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For pure symmetric 3-qubit states there are only three algebraically independent entanglement
measures; one choice is the pairwise concurrence C, the 3-tangle τ , and the Kempe invariant κ.
Using a canonical form for symmetric n qubit states derived from their Majorana representation,
we derive the explicit achievable region of triples (C, τ, κ).

PACS numbers:

I. INTRODUCTION

Entanglement is a critical resource for quantum com-
putational tasks such as teleportation [1] and cryptogra-
phy [2] among many others, but analytic calculations of
entanglement quickly become challenging as the dimen-
sion of the Hilbert space increases. Restricting those cal-
culations to states which are symmetric under subgroups
of permutations of party labels can greatly reduce the
number of parameters and simplify the calculations con-
siderably. Symmetric states are particularly useful for
this reason; in addition, symmetric states are relevant
in many experimental settings such as in Measurement-
Based Quantum Computing [3], as an initial state for
Grover’s Algorithm [4], and as ground states of various
translation invariant Hamiltonians [5]. In this paper, the
restriction to completely symmetric states is used to sim-
plify the calculation of 3 qubit local unitary (LU) invari-
ants.

The entanglement of an n qubit state, as defined by
any measure, remains invariant under local unitary oper-
ators of the form U = U1⊗U2⊗. . .⊗Un, where Ui ∈ U(2).
Polynomial invariants of a multi-qubit state are not lim-
ited to entanglement monotones, though these are a par-
ticularly relevant choice. In this paper, the invariants of
an arbitrary three qubit symmetric state are calculated
explicitly and their full achievable region is calculated.

II. 3 QUBIT POLYNOMIAL INVARIANTS

Any multi-particle state has a set of polynomials in
the coefficients of the state which are invariant under the
action of various local operators [6]. In particular, a 3
qubit state, under the action of unitaries which act only
locally on one qubit, is known to have 5 algebraically in-
dependent invariants (as well as the trace norm and Z2

invariant) [7]. There is some freedom in choosing 5 gen-
erators of the algebra of invariant polynomials, as any
polynomial in invariants is additionally an invariant of
the state. One set of generators that is particularly con-
venient for 3 qubit states under local unitary operators
is

{C1,2, C2,3, C3,1, τ, κ} , (1)

where Ci,j is the pairwise concurrence between parties
i and j [8], τ is the 3-tangle [9], and κ is the Kempe
invariant [10]. These quantities are defined for a 3 qubit

state, |ψ〉 =
∑1
i,j,k=0 cijk |ijk〉, as follows:

Ci,j = max {0, λ1 − λ2 − λ3 − λ4} , (2)

τ = 2|εi1i2εi3i4εj1j2εj3j4εk1k3εk2k4
× ci1j1k1ci2j2k2ci3j3k3ci4j4k4 |,

(3)

κ = ci1j1k1ci2j2k2ci3j3k3c
∗
i1j2k3c

∗
i2j3k1c

∗
i3j1k2 , (4)

where the λα in (2) are the square roots of the eigen-
values, in decreasing order, of ρi,j(σy ⊗ σy)ρ∗i,j(σy ⊗ σy).
Here, ρi,j is the reduced density operator of the state
having traced out all parties other than i and j. Note,
also, that in (3) and (4) we have adopted the convention
of summing over repeated indices. This choice of invari-
ants is particularly useful as it uses some of the most
prevalent entanglement measures in the concurrence and
3-tangle.

It would be interesting to completely map the space of
these 5 invariants, but the calculations are difficult for
arbitrary states, and the 5 dimensional picture would be
unwieldy to describe or visualize. Instead, by examining
a particular subset of states, the number of parameters
and invariants can be reduced to be more manageable. In
the next section this is done for the subset of states which
are symmetric under permutation of the party labels.

III. SYMMETRIC 3 QUBIT STATES

Symmetric states offer a significant simplification to
the picture of 3 qubit invariants. Clearly if a state is
symmetric under relabeling of parties, each of the two-
party reduced density operators, ρi,j , will be identical.
This then causes C1,2 = C2,3 = C3,1 = C and effectively
reduces the number of invariants to 3, which will be de-
noted,

{C, τ, κ} . (5)

The goal now is to calculate these invariants for a gen-
eral 3 qubit symmetric state and describe the region of
allowed and acheivable values for these invariants. Before
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doing so, however, we can further simplify the problem by
examining how the symmetric subspace of 3 qubit states
reduces the parameters on which the invariants depend.

