of dissociation is control over
the nuclear degrees of freedom.

We will use numerical solutions of the time-dependent
Schrödinger equation for HeH+ to show that CEP con-
trol can be exercised over the KER spectrum, the total
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FIG. 1. Definition of the coordinates used in the Hamiltonian.

dissociation probability, and the spatial asymmetry of
the dissociating fragments for pulses with intensities of
1014 W/cm2 and wavelengths of 3200 and 4000 nm. The
cause of, and relative magnitude of, the control of these
observables is explained through our photon-phase rep-
resentation.

II. THEORETICAL METHODS

A. Born-Oppenheimer representation for the
time-dependent Schrödinger equation

We solve the time-dependent Schrödinger equation
within the Born-Oppenheimer approximation. The
methods used for the solution will be outlined here, but
are described in more detail in our previous work [44, 48].
The electric field is treated classically, and the length
gauge is used within the dipole approximation. Under
these approximations, the time-dependent Schrödinger
equation for HeH+ in an electric field E is given by
(atomic units will be used unless otherwise specified):

i
∂

∂t
Ψ(R, r1, r2, t) = [TN +Hel − E (t) · d] Ψ(R, r1, r2, t),

(2)

where TN is the nuclear kinetic energy operator, d is the
dipole operator in the center-of-mass frame

d = −
(

3 +mA +mB

2 +mA +mB

)
(r1 + r2) +

(
mA − 2mB

mA +mB

)
R,

(3)

Hel is the electronic Hamiltonian (including the nuclear
repulsion), and the coordinates are as shown in Fig. 1.
For our calculations, we express the electric field as

E = E0e−(t/τ)2 cos (ωt+ ϕ) ẑ, (4)

where ϕ is the CEP, ω is the carrier frequency, and
τ = τFWHM/

√
2ln2 with τFWHM being the full-width-

at-half-maximum of the peak intensity. The electric field
strength E0 is calculated from the peak intensity of the
pulse as shown in the Ref. [49].

FIG. 2. The Born-Oppenheimer potential energy curves for
the ground, X1Σ+, and first-excited, A1Σ+, singlet states of
HeH+. The asymptotic products are indicated in each case.
Also included is the X1Σ+ permanent dipole d (solid green
line). All data is taken from Ref. [50].

We solve Eq. (2) within the Born-Oppenheimer ap-
proximation where the Born-Oppenheimer potentials and
electronic wave functions are solutions of the eigenvalue
problem

HelΦi(R; r1, r2) = Ui (R) Φi(R; r1, r2). (5)

For this work, we use the potentials and dipole matrix
elements dij = 〈Φi|d|Φj〉 from Ref. [50].

We simplify our calculations by taking advantage of the
large difference in energy between the ground electronic
potential X1Σ+ and the first-excited potential A1Σ+ as
seen in Fig. 2. Because at least twenty-nine photons are
required for electronic excitation at 3200 nm, and thirty-
six at 4000 nm, we expect permanent dipole transitions to
dominate over electronic excitation for the laser parame-
ters considered. Consequently, we will neglect electronic
excitation. Further justification of this one-channel ap-
proximation can be found in Ref. [44].

Writing the single electronic state as Φ ≡ ΦX1Σ+ , the
total wave function can be written as

Ψ(R, r1, r2, t) =
∑
J

FJM (R, t)YJM (θ, φ)Φ(R; r1, r2).

