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Recently, studies of bright circularly polarized high-harmonic beams from atoms in the soft X-ray
region as a source for X-ray magnetic circular dichroism measurement in a tabletop-scale setup have
received considerable attention. In this paper, we address the problem with molecular targets and
perform a detailed quantum study of H+

2 , CO, and N2 molecules in bichromatic counter-rotating
circularly polarized laser fields where we adopt wavelengths (1300 nm and 790 nm) and intensi-
ties (2 × 1014 W/cm2) reported in a recent experiment [Proc. Natl. Acad. Sci. U.S.A. 595 112,
14206 (2015)]. Our treatment of multiphoton processes in homonuclear and heteronuclear diatomic
molecules is nonperturbative and based on the time-dependent density functional theory for multi-
electron systems. The calculated radiation spectrum contains doublets of left and right circularly
polarized harmonics with high-energy photons in the XUV and soft X-ray range. Our results reveal
intriguing and substantially different nonlinear optical responses for homonuclear and heteronu-
clear diatomic molecules subject to circularly polarized intense laser fields. We study in detail the
below- and above-threshold harmonic regions and analyze the ellipticity and phase of the generated
harmonic peaks.

I. INTRODUCTION10

High-order-harmonic generation (HHG) is an attrac-11

tive table-top source of coherent, bright, and tunable12

extreme ultraviolet (XUV) and soft X-ray radiation13

with applications in coherent diffractive imaging, ultra-14

fast holography, and time resolved measurements [1–6].15

Moreover, circularly polarized HHG may find additional16

applications in nanolithography, ultrafast spin dynamics,17

and magnetic circular dichroism [1, 7–13].18

However, until recently bright HHG was limited to lin-19

ear polarization due to the difficulty of controlling ellip-20

tically and circularly polarized harmonics and their effi-21

ciency. When an atom or molecule is driven by a laser22

field with slightly elliptical polarization, the electron has23

some probability of re-colliding with its parent ion it was24

initially released from, and this results in the generation25

of harmonics with slight elliptical polarization. However,26

the HHG efficiency drops drastically with increasing el-27

lipticity of the driving field compared to the case of lin-28

early polarized harmonics generated from linearly polar-29

ized laser radiation [14, 15]. In contrast, for circularly po-30

larized driving lasers, the probability of re-collision and31

the emission of high harmonics is completely suppressed.32

A direct approach for generating circularly polarized33

HHG was suggested 22 years ago [16, 17], and recently34

measured by Fleischer et al. [7]. In this scheme, circu-35

larly polarized HHG are driven by co-propagating circu-36

larly polarized bichromatic fields that rotate in opposite37
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directions (counter-rotating) and interact with argon gas.38

This experiment [7] opened up the possibility and motiva-39

tion of generating bright circularly polarized HHG com-40

parable to the flux efficiency of linearly polarized HHG.41

Recently, Fan et al. [1] did just that, they generated42

bright circularly polarized soft X-ray HHG beams with43

photon energies greater than 160 eV and flux compara-44

ble to the HHG flux obtained using linearly polarized45

800 nm driving lasers. These bright circularly polarized46

high-order-harmonic beams in the soft X-ray region were47

generated from He, Ne, and Ar atoms, and used to imple-48

ment X-ray magnetic circular dichroism measurements in49

a tabletop-scale setup [1]. Previously, such radiation has50

only been available at large-scale X-ray facilities such as51

synchrotrons.52

Bright circularly polarized soft X-ray high-order-53

harmonic beams generated by atomic gases have been54

used in recent experimental studies to probe magnetic55

materials, such as the M-shell absorption edges of Co56

[12], and N4,5 absorption edges of Gd [1]. The experi-57

ments validated the high degree of circularity, brightness,58

and stability of this light source [1, 12].59

While an impressive progress has been achieved in gen-60

eration of bright circularly polarized XUV and soft X-ray61

radiation by atomic targets, this area remains largely un-62

explored for molecular systems. In this work, we show63

that generation of bright XUV and soft X-ray radia-64

tion with circular polarization is also possible in diatomic65

molecules. We perform an all-electron nonperturbative66

investigation of multiphoton processes of homonuclear67

(H+
2 and N2) and heteronuclear (CO) diatomic molecules68

in bichromatic counter-rotating circularly polarized in-69

tense laser fields. The H+
2 molecule is the simplest two-70
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center one-electron quantum system and is used in our71