The most natural representation of an n qubit sym-
metric state is in the Dicke basis [11],

|ψ〉 =

n∑
i=0

ai

∣∣∣S(n)
i

〉
, (6)

where ∣∣∣S(n)
i

〉
=

(
n

i

)−1/2 ∑
π∈Sn

π| 00...0︸ ︷︷ ︸
n−i

11...1︸ ︷︷ ︸
i

〉 (7)

are the Dicke basis states which represent an equal su-
perposition of all possible states with i “0” entries and
n− i “1” entries. They are obviously symmetric since π
permutes the parties of the state and the sum is an equal
superposition of all possible permutations. In this rep-
resentation, the 3 qubit symmetric state has 4 complex
coefficients, ai, which reduce to 6 real parameters after
normalization and the factoring out of an overall phase.
While the invariants can be calculated from these 6 real
parameters, it is useful to apply a set of local unitaries to
the state to reduce the number of parameters. The calcu-
lation of the invariants then becomes more concise while
still containing the same information since the invariants
should not change under local unitaries. Such a simpli-
fication was investigated in [11]. Using almost the same
argument, we show in the following that most 3-qubit
symmetric states are equivalent under local unitaries to
states of the form,

|ψ′〉 = A
(
|000〉+ yeiφ |θ〉⊗3

)
, (8)

where y ∈ [0, 1), θ ∈ [0, π], φ ∈ [0, 2π), |θ〉 =
cos(θ/2)|0〉+sin(θ/2)|1〉 is a single qubit state with purely
real coefficients, andA is a normalization constant. What
follows is a proof of (8).

Consider an arbitrary 3 qubit symmetric state given
by,

|ψ〉 =

3∑
i=0

ai

∣∣∣S(3)
i

〉
. (9)

One can compute the Majorana Polynomial [13] of |ψ〉,
by projecting it onto the unnormalized state |α〉 =

(|0〉+ α∗ |1〉)⊗3, where α is an arbitrary complex number.
The resulting inner product is the following polynomial
in α,

〈α|ψ〉 = a0 +
√

3a1α+
√

3a2α
2 + a3α

3. (10)

By the first fundamental theorem of algebra, the roots
of this polynomial, αi, known as the Majorana roots,
uniquely determine the coefficients ai up to some overall
scaling factor. So to show that two states are the same, it
suffices to show that they have the same Majorana roots.

We will exploit this fact to show that most states, |ψ〉,
can be represented as

|ψ〉 = c0 |Φ0〉+ c1 |Φ1〉 , (11)

where |Φj〉 =
(
cos θj |0〉+ eiφj sin θj |1〉

)⊗3
and cj ∈ C,

by showing that (11) has the same Majorana roots as (9)
for some choice of cj , θj and φj . Before computing the
Majorana roots of (11), we can factor out c0 from the
state to express it as,

|ψ〉 = A (|Φ0〉+ c |Φ1〉) , (12)

where A is a normalization constant and c = c1/c0 ∈ C.
The Majorana polynomial of (12) can be expressed as

〈α|ψ〉 =
(
cos θ0 + α sin θ0e

iφ0
)3

+c
(
cos θ1 + α sin θ1e

iφ1
)3
.

(13)
Note we have dropped the normalization factor, A, since
we need only specify the polynomial up to a scaling fac-
tor. We can further simplify by dividing by cos θ0, which
leaves,

〈α|ψ〉 = (1 + αβ0)
3

+ c′ (1 + αβ1)
3
, (14)

where βj = tan θj e
iφj and c′ = c(cos θ1)/(cos θ0). The

goal is to demonstrate that one can solve for a choice of
βj and c′ that will satisfy (14) having the same roots as
(10). This creates the following constraints on βj and c′,

0 = (1 + α1β0)
3

+ c′ (1 + α1β1)
3

(15)

0 = (1 + α2β0)
3

+ c′ (1 + α2β1)
3
. (16)

