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We propose a two-qubit gate for neutral atoms in which one of the logical state components
adiabatically follows a two-atom dark state formed by the laser coupling to a Rydberg state and
a strong, resonant dipole-dipole exchange interaction between two Rydberg excited atoms. Our
gate exhibits optimal scaling of the intrinsic error probability E o (BT)71 with the interatomic
interaction strength B and the Rydberg state lifetime 7. Moreover, the gate is resilient to variations
in the interaction strength, and even for finite probability of double Rydberg excitation, the gate does
not excite atomic motion and experiences no decoherence due to internal-translational entanglement.

I. INTRODUCTION

Strong, long-range interactions between atoms excited
to the Rydberg states with large principal quantum num-
bers n make them attractive systems for the studies of
few- and many-body physics and for quantum informa-
tion applications [1]. Different schemes of interatomic
interactions are employed in this research, ranging from
the blockade of multiple Rydberg excitations of nearby
atoms by resonant laser fields [1-3], and the anti-blockade
non-resonant (facilitated) laser excitation [4-8], to the
Rydberg dressing of the ground state atoms by very far-
off-resonant lasers [9-15].

The Rydberg-state interatomic interactions hold
unique potential for the implementation of quantum
gates with spatially separated neutral atoms. In the
seminal proposal of Jaksch et al. [16], each qubit is en-
coded in a pair of (meta-)stable states |0) and |1) of an
atom, and two-qubit gate operations are performed by
selectively exciting a pair of atoms from specific qubit
states, e.g. |1), to the interacting Rydberg states. In
the regime of a weak dispersive interaction, the pair of
Rydberg-excited atoms acquires an interaction-induced
phase shift, which is then transferred to the correspond-
ing two-qubit state |11) by coherently de-exciting the
atoms. In the alternative regime of strong interaction,
if one (control) atom is resonantly excited to the Ryd-
berg state, the interaction-induced level shift suppresses
Rydberg excitation of the second (target) atom within
a distance of several micrometers. Ideally, this block-
ade effect [1-3] does not depend on the precise value
of the interaction strength, as long as it is sufficiently
strong to completely preclude multiple Rydberg excita-
tions. Since at most one atom is excited to the Rydberg
state at a time, the interaction potential does not in-
duce interatomic forces, which would otherwise entangle
the internal (qubit) and external (motional) degrees of
freedom of the atoms. The Rydberg blockade gate has
therefore been the preferred choice for quantum logic gate
operations [16-20].

The performance of the Rydberg blockade gate has
been extensively analyzed [21-24], taking into account

various experimental imperfections and fundamental lim-
itations of the scheme. Assuming that technical errors
due to, e.g., laser phase and amplitude fluctuations and
finite temperature atomic motion and Doppler shifts,
can be eliminated, and that leakage errors to the un-
wanted Rydberg states can be suppressed by using, e.g.,
shaped laser pulses [24], the remaining limitations of
the standard blockade gate stem from the finite lifetime
7 =1/T o n? of the Rydberg states, duration T ~ 27/
of the gate performed by excitation lasers with Rabi fre-
quency 2 > I'; and finite Rydberg-Rydberg interaction
strength B > Q. Two types of intrinsic errors have
been identified: the error Egecay ~ 27/Q due to the
decay of the Rydberg states during the gate time T,
and the rotation error F.., ~ Q2/2B2 due to imper-
fect blockade of double Rydberg excitation. Minimiz-
ing the total error E = Egecay + Erot With respect to Q2
leads then to E o (T'/B)?/? scaling of the intrinsic error
[23]. The resulting estimates for the gate error probabil-
ity (E ~ 1073) are above the required threshold values
for fault tolerant quantum computation. We recall that
scaling the quantum hardware in order to tackle problems
for which quantum computers may outperform their clas-
sical counterparts entails low threshold values of the gate
error probabilities: F ~ 2 x 1075 for use of the [[7, 1, 3]]
Steane and [[9, 1, 3]] Bacon-Shor error correction codes
[25, 26], and E ~ 4 x 10~* for use of the Knill C4/C6
code [27].