current study as a prototype diatomic molecule to show72

clearly the physical effects in the generation of circularly73

polarized harmonics. Then we proceed and take a look at74

many-electron homonuclear (N2) and heteronuclear (CO)75

diatomic molecules. The H+
2 , CO, and N2 molecules all76

generate circularly polarized harmonics with photon en-77

ergies exceeding 160 eV. We also find qualitatively differ-78

ent nonlinear optical response behaviors for homonuclear79

and heteronuclear diatomic molecules subject to circu-80

larly polarized intense laser fields.81

The organization of this paper is as follows. In Sec. II82

we briefly describe the time-dependent density func-83

tional (TDDFT) formalism for the general treatment of84

the multiphoton dynamics of heteronuclear and homonu-85

clear diatomic molecular systems subject to bichromatic86

counter-rotating circularly polarized intense laser fields.87

In Sec. III we explore the multiphoton ionization dynam-88

ics of H+
2 , CO and N2 molecules in detail and describe89

the difference of the ionization process between homonu-90

clear and heteronuclear diatomic molecules. In Sec. IV91

we study HHG of H+
2 , CO and N2 molecules driven92

by bichromatic counter-rotating circularly polarized laser93

pulses. The HHG spectra for all three molecular systems94

exhibit a distinct doublet structure, and the harmonics95

within each doublet possess circular polarizations with96

opposite handedness. In Sec. V we provide a proof of97

perfect circular polarization and opposite handedness of98

the harmonics within the doublets, by calculating their99

ellipticity and phase parameters from the dipole acceler-100

ation data for below- and above-threshold HHG regions.101

Section VI contains concluding remarks.102

II. TIME-DEPENDENT NONPERTURBATIVE103

TREATMENT OF DIATOMIC MOLECULES IN104

BICHROMATIC CIRCULARLY POLARIZED105

LASER PULSES106

Detailed numerical procedures we used for the calcu-107

lation of the H+
2 molecule can be found in Refs. [18–108

22]. Also, a more in-depth numerical procedure for109

the TDDFT of diatomic molecules can be found in110

Refs. [5, 23–28]. The basic equations of TDDFT are the111

time-dependent one-electron Kohn-Sham equations [29]112

for spin orbitals ψiσ(r, t) which involve an effective po-113

tential veff,σ(r, t) (atomic units ~ = m = e = 1 are used114

unless stated otherwise),115

i
∂

∂t
ψiσ(r, t) =

[

−1

2
∇2 + veff,σ(r, t)

]

ψiσ(r, t),

i = 1, 2, ..., Nσ,

(1)

where Nσ(= N↑ or N↓) is the total number of electrons116

for a given spin σ, and the total number of electrons in117

the system is N =
∑

σNσ . The time-dependent effective118

potential veff,σ(r, t) is a functional of the electron spin-119

densities ρσ(r, t) which are related to the spin orbitals as120

follows:121

ρσ(r, t) =

Nσ
∑

i=1

|ψiσ(r, t)|2, (2)

(the summation includes all spin orbitals with the same122

spin). The effective potential veff,σ(r, t) in Eq. (1) can123

be written in the following general form124

veff,σ(r, t) = vH(r, t) + vext(r, t) + vxc,σ(r, t), (3)

where125

vH(r, t) =

∫

ρ(r′, t)

|r − r′|dr
′, (4)

is the Hartree potential due to electron-electron Coulomb126

interaction and ρ(r, t) is the total electron density,127

ρ(r, t) =
∑

σ

ρσ(r, t). (5)

vext(r, t) is the “external” potential due to the interac-128

tion of the electron with the external laser fields and the129

nuclei. In the case of homonuclear or heteronuclear di-130

atomic molecules in bichromatic laser fields, we have131

vext(r, t) = vn(r) + (E1(t) +E2(t)) · r, (6)

where vn(r) is the nuclear potential,132

vn(r) = − Z1

|R1 − r| −
Z2

|R2 − r| , (7)

with Z1 and Z2 being the electric charges of the two nu-133

clei and R1 and R2 being their coordinates at the fixed134

equilibrium positions. The internuclear separation R is135

equal to |R2−R1|. The laser electric field strengthsE1(t)136

and E2(t) refer to the two frequency components of the137

bichromatic field. We assume that the laser fields E1(t)138

and E2(t) are polarized in the x−y plane with the molec-139

ular axis directed along the z axis. Finally, vxc,σ(r, t) is140

the time-dependent exchange-correlation (xc) potential.141

Since the exact form of vxc,σ(r, t) is unknown, the adia-142

batic approximation is often used [23–27, 30]143

vxc,σ(r, t) = vxc,σ[ρσ]|ρσ=ρσ(r,t). (8)

When these potentials, determined by the time-144

independent ground-state density functional theory145

(DFT), are used along with TDDFT in the electronic146

structure calculations, both inner shell and excited states147

can be calculated rather accurately [31]. In this work, we148

utilize the improved van Leeuwen-Baerends LBα xc po-149

tential [32]. The LBα contains two empirical parameters150

α and β and has the following explicit form, in the adia-151

batic approximation,152

vLBα
xc,σ (r, t) = αvLSDA

x,σ (r, t) + vLSDA
c,σ (r, t)

− βx2σ(r, t)ρ
1/3
σ (r, t)

1 + 3βxσ(r, t) ln{xσ(r, t) + [x2σ(r, t) + 1]1/2} .
(9)
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Here, ρσ is the electron density with spin σ, and we153

use α = 1.19 and β = 0.01 [24–27]. The first two154

terms in Eq. (9), vLSDA
x,σ and vLSDA

c,σ are the LSDA155

exchange and correlation potentials that do not have156

the correct Coulombic asymptotic behavior. The last157

term in Eq. (9) is the nonlocal gradient correction with158

xσ(r) = |∇ρσ(r)|/ρ4/3σ (r), which ensures the proper159

long-range Coulombic asymptotic potential vLBα
xc,σ →160

−1/r as r → ∞. Note that if the conventional xc energy161

functional forms taken from local spin density approx-162

imation (LSDA) or generalized gradient approximation163

(GGA) [33, 34] are used, the corresponding xc potential164

vxc,σ(r, t) will not possess the correct long-range asymp-165

totic (−1/r) behavior [35]. For the time-independent166

case, this exchange-correlation LBα potential has been167

found to be reliable for atomic and molecular DFT cal-168

culations [2, 24–27, 32, 36–38].169

In what follows, we shall assume that the molecular170

axis is fixed in space and directed along the Cartesian z-171

axis. The laser fields propagate along the z-axis and have172

circular polarizations in the x − y plane. The counter-173

rotating fields E1(t) and E2(t) are expressed as follows:174

E1(t) =
1√
2
F1(t) [êx cos(ω1t) + êy sin(ω1t)] , (10)

175

E2(t) =
1√
2
F2(t−∆τ) [êx cos(ω2t−∆τ)

−êy sin(ω2t−∆τ)] .

