
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Effect of second-order coupling on photon-pair statistics in
waveguide structures

Yehonatan Gilead and Yaron Silberberg
Phys. Rev. A 96, 053803 — Published  2 November 2017

DOI: 10.1103/PhysRevA.96.053803

http://dx.doi.org/10.1103/PhysRevA.96.053803


Effect of Second-Order Coupling On Photon-Pair Statistics In Waveguide Structures

Yehonatan Gilead∗ and Yaron Silberberg
Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76100, Israel

(Dated: October 17, 2017)

We investigate a quasi-one-dimensional periodic array of coupled waveguides, with one extended
and one bound dimension, incorporating both first- and second-order coupling. We study the
evolution of optical fields in this system, and measure quantum correlations when path-entangled
photon pairs are launched into them. We observe a surprisingly large and nontrivial effect of second-
order coupling on these correlations - while quantum correlations are symmetric when only first-order
coupling is present, the introduction of next-nearest-neighbor coupling often breaks the symmetry
to reflections.
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I. INTRODUCTION

In recent years, arrays of evanescently coupled opti-
cal waveguides have provided a fertile ground for experi-
ments simulating condensed matter systems with optics,
due to the analogy of the light field in a waveguide ar-
ray and the electronic wavefunction on a lattice. One-
dimensional arrays have been used to study quantum
walks [1–4], Bloch oscillations [5, 6], Anderson localiza-
tion [7, 8], and topological effects in quasi-crystals [9, 10].
More recently, the advent of femtosecond-laser writing
[11, 12] has enabled the fabrication of 2-dimensional ar-
rays, which have been used to examine 2D quantum
walks [13], photonic graphene [14], transport properties
of other two-dimensional structures [15, 16], and other
effects [17, 18].
In addition, using light has granted the ability to inves-

tigate quantum interference, by inserting multi-photon
states into these structures. In 1D structures, the afore-
mentioned quantum walks show intriguing correlations
between the output positions of the photons [19, 20];
other interesting results were found in arrays exhibiting
Anderson localization [21–24]. In 2D, a few experiments
were performed investigating quantum correlations (ei-
ther using classical light to simulate the effects [25], or
genuine quantum states [26, 27] showing nonclassical in-
terference); these structures were, in general, limited to
relatively few waveguides and displayed rather unstruc-
tured correlations.
In the works that examined 2D structures, both with

classical and quantum light, the majority considered only
nearest-neighbor, first-order coupling between waveg-
uides; the exponential decay of the coupling strength
with distance is assumed to make second order coupling
negligible. Second-order coupling was theoretically ad-
dressed in zig-zag configuration [28], in order to simu-
late 1D lattices with second-order coupling; these were
followed by experimental implementations as well [29].
Later on, photon-pair correlations were theoretically in-
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vestigated in 1D lattices with second order coupling as
well [30].
Here we investigate an ordered quasi-1D array of

waveguides, which is extensive in one dimension and
bound in the other. This is somewhat reminiscent of
a two-leg ladder - a structure studied extensively in the
condensed matter community [31], though usually with
a focus on spin chains and not particle hopping trans-
port; in general, most of these works also considered only
nearest-neighbor coupling (though spin-one chains can
be described as a two-leg ladder with diagonal coupling
[32]). In more recent years, some attention has been given
to particle transport in somewhat similar configurations
[33, 34].
We investigate this system analytically in the con-

text of light propagation, and present measurements with
classical light demonstrating the predicted behavior. We
then continue to calculate and measure quantum corre-
lations of photon pairs propagating in this system, and
show how the presence of second-order coupling can af-
fect them - sometimes drastically.

II. EXPERIMENTAL SYSTEM

We perform these experiments in a system of evanes-
cently coupled waveguides, fabricated in bulk glass uti-
lizing the femtosecond-laser direct-write method [11, 12].
300 fs-long laser pulses at 1 MHz repetition rate are used,
with a central wavelength of 1041 nm. The pulses are slit-
shaped [35] (in order to suppress polarization and angle
dependence of the coupling), and then focused with a
depth-corrected, 50x, NA=0.65 microscope objective into
a Corning EAGLE2000 50 mm X 25 mm glass slide. The
slide is translated at a speed of 40 mm per second along
its long dimension, and the focus is placed approximately
125 µm below the glass surface - resulting in 50mm-long
waveguides with a mode of approximately 9.5 µm full
width at half maximum (FWHM).
A head-on schematic of the fabricated array is pre-

sented in Fig. 1(a). It is composed of two rows of waveg-
uides; the vertical distance between the rows is 16µm, the
horizontal distance between waveguides is 28µm, and the
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diagonal distance is therefore 32.25µm.