Here we propose and analyze an improved mechanism
for implementing entangling two-atom Rydberg gates.
Our gate is similar to the Rydberg blockade gate, but
with an important difference. As in the standard block-
ade gate, we excite the control and target atoms from
the qubit states |1.t) to the Rydberg states |rcs). But
instead of relying on the interaction-induced level shift of
a pair of Rydberg states, we employ adiabatic following
of the two-atom dark state that exists when the atoms in
state |rery) can undergo strong resonant dipole-dipole ex-
change interaction with another Rydberg-product state
lach). By using a smooth 27 laser pulse to resonantly
drive the target atom, we ensure that all of the resid-
ual Rydberg-state population adiabatically returns back
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FIG. 1. (Color online) Level scheme of two atoms leading to
a Rydberg phase gate by three focused laser pulses. States
|0c,t) and |1c¢) are long-lived qubit basis states of the control
(c) and target (t) atoms, and states |rct) and |ac), |bs) are
Rydberg states with decay rate I'. In steps (i) and (iii) the
control atom in state |1c) is resonantly excited and de-exited
to state |rc) by a laser with Rabi frequency €. and pulse area
m, and in step (ii) the target atom in state |1;) is resonantly
coupled to state |r¢) by another laser with Rabi frequency €2
and pulse area 27. Atoms excited to Rydberg states |r.) and
|r¢) strongly interact with each other, B > ¢, via resonant
dipole-dipole exchange process |rcrt) <> |ach:) which leads to
suppression of excitation of the target atom in step (ii) if the
control was initially in state |1.). We assume that atoms in
state |0) are decoupled from the laser fields.

to the qubit state |14), eliminating thereby the rotation
error F.o;. The minimal intrinsic error then scales as
E « (I'/B), with Q/B < 1, and it can reach values as
small as E ~ 107° for the Rydberg states with n 2 100.

In the following sections, we present the quantita-
tive description of our scheme, estimates of the small-
est achievable intrinsic error probability of the gate and
the results of numerical simulations. In Appendix A
we outline the essentials of the resonant Forster process
for properly tuned Rydberg states of atoms to realize
our two-atom dark state, while detailed description of
the two-atom systems is given in Appendix B. In Ap-
pendix C we show that using adiabatic pulses for the
conventional blockade gate also eliminates rotation er-
rors and improves its performance. In contrast to the
conventional gates, however, in our scheme the uncer-
tainty in the interaction strength does not lead to phase
errors, and despite the non-vanishing probability of dou-
ble Rydberg excitation there is no mechanical force be-
tween the atoms, which would otherwise hinder the op-
eration of both the interaction and blockade gates with
the Rydberg-excited atoms [28-30].

II. THE DARK STATE ADIABATIC GATE

In Fig. 1 we show the relevant energy levels of two
atoms for realizing the Rydberg quantum gate. The
qubit basis states are represented by a pair of long-lived
hyperfine ground state sublevels |0) and |1) which can
be manipulated by a microwave (MW) field or an op-
tical Raman transition [31, 32]. States [lc4) of the

control and target atoms can be coherently coupled to
the Rydberg states |rc), respectively, by focused laser
fields. The atoms excited to the Rydberg states |r.) and
|r¢) undergo a resonant dipole-dipole exchange process
|rert) <> |acht) with the energy-degenerate pair of Ryd-
berg states |ac) and |by). The dipole-dipole interaction
strength B = C5/2% depends on the interatomic distance
2 and the coefficient Cs g r. ©r.b, is determined by the
product of the dipole matrix elements p o n? of the tran-
sitions |rc) — |ac) and |ry) — |by) between the Rydberg
states with large principal quantum number n ~ 100, see
Appendix A.

Our gate procedure is carried out in three steps (i)-
(iii), similar to those of the Rydberg blockade protocol
[16]. In steps (i) and (iii), resonant pulses of area 0. =
J Qcdt = 7 are applied to the control atom. For the
initial state |1.), this amounts to the transitions |1.) —
i|re) in step (i) and i|re) — —|1c) in step (iii). State
|0.) is assumed completely decoupled from the lasers, due
to transition selection rules or large transition frequency
mismatch augmented by properly shaped laser pulses.
In step (ii), a resonant pulse of area 6y = [Qidt = 27
is applied to the target atom resulting in the full Rabi
cycle |14) — i|ry) — —|1t) if the control atom is in
state |0c). If, however, in step (i) the control atom was
excited from state |1.) to the Rydberg state |rc), the
strong dipole-dipole exchange interaction B would result
in the two-atom dark state suppressing the target atom
Rydberg excitation by the smooth pulse {2, as detailed
below. Here again we assume that the target atom in
state |0;) remains decoupled from the laser. Steps (i)-
(iil) would ideally result in a sign change (7 phase shift)
of the two-qubit states |01), |10), |11) relative to |00). In
combination with a Hadamard gate (/2 rotation on the
|0t) <> |14) transition) applied to the target qubit before
and after the phase gate, this leads to the universal CNOT
gate between the control and target qubits [33, 34].