(11)

∆τ presents the time delay between the two pulses, E1(t)176

and E2(t). Since the dipole approximation is well justi-177

fied in the near infrared wavelength region, the fields are178

assumed uniform in space. In Eqs. (10) and (11), ω1 and179

ω2 denote the carrier frequencies while F1(t) and F2(t)180

represent the temporal pulse envelopes, We use the sine-181

squared pulse shape:182

F1(t) = F0 sin
2 πt

N1T1
, (12)

183

F2(t) = F0 sin
2 πt

N2T2
, (13)

where F0 is the peak electric field strength (we use the184

same peak field strength for both fields), T1 and T2 are185

the optical cycle durations for each field [T1 = 2π/ω1 and186

T2 = 2π/ω2], and the integer numbers N1 and N2 are the187

total pulse durations measured in optical cycles.188

Solution of the time-dependent Schrödinger (H+
2 ) and189

one-electron Kohn-Sham (N2 and CO) equations for190

two-center systems is greatly facilitated in the prolate191

spheroidal coordinates. The relationship between the192

prolate spheroidal coordinates ξ, η, ϕ and Cartesian co-193

ordinates x, y, z is as follows:194

x =
1

2
R
√

(ξ2 − 1)(1− η2) cosϕ, (14)
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FIG. 1. (Color online) Time-dependent electric field of the
driving laser pulse. The red dotted and blue dashed lines rep-
resent the electric field in the x and y direction, respectively.
The laser pulse has a duration of 21 optical cycles (∼ 55 fs)
for the ω1 (790 nm) component and 8 optical cycles (∼ 35 fs)
for the ω2 (1300 nm) component. The time delay ∆τ ∼ 11 fs.
Both frequency components have the same peak field strength
corresponding to the intensity of 2× 1014 W/cm2.

195

y =
1

2
R
√

(ξ2 − 1)(1− η2) sinϕ, (15)

196

z =
1

2
Rξη, (16)

where R is the internuclear distance. The dipole inter-197

action potentials in the length gauge have the following198

expressions in the prolate spheroidal coordinates:199

E1(t) · r =
R

2
√
2
F1(t)

√

(ξ2 − 1)(1 − η2) [cosφ · cos(ω1t)

+ sinφ · sin(ω1t)] ,
(17)

200

E2(t) · r =
R

2
√
2
F2(t−∆τ)

√

(ξ2 − 1)(1− η2)

× [cosφ · cos(ω2t−∆τ) − sinφ · sin(ω2t−∆τ)] .
(18)

In Eqs. (10)-(18), F1(t) and F2(t) denote the laser pulse201202

envelope functions, ω1 and ω2 are the carrier frequencies.203

Here, for the counter-rotating circularly polarized pulses,204

left-helicity corresponds to 790 nm pulse [E1(t)] and205

right-helicity corresponds to the 1300 nm pulse [E2(t)].206

In our calculations, we use the carrier wavelengths207

790 nm for the field E1(t) (ω1 = 0.0576 a.u.= 1.57 eV)208

and 1300 nm for the field E2(t) (ω2 = 0.0350 a.u.=209

0.95 eV), respectively. The peak field strength F0 cor-210

responds to the intensity 2 × 1014 W/cm2. The pulse211

durations are chosen as N1 = 21 and N2 = 8, and the212

time delay ∆τ ∼ 11 fs, which makes E1(t) and E2(t)213

symmetric about their common center (see Fig. 1). To214
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discretize the 3D wave function in coordinate space and215

propagate it in time, we apply the time-dependent gener-216

alized pseudospectral method (TDGPS) [39]. The time-217

dependent Schrödinger (for the H+
2 molecule) and Kohn-218

Sham (for N2 and CO molecules) equations are solved219

by means of the second-order split-operator technique in220

prolate spheroidal coordinates and in the energy repre-221

sentation. To obtain fairly converged HHG spectra for222

the laser field parameters used in the calculations, we set223

the grid size (for ξ, η, and ϕ coordinates, respectively)224

to 96 × 32 × 16 and use 4096 time steps per optical cy-225

cle in the time propagation process. The linear dimen-226

sion of the box where the time-dependent equations are227

solved is chosen as 43 a.u.; between 23 and 43 a.u. we228

apply an absorber which smoothly brings down the prop-229

agated wave functions without spurious reflections from230

the boundary. With this box size, all important physics231

is well described for the laser field parameters used in232

the calculations, although some very long trajectories (in233

the semiclassical picture of HHG) may be missing. Of234

course, a larger box size is better but it also requires a235

larger number of grid points to maintain the same ac-236

curacy level of the computed orbitals in the core spatial237

region, which is emphasized when calculating the HHG238

spectra in the acceleration form. The total linear di-239

mension of the propagator matrix for the current grid is240

49152, which is already very large, and its substantial241

increase would make the computations impractical.242

The HHG power spectra can be investigated accurately243

once the time-dependent Kohn-Sham orbitals and total244

electron density ρ(r, t) are available. We calculate the245

expectation values of the induced dipole acceleration in246

the x, y, and z directions:247

ax(t) =

∫

d3r ρ(r, t)
∂vn
∂x

+ E1x(t) + E2x(t), (19)

248

ay(t) =

∫

d3r ρ(r, t)
∂vn
∂y

+ E1y(t) + E2y(t), (20)

249

az(t) =

∫

d3r ρ(r, t)
∂vn
∂z

. (21)

Then the power spectra S(ω) (spectral density of the250

radiation energy) can be obtained by the Fourier trans-251

formation of the time-dependent dipole accelerations,252

Sx(ω) =
2

3πc3

∣

∣

∣

∣

∫ ∞

−∞

ax(t) exp(iωt)dt

∣

∣

∣

∣

2

, (22)

253

Sy(ω) =
2

3πc3

∣

∣

∣

∣

∫ ∞

−∞

ay(t) exp(iωt)dt

∣

∣

∣

∣

2

, (23)