(6)

In Eq. (6), θ and φ are the polar and azimuthal angles
that describe the orientation of the molecular axis R rel-
ative to the laboratory frame, M is the projection of the
nuclear orbital angular momentum along the laser polar-
ization, and J is the total orbital angular momentum.
Our ability to write the wave function in this way de-
pends on the facts that we have linearly polarized light,
meaning only a single M is required, and that the sole
electronic channel is a Σ state. For this work, we will
consider only M = 0 initial states, allowing us to use the
notation FJM=0 ≡ FJ for the remainder of this paper.
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Substituting Ψ into Eq. (2) and projecting out YJ0Φ
gives the coupled differential equations that we must
solve:

i
∂

∂t
FJ =

[
− 1

2µAB

∂2

∂R2
+
J (J + 1)

2µABR2
+ U

]
FJ

−
∑
J′

√
4π

3
E (t) d 〈YJ0|Y10|YJ′0〉FJ′ , (7)

where the reduced mass is given by

1

µAB
=

1

mA
+

1

mB
. (8)

In this work, we use 4He and 1H with masses
mA=7351.67 a.u. and mB=1836.15 a.u., respectively.
This isotope choice maximizes the magnitude of the per-
manent dipole [44]. Because it is truncated to only a
single channel, there is no electronic coupling in Eq. (7)
from either the external field or the field-free Coriolis
coupling and non-Born-Oppenheimer effects.

B. Numerical details

To solve Eq. (7), we use the generalized finite differenc-
ing scheme from Ref. [51] (see also Ref. [52]) to find the
ro-vibrational eigenstates of the field-free nuclear Hamil-
tonian. Individual ro-vibrational states are then propa-
gated in the field using this generalized finite differenc-
ing along with split-operator techniques and the Crank-
Nicolson method. This propagation scheme has been suc-
cessfully used previously and is described in more detail
in Refs. [48, 51, 53].

Our calculations are carried out for τFWHM equal to
two cycles, using wavelengths of 3200 and 4000 nm with
an intensity of 1014 W/cm2. Calculations begin at the
time ti when the intensity of the field is 107 W/cm2

and end at the time tf , after the peak intensity, when
the intensity falls to 108 W/cm2. The time step is
∆t=0.008 a.u., and we adaptively increase the number
of partial waves used in the expansion of Ψ as explained
in Ref. [48]. A non-uniform radial grid is used with
Rmin=0.5 a.u. and Rmax=110.0 a.u. The grid points are
initially defined with a grid spacing of ∆R≈0.002 a.u. for
0.5 a.u.≤R≤10.0 a.u. and ∆R≈0.009 a.u. forR>10.0 a.u.
In order to smooth the abrupt change in grid spacing at
R=10.0 a.u., we use the ad hoc procedure of three-point
averaging. In this averaging, new grid points are defined
by taking the average of each point with its two neighbor-
ing points (where all three points are weighted equally).
One averaging pass through the grid is insufficient, so we
make 20,000 such passes — determined from simple vi-
sual inspection and our own judgement. The exact num-
ber of passes is not critical because convergence testing
in the number of grid points is carried out independent
of the smoothing choice. All of our parameters were ver-
ified to produce three digits of convergence in the KER

spectrum up to an energy of 0.2 a.u. which is sufficient
for all of the plots shown.

C. Momentum distribution in the photon-phase
representation

Following our previous work [9], further insight into
the CEP dependence of Ψ is gained by noting that the
Hamiltonian—and, as a consequence, FJ—is periodic in
ϕ. This allows us to write FJ exactly as a Fourier series,
giving

FJ =
∑
n

FnJe
inϕ. (9)

Here, FnJ is independent of ϕ so that all CEP depen-
dence is written explicitly. The summation index n in
Eq. (9) can be interpreted as the net number of photons
absorbed by the system [7, 9]. Because of this interpre-
tation, we are able to infer which FnJ must be exactly
zero. For example, for an initial state with even J , we
know from dipole selection rules that n and J must have
the same parity—where parity here refers to whether the
integers n and J are even or odd—for FnJ to be nonzero.
Similarly, for an initial state with odd J , we know that n
and J must have different parity for FnJ to be nonzero.

For this paper, we focus on CEP control of three physi-
cal observables: the spatial asymmetry of the dissociating
fragments, the KER spectrum, and the total dissociation
probability. All of these observables can be calculated
from the distribution of the relative nuclear momentum
k, defined to point from the He atom to the proton, as
seen in Fig. 1. In practice, we obtain these observables
as described in Ref. [44]. The discussion here gives the
framework for their interpretation.