Hence, out of four possible initial two-qubit states
|00), |01), |10), |11), only the last one will probe the
Rydberg-Rydberg interaction during step (ii). We shall
therefore consider in more detail the dynamics of the ini-
tial two-atom state |1.1t), which becomes |r.1;) after
step (i), see Fig. 2. A pulsed laser field with Rabi fre-
quency € [and area 6y = 27| acts resonantly on the
transition [1;) — |ry) of the target atom, while the two-
atom state |r.ri) is resonantly coupled to state |acbs)
with strength B. The Hamiltonian for the effective three-
state system is then

Hs/h = %Qt |rere) (rele] + B lacbe) (rery| +Hee. (1)

This Hamiltonian has three eigenstates,

[t0) = (B lrcle) — 5% lachy)) /v, (2a)
[W+) = (3 [rele) Fvlrers) + Blachy))/v2v, (2b)
with 2 = B? + 102, and the corresponding eigenvalues

are A\g = 0 and Ay = £v. The zero-energy eigenstate
|tho) does not contain the intermediate state |r.r:), and
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FIG. 2. (Color online) Evolution of the two-atom system

during step (ii) of the Rydberg-exchange phase gate. Left: the
initial two-qubit state |0.1¢) remains unchanged after step (i),
and during step (ii) the target atom undergoes 27 Rabi cycle
via state |Ocr¢). Middle: the initial two-qubit state |1c1¢)
is converted to |rcl¢) after step (i), and during step (ii) the
resonant dipole-dipole exchange interaction |reri) <> |achs)
with strength B > ) leads to the formation of a two-atom
dark state |¢o) and two bright states |¢+) shifted by +B
(right). In our protocol, state |r.1;) adiabatically follows the
dark state [io) as the target pulse €2 is turned on and off.

it is customary to call it a dark state [35]. The energy
shifted eigenstates |¢1), with Ay ~ +B (B > ), are
similarly called bright states.

Before the laser pulse is switched on, :(0) = 0, the
two-atom state |r.1¢) coincides with the dark state [ig).
During the application of the pulse Q4(t), if it is suf-
ficiently smooth, [0;Q| < B|A+ — Ao| ~ B?, the sys-
tem adiabatically follows the dark state, and the bright
states |11) are never populated [34, 35]. For a smooth
envelope (2(t), the pulse bandwidth is mainly deter-
mined by its duration Ty =~ 27/, where Qo is the
mean amplitude. Then the adiabatic following condition
|0:%| ~ Q4o/Tiy < B? reduces to Qi < B, while we
assume throughout that Qy o > T'.

The dark state [1)o(t)) involves instantaneous popula-

tion Pgry(t) = %&%(t) of the two-atom Rydberg state
|acbt>.

During the gate time T}, this population con-
tributes T fOTt Pry (t)dt ~ 74 /4B? to the decay error.
At the end of the pulse, Qy(t — T3) — 0, and the dark
state adiabatically returns to state |r.1). This state has
not accumulated any phase (see below), since the adia-
batically connected eigenstate |¢g) has energy Ao = 0
for all times ¢ € [0, Ti]. Moreover, even though the dou-
ble Rydberg-excitation state |acb;) has finite occupation
probability Pry while the € (f) pulse is on, there is no
mechanical force between the atoms, since the gradient
of energy of the two-atom eigenstate |1g) identically van-
ishes, 0, A9 = 0 V ¢ € [0,T;]. Note that if the adiabatic
condition is not satisfied, after the pulse the target atom
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will have a residual Rydberg population Pgry o~ 49? rep-
resenting a rotation error.