254

Sz(ω) =
2

3πc3

∣

∣

∣

∣

∫ ∞

−∞

az(t) exp(iωt)dt

∣

∣

∣

∣

2

, (24)

255

Stot(ω) = Sx(ω) + Sy(ω) + Sz(ω). (25)

III. MULTIPHOTON IONIZATION OF H+

2 , N2256

AND CO MOLECULES IN BICHROMATIC257

CIRCULARLY POLARIZED LASER PULSES258

The ground-state electronic configurations is259

1σ1
g for H+

2 , 1σ2
g1σ

2
u2σ

2
g2σ

2
u1π

4
u3σ

2
g for N2 and260

1σ22σ23σ24σ21π45σ2 for CO, respectively. The261

highest occupied molecular orbital (HOMO) for H+
2 , N2,262

and CO is 1σg, 3σg, and 5σ, respectively. N2 and CO263

are isoelectronic molecules, both having 14 electrons264

and triple bonds. Since the CO molecule has unequal265

nuclear charges, its ground electronic state possesses a266

permanent dipole moment, calculated here to be 0.149267

Debye. The corresponding experimental value is 0.112268

Debye [40]. Furthermore, there is no concept of gerade269

and ungerade orbitals for CO (or any other heteronuclear270

diatomic molecule) since the inversion symmetry of the271

potential is broken. An important difference between272

the H+
2 and N2 and CO spectra is that the latter contain273

even as well as odd harmonics [5, 24–27]. Generation of274

even harmonics is forbidden in systems with inversion275

symmetry, such as atoms and homonuclear diatomic276

molecules. This selection rule does not apply to the277

heteronuclear molecules with no inversion center (CO).278

Once the time-dependent wave functions and the time-279

dependent electron densities are obtained, we can calcu-280

late the time-dependent (multiphoton) ionization proba-281

bility of an individual spin-orbital according to282

Pi,σ = 1−Ni,σ(t), (26)

where283

Ni,σ(t) = 〈ψi,σ(ξ, η, ϕ, t)|ψi,σ(ξ, η, ϕ, t)〉, (27)

is the time-dependent population (survival probability)284

of the iσ-th spin-orbital.285

Figure 2 presents the time-dependent population of in-286

dividual spin orbital, as defined in Eq. (27). The slope287

of the decay of the electron population in time deter-288

mines the ionization rate. The internuclear distance289

for H+
2 (Re = 2.000a0), CO (Re = 2.132a0), and N2290

(Re = 2.072a0) molecules is fixed at its equilibrium dis-291

tance Re. Results for the counter-rotating laser intensi-292

ties (F0 = 2×1014 W/cm2) and wavelengths of λ1 = 790293

nm and λ2 = 1300 nm are shown for H+
2 , N2 and CO294

molecules. In Figs. 2(a-c) the laser pulses have a time295

duration of 21 optical cycles for ω1 (790 nm) and 8 op-296

tical cycles for ω2 (1300 nm). The calculated ionization297

potentials for H+
2 , CO, and N2 molecules are 1.1026 a.u.298

[19], 0.5093 a.u.[5], and 0.5682 a.u.[5], respectively. The299

multiphoton ionization in the circularly polarized laser300

fields is dominated by the HOMO, that is 1σg in H+
2 ,301

5σ in CO, and 3σg in N2. The ionization probability of302

H+
2 (Fig. 2(a)) is much lower than that of CO (Fig. 2(b))303

and N2 (Fig. 2(c)), since the H+
2 molecules ionization304

potential is almost twice that of CO and N2 ionization305

potentials. The orbital structure and ionization poten-306

tials of CO and N2 are close to each other. One would307
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expect similar behaviors from CO and N2 molecules in308