After integrating over the momentum’s azimuthal an-
gle φk, the momentum distribution is

∂2P

∂E∂θk
= 2π

∣∣∣〈ψ(−)
k

∣∣∣Ψ(tf )
〉∣∣∣2

= 2π
∣∣∣∑
J

(−i)JeiδJYJ0(θk)〈EJ |FJ(tf )〉
∣∣∣2. (10)

Here, θk is the polar angle of k measured relative to the

laser polarization, |ψ(−)
k 〉 is an energy-normalized field-

free scattering state with asymptotic out-going momen-
tum k, and δJ is the scattering phase shift for the energy-
normalized field-free continuum state |EJ〉 with energy
E and angular momentum J .

Using Eq. (9) for FJ in Eq. (10) and defining

AnJ(E) =
√

2π(−i)JeiδJ 〈EJ |FnJ〉, (11)

we can write Eq. (10) within the photon-phase represen-
tation as:

∂2P

∂E∂θk
=
∑
n,J,J ′

[
AnJA

∗
nJ′ +

∑
n′ 6=n

AnJA
∗
n′J′ei(n−n

′)ϕ
]
YJY

∗
J′ .

(12)
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FIG. 3. Schematic illustration of the magnitudes |AnJ(E)|,
Eq. (11), in LOPT for the KER spectrum for photon processes
with n=3,4,5,6 with the associated CEP-dependent phases
indicated. (a) For a smaller relative bandwidth ∆ωFWHM/ω,
there is some overlap between the peaks associated with n and
n±1 pathways, but the overlap between n and n±2 pathways
is very small. (b) The relative bandwidth is increased, which
increases the overlap between n- and (n±1)-photon peaks as
well as the n- and (n±2)-photon peaks. This larger overlap
gives a larger product AnJ(E)An′J′(E) at the overlap energy,
which increases the CEP control.

For brevity, we have used YJ ≡ YJ0(θk). We emphasize
that all of the CEP dependence is explicit in the expo-
nential factor. Moreover, the energy dependence is en-
tirely contained within the amplitudes AnJ ; and the an-
gular dependence, in YJ . This expression and the others
we derive apply generally to any single-channel system,
including atomic ionization in the single-active-electron
approximation.

Because n is the net number of photons [7, 9],
|AnJ(E)|2 can be interpreted as the probability of ex-
changing n net photons with the field such that finally
the energy is E and the angular momentum is J . We
thus see from Eq. (12) that CEP effects can only be ob-
served in the momentum distribution when there exists
an energy E where the product AnJA

∗
n′J′ is non-zero so

that these two pathways can interfere. Dipole selection
rules dictate that final states with J–J ′ even must have
n–n′ even, while final states with J–J ′ odd must have
n–n′ odd. Therefore, the former only produces CEP ef-
fects at an energy where pathways differing by at least
two photons contribute, while the latter can create CEP
effects at an energy where pathways differing by only one
photon contribute.

A lowest-order-perturbation-theory (LOPT) picture
gives a convenient way to visualize the physics involved
at intensities where it at least roughly applies and is
sketched in Fig. 3. The LOPT picture gives |AnJ(E)|2

peaked at E≈E0 + nω with a profile determined generi-
cally by the power spectrum of the laser pulse. Where the
different peaks overlap, CEP effects occur. A key param-
eter characterizing the potential magnitude of the CEP
effects is thus the relative bandwidth ∆ωFWHM/ω. For
the typical case of Gaussian peaks shown in Fig. 3, sig-
nificant CEP effects generally require ∆ωFWHM/ω larger
than roughly 1/3. At higher intensities, nonlinear shifts
of the peak positions and profiles tend to increase the
overlaps beyond the predictions of this simple picture.
Nevertheless, the overlap between different photon path-
ways will generally be largest when |∆n| is smallest.