V
C

D
C

H
C 2 3

M+3M+2M+1

1

M+4

4

2M

M

(a)

(b)

10

29

(c)

109

FIG. 1. (Color online) Schematic of the double-row waveg-
uide array. The fabricated array extends over 25 waveguides
horizontally, only part of which contain signal and are mea-
sured. (a) The site numbering for the measured waveguides
begins in the top row, and continues on the bottom one. CH ,
CV and CD are the horizontal, vertical and diagonal coupling
constants, appropriately. (b) Input sites for the measure-
ments with classical light. Two laser beams are coupled to
vertically neighboring waveguides, with a controllable phase
between them: E10 = 1√

2
, E29 = eiφ 1√

2
(for these exper-

iments, measurements were taken of M=19 waveguides in
each row). (c) Input sites for the measurements with quan-
tum light. Two photons are inserted in a superposition of
being either in one waveguide on the top row, or its hori-
zontal neighbor, with a controllable phase between the possi-

bilities: 1

2

(

a
†2
9

+ eiφa
†2
10

)

|0〉 (for these experiments, measure-

ments were taken of M=18 in each row). (d) Image of the
glass slide facet, showing a cross section of a ladder array.
This image has been processed to improve contrast, reduce
the effect of noise, and correct for uneven lighting.

III. CLASSICAL LIGHT PROPAGATION

General analytical solutions to systems such as this
have been previously shown in [36]. As this is a special-
ization of the general case presented there, the governing
dynamics can be greatly simplified. With vertical, hor-
izontal and diagonal coupling present, the propagation
equation of the electric field amplitude is:

i
∂

∂z
A(z)h,v = βA(z)h,v + CV A(z)h,v′ + CH [A(z)h−1,v+

+A(z)h+1,v] + CD[A(z)h−1,v′ +A(z)h+1,v′ ] (1)

where A is the field amplitude, h is the index along the
horizontal, long dimension, and v, v′ are the two indices
along the short, vertical dimension. β is the propaga-
tion constant in a single waveguide, CV is the vertical

coupling constant between rows, CH is the horizontal
coupling constant inside a row, and CD is the diagonal
coupling constant. With some substitutions and implicit
z-dependance, this equation can be expressed as (see ap-
pendix A for further detail):

i
∂

∂z
A

(+)
h =β(+)A

(+)
h + C(+) · (A

(+)
h−1 +A

(+)
h+1) (2)

i
∂

∂z
A

(−)
h =β(−)A

(−)
h + C(−) · (A

(−)
h−1 +A

(−)
h+1) (3)

With A
(+)
h ≡ Ah,u +Ah,d, A

(−)
h ≡ Ah,u −Ah,d, β

(+) ≡

β + CV , β(−) ≡ β − CV , C(+) ≡ CH + CD, C(−) ≡
CH − CD, and u, d signifying the ’up’ and ’down’ rows.
These equations are identical to an ordered 1D array,
leading upon propagation to a pattern known as discrete
diffraction [3]. This brings us to the conclusion that this
system supports two general modes, a symmetric and an
anti-symmetric one (as relating to the upper/lower row
- for clarity we shall refer to them as the y-symmetric

and y-anti-symmetric modes), each behaving identically
to a 1D array with different effective propagation and
coupling constants.
Specifically, one can show (appendix A) that the out-

put from a single excited waveguide N on the top row
will be:

Ah,u(z) =
ih−N

2
· [Jh−N (2zC(+)) + e−2izCV Jh−N (2zC(−))]

Ah,d(z) =
ih−N

2
· [Jh−N (2zC(+))− e−2izCV Jh−N (2zC(−))]

(4)

For no diagonal coupling, C(+) = C(−) = CH and we
get

Ah,u(z) =
ih−N

2
· Jh−N (2zCH)(1 + e−2izCV )