Additionally, we can require that the projection of (12)
onto |α〉 be the same as (10) when evaluated at α = 0,
which provides the third constraint,

a0 = c0 (cos θ0)
3

+ c1 (cos θ1)
3
. (17)

Equations (15-17) provide sufficient constraints on βj
and c′ to identify a representation (11) which is the same
state as (9) so long as no Majorana root, αi is degener-
ate with degree 2 [12]. One can then construct a local
unitary operator of the form U = U ⊗ U ⊗ U , where
U
(
cos θ0 |0〉+ sin θ0e

iφ0 |1〉
)

= |0〉. Applying this to (12)
results in

U |ψ〉 = A (|000〉+ c |χ〉) , (18)

where |χ〉 = U |Φ1〉 =
(
cos θ/2 |0〉+ sin θ/2eiχ |1〉

)⊗3
.

Lastly, one can apply the local unitary operator,

V =

(
1 0
0 e−iχ

)⊗3
(19)

to the state (18) to arrive finally at the desired result,

|ψ′〉 = A
(
|000〉+ yeiφ |θ〉⊗3

)
, (20)

where |θ〉 = cos θ/2 |0〉+ sin θ/2 |1〉, and c = yeiφ.
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This canonical form is a useful tool in examining the lo-
cal unitary invariants of 3-qubit symmetric states. Other
canonical forms and representations for 3-qubit states are
known, but this one provides considerable simplification
to symmetric states in particular and leaves them sym-
metric after the rotation. If one were to transform (20)
into one of the general 3-qubit canonical forms developed
by Aćın et al. in [14] one would get the following state,

|χ1〉 = A

[
sin θ |000〉+ cos θ

(
e−iθ + y cos θ

)
|100〉

+y cos θ sin θ (|101〉+ |110〉) + y sin2 θ |111〉
]
,

(21)

which is less obviously symmetric than (20). An effective
canonical form utilizing the inner products of the vec-
tors in the Majorana representation was presented in [15].
This form was used to calculate a slightly different set of
invariants,

{
τ, κ,Tr(ρ21)

}
, where ρ1 is the single-party re-

duced density matrix of the symmetric state obtained by
tracing out any two parties, and the states which maxi-
mize and minimize the various invariants were examined.
In what follows, we will calculate the {C, τ, κ} of (20) and
describe the full achievable space of those variants.

In terms of the parameters y, θ, and φ of (20), the
invariants are,

τ =
2y sin3 θ

2

1 + y2 + 2y cos3 θ2 cosφ
(22)

C =
y sin θ

2 sin θ

1 + y2 + 2y cos3 θ2 cosφ
(23)

κ =
1

8
(
1 + y2 + 2y cos3 θ2 cosφ

)×[ (
1 + y2

) (
8 + 19y2 + 8y4 + 9y2 (4 cos θ + cos 2θ)

)
+24y cos3

θ

2

(
2 + 3y2 + 2y4 + 3y2 cos θ

)
cosφ

+48y2
(
1 + y2

)
cos6

θ

2
cos 2φ+ 16y3 cos9

θ

2
cos 3φ

]
.

(24)

Figure 1 shows the invariants of 105 randomly gen-
erated symmetric 3 qubit states, where the states were
generated by sampling randomly over the allowed val-
ues of y, θ, and φ. At a first glance, it is interesting
to note that the 3-tangle and Kempe invariants achieve
their maximum values of 1 on the symmetric subspace,
but the concurrence does not due its monogamy con-
straints [9]. A straightforward maximization over the
state parameters reveals a maximum concurrence of 2/3
in the symmetric subspace, which confirms the result of
[16] for n = 3. The points of Figure 1 appear to lie al-
most on a surface, but closer inspection reveals that they
in fact fill a narrow volume, the boundaries of which can
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FIG. 1: Scatterplot from two points of view of invariants of
randomly generated symmetric 3 qubit states.

be calculated. We can invert the expressions (22-24) by
a Gröbner basis calculation to find,

cos
θ

2
=

C√
C2 + τ2

(25)

cosφ =
4− 3τ2 − 9C2 − 4κ

3C3
(26)

y =
6τ2 + 9C2 + 4κ− 4

3 (τ2 + C2)
3/2

−

√√√√(6τ2 + 9C2 + 4κ− 4

3 (τ2 + C2)
3/2

)2

− 1.