We thus expect pathways with |∆n|=1 to have the
largest overlap, giving a dominant CEP dependence of
cos(ϕ+ϕ1) where ϕ1 is an energy-dependent offset phase
that can be calculated from Eq. (12). These CEP effects
will appear primarily at energies between the n-photon
peaks as illustrated in Fig. 3 and will have J–J ′ odd,
yielding an angular distribution with a forward-backward
asymmetry relative to the polarization direction. The
overlap of |∆n|=1 peaks is thus the primary source of
CEP-induced spatial asymmetry.

As the ratio ∆ωFWHM/ω grows larger, the overlap
between different photon peaks also increases, creating
larger CEP effects. This increased overlap is illustrated
in Fig 3(b). With a larger relative bandwidth, |∆n|=2
pathways begin to interfere. These effects will lie pri-
marily at energies near the maximum of the intervening
photon peak [see Fig. 3(b)]. And, since they have J–J ′

even, the CEP dependence of their angular distribution is
forward-backward symmetric. It follows that CEP con-
trol over yields is largely the result of |∆n|=2 pathway
interference, therefore requiring much shorter pulses or
higher intensities to be significant.

An important consequence of this picture is that for
transform-limited pulses, ∆ωFWHM/ω necessarily grows
when the pulse is made shorter, thus increasing the over-
lap of n-photon peaks and the corresponding CEP ef-
fects. Similarly, if the pulse length is kept fixed, then
∆ωFWHM/ω necessarily grows when the wavelength is
increased, leading to larger CEP effects. In light of our
photon-phase picture, though, we regard this enhance-
ment as rather trivial. We have consequently fixed not
the pulse length in our calculations, but rather the num-
ber of cycles in the pulse, thus assuring that ∆ωFWHM/ω
is fixed as we change the wavelength. Any wavelength
influence over CEP effects that we find will therefore be
due to the details of the system.
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D. Kinetic energy release in the photon-phase
representation

We may calculate the KER spectrum from the momen-
tum distribution as

dP

dE
=

∫ π

0

∂2P

∂E∂θk
sin θkdθk

=
1

2π

∑
n,J

[
|AnJ |2 +

∑
n′ 6=n

n−n′ even

AnJA
∗
n′Je

i(n−n′)ϕ
]
. (13)

Equation (13), unlike Eq. (12), allows only for interfer-
ence of final states with the same angular momentum.
Therefore, CEP effects can only occur in the KER spec-
trum when dissociation pathways |∆n|≥2 overlap in en-
ergy [9]. This means that the dominant CEP dependence
in the KER spectrum is a linear combination of cos 2ϕ
and sin 2ϕ and that the CEP effects found in the KER
spectrum can generally be expected to be smaller than
those found in the momentum distribution. Moreover,
from Fig. 3, the CEP effects from n+1 interfering with
n–1 will generally lie at energies near the n-photon peak,
leading to small variations on a large signal.

To quantify the CEP effects in the energy spectrum,
we use the normalized yield Y,

Y(E) =
dP

dE

〈
dP

dE

〉−1

ϕ

, (14)

where 〈dP/dE〉ϕ is the CEP-averaged spectrum. Given
our photon-phase analysis above, Y(E) can thus be
parametrized as

Y = 1 + Y2 cos(2ϕ+ ϕ2) + Y4 cos(4ϕ+ ϕ4) + . . . (15)

Note that all of the Yn and ϕn are energy dependent
and that the Yn give the relative magnitudes of the CEP
effects.

E. Total dissociation probability in the
photon-phase representation

We obtain the total dissociation probability by inte-
grating the KER spectrum,

P =

∫
dP

dE
dE. (16)

Like the KER spectrum, the total dissociation proba-
bility only allows for interference of final states with
the same angular momentum and |∆n| even. There-
fore, the total dissociation probability will have smaller
CEP effects than the momentum distribution. Moreover,
we expect that the CEP control over the total dissoci-
ation probability will also be smaller than that of the
KER spectrum since the energy dependence of ϕn from
Eq. (15) will lead to cancellations in the integral over en-
ergy. Indeed, our calculations show the CEP dependence
of P in the cases studied for this paper to be quite small.