Ah,d(z) =
ih−N

2
· Jh−N (2zCH)(1− e−2izCV ) (5)

which is simply the 1D discrete diffraction pattern in
each row, with power shifting between rows over prop-
agation (see Fig. 2(a)). In reality, though, diagonal
coupling is present; in our experiment, it was measured
to be CD = 7.5 ± 1.1 m−1, compared to the horizon-
tal CH = 67.4 ± 2.0 m−1. The vertical coupling CV

was not directly measured, but instead multiple arrays
with different vertical distances were fabricated to find
an equal-power setting. It is estimated to be approxi-
mately CV ≃ 580± 60 m−1, with the large variance due
to the short distance and lack of reliable calibration for
vertically oriented arrays. In any case, as can be seen
from Eq. (4), only the phase induced by this coupling is
material to the results, and not its absolute value.
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FIG. 2. (Color online) Simulations of intensity propagation
of classical light in a double-row lattice. Following the num-
bering convention, the lower site numbers represent the up-
per row, and the higher ones represent the lower row, sepa-
rated by the dashed, orange line. Note the color scales, which
are saturated at higher values to allow details to be visible
at later propagation distances. (a) Intensity along propaga-
tion when a single site on the upper row is initially excited,
in a lattice with diagonal coupling turned off. The dashed
white line is located such that the total power in the upper
and lower rows are equal (Z = nπ

4CV
, with n an odd inte-

ger. In this case, n =5, as CV in these simulations is lower
than the one in the experiment in order to maintain clarity
in the graph). All measurements were taken at such a lo-
cation. (b) Same as (a), with diagonal coupling turned on.
Changes are evident, but are relatively small. (c,d) Intensity
along propagation with diagonal coupling turned on, and the
y-symmetric (E10 = 1√

2
, E29 = 1√

2
)(c) and y-anti-symmetric

(E10 = 1√
2
, E29 = −1√

2
)(d) modes excited. In either case,

both rows experience the same discrete diffraction pattern,
with a different effective coupling constant for either excita-
tion mode.

The measured diagonal coupling is significantly smaller
than expected from distance alone (calculated to be
≃ 31.2 m−1 from previously performed calibrations, as-
suming similar behaviour to that of horizontally coupled
waveguides), possibly due to a masking effect similar to
that observed for next-nearest-neighbor coupling in 1D
lattices [37].

When diagonal coupling is introduced at this strength,
the intensity output pattern from a single excited waveg-
uide changes, to a degree qualitatively similar to that of
the ratio CD

CH

(see Fig. 2(b), 3(a)). If the y-symmetric or
y-anti-symmetric mode is directly excited, the output in
each row becomes identical:
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FIG. 3. (Color online) Output intensity distribution at an
equal-power location (the white dashed line in Fig. 2). (a)
Simulation of the intensity distribution at the output when
site 10 is excited, at an equal-power location. When diagonal
coupling is turned on (red, dashed line) and off (blue, solid
line) power distribution changes, but not significantly. (b)
Measured intensity distribution at the output, summed over
both rows, when the y-symmetric (solid, orange line) and y-
anti-symmetric (dashed, purple line) modes are excited. (c-f)
CCD Images (c-d) and simulated images (e-f) of the power
distribution at the output of the array, when the y-symmetric
(c,e) and y-anti-symmetric (d,f) modes are excited. The cir-
cles mark the input waveguides.

Ah,u(z) = Ah,d(z) = Asym
h,v =

ih−N

2
· Jh−N (2zC(+)) (6)

Aasym
h,v =

ih−N

2
· Jh−N (2zC(−)) (7)

For these excitations, the total power within each row
remains constant, and both rows exhibit the same 1D
discrete diffraction pattern - but with different effec-
tive coupling constants for the y-symmetric and y-anti-
symmetric cases (see Fig. 2 (c,d)). Fig. 3(b-d) shows
measured results of the output distribution when the y-
symmetric and y-anti-symmetric modes are excited - the
stronger effective coupling for the y-symmetric mode is
clearly visible.
Surprisingly, regardless of whether the diagonal cou-

pling is turned on or off, the eigenmodes of this system re-
main unchanged. Some intuition into this can be gained
when one realizes that a change in the value of either the
propagation constant β or the coupling constants C(+)

and C(−) (or, in the case of no diagonal coupling or 1D,
CH) simply leads to a change in eigenvalues of the eigen-
modes (appendix C). If we note the kth eigenmode of the

1D system as ~V (k) =
∑M

m=1 V
(k)
m (withM being the num-

ber of sites in a row), the y-symmetric (y-anti-symmetric)

eigenmodes of the 2D system will be ~V
(k)
u ± ~V

(k)
d whether

the diagonal coupling is present or not - but with differ-
ent eigenvalues in each case. This, in turn will lead to a
change in the band structure of the system, as each mode
will have a shifted energy.
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FIG. 4. (Color online) Experimental setup. LD - Laser Diode, HWP - Half-wave plate, PBS - Polarizing beam splitter, QWP
- Quarter-wave plate, M - Mirror, RR - Retroreflector, PZT - Piezoelectric transducer, PPKTP - Nonlinear crystal, DP - Dove
prism, DM - Dichroic mirror, CCD - Camera, BS - Beam splitter, IF - Interference filters, D1/2 - Fibre input facets, CCU -
Coincidence counting unit. The elements in green frames (or marked by green arrows) are those inserted (or replaced) for the
experiment using classical light.