laser fields with the same wavelength and intensity, but309

we previously proved this is not true [27]. In intense310

low-frequency laser fields, the multiphoton ionization oc-311

curs mainly in the tunneling regime. In this picture, the312

ionization takes place in the DC field with slow vary-313

ing amplitude from zero to its peak value. The width314

of the potential barrier depends on the field strength;315

the stronger the field, the narrower the barrier. Thus316

the ionization occurs mainly at the peak values of the317

field strength. The probability of tunneling ionization is318

very sensitive with respect to the HOMO energy. How-319

ever, in the external field this energy is changed due320

to the Stark shift. The nitrogen molecule is symmet-321

ric with respect to inversion, that is why the Stark shift322

in a DC field is quadratic in the field strength and the323

N2 molecules HOMO energy differs slightly (0.0001 a.u.)324

from its unperturbed value [27]. On the contrary, the car-325

bon monoxide molecule has a permanent dipole moment,326

and the DC Stark shift is linear in the field strength; at327

the peak values of the field, the HOMO energy can dif-328

fer significantly (∼ 0.1 a.u.) from its unperturbed value329

[27]. In our previous studies of CO and N2 in a linear330

polarized laser field with the same wavelength and in-331

tensity the ionization probability of CO is much larger332

than that of N2 [26, 27]. In Figs. 2(b) (CO molecule)333

and 2(c) (N2 molecule) we observe the same phenomena334

in bichromatic counter-rotating circularly polarized laser335

pulses, the ionization probability of CO is much larger336

than that of N2. We also note that ionization of CO337

is dominated by HOMO while in N2 both HOMO and338

HOMO-1 have comparable ionization probabilities. This339

is well explained by the ionization potentials of HOMO-1340

in these molecules. The ionization potential of HOMO-1341

in N2 is only 1.4 eV larger than that of HOMO; in CO,342

the energy difference between HOMO and HOMO-1 is343

twice as large, 3.2 eV.344345

IV. CIRCULARLY POLARIZED HIGH-ORDER346

HARMONICS IN H+

2 , N2 AND CO MOLECULES347

The observed HHG spectra in Figs. 3-5 can be de-348

scribed in terms of the energy and angular momentum349

conservation in the process of absorption of the driv-350

ing fields photons and emission of the harmonic pho-351

ton. [1, 6, 7, 13, 16, 41]. The energy conservation352

gives ωc = n1ω1 + n2ω2 for the frequency ωc of the353

emitted photon after absorption of n1 photons of fre-354

quency ω1 and n2 photons of frequency ω2. The an-355

gular momentum conservation requires n2 = n1 ± 1 for356

the circularly-polarized counter-rotating driving fieldsE1357

and E2. Then the emitted photon frequency can be rep-358

resented as ωc = (2n + 1)(ω1 + ω2)/2 ± (ω1 − ω2)/2,359

n being a positive integer number. This gives rise to360

a doublet structure of the HHG spectrum, with the fre-361

quency differences ω1+ω2 between the adjacent doublets362

and ω1 − ω2 between the photon emission peaks within363
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FIG. 2. (Color online) The time-dependent ionization prob-
ability of electrons in different spin orbital’s of (a) H+

2 , (b)
CO, and (c) N2 molecules in the counter-rotating circularly
polarized laser pulses. The laser pulses have a time duration
of 21 optical cycles (∼ 55 fs) for ω1 (790 nm) and 8 optical
cycles (∼ 35 fs) for ω2 (1300 nm). The time delay ∆τ ∼ 11
fs.

the same doublet. The right peak in the doublet has a364

circular polarization with the same helicity as the driv-365

ing field with the higher frequency (E1), the left peak366

has a circular polarization with the same helicity as the367

driving field with the lower frequency (E2). If we de-368

fine ω1 = qω2, where q can be any number, we obtain369

ωc = n1(q+1)ω2±ω2. For the driving laser wavelengths370

studied here (790 and 1300 nm), ωc = (2.65n1 ± 1)ω2.371

While the calculated HHG spectra for H+
2 and N2 in372

Figs. 3 and 5, respectively, show the peak positions match373

well those predicted by the selection rules and specified374

above, the CO spectrum in Fig. 4 has extra peaks corre-375

sponding to even harmonics with n1 = n2. Generation of376

such harmonics is forbidden in atoms and homonuclear377

diatomic molecules where the energy levels have definite378
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parity due to the inversion symmetry. Only the states379

with the opposite parities are coupled by the dipole in-380

teraction (one-photon emission and absorption), there-381

fore absorption of an even number of photons n1 + n2382

cannot be followed by emission of a single photon. This383

restriction is lifted for oriented heteronuclear diatomic384

molecules. For the present scheme with two counter-385

rotating circularly polarized driving fields, generation of386

even harmonics is only possible if n1 = n2, otherwise387

conservation of the angular momentum projection does388

not allow for the photon emission. The excitation of the389

molecule with absorption of n1 = n2 photons, however,390

does not change the angular momentum projection on391

the z axis, thus the emitted even harmonic photon can-392

not be circularly polarized in the x − y plane. We will393

discuss polarization of emitted radiation in detail below394

in Sec. V.395

In Fig. 3, we present the HHG spectrum of H+
2 for the396

driving laser pulse shown in Fig. 1. The spectrum dis-397

plays harmonics with photon energies up to ∼ 160 eV.398

The ionization threshold (Ip) for the initially occupied399

1σg molecular orbital is marked with the green dashed400

vertical line at 29.9 eV. Figure 3(b) shows the below-401

and near-threshold region. As one can see, almost all the402

peaks in the spectrum exhibit a clear doublet structure403

with the spacing between the main peaks equal to ω1+ω2404

and subpeak separation of ω1−ω2. According to the gen-405

eral considerations discussed above, the components of406

the doublet (subpeaks within each main peak) must have407

circular polarizations opposite to each other. Fig. 3(c)408

shows the above-threshold harmonics up to photon en-409

ergies of ∼ 110 eV. Here the doublet structure of the410

harmonics is not so distinct as in the below-threshold re-411

gion, especially for the photon energies larger than 80 eV.412

We can suggest the following explanation of this observa-413

tion. High-order harmonics are predominantly generated414

at times when the laser field reaches its highest strength,415

that is near the center of the laser pulse. In the vicinity416

of the time moment t0, corresponding to the half dura-417

tion of the laser pulse (t0 ≈ 27.5 fs, see Fig. 1), the x and418

y components of the laser electric field (10)–(11) can be419

approximated as420

Ex(t) = F0

√
2 sin

[

1

2
(ω1 − ω2)(t− t0)

]

× sin

[

1

2
(ω1 + ω2)(t− t0)

]

,

(28)

421

Ey(t) = −F0

√
2 cos

[

1

2
(ω1 − ω2)(t− t0)

]

× sin

[

1

2
(ω1 + ω2)(t− t0)

]

.