III. RESULTS AND DISCUSSION

The Rydberg states of atoms decay with rate I'. In
order to minimize the error Egecay ~ I'T; due to decay
of the control atom, we thus need to accomplish steps (i)
and (iii) in shortest possible times using strong pulses of
mean amplitude Q.o and duration T, = 7/Qco. Similarly,
to minimize the error Egecay > I'T} due to the Rydberg
state decay of either the control atom or the target atom
during step (ii), Tt = 27/Q40, we should take the mean
Rabi frequency o as large as possible, but it should
still be smaller than the interaction B, to satisfy the adi-
abatic following condition detailed above. It then follows
that, for the gate performed with a smooth (adiabatic)
pulse €, during step (ii) the intrinsic error probability
averaged over all the possible two-qubit inputs is

nl 5 QtO
EFo~— | —+ —|. 3
4 [Qw + 4B2] (3)
If we minimize E with respect to Qtg, we find E = \fgr

for Oy = 2v5B, which, however, violates the adia-
batic criterion. Furthermore, such a large Rabi frequency
Qi 2 B is difficult to achieve experimentally for high-
lying Rydberg states. Instead, we can choose Qg = aB
with @ < 1, obtaining £ ~ fgg}, or B ~ 77% with n ~ i—g.

We can estimate the minimum attainable error as fol-
lows. In a cryogenic environment with no black-body
radiation, the radiative lifetime of the ns,np,... Ryd-
berg states of the alkali atoms is given by 7 = 1/T" =
107%n3 sec [36-38]. The strongest interaction is achieved
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with the dipole-dipole potential B ~ %Mfw,
agen? is the dipole moment of the atom in the Rydberg
state. At the interatomic distance of x = 3 — 5 um, we
then have B ~ 100n*rad/s. To avoid population leakage
to other Rydberg states, this interaction strength should
be smaller than the level separation between neighboring
n states, dwp ~ 2Ryn~3 > B (see Appendix A). This
then leads to the condition n < 100, which also follows
from the requirement that the Rydberg electron clouds
(of size ~ agn?) of neighboring atoms do not overlap. We
thus obtain BT =~ 1077n" ~ 107 for n ~ 100. Choosing
a=Q/B ~0.1 (n ~ 40), the minimal error probability
is E~nk $107°.

We note that general arguments [39] put a lower limit
F ~ % on the gate error due to decay of the inter-
acting excited states, which is an order of magnitude
smaller than in our case. This is due to our require-
ment of adiabatic, i.e., slow, evolution of the system to
avoid population leakage to undesired states. To speed
up the gate and reduce the accumulated decay proba-
bility of the Rydberg states, one may resort to recently
developed “short-cut to adiabaticity” schemes [40]. In
particular, using the so-called derivative removal by adi-
abatic gate (DRAG) pulses [24, 41], may accelerate the
gate by operating in the regime of 4y ~ B, provided the
necessary laser intensities can be achieved.

where @ ~
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FIG. 3. (Color online) Error probabilities E = (1 — F') of
the phase gate, averaged over all the input states, versus Br.
Filled blue circles correspond to smooth 27 laser pulses Q¢ (t)
applied to the target qubit, while empty red circles to non-
adiabatic (square) pulses of the same area and duration. The
results are obtained by numerical simulation of the dynamics
of the two-atom system with a non-Hermitian Hamiltonian,
as described in Appendix B. The solid blue line shows E =
n/(B7) and the dashed red line shows E = n/(B7) + o?/16.
All Rydberg states decay with the same rate I', while qubit
states |0) and |1) do not decay. We used a = Qo/B =
0.10472 (n = 37.5) resulting in the non-adiabatic transition
errors Fna ~ 2 x 1078 for smooth (shifted Gaussian) pulses.

As we discuss in Appendices A and B, the Rydberg
product states |rery) and |achy) might experience non-
resonant dipole-dipole couplings to other Rydberg pair
states. While population leakage to these states is re-
duced in the adiabatic regime, dispersive coupling with
these states will result in second order (van der Waals)
energy shifts 3, and Bqp of states |rer¢) and |acbs). The
two-atom dark state 1) does not involve the population
of the intermediate state |r.r¢) and is insensitive to its
energy shifts 3,,. But the energy shift B4 of state |acbt)
perturbs the dark state |¢p). This perturbation will not
result in the coupling of |¢g) to the bright states |¢1) as
long as the shift 3, is small compared to the exchange
interaction strength B, since the latter determines the
energy splitting of the bright eigenstates and thereby the
width of the dark resonance. Yet, during the gate execu-
tion the small but finite population of the energy-shifted
state |acby) will result in a phase shift of the dark state,

¢ = fOTt BabPry (t)dt. This phase can be amended, as
described in [23] and in Appendix C. Otherwise, we can
tune the Forster frequency defect dw for the transition
|rert) — |achs) to exactly compensate this level shift,
0w = —fBap, as discussed in Appendix B. Then the phase
shift ¢ will vanish for any resonant pulse Q4(t).