IV. PROPAGATION OF ENTANGLED

PHOTON PAIRS

So far, we have seen that the presence of weak diagonal
coupling has no effect on the system’s eigenmodes, and
relatively little effect on the output power distribution
from a single input (for the propagation distance consid-
ered here). Discernable differences are induced only when
particular, multiple-site modes are intentionally excited.
Considering this, one might ask - what effect will weak
diagonal coupling have on correlations of photon pairs
propagating through the structure?
To answer this question, we quantify these correlations

with the photon-number correlation function (or correla-
tion matrix) [19] Γq,r = 〈a†qa

†
raraq〉, where a†q is the cre-

ation operator for a photon in site number q. This matrix
corresponds to the probability of detecting one photon in
site q and the other in site r. Since we are dealing with
a 2D structure, we will project the sites onto 1D to allow
for ease of display of these matrices (following the con-
vention in Fig. 1(a)) for a 2×18 section of the waveguide
array.
We consider photon pairs inserted into the system in

a path-entangled state 1
2

(

a†
2

9 + eiφa†
2

10

)

|0〉; this corre-

sponds to a superposition of the photons being inserted
into either of two neighboring sites in the center of the
top row, with a controlled phase between those possibil-
ities.

A. State Preparation and Measurements

The experimental setup is presented in Figure 4. For
the experiment using quantum light, the pump is a
404nm, 250mW continuous-wave laser diode, which is
split into two beams in a Michelson-type interferome-
ter. One arm is reflected by a mirror and the other by a

retroreflector, such that they both exit the interferome-
ter parallel to each other but with a distance d between
them. The mirror is placed on a piezoelectric transducer
to provide sub-wavelength control of the path length dif-
ference between the two beams.

The two beams are focused onto a nonlinear crystal
(NLC, a 15mm-long crystal of periodically poled potas-
sium titanyl phosphate, PPKTP) where they undergo
type I spontaneous parametric down-conversion (SPDC),
producing collinear, degenerate photon pairs. The pump
beams are deflected by a dichroic mirror, and interfered
on a CCD camera to produce a fringe pattern, from
which the path length difference between the beams is
measured. The SPDC beams are imaged onto the ar-
ray’s input facet, which couples them into the desired
waveguide sites. The output from the array is split on
a 50/50 non-polarizing beam splitter, before being im-
aged onto the input facets of 2 multimode fibres. Narrow
band-pass interference filters (808±1.5 nm FWHM) are
placed directly before the fibre input facets, to ensure
indistinguishability between the detected photons by re-
moving any non-degenerate pairs. The fibre input facets
are placed on motorized stages, to allow scanning of the
output of the array. The fibres are connected to single-
photon counting modules, whose output is processed by
a coincidence-counting unit implemented on an FPGA
board. The time binning for coincidence was 7 ns.

The input state is verified by coupling the two beams
to a 50/50 waveguide coupler, and observing oscillations
in the coincidence rate between the two outputs, with a
visibility of >80%.

Coincidences were measured between every possible
pair of output waveguides, integrating over 30 seconds
for each of the four input phases, for every one of the
1296 pairs in the 36-site lattice. The total coincidence
rate, summed over all pairs at the lattice output, was
approximately 20 KHz. Accidental coincidence counts
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FIG. 5. (Color online) Correlation matrices Γq,r for the double row lattice, for an input state of 1

2

(

a
†2
9

+ eiφa
†2
10

)

|0〉. The

orange lines separate between the correlations of different rows; i.e., in each graph, the bottom-left quadrant represents the
correlations inside the upper row, the upper-left/bottom-right represents the correlations between the different rows, and the
top-right corner represents the correlations inside the bottom row (a-d) Simulated correlation matrices when diagonal coupling
is turned off, for different phases φ. In this case, all quadrants display the same correlations, which are identical to those
observed in a 1D lattice with similar input and only first-order coupling [19, 20]. (e-h) Same as (a-d), with diagonal coupling
is turned on. While the correlations for the cases of φ = 0, π are relatively similar to those without diagonal coupling (same
bunching and anti-bunching behavior), those for the cases of φ = π