F. Spatial asymmetry in the photon-phase
representation

The final observable that we study is the one most
often used to characterize CEP effects, namely the nor-
malized spatial asymmetry:

A(E) =

[
Pup(E)− Pdown(E)

]〈
dP

dE

〉−1

ϕ

, (17)

where

Pup =

∫ π/2

0

∂2P

∂E∂θk
sin θkdθk (18)

and

Pdown =

∫ π

π/2

∂2P

∂E∂θk
sin θkdθk. (19)

We note that in using the CEP-averaged KER in the de-
nominator of Eq. (17) we have deviated from standard
practice. The downside of this choice is that A no longer
strictly lies between –1 and 1. However, we gain simplic-
ity in interpretation since any CEP dependence in A can
now only come from the numerator (and we show below
that dP/dE does have CEP dependence).

It can be shown that the numerator in Eq. (17) reduces
to

Pup − Pdown =
1

4
√
π

∑
nJ even
n′J′ odd

CJJ ′AnJA
∗
n′J′ei(n−n

′)ϕ.

(20)
The constant CJJ ′ resulting from the angular integration
can be written in terms of Clebsch-Gordan coefficients as

CJJ ′ =

J+J′∑
L=|J−J′|

√
(2J+1)(2J ′+1)〈JJ ′00|L0〉

Γ( 2−L
2 )Γ( 3+L

2 )
. (21)

The spatial asymmetry thus extracts the part of the mo-
mentum distribution that is lost in calculating the KER
spectrum from Eq. (13)—namely, the piece with J and
J ′ of opposite parity and antisymmetric with respect to
θk = π/2. In the KER spectrum, only the symmetric
piece survives integration, but in Pup − Pdown the sym-
metric piece is eliminated by the subtraction in Eq. (17).
This result holds true even if the integration in Eqs. (18)
and (19) is carried out over only an angular cut, as op-
posed to the entire hemispheres, as long as the cuts are
symmetric about π/2.

The fact that only terms with J and J ′ having differ-
ent parity contribute to Pup − Pdown means that n and
n′ must also have different parity to contribute. As a
result, A has no CEP-independent terms and oscillates
about A = 0 with terms having periodicities 2π, 2π/3,
2π/5, and so on in the CEP. It is expected that the 2π
periodicity will dominate for most systems because it re-
sults from interference between pathways with |∆n| = 1
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FIG. 4. (a) and (c): The relative amplitude Y2 of the CEP-dependent oscillation defined in Eq. (15) for (b) and (d), respectively.
(b) and (d): KER spectrum dP/dE as a function of CEP in a 4000-nm pulse. Panels (a) and (b) are for v=0; and (c) and (d),
for v=1.

which have a larger overlap than |∆n| = 3 pathways as
illustrated in Fig. 3. Because photon pathways differ-
ing by only a single photon dominate A, we expect to
see larger CEP effects for A than for the KER or total
dissociation probability.

III. RESULTS AND DISCUSSION

Using the methods discussed in Secs. II A and II B,
we calculated the components FJ of the final wave func-
tion. In principle, we could directly solve for the Fourier
components FnJ , but we chose to use the photon-phase
representation only for our interpretation since a direct
numerical solution in the photon-phase representation is
much more demanding. Calculations are carried out for
fixed initial vibrational states, all with J = 0. From FJ ,
the momentum distribution is calculated using Eq. (10)
for a series of CEPs. All physical observables are cal-
culated directly from the momentum distribution as de-
scribed in Secs. II C–II F.