(29)

When the frequency difference ω1−ω2 is small, the com-422

ponent Ey(t) is larger than Ex(t) and approximately423

represents a monochromatic field with the frequency424

(ω1 + ω2)/2. For the current choice of the laser field pa-425

rameters, this is clearly seen in Fig. 1 for the optical cycle426
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FIG. 3. (Color online) HHG spectrum S(ω) in the x, y, and
total domain of the H+

2 molecule in the counter-rotating cir-
cularly polarized laser pulses. Circularly polarized XUV and
soft X-ray HHG spectrum (a) up to ∼ 160 eV, (b) below-
and near-threshold, and (c) above-threshold. The laser pulses
have a time duration of 21 optical cycles for ω1 (790 nm)
and 8 optical cycles for ω2 (1300 nm). The green vertical
dashed line indicates the corresponding ionization threshold
(Ip) marked by 1σg threshold. All spectra show a doublet
structure, located at positions predicted by energy and spin
angular momentum conservation [filled maroon circles (1300
nm) and open teal circles (790 nm)]. The separation within
each doublet is ω1 − ω2, and different doublets are separated
by ω1 + ω2.

in the center of the laser pulse. Consequently, one can427

expect a dominant contribution from the y component428

of the dipole acceleration to the harmonic signal in the429

high-energy part of the HHG spectrum. This is indeed430

the case, as one can see in Fig. 3(c). Since the two-color431
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nature of Ey(t) is less pronounced in the vicinity of the432

time moment t0, the doublet structure of the total HHG433

spectrum is less distinct for higher harmonic orders. The434

situation will change for the different choice of the laser435

filed parameters, such as frequencies and time delay be-436

tween the fields E1(t) and E2(t). For example, one may437

expect a more distinct doublet structure in high-order438

harmonics for the larger difference between ω1 and ω2.439

Next, we show the CO molecule (Fig. 4) where it also440

has odd order circularly polarized harmonics with pho-441

ton energies up to ∼ 160 eV. The laser pulse parameters442

for the CO molecule are the same as those for the H+
2443

molecule in Fig. 3. The ionization threshold (Ip) for the444

5σ orbital (HOMO) is marked with the green dashed ver-445

tical line at 13.9 eV. Figure 4(b) shows the below- and446

near-threshold region where the doublets separated from447

each other by the frequency ω1 + ω2 and containing two448

harmonics with opposite circular polarizations split by449

the photon energy of ω1−ω2 are clearly seen and labeled.450

Figure. 4(c) shows the above-threshold harmonics up to451

photon energies of ∼ 65 eV. An important difference be-452

tween the H+
2 (Fig. 3) and CO (Fig. 4) spectra is that the453

latter contain even as well as odd harmonics. Generation454

of even harmonics is forbidden in systems with inver-455

sion symmetry, such as atoms and homonuclear diatomic456

molecules. This selection rule does not apply to the het-457

eronuclear molecules with no inversion center (CO). This458

can be clearly seen in the below- and near-threshold har-459

monic region in Fig. 4(b), where the extra peaks (even460

harmonics) lie between the adjacent doublets of odd har-461

monics. Unlike the doublets of the odd harmonics, the462

even harmonics are linearly polarized as they are gener-463

ated solely by the dipole acceleration along the z axis.464

For example, one can see an even harmonic peak at the465

photon energy ωc = 20.7 eV in Fig. 4(b), that lies be-466

tween the adjacent doublets (labeled by the filled maroon467

circles and open teal circles) of odd harmonics.468

Intuitively, one expects that the driving field polarized469

in the x (or y, or z) direction induces the dipole mo-470

ment in the same direction. However, this is true only471

for symmetric systems such as atoms and homonuclear472

diatomic molecules where the polarization tensor is di-473

agonal (with z being the molecular axis in the case of474

diatomic molecules). This intuitive picture is invalid for475

heteronuclear diatomic molecules where the charge dis-476

tribution has no inversion symmetry with respect to the477

center of the molecule. Then the force acting perpendic-478

ular to the molecular axis (in the x or y direction) would479

cause a non-symmetric charge displacement along the z-480

axis as well, inducing a dipole moment in this direction.481

Unlike the permanent dipole moment of a heteronuclear482

molecule along the molecular axis, this induced dipole483

moment would oscillate with the driving field thus gen-484

erating harmonics polarized in the z direction. This phe-485

nomenon can be clearly observed in Fig. 4(b), where the486

HHG spectrum has a non-zero contribution Sz(ω) due487

to the dipole acceleration in the z direction. This con-488

tribution is responsible for generation of even harmonics489
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FIG. 4. (Color online) HHG spectrum S(ω) in the x, y, z,
and total domain of the CO molecule in the counter-rotating
circularly polarized laser pulses. Circularly polarized XUV
and soft X-ray HHG spectrum (a) up to ∼ 170 eV, (b) below-
and near-threshold, and (c) above-threshold. The laser pulses
have a time duration of 21 optical cycles for ω1 (790 nm) and
8 optical cycles for ω2 (1300 nm). The green vertical dashed
line indicates the corresponding HOMO ionization threshold
(Ip) marked by 5σ threshold. All spectra show a doublet
structure, located at positions predicted by energy and spin
angular momentum conservation [filled maroon circles (1300
nm) and open teal circles (790 nm)]. The separation within
each doublet is ω1 − ω2, and different doublets are separated
by ω1 + ω2.

linearly polarized along the z axis (n1 must be equal to n2490

because of conservation of the angular momentum projec-491

tion: a dipole accelerated along the z axis can only emit492

photons with zero spin projection on this axis). Other493

contributions to the HHG spectrum, Sx(ω) and Sy(ω),494
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FIG. 5. (Color online) HHG spectrum S(ω) in the x, y, and
total domain of the N2 molecule in the counter-rotating cir-
cularly polarized laser pulses. Circularly polarized XUV and
soft X-ray HHG spectrum (a) up to ∼ 170 eV, (b) below-
and near-threshold, and (c) above-threshold. The laser pulses
have a time duration of 31 optical cycles for ω1 (790 nm) and
12 optical cycles for ω2 (1300 nm). Resonance A in panel
(b) corresponds to the 3σg − 2πu and 3σg − 3σu excited-state
resonance peaks. The green vertical dashed line indicates the
corresponding HOMO ionization threshold (Ip) marked by
3σg threshold. All spectra show a doublet structure, located
at positions predicted by energy and spin angular momen-
tum conservation [filled maroon circles (1300 nm) and open
teal circles (790 nm)]. The separation within each doublet is
ω1 − ω2, and different doublets are separated by ω1 + ω2.