2
, 3π

2
show stark differences - the location of each photon

is highly dependent on the location of the other, in a non-trivial manner. These dependencies are determined not only by
their location within each row, but which row the are both in. (i-l) Experimentally measured, background-reduced correlation
matrices, for a lattice with diagonal coupling as in (e-h). Although the results are quite noisy, the salient features are easily
discerned. Contrast in these measurements may be reduced due to potential undesired overlap between the input beams and
waveguides in the lower row.

were reduced in the results
For the experiment using classical light, the pump is

replaced by a 808nm, 50mW laser diode, followed by ap-
propriate polarization optics. The NLC is replaced by
a dove prism to rotate the beams to vertical orientation.
Additionally, the single-photon detection apparatus is re-
placed by a CCD camera.

B. Results

With no diagonal coupling, the correlations in each
row and between rows are identical copies of the 1D cor-
relations of the same input [19, 20] (Fig. 5(a-d)). When
diagonal coupling is introduced, one might expect that

the correlations would change in a modest degree, in a
manner similar to that of the intensity distribution. For
input phases φ = 0, π, this is indeed the case - the correla-
tions keep their bunching/anti-bunching characteristics,
though some difference has been induced between the au-
tocorrelation of rows and the cross-correlations between
rows (Fig. 5(e,g,i,k)). In particular, photon pairs arriv-
ing at the center of the structure will do so in the same
row for φ = 0, and different rows for φ = π.
On the other hand, for input phases φ = π/2, 3π/2,

the results are starkly different. Not only do they di-
verge from those of a system with no diagonal coupling,
but they now show strong variations between correlations
within a row and between them (Fig. 5(f,h,j,l)). Without

diagonal coupling, the location of one photon is totally
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independent of the location of the other (Fig. 5(b,d));
with diagonal coupling, this independence has been re-
placed by an intricate correlation, which is affected by
both horizontal location and the row in which each pho-
ton ends up.
For example, when φ = π/2, if one photon is in the

center of the upper row (for example, site 9), the other
will be on the right edge of either row (sites 15, 33), but
if one is in the center of the bottom row (site 27), the
other will be on the left side of either row (sites 4,22)).
The contrast in these correlations is significant - much
more than what one might expect, considering the rel-
ative weakness of the diagonal coupling and the small
effect it had on single-particle output.
Perhaps the most glaring difference diagonal coupling

causes in those phases is the disappearance of the symme-
try to reflections along the horizontal axis between the
input sites (i.e., left to right. For clarity, we will refer
to this as x-symmetry). In the correlation matrices pre-
sented in Fig. 5, this reflection is implemented by rotat-
ing each individual quadrant by 180 degrees (as the rows
do not mix in this transformation, the quadrants do not
mix as well). This result is somewhat counterintuitive, as
one may wonder how the addition of diagonal coupling
(which itself has both x- and y-symmetry) manages to
insert the new x-asymmetries visible at these phases.
Upon closer inspection, we realize that the correla-

tion matrices at those phases should not a priori be
x-symmetric, as the input state is x-asymmetric (as
opposed to input states with φ = 0, π, which are x-
symmetric up to a global phase). In fact, the x-symmetric
correlations in those phases for the case with no diagonal
coupling are a result of an equivalence between the y-
symmetric and y-anti-symmetric propagation modes in-
troduced when diagonal coupling is turned off (C(−) =
C(+)); this causes the correlations to degenerate to those
of a 1D lattice with only first-order coupling (see ap-
pendix B).
Somewhat unexpectedly, such a lattice will always

show x-symmetry in its correlations, even for x-
asymmetric inputs - therefore, so will our ladder system
with no diagonal coupling. We see from this that when
considering first-order coupling alone, both these systems
have an enforced x-symmetry in their correlations. Real-
izing the significant effect of second-order coupling on
quantum correlations in our ladder system, we exam-
ined the effect of including second-order, next-nearest-
neighbor couplings in a 1D lattice (previous works [30]
have theoretically examined such a system, but only with
input phases φ = 0, π). Others have previously calcu-
lated the field amplitude at the output of such a 1D lat-
tice [29]:

Uq,m =
∑

k

iq−m−k · Jq−m−2k(2zCH)Jk(2zCH2) (8)

where q is the output site index, m is the input site
index, and CH2 is the next-nearest-neighbor coupling.