A. Kinetic energy release spectrum

The KER spectrum as a function of CEP is shown
in Fig. 4(b) for a wavelength of 4000 nm and an ini-
tial state with v = 0. We clearly see the characteris-
tic photon-spaced peaks of above-threshold dissociation
(ATD) in the KER spectrum. Similar peaks were ob-
served in our previous work [44]. This same behavior—
ATD peaks with positions that are predicted by conser-
vation of energy to a good approximation—is seen for all
of the spectra that we calculated. From Fig. 4(b), we see
that any CEP effects that occur in the KER spectrum
are small.

We show Y2 from Eq. (15) in Figs. 4(a) and 4(c) for
v=0 and v=1, respectively—Y4 and higher n are orders of

magnitude smaller in this energy range. In fact, even Y2

does not exceed a few percent except for regions where
it is trivially enhanced by small signals. These small
Y2 are due to the fact that the photon peaks differing
by two or more photons are not broad enough to have
significant overlap—and thus interference—for the laser
parameters shown in the figure. This relative lack of
CEP dependence is mirrored in all of our calculations for
3200 nm and most of our 4000-nm calculations.

Although Y2 remains less than 10% for v=1 at ener-
gies with substantial signal, it is larger than for v=0—
large enough that CEP effects can be seen in the CEP-
dependent KER spectrum in Fig. 4(d). We believe that
the appearance of visible CEP effects for this case is due
to two different physical phenomena that increase the en-
ergy overlap of photon pathways: broadening of the KER
peaks due to (i) multiphoton processes and (ii) resonance-
enhanced multiphoton dissociation (REMPD).

1. Multiphoton peak broadening

The first phenomenon explains why CEP effects are
more prominent for 4000 nm than 3200 nm in our cal-
culations. Dissociation from v = 0 and v = 1 requires
four and five photons for a 3200-nm pulse, respectively,
while six and seven photons are required for a 4000-nm
pulse. Since the width of the KER peaks generally in-
creases with the order of the ATD peak, CEP effects at
4000 nm are favored over 3200 nm.

The dependence of the peak width on ATD peak order
can be understood through the following simple picture
(see Fig. 5). A given n-photon peak in the KER spectrum
has a width due ultimately to the bandwidth of the laser
pulse. Starting from any of the energies in this n-photon
peak, an additional photon can be absorbed, giving rise
to the (n+1)-photon peak. This absorbed “photon” itself
has a width due to the bandwidth of the laser pulse. The
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FIG. 5. Sketch of the KER spectrum, in arbitrary units,
showing pathways producing the (n+1)-photon peak based
on the heuristic explanation in the text. The absorption of an
additional photon beyond the n-photon peak originates from
different energies within the peak, leading to a broadening of
the (n+1)-photon peak relative to the n-photon peak.

(n+1)-photon peak finally observed in the KER spec-
trum is the sum of all transitions originating from ev-
ery energy in the n-photon peak distribution—including,
in reality, interference and resonance effects which are
not accounted for in this simple picture. The resultant
(n+1)-photon peak is thus broader than the n-photon
peak.

Quantifying this picture (as sketched in the Appendix),
the (n+1)-photon peak is a convolution of the n-photon
peak with the laser’s spectrum. Applying this result it-
eratively using the fact that the one-photon peak’s width
is ∆ω to a good approximation, one can show that this
picture predicts that the width of the n-photon peak
for a Gaussian laser spectrum is proportional to

√
n∆ω.

Based on the empirical fact that in the closely-related
phenomenon of above threshold ionization (ATI) photon
peaks can be observed to very high orders, this simple
picture likely overestimates the growth of the width.

This heuristic explanation suggests that for a given
wavelength, CEP effects would be larger for v = 0 than
for v = 1 because of the larger number of photons re-
quired for dissociation (one more photon for the wave-
lengths here). However, comparison of v=0 and v=1 in
Fig. 4 shows that this is not always the case. This dis-
crepancy suggests that there is a second physical mech-
anism responsible for CEP effects in the 4000-nm v=1
case, but not the v=0 case.