are responsible for generation of harmonic doublets with495

circular polarizations in the x − y plane. A qualitative496

difference between the HHG processes in homonuclear497

and oriented heteronuclear molecules is, therefore, not498

only in the fact of generation of even harmonics by het-499

eronuclear molecules. Polarization of even harmonics is500

also different: it is linear and directed along the molec-501

ular axis while the driving fields and odd harmonics are502

polarized in the plane perpendicular to the molecular503

axis. As one can see in Fig. 4, even harmonics are strong504

only for low orders (up to ∼ 35 eV), and then the sig-505

nal Sz(ω) becomes much weaker than the signals Sx(ω)506

and Sy(ω) of odd harmonics. This is not surprising since507

the natural scale of the plateau region, suggested by the508

famous semiclassical three-step model [42] and based on509

the ponderomotive energy, does not apply to the har-510

monic radiation generated by the dipole oscillations in511

the z direction where no direct force from the driving512

laser field is present. Only Coulomb forces from the nu-513

clei and other electrons can cause oscillations of the par-514

ticular orbital electron density in this direction. During515

these oscillations, the electron cannot gain a large kinetic516

energy before recombining with the molecular core and517

emitting the harmonic photon, unlike the case of motion518

in the x and y directions under direct influence from the519

laser field. Consequently, the HHG spectrum of even har-520

monics exhibits a shorter plateau region than that in the521

spectrum of odd harmonics.522

Finally, in Fig 5 we show the N2 molecule where it also523

has circularly polarized harmonics with photon energies524

up to ∼ 160 eV. In Fig. 5 the laser pulses have a time du-525

ration of 31 optical cycles (∼ 82 fs) for ω1 (790 nm) and526

12 optical cycles (∼ 52 fs) for ω2 (1300 nm) and the laser527

fields both have a peak intensity of F0 = 2×1014 W/cm2
528

[Eqs. (12)-(13)]. A longer pulse duration is used for the529

N2 molecule to make the doublets containing harmonics530

with opposite circular polarizations (split by ω1 − ω2)531

more structured and well shaped. The N2 molecule also532

produces circularly polarized harmonics with photon en-533

ergies up to ∼ 160 eV. The ionization threshold (Ip) for534

the 3σg orbital (HOMO) is marked with the green dashed535

vertical line at 15.5 eV. Figure 5(b) shows the below-536

and near-threshold region where the doublets separated537

from each other by the frequency ω1+ω2 and containing538

two harmonics with opposite circular polarizations split539

by the photon energy of ω1 − ω2 are clearly seen and la-540

beled. Also, two excited-state resonance peaks (3σg−2πu541

and 3σg − 3σu) are labeled “A”at 13 eV in Fig. 5(b).542

Figure. 5(c) shows the above-threshold harmonics up to543

photon energies of ∼ 160 eV.544

V. ELLIPTICITY AND PHASE OF THE545

CIRCULARLY POLARIZED HARMONIC546

SIGNALS547

Generation of circularly polarized high-order harmon-548

ics by bichromatic counter-rotating circularly polarized549

drivers results in harmonic doublets, where in each dou-550

blet the harmonics are circularly polarized with opposite551

handedness, and can span the XUV and soft X-ray re-552

gions. Here, we prove the polarizations of the harmonics553
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FIG. 6. (Color online) (a) Phase and (b) ellipticity of the
harmonic signals [Sx(ω) + Sy(ω)] from H+

2 as a function of
photon energy (below-threshold harmonics). The laser pa-
rameters used are the same as those in Fig. 3. The filled
maroon circles and filled teal circles mark the harmonic peak
positions within each doublet. The phases of the harmonics
within the same doublet exhibit opposite signs: ∼ ±π/2).

are the same as those of the frequency components of the554

driving two-color driving laser field, hence, the harmon-555

ics have circular polarizations with left and right hand-556

edness.557

Suppose we have a monochromatic field with the com-558

ponents along x and y:559

Fx = a cos(ωt),

Fy = b cos(ωt+ β).
(30)

Generally, the field amplitudes along x and y are different560

(with their ratio ryx = b/a), and there is a phaseshift β561

between the field oscillations in x and y directions. Actu-562

ally, Eq. (30) represents an elliptically polarized field; the563

orientation of the ellipse in the x − y plane depends on564

the parameters ryx and β. The angle α which determines565

the orientation of one of the ellipse axes with respect to566

the x-axis is calculated as:567

α = −1

2
arctan

(

r2yx sin(2β)

1 + r2yx cos(2β)

)

. (31)

The second axis has the orientation angle α + π/2. As-568

suming the first axis to be the major axis of the ellipse,569
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FIG. 7. (Color online) (a) Phase and (b) ellipticity of the
harmonic signals [Sx(ω) + Sy(ω)] from H+

2 as a function of
photon energy (above-threshold harmonics). The laser pa-
rameters used are the same as those in Fig. 3. The filled
maroon circles and filled teal circles mark the harmonic peak
positions within each doublet.

the ellipticity parameter is calculated as follows:570

ǫ =

√

sin2 α+ r2yx sin
2(α+ β)

cos2 α+ r2yx cos
2(α + β)

(32)