We have verified the above qualitative results by exact
numerical simulations of the dynamics of the two-atom
system, as detailed in Appendix B. We use smooth 27
laser pulses Q4 (t) applied to the target qubit during step

(ii) and stronger m-pulses Qqo = 4o applied to the con-
trol atom in steps (i) and (iii). In Fig. 3 we show the
error probabilities E = 1 — F of the phase gate. The
gate fidelity F' is obtained by averaging over all possi-
ble two-qubit input states, as described in Appendix B
and Ref. [42]. We observe that the error follows ap-
proximately the linear scaling E = n/(B7), but for large
values of Bt 2 10%, the numerically obtained error prob-
abilities start to deviate from the analytic estimate of the
error during only step (ii). This is due the contribution
of the additional error ~ 1075 stemming from the de-
cay of the control qubit Eqecay =~ 7I'/{co during steps
(i) and (iii), non-adiabatic transitions and leakage from
the dark state E,,, and imperfect phase compensation.
Nevertheless, we obtain that the average fidelity reaches
F =0.99995 for Bt 2, 106.

For comparison, we also show in Fig. 3 the results of
simulations for the gate performed with square 2m-pulses
acting on the target qubit. Now, starting from the values
of Bt > 10°, the error probability significantly deviates
from the linear scaling, which is due to the breakdown of
adiabaticity leading to the residual Rydberg population
of the target atom ~ Q2/16B2. There is also sizable pop-
ulation leakage to other Rydberg states not accounted for
by the analytic estimate of the gate error. We note that
this error is of the same magnitude as the rotation error
due to imperfect Rydberg blockade [23]. As we show in
Appendix C, this error can also be avoided in the usual
Rydberg blockade scenario [16], using either adiabatic
pulses to excite and de-excite the target atom, or by ap-
plying a square pulse of proper amplitude €y = \/%
(k € N) which both accomplishes a full resonant 2w
Rabi cycle and a full precession of the two-level Bloch
vector with the generalized off-resonant Rabi frequency
) B2 + Q2. Such pulses, however, contribute in-
teraction phases to the quantum state amplitudes which
can only be compensated for if we know precisely the in-
teratomic distance and thereby the interaction strength
Bg,. Moreover, during the standard blockade or interac-
tion gates with dispersive interatomic interaction (static
dipole-dipole or van der Waals level-shift Bgy), for any
non-vanishing probability of double Rydberg excitation,
the atoms are subject to forces due to the spatially de-
pendent potential.

IV. CONCLUSIONS

In summary, we have examined the phase gate perfor-
mance using strong resonant dipole-dipole interactions
between pairs of atoms in Rydberg states. Our gate as-
sumes atomic level and laser excitation schemes which are
similar to the ones used in current experiments. Employ-
ing adiabatic excitation of the Rydberg states of atoms
with smooth laser pulses, we find favorable scaling of the
intrinsic gate errors E o« (I'/B) with the ratio of the
Rydberg state decay rate I' to the interaction strength
B, which should be contrasted with the optimized er-



ror probability E o« (I'/B)?/3 obtained in the previous
studies [21-23] with non-adiabatic pulses. The better
scaling of the gate error probability is due to nearly com-
plete elimination of the residual Rydberg excitation of
the imperfectly blockaded atom. The corresponding gate
fidelity can reach F' > 0.9999 for B/T" ~ 10°. The ulti-
mate limit on gate fidelity depends on the value of B/T
and the ability to suppress other technical sources of er-
rors. While the analysis of Sec. III shows that generi-
cally Bt < 107, the precise limit may be higher. Thus,
for cases 1-5 in Appendix A, we find that BT can be as
high as 4 x 107 in a cryogenic environment at 4K, which
implies that a fidelity of F =1 — 107° is feasible.