2. REMPD peak broadening

As mentioned above, we believe that this second mech-
anism is REMPD, a phenomenon we also identified in
our previous calculations for HeH+ at shorter wave-
lengths [44]. This conclusion is based on the telltale split-
ting of the individual KER peaks seen in Fig. 4(d) and its
similarity to that seen in Ref. [44]. The additional peak
is due to REMPD, and we believe it proceeds in this case

FIG. 6. KER spectra, dP/dE, in atomic units for ϕ = π cuts
of Figs. 4(b) and 4(d) along with the equivalent spectra for
3200 nm.

via the near-resonant transition between the initial state
and the v=2, J=1 state (Ev=2,J=1–Ev=1,J=0=0.06ω).
The splitting caused by REMPD broadens the KER
peaks as can be more clearly seen in Fig. 6, producing
the larger CEP effects.

Resonant processes do cause structure in the individ-
ual KER peaks for other initial states and wavelengths as
well, as shown in Fig. 6. However, this effect is largest for
the 4000-nm, v = 1 case. Figure 6 shows that the peaks
for this case are broad enough that there is much less-
pronounced minimum between adjacent photon peaks
and thus a larger overlap between the different photon
pathways.

Recalling that CEP effects in the KER spectrum are
due to the overlap of |∆n|≥2 pathways, we expect to see
the largest — in an absolute sense — CEP effect at the
energy of the KER peaks since the (n–1)- and (n+1)-
photon peaks overlap exactly at the n-photon peak en-
ergy. This prediction is validated by Figs. 4(b) and 4(d),
although Figs. 4(a) and 4(c) show that the relative CEP
effect tends to be smaller at these energies. Moreover, be-
cause we expect interference between |∆n|=2 pathways
to dominate, Eq. (13) tells us to expect π periodicity in
the CEP dependence of our results. This also agrees with
Fig. 4. We note that our predicted periodicity and en-
ergy of the CEP effect in the KER spectrum have been
seen experimentally in H+

2 [18, 39].

B. Total dissociation probability

The second observable of interest is the total dissocia-
tion probability. Our calculations confirm the π period-
icity in P expected from Eqs. (13) and (16) that arises
from the |∆n|=2 interference. We also find that the CEP
effects are larger for 4000 nm than for 3200 nm which is
convenient for potential experiments in the sense that
the 4000-nm pulse produces the larger total dissociation
probability. However, this also reduces the relative size
of the effect, which is already small to begin with — in no
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FIG. 7. (a) and (c): CEP-averaged KER spectrum, 〈dP/dE〉ϕ, in atomic units for (b) and (d), respectively. (b) and (d):
Normalized spatial asymmetry A as a function of CEP and KER in a 4000-nm pulse. Panels (a) and (b) are for v=0; and (c)
and (d), for v=1. Per the discussion in the text, the areas of largest spatial asymmetry generally occur between KER peaks,
where the overlap between adjacent photon pathways is largest.

case did we find a modulation of P greater than 1% of
〈P 〉ϕ. The explanation for the 4000-nm pulse having the
larger effect is the same as for the wavelength dependence
of the KER spectrum.

C. Spatial asymmetry

Finally, we consider the spatial asymmetry, Eq. (17),
which is shown in Fig. 7 for v = 0 and v = 1 in a 4000-nm
pulse normalized by the CEP-averaged KER spectrum.
Figure 7 shows energy-dependent peaks with 2π peri-
odicity as predicted by Eq. (20) for the interference of
pathways with |∆n| = 1. As expected for |∆n|=1 inter-
ference compared to |∆n|=2, the CEP dependence of the
spatial asymmetry is much more apparent than that of
the KER spectrum or the dissociation probability. Also
as expected, the spatial asymmetry is larger for v = 1
than for v = 0 per the discussion of the KER spectra in
Sec. III A.