If the calculated ellipticity parameter ǫ appears greater571

than unity, then the first axis is actually the minor axis,572

and the ellipticity parameter is given by 1/ǫ. From573

the Fourier transform of the induced dipole acceleration574

(which represents the harmonic field), one can obtain the575

parameters ryx and β and calculate the ellipticity for the576

specific frequency ω. The circular polarization (ǫ = 1) is577

only possible if β = ±π/2 and ryx = 1.578

In Figs. 6-11, the filled maroon circles and filled teal579

circles indicate the positions of harmonic peaks within580

each doublet. The circular polarization of the harmon-581

ics marked with the teal circles has the same handed-582

ness as that of the driving field E1(t), and the harmonics583

marked with the maroon circles are polarized with the584

same handedness as the driving field E2(t).585

Figures 6 (below-threshold region) and 7 (above-586

threshold region) show the phase and ellipticity of the587

harmonics in the HHG spectrum of H+
2 molecule (Fig 3).588

As one can see in Fig. 6, the ellipticity of the below-589

threshold harmonics is near unity and the phases are590
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FIG. 8. (Color online) (a) Phase and (b) ellipticity of the
harmonic signals [Sx(ω) + Sy(ω)] from CO as a function of
photon energy (below-threshold harmonics). The laser pa-
rameters used are the same as those in Fig. 4. The filled
maroon circles and filled teal circles mark the harmonic peak
positions within each doublet. The phases of the harmonics
within the same doublet exhibit opposite signs: ∼ ±π/2).

very close to ±π/2, indicating circular polarizations with591

left and right handedness. In the above-threshold re-592

gion (Fig. 7), the ellipticity and phases start to deviate593

from the values characterizing perfect circular polariza-594

tion near the photon energy of ∼ 109 eV.595

Next, in Figs. 8 (below-threshold region) and 9 (above-596

threshold region) we show the phase and ellipticity of the597

harmonics in the HHG spectrum of CO molecule (Fig 4).598

Here, we analyze only the odd harmonics polarized in599

the x−y plane, since the even harmonics are linearly po-600

larized along the molecular (z) axis, as it was discussed601

above. Again, in the below-threshold region (Fig. 8), the602

harmonics in the same doublet have nearly perfect circu-603

lar polarization with opposite handedness. In the above-604

threshold region (Fig. 9), the ellipticity and phases start605

to deviate from unity and ±π/2, respectively, starting606

from the photon energy of ∼ 47 eV.607

Figures 10 (below-threshold region) and 11 (above-608

threshold region) show the phase and ellipticity of the609

harmonics in the HHG spectrum of N2 molecule (Fig 5).610

The picture resembles that previously seen in the H+
2 and611

CO molecules. In the below-threshold region, the har-612

monics have almost perfect circular polarization with the613

ellipticity equal to unity and phases equal to ±π/2 for left614
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FIG. 9. (Color online) (a) Phase and (b) ellipticity of the
harmonic signals [Sx(ω) + Sy(ω)] from CO as a function of
photon energy (above-threshold harmonics). The laser pa-
rameters used are the same as those in Fig. 4. The filled
maroon circles and filled teal circles mark the harmonic peak
positions within each doublet.

and right handedness. However, in the above-threshold615

region, the ellipticity eventually drops from unity, and616

the harmonics do not exhibit circular polarization start-617

ing from the photon energy of ∼ 60 eV.618

VI. CONCLUSION619

In this paper, we have presented a detailed investiga-620

tion and analysis of heteronuclear and homonuclear di-621

atomic molecules subject to bichromatic counter-rotating622

circularly polarized intense laser fields. The generated623

high-order harmonics exhibit circular polarization up to624

the soft x-ray regime for the homonuclear (H+
2 , N2) and625

heteronuclear (CO) molecules under consideration. The626

HHG spectrum has a doublet structure where the har-627

monics within the same doublet have opposite (left and628

right) circular polarizations.629

We found that qualitatively different nonlinear opti-630

cal responses and ionization dynamics are predicted for631

heteronuclear and homonuclear diatomic molecules, al-632

though CO has only a very small permanent dipole mo-633

ment. First, the MPI rate for the heteronuclear diatomic634

CO molecules is larger than that for H+
2 and N2 homonu-635

clear diatomic molecules. Second, while the excitation of636
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FIG. 10. (Color online) (a) Phase and (b) ellipticity of the
harmonic signals [Sx(ω) + Sy(ω)] from N2 as a function of
photon energy (below-threshold harmonics). The laser pa-
rameters used are the same as those in Fig. 5. The filled
maroon circles and filled teal circles mark the harmonic peak
positions within each doublet. The phases of the harmonics
within the same doublet exhibit opposite signs: ∼ ±π/2).

the H+
2 and N2 molecules by laser fields can generate only637

odd harmonics, both even and odd harmonics can be pro-638

duced in the case of oriented CO molecules. Third, for639

heteronuclear diatomic molecules (CO), the laser fields640

propagating along the molecular (z) axis and circularly641

polarized in the perpendicular x − y plane cause a non-642

symmetric time-dependent displacement of the electron643

density along the molecular axis thus inducing an oscillat-644

ing dipole moment in the z direction, although the force645

from the laser fields does not have a projection on the z646

axis. Oscillations of the dipole moment along the molecu-647

lar axis result in generation of even order harmonics, lin-648

early polarized in the same z direction. This HHG mech-649

anism is unavailable in homonuclear diatomic molecules650

and qualitatively distinguishes harmonic generation in651

homonuclear and heteronuclear diatomic molecules in cir-652

cularly polarized laser fields.653

Finally, our results show that generation of bright XUV654

and soft x-ray radiation with circular polarization is also655

possible in diatomic molecules and not limited to atomic656

targets only. Much remains to be explored in this fas-657

cinating and largely unexplored area of molecular non-658

linear optical processes in strong bichromatic circularly659

polarized laser fields.660
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FIG. 11. (Color online) (a) Phase and (b) ellipticity of the
harmonic signals [Sx(ω) + Sy(ω)] from N2 as a function of
photon energy (above-threshold harmonics). The laser pa-
rameters used are the same as those in Fig. 5. The filled
maroon circles and filled teal circles mark the harmonic peak
positions within each doublet.
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