(27)

The constraints on the state parameters then provide
constraints on these functions of the invariants. The ex-
trema of these constraints are the surfaces which form
the boundaries of the invariant space. The boundaries
are formed when equality is achieved in the following re-
lations.

0 ≤ 4− τ2 − 9C2 − 4κ+ 3C3 (28)

0 ≥ 4− τ2 − 9C2 − 4κ− 3C3 (29)

0 ≥ 4− 6τ2 − 9C2 − 4κ+ 3
(
τ2 + C2

)3/2
. (30)

These three surfaces, which are shown in Figure 2, form
boundaries for the possible space of the invariants and
serve as additional monogamy relations for symmetric
3 qubit entanglement. Note that the state parameter
constraints lead to more constraints on the invariants,
but (28-30) is the minimum set of constraints required
to describe the region. Because there is a bijective map
between the invariants and the state parameters, each
invariant triple which lies within the region satisfying (28-
30) can be mapped to a 3 qubit symmetric state, and
therefore the entire region is achievable.

We should at this point address the states which do
not admit a representation of the form (8), which we de-
note

∣∣ψ̄〉. It is shown in [12] that 3 qubit states which
have a degenerate Majorana root with degree 2 cannot
be expressed in this canonical form. Instead, we will
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FIG. 2: View of a slice of the boundaries of the volume of
symmetric 3 qubit invariants superimposed over the points of
Figure 1. The contour achieving equality in equation (28) is
shown in green (the upper-left surface), (29) in blue (lower-
left), and (30) in red (upper-right).

parametrize states of that form and show that the in-
variants of this subset of state likewise satisfy (28-30).
An arbitrary 3 qubit state with a degenerate Majorana
root of degree 2 can be expressed in the Majorana repre-
sentation as∣∣ψ̄〉 =

1

A

∑
π∈S3

π |φ1〉 ⊗ |φ1〉 ⊗ |φ2〉 , (31)

where φi are single qubit states. We can again use local
unitaries to simplify states of this form to∣∣ψ̄′〉 =

1

A

∑
π∈S3

π |0〉 ⊗ |0〉 ⊗ |θ〉 , (32)

where |θ〉 is the same as in (8) for θ ∈ (0, π]. The invari-
ants of (32) are

τ = 0, (33)

κ =
2 + 48 cos2 θ2 + 141 cos4 θ2 + 52 cos6 θ2

9(1 + 2 cos2 θ2 )3
, (34)

C =
2− 2 cos2 θ2
3 + 6 cos2 θ2

. (35)

It is then easy to verify that (33-35) satisfy (28-30) for
θ ∈ (0, π]. This is perhaps unsurprising given that the
states with a degenerate Majorana root of degree 2 are
a limiting case of states which admit the canonical form.
Now all 3 qubit symmetric states have been considered
and it can be concluded that (28-30) do indeed describe
the full achievable region for 3 qubit symmetric states.

A similar approach could be used to analyze the invari-
ants of n qubits for the symmetric subspace. The repre-
sentation in [12] extends to symmetric n qubit states re-
sulting in 2n− 3 real parameters. 3 qubits, in particular,
can be fully analyzed and visualized because the num-
ber of invariants and state parameters is suitably low.
Additionally, in the 3 qubit case, remarkably there is an
invertible map between the state parameters and the in-
variants, allowing our the calculation of the achievable
region. Turning to the n > 3 qubit case, [15] and [17]
use the Majorana state representation to examine the
SLOCC classes and invariants of symmetric states, but
the LU invariants remain less explored. The inner prod-
ucts of the vectors in the Majorana representation are
themselves a set of 2n− 3 LU invariants, as used by [15].
It would be interesting to find an alternate set of 2n− 3
algebraically independent LU invariants which includes
pertinent entanglement measures. That set of invariants
could potentially then be calculated in terms of the 2n−3
state parameters. The remarkable fact that this map was
invertible for 3 qubits will not necessarily be true for the
n qubit case, though it is certainly worth examining.
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