We have focused in this paper on the intrinsic gate er-
ror E due to the decay of the Rydberg states and their
finite interaction strength. In any real experiment, how-
ever, there will also be technical errors, due to, e.g., the
laser phase fluctuations and Doppler shifts leading to de-
phasing ~ of the atomic transition, and variations of the
laser pulse duration or amplitude leading to pulse area
uncertainly 0. If we require that v < I'/2 and 60 < VE,
these errors will not exceed the intrinsic error £ and ad-
versely affect the system.
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Appendix A: Resonant dipole-dipole interactions of
Rydberg-state atoms

In the main text, we discuss the realization of a quan-
tum gate using a two-atom dark-state resonance which
employs a resonant dipole-dipole exchange interaction,
between a pair of Rydberg atoms in a state |r.r¢) and a
state |acby) with the same energy, e, +¢,, = 4. +¢p, (Se€
Fig. 1). The most obvious choice of Rydberg states that
exhibit strong resonant exchange interaction is |re) =
|by) = nsi/o and |ry) = |ac) = nps/2 with a large princi-
pal quantum number n ~ 100. State |1.) of the control
atom can then be coupled to the Rydberg state |r.) by a
two-photon transition via a virtual intermediate state in-
volving two optical (or a UV and a MW) photons. State
[1¢) of the target atom can be coupled to the Rydberg
state |ry) by a single UV photon.

While being automatically resonant for the |rcry) <
|acbt) transition, this choice of Rydberg states, however,
presents problems associated with near-resonant coupling
to other, unwanted states. Recall that, in the absence of
external electric or magnetic fields, the energies of the
Rydberg states are given by e, = hwy = —(115{—5"1)2,
where Ry is the Rydberg constant and §; is the quantum
defect for the angular momentum states with [ = s, p, ...
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FIG. 4. (Color online) Energy level structure of Rydberg
states for Stark tuned Forster interaction. Resonant lasers
couple the qubit states |lct) of the control and target atoms
to the corresponding Rydberg states |rc:) (see Fig. 1). A
static electric field shifts the Rydberg states making the two-
atom states |rcr¢) and |achs) energy degenerate and reso-
nantly coupled via exchange interaction with strength B. The
forward leakage channel couples |reri) to |arbt) with strength
B, and energy defect dw,,. The backward leakage channel
couples |acby) to |blai) with strength B, and energy defect
OWab-

[1, 36]. For large n, we then obtain that the frequency

mismatch 5w7‘r(ab) = Wps T Wnp — W(ntdn)p — W(n—dn)s
for transitions from |ns,np) to unwanted states |(n +
dn)p, (n—dn)s) scales as dwy, ~ 5wpw < dwr,

rather than the familiar Forster defect dwp = Ry%‘%ﬂ.

1. Stark-tuned Forster resonances

We can mitigate this problem by resorting instead to
the Stark tuned Forster resonances, which have been
demonstrated in Refs. [43, 44]. In principle, Stark tuning
with an appropriate external static electric field Fs¢ can
render any pair of two-atom states |r.r) and |acb) de-
generate. These two-atom states may still couple to many
other states resulting in leakage and gate errors, and our
task is to search for state combinations minimizing this
leakage. We consider two types of leakage channels, as
shown in Fig. 4: forward leakage where |rcri) couples to
states |alb) with strength B,, and Forster defect dwy;
and backward leakage that couples |acbt) to states |blaj)
with strength B, and Forster defect dwq,. We neglect
higher order leakage processes where the states |alb;) and
[bla;) couple to [bYay) and |alby) ete.

We have searched for suitable Cs atom pair Rydberg
states by choosing |rcr¢) and |achy) and then finding
the static Stark field Egg, directed along the quantiza-
tion axis, that makes the pairs energy degenerate. We
used standard expressions for the scalar and tensor po-
larizabilities [45] in the fine structure basis calculated by
summing over all dipole allowed transitions over a range
of principal quantum numbers of +20 from each state.
Small hyperfine corrections have been neglected. Radial
matrix elements between Rydberg states were calculated
using the quasi-classical (WKB) approximation [46] with
quantum defect values taken from [47, 48]. The effective



matrix elements were not corrected for state mixing due
to ESt .