Applying it to Eq. (B5) (see appendix B) to calculate the
correlation matrix Γq,r, we get an expression containing
products of sums of elements, each with a different phase.
From this we can surmise they will not be identical for
all φ = ±φ0, and will thus also break the x-symmetry;
numerical simulations of this system prove this is indeed
the case (Fig. 6).
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FIG. 6. (Color online) Simulated correlation matrices Γq,r

for a 1D lattice, for an input state of 1

2

(

a
†2
9

+ eiφa
†2
10

)

|0〉

(identical to that used in the experiment). (a-b) A 1D lattice
with only nearest-neighbor coupling [19, 20]. For both phases
φ = π

2
, 3π

2
, the correlations are identical and symmetric about

the center of the array. (c-d) Same as (a-d), with second-
order coupling present. Here, the correlations are no longer
identical nor symmetric.

This shows that adding second-order, diagonal cou-
pling to our ladder system, or second-order coupling to a
1D system, will relax the enforcement and remove the
x-symmetry in correlations for these x-asymmetric in-
put states. This, of course, is true for all such states
(φ 6= 0, π), and not just those measured in the experi-
ment.

V. DISCUSSION

These results show that in general, the second-order
coupling is often justifiably neglected, for experiments
focusing on single-particle statistics. Even in our experi-
mental system, which was designed to enhance the rela-
tive strength of this coupling (by implementing as short
a vertical distance as feasible), it was found to be weaker
than predicted - leading to a relatively small effect on
propagation of single particles.
Despite this, we learn that when the propagation of

photon pairs is examined, even weak coupling can lead
to drastic changes in their correlations at the output.
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These changes are shown to be present in both our ex-
perimental system and a 1D system with second-order
coupling. Hence, we can surmise that when propagation
of higher-order, multi-particle correlations are studied,
one might also need to take into consideration higher-
order coupling effects, which may not be significant for
single-particle inputs.
In conclusion, we’ve studied a quasi-1D system of cou-

pled waveguides with diagonal, second-order coupling,
examining the prorogation of both classical and quan-
tum light. We analytically solve the propagation equa-
tion, showing the existence of y-symmetric and y-anti-
symmetric modes, which we experimentally observe with
classical light. For weak values of diagonal coupling, we
observe the single-particle behavior to be rather similar
to that of a system with no diagonal coupling.
We then proceed to predict and experimentally mea-

sure quantum correlations among photon pairs propa-
gating in this structure. These show stark contrast with
the case with no second-order coupling, even for weak
values. These changes include the unveiling of an x-
asymmetery which is hidden when second-order coupling
is ignored - showing the sensitivity of photon-pair statis-
tics to second-order coupling.
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Appendix A: Analytic Expressions for Propagation Equations

We begin with the initial expression presented in the main text:

i
∂

∂z
A(z)h,v = βA(z)h,v + CV A(z)h,v′ + CH [A(z)h−1,v +A(z)h+1,v] + CD[A(z)h−1,v′ +A(z)h+1,v′ ] (A1)

where A is the field amplitude, h is index along horizontal, long dimension, and v, v′ are the two indices along the
short, vertical dimension. β is the propagation constant in a single waveguide, CV is the vertical coupling between
rows, CH is the horizontal coupling inside a row, and CD is the diagonal coupling. To solve this, we will replace v’s
with u, d to signify the ’up’ and ’down’ row, and write the equations separately for each row:

i
∂

∂z
Ah,u = βAh,u+CV Ah,d + CH(Ah−1,u +Ah+1,u) + CD(Ah−1,d +Ah+1,d) (A2)

i
∂

∂z
Ah,d = βAh,d+CV Ah,u + CH(Ah−1,d +Ah+1,d) + CD(Ah−1,u +Ah+1,u) (A3)

where the z-dependence is implicit. We then re-form into the sum and difference of the two equations:

i
∂

∂z
(Ah,u +Ah,d) = (β + CV )(Ah,u +Ah,d) + (CH + CD) · [(Ah−1,u +Ah−1,d) + (Ah+1,u +Ah+1,d)] (A4)

i
∂

∂z
(Ah,u −Ah,d) = (β − CV )(Ah,u −Ah,d) + (CH − CD) · [(Ah−1,u −Ah−1,d) + (Ah+1,u −Ah+1,d)] (A5)

and then make the substitutions: A
(+)
h ≡ Ah,u +Ah,d, A

(−)
h ≡ Ah,u −Ah,d, β

(+) ≡ β+CV , β
(−) ≡ β−CV , C

(+) ≡

CH + CD, C(−) ≡ CH − CD, yielding:

i
∂

∂z
A

(+)
h =β(+)A

(+)
h + C(+) · (A

(+)
h−1 +A

(+)
h+1) (A6)

i
∂

∂z
A

(−)
h =β(−)A

(−)
h + C(−) · (A

(−)
h−1 +A

(−)
h+1) (A7)