The fact that the structure in A shows energy depen-
dence has been seen in previous calculations and in mea-
surements for H2 and H+

2 [9, 16, 18, 20, 39, 40, 54]. Equa-
tion (20) shows that, in all cases, this energy dependence
must be due to the phase of AnJ(E) and thus reflects
details of the system’s structure and dynamics.

The large spatial asymmetry that we see for HeH+

is particularly interesting considering that CEP control
over the spatial asymmetry of molecular dissociation is
routinely equated with control over electron localization.
Since the dynamics is governed by just the ground-state
channel X 1Σ+ that dissociates to He(1s2)+H+, however,
the electrons always localize on the He atom during dis-
sociation, independent of the CEP. Therefore, the CEP-
dependent spatial asymmetry seen here has nothing to do
with electron localization. Instead, the CEP-controlled

spatial asymmetry is actually control over the nuclear
degrees of freedom.

IV. SUMMARY

In this work, we studied the use of mid-infrared two-
cycle pulses for CEP control of HeH+. Because long-
wavelength dissociation of HeH+ is dominated by per-
manent dipole effects, this system is unique among the
molecules typically used in strong-field coherent control
studies. Therefore, it serves not only as a benchmark
heteronuclear system, but also as a benchmark system
for understanding the control of permanent dipole tran-
sitions in molecules. This single-channel system also
demonstrates a CEP control over spatial asymmetry that
is due to interference in the nuclear degrees of freedom
and not control over the electronic localization.

We have demonstrated that the dissociation of HeH+

can be controlled using the CEP of the incident laser
pulse. Although the effects on the KER spectrum and
total dissociation probability are small, the normalized
spatial asymmetry for HeH+ in a 4000-nm pulse is larger
than that of D2 and H2 found in 5-fs and 4-fs (respec-
tively), 800-nm and 720-nm (respectively) experiments
at the same intensity [20, 34]. In our review of the litera-
ture, we were only able to find one study that produced a
normalized spatial asymmetry comparable to those found
in our study of HeH+: the 40% asymmetry found for
the dissociative ionization of H2 in 800-nm, 6-fs, CEP-
stabilized pulses in the work of Xu et al. [18]. The size of
the normalized spatial asymmetry and total dissociation
probability for 4000-nm pulses, coupled with the viabil-
ity of mid-infrared pulses [15, 22, 55–60] and the use of
HeH+ as an experimental target [45–47] allows for the
possibility of experimental observation of these results.
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Appendix A: Convolution approximation

To see that the energy dependence of the (n+1)-photon
peak can be obtained as a convolution of the n-photon
peak with the laser pulse’s spectrum, we convert the
sketch in Fig. 5 into mathematics. We denote the n-
photon peak probability distribution by Pn(E) and the

laser’s power spectrum as P (E). The former peaks at
En; and the latter, at ω.

The distribution for both of the new peaks (green
dashed and blue dotted lines) depicted in Fig. 5 is just
the laser’s power spectrum, but based on different start-
ing energies E′i within Pn(E) (red solid line) and weighted
by the probability for this energy, Pn(E′i). Thus, the dis-
tribution for each of these new peaks is Pn(E′i)P (E−E′i).
Consequently, Pn+1(E) is approximately

Pn+1(E) ≈ Pn(E′1)P (E−E′1)+Pn(E′2)P (E−E′2) (A1)

when just the two peaks in Fig. 5 are taken into account.
Since all values of E′ within Pn(E) should be used, we
take the continuum limit to obtain

Pn+1(E) =

∫
dE′Pn(E′)P (E − E′). (A2)

Thus, in this simple picture, the (n+1)-photon peak dis-
tribution is a convolution of the n-photon peak with the
laser’s power spectrum.

This picture is intended as a heuristic explanation of
the broadening of the photon peaks with increasing or-
der. It neglects, however, physics important for actually
calculating the spectrum, including time-ordering, inter-
ference, resonances, and any energy dependence of the
various dipole matrix elements needed.
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