We checked all possible dipole allowed transitions from
[rere) and |achy) to the leakage states with the change
of principal quantum number up to £5 from the res-
onant states. The Forster energy defects of leakage
state pairs were calculated for Eg; corresponding to the
|rert) 4> |achy) resonance. The two atom dipolar cou-
pling coefficient is given by the general expression

e? V6(4m)3/? Y
C3=— -~ 7 -1 MC s
3 4meq 3\/5 ;}( ) 1,q,1,—M—q

XY (&) (Y1) (¥, -a1-),

(A1)
|

where C": is a Clebsch-Gordan coefficient, Y5 s is a
spherical harmonic, € is a unit vector pointing from atom
(c) to atom (t), and (rY; ,)(©) and (rY; _pr—,)® are the
relative electron positions for each atom in spherical co-
ordinates. We evaluate the above expression for é per-
pendicular to the quantization axis. This corresponds to
the geometry of a planar array of atoms that may be indi-
vidually addressed while having isotropic interactions in
the plane, as in Ref. [20]. In this geometry, the selection
rules for the dipole-dipole interaction are AM = 0, +2.
Fewer leakage channels occur with € along the quanti-
zation axis which limits the interactions to AM = 0,
but such a geometry is less convenient for a multi-qubit
implementation of quantum information processing with
trapped neutral atoms.

TABLE 1. Resonant Rydberg atom pair states |rcr¢) and |ache), specified as nljm, with the corresponding dipole-dipole
interaction coefficient C'3, parameter B7 at interatomic separation = 3 ym and temperatures 300K and 4K, and the strength

of the tuning Stark field Est.

case |re) [re) lac) |be) C5 (GHz pum?) Br(x10%) Est (V/m)
300K, 4K
1 1095, 21/2 101s/51/2 109ps23/2 101ps23/2 64.4 6.5, 32.6 15.4
2 1125, /51/2 1018y /51/2 111ps/23/2 101ps23/2 65.3 6.8, 35.5 5.36
3 10551/21/2 9451 /51/2 105p3/23/2 94p3,23/2 -51.4 4.7, 23.1 20.1
4 112ps23/2 101ps23/2 1125 /21/2 1015 /21/2 -68.2 7.1, 385 14.2
5 95p3,/23/2 84p3)/23/2 9551 /21/2 845 /21/2 -33.0 2.7, 10.7 34.7

TABLE II. The dominant forward and backward leakage states, corresponding to the largest absolute values of parameters
Brr = Bfr./dwrr and Baa = Bga/&uaa, for the cases 1-5 in Table I. The last column gives the population missing from state
|rcle) after step (ii) as found from numerical integration of the Schrodinger equation with Hamiltonian (A2) and the laser

parameters given there.

case |aL) |bt) Byy/B 6w,y /2m (MHz) |2 |al) Bay/B dway/27 (MHz) 1 — P,y (T)
1 109p1/2(—1/2) 101pg/s(—1/2) -0.49 65 108ds/,5/2  99d5,55/2  -0.64 190 1.4x107°
2 111py/o(—1/2) 101py2(—1/2) 0.66 -259 110ds,55/2  100ds55/2  -2.17 1990 1.7 %1076
3 105py/2(—1/2) 94ps/a(—1/2) -0.49 247 104ds/5,5/2  92d5,55/2  -0.64 -185 5.5 x 1077
4 111ds5(5/2)  99ds/2(5/2) -0.64 -75 112py /2(—1/2) 101pg)a(—1/2) -0.49 171 9.5 x 1076
5 94ds5(5/2)  82ds5(5/2)  -0.64 -478 95p323/2  84p1sa(—1/2)  0.28 122 6.4x 1076

In Tables I, and IT we show several possible choices
of the Rydberg atom pair states |r.rt) and |acbt).
One possibility (cases 1,2,3) is [rery) = |nesijz,m =
1/2;n¢81/2,m = 1/2), with the Stark field set for reso-
nance with |acbi) = |neps/2,m = 3/2;np3/2,m = 3/2).
The laser excitation of the Rydberg states |r.) and |ry)
from the Cs ground state requires two-photon transitions.
The forward leakage channels from |[rcry) are to py /o or
p3/2 states. The backward leakage channels couple |acby)
to either two s states with different n, two d states, or
an s and a d state. Another possibility (cases 4,5) is

[rere) = |nepsj2,m = 3/2;n4p3 )2, m = 3/2) tuned to res-
onance with |achs) = |[nesij2,m = 1/2;nt81/2,m = 1/2).
The Rydberg states |r.) and |ry) can now be reached
with one UV photon starting from the Cs ground state.
Although the fine structure splitting between nps/, and
npi1/2 states is small at large m, undesired coupling to
npy/o is strongly suppressed in the heavy alkali atoms
[49]. Note that state |acby) can couple strongly with
[ncP1/2; NeP1/2), but the energy separation of the np fine
structure states is increased in the presence of a Stark
field.