These equations are identical to the 1D array, leading upon propagation to a pattern known as discrete diffraction
[3]. The solutions to these equations are therefore [38]:
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A
(+)
h (z) =eiβ

(+)z

∞
∑

m=−∞

ih−mJh−m(2zC(+))A(+)
m (0) =⇒

∞
∑

m=−∞

ih−mJh−m(2zC(+))A(+)
m (0) (A8)

A
(−)
h (z) =eiβ

(−)z ·

∞
∑

m=−∞

ih−mJh−m(2zC(−))A(−)
m (0) =⇒ e−2izCV

∞
∑

m=−∞

ih−mJh−m(2zC(−))A(−)
m (0) (A9)

where we shifted everything by a global phase factor e−izβ(+)

. Substituting the original fields into this solution, we
get:

Ah,v(z) =
1

2
(A

(+)
h +A

(−)
h ) =

1

2

∞
∑

m=−∞

ih−m · {Am,v(0) · [Jh−m(2zC(+)) + e−2izCV Jh−m(2zC(−))]+

+Am,v′(0) · [Jh−m(2zC(+))− e−2izCV Jh−m(2zC(−))]} (A10)

Appendix B: Correlation Symmetries to Horizontal Axis Reflections

We may now calculate the correlations arising from these results, for the input states and propagation distance
used in the experiment. We can use the expression for the fields to obtain the unitary transformation matrix U [19].
For simplicity, we’ll note 2zC(+) ≡ x and 2zC(−) ≡ x′. For entangled photon pairs input in neighboring sites on the

top row, in sites m and m− 1 [ initial state of 1
2

(

a†
2

m−1 + eiφa†
2

m

)

|0〉 ], and at zCV such that e2izCV = i, the relevant

matrix elements are:

Uq,u,m =
iq−m

2
· [Jq−m(x) + iJq−m(x′)] (B1)

Uq,d,m =
iq−m

2
· [Jq−m(x) − iJq−m(x′)] (B2)

Uq,u,m−1 =
i · iq−m

2
· [Jq−m+1(x) + iJq−m+1(x

′)] (B3)

Uq,d,m−1 =
i · iq−m

2
· [Jq−m+1(x)− iJq−m+1(x

′)] (B4)

where q is the horizontal index and u, d are the vertical indices of the output site; m,m− 1 are the horizontal input
site indices. As an example, we will calculate the correlations only within the upper row (the same row as the input)
Γuu, between horizontal sites q and r, with phase φ between the inputs:

Γuu
q,r = |Uq,u,mUr,u,m + eiφUq,u,m−1Ur,u,m−1|

2 = (B5)

1

4
|iq−m · [Jq−m(x) + iJq−m(x′)] · ir−m · [Jr−m(x) + iJr−m(x′)]

+ eiφi · iq−m · [Jq−m+1(x) + iJq−m+1(x
′)] · i · ir−m · [Jr−m+1(x) + iJr−m+1(x

′)]|2

=⇒

Γuu
q,r =

1

4
|iq+r−2m · [Jq−m(x) + iJq−m(x′)] · [Jr−m(x) + iJr−m(x′)]

− eiφiq+r−2m · [Jq−m+1(x) + iJq−m+1(x
′)] · [Jr−m+1(x) + iJr−m+1(x

′)]|2

=⇒

Γuu
q,r =

1

4
|[Jq−m(x)Jr−m(x) − Jq−m(x′)Jr−m(x′)] + i · [Jq−m(x)Jr−m(x′) + Jr−m(x)Jq−m(x′)]

− eiφ · {[Jq−m+1(x)Jr−m+1(x)− Jq−m+1(x
′)Jr−m+1(x

′)] + i · [Jq−m+1(x)Jr−m+1(x
′) + Jr−m+1(x)Jq−m+1(x

′)]}|2

For no diagonal coupling, x = x′, so we get a simplified expression:
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Γuu
q,r =

1

4
|[
✭
✭
✭
✭
✭
✭
✭✭

Jq−m(x)Jr−m(x)−
✭
✭
✭
✭
✭
✭
✭✭

Jq−m(x)Jr−m(x)] + i · [Jq−m(x)Jr−m(x) + Jr−m(x)Jq−m(x)] (B6)

− eiφ · {[
✭
✭
✭
✭
✭
✭
✭
✭

✭✭

Jq−m+1(x)Jr−m+1(x)−
✭
✭
✭
✭
✭
✭
✭
✭
✭✭

Jq−m+1(x)Jr−m+1(x)] + i · [Jq−m+1(x)Jr−m+1(x) + Jr−m+1(x)Jq−m+1(x)]}|
2

=⇒

Γuu
q,r =

1

4
|2Jq−m(x)Jr−m(x) − eiφ · 2Jq−m+1(x)Jr−m+1(x)|

2 = |Jq−m(x)Jr−m(x)− eiφ · Jq−m+1(x)Jr−m+1(x)|
2

This is identical to the result from the same input in a one-dimensional system with first-order coupling only [19].
Identical results are obtained for Γud, Γdu,Γdd in this case.
When we examine reflections along the horizontal axis, we realize that changing the input phase from φ = φ0 to

φ = −φ0 is equivalent to a reflection along the center between the input sites (since changing both leaves us in the
same position). This shows that if the correlation matrix is in general identical for those two input phases, it must
also be symmetric to reflections along the horizontal axis (x-symmetric); the converse is true as well.
As Bessel functions are real, for φ = φ0, we will be adding a real number to a complex one and taking the absolute

value squared. Another way to think of it is taking a horizontal vector in the complex plane, and adding another
at angle φ = φ0. Obviously, this shows how the correlations for φ = −φ0 will be the same - we are implementing a
reflection about the real axis in the complex plane, which will leave the total sum-vector length unaffected. The same
will be true for a one-dimensional system without second order coupling, since it has the same correlation matrix.
Thus, any alteration that results in the correlation matrices for φ = ±φ0 no longer being identical will perforce

cause the x-symmetry to vanish; this is the case with the addition of diagonal coupling to our ladder system, as well
as with second-order coupling in a 1D system.

Appendix C: Equivalence of eigenmodes regardless of diagonal coupling

The Hamiltonian of the propagation equation for a 1D lattice is of the form:

Ĥ1D =













β C 0 0 · · ·
C β C 0 · · ·
0 C β C · · ·
...

...
...

. . .
...

0 0 · · · C β













=













β 0 0 0 · · ·
0 β 0 0 · · ·
0 0 β 0 · · ·
...

...
...

. . .
...

0 0 · · · 0 β













+













0 C 0 0 · · ·
C 0 C 0 · · ·
0 C 0 C · · ·
...

...
...

. . .
...

0 0 · · · C 0













= βÎ + Ĉ (C1)

where the space is spanned by the number of sites on the array. If we take an eigenmode of this Hamiltonian, ~V (k),

Ĥ1D · ~V (k) = (βÎ + Ĉ) · ~V (k) = λk
~V (k) =⇒ Ĉ · ~V (k) = (λk − β)~V (k) (C2)

showing that the eigenmodes of the matrix Ĉ are the eigenmodes of the hamiltonian, with shifted eigenvalues.
Therefore, if we apply this hamiltonian with different parameters to the same eigenomodes, we will get:

Ĥ ′
1D · ~V (k) = (β′Î + Ĉ′) · ~V (k) =

(

β′Î +
C′

C
Ĉ

)

· ~V (k) =

[

β′ +
C′

C
(λk − β)

]

· ~V (k) (C3)

showing that the eigenmodes are identical with a change in eigenvalues.
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S. Nolte, and A. Tünnermann, Opt. Lett., OL 29, 468
(2004).

[14] M. I. Molina and Y. S. Kivshar, Optics letters 35, 2895
(2010); Y. Plotnik, M. C. Rechtsman, D. Song, M. Hein-
rich, J. M. Zeuner, S. Nolte, Y. Lumer, N. Malkova,
J. Xu, A. Szameit, Z. Chen, and M. Segev, Nature Ma-
terials 13, 57 (2013); M. C. Rechtsman, J. M. Zeuner,
Y. Plotnik, Y. Lumer, D. Podolsky, F. Dreisow, S. Nolte,
M. Segev, and A. Szameit, Nature 496, 196 (2013).

[15] S. Mukherjee, A. Spracklen, D. Choudhury, N. Goldman,
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A. Tünnermann, and F. Lederer, Physical Review A 77,
043804 (2008); A. Szameit, R. Keil, F. Dreisow, M. Hein-
rich, T. Pertsch, S. Nolte, and A. Tünnermann, Optics
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