2. Numerical estimates of the leakage errors

To estimate the gate error due to the leakage of popula-
tion of states |rert) and |acbt) to the non-resonant states
lalb;) and |blay), we solve the Schrodinger equation for
the two-atom system subject to the Hamiltonian

Hs/h = H3/h + 6wy |b]) (D] + dwap |ag){ay]
+ By |alb) (rery| + Bap [blay)(achs| + H.c. (A2)

where Hj is the Hamiltonian of Eq. (1). Starting with
the initial state |r.1;), we apply a smooth pulse of du-
ration 7y = 27/aB and a (shifted) Gaussian tempo-
ral shape Q(f) = Ale~(-T/2%/C) _ o~(T/2%/ ("),
where A is chosen such that 6; = fOTt Qidt = 27, and
we take o = T;/5 leading to the peak Rabi frequency
0:(T;/2) = 2.1 x 27 /Ty. Numerical simulations were per-
formed with B/2m = 350 MHz, a = 0.1, T} = 29 ns, and
a peak Rabi frequency of Q:(7T;/2)/2m = 74 MHz. In Ta-
ble II, last column, we show the population missing from
state |rc1l¢) at the end of the pulse. In all cases, the pop-
ulation rotation error is in the range of 2x 1076 —-5x1072,
with the smallest error obtained for case 2. A full anal-
ysis including all the leakage channels will undoubtedly
show larger errors. The results presented here, however,
account for the dominant leakage and we are optimistic
that nonadiabatic effects may further be reduced by pulse
shaping [24].

Appendix B: Details of the numerical calculations

In Fig. 3 we present the results of numerical simula-
tions of the complete phase gate between the control and
target qubits represented by the atoms. The system we
simulate consists of two six-level atoms described by the
Hamiltonian of the form

H = Huyw + Hi, + Hry. (Bl)

Here the first term describes the qubit states of the
atoms, [0c) and|lct), and their manipulation by the
microwave fields,

Hyrw /h = — A0 (8) 106 (0] — AL (1) 100)(04]
L0wiw (£) (1) (0] + [1)(0¢]) + Hee. (B2)

where Qyw () is the Rabi frequency of the pulsed mi-
crowave field seen by both atoms, and the selectivity is
provided by setting the detuning Al(\f[&;(t) of each atom
to either Apw = 0 or Ayw > [QMmw]- This can be done
by using non-resonant laser light tightly focused onto the
selected atom to induce an ac Stark shift of one of the
qubit states [31]. We always start with the two atom
state |00) and prepare one of the four input states |00),
|01), |10), |11) by applying a microwave 7 pulse, with
the atom(s) required to switch to state |1) being reso-
nant (Ayw = 0), and the atom(s) required to remain
in |0) being strongly detuned (Ayw = 100|Qnw]). The

Hadamard gates on the atoms can also be performed in
the same way, with the 7/2 microwave pulse having the
phase arg(Qmw) = —7/2.

The second term of Eq. (B1) describes the resonant
laser coupling of the qubit states |1¢,) of the control and
target atoms to the Rydberg states |rc),

Hy/h = %Qc(t) [re)(1e| + %Qt(t) |re)(1¢] + H.e. (B3)

The lasers are focused onto the atoms, and we apply
strong 7 pulses to the control atom in steps (i) and (iii)
of the protocol, and a smooth 27 pulse to the target atom
in step (ii). The temporal shape of the target laser pulse
is

Qu(t) = Ale” O-T/27/(20%) _ —~(T/2)*/(20%)] (By)

with

L IB) V2
T 1= e (T2P/00%) 5 T2 (0% erf(Ty /(2%/20)) — T,

A

The pulse duration is Ty = 27/Q with Qio/B = a =
0.10472, and we take o = Ty/5. The shifted Gaussian
pulses of the form (B4) have the advantage of being
smooth, finite-duration pulses that can be readily im-
plemented experimentally. The time intervals between
the laser pulses in steps (i), (ii), (iii) are set to T%/20.

Finally, the last term of Eq. (B1) describes the Ryd-
berg states of atoms and their interactions,

Hry [T = 0w [be) (be| + dwry [by) (V] + dwap |ag) (ag
+(Blacby)(rere| + Byr |aéb£><7‘cn|
+ By |bat){acby| + H.c.), (B5)

where we include the Forster defect dw on the Stark-
tuned transition |rery) <> |achi). When the transi-
tions to the unwanted states |aLb;) and |blaj) are non-
resonant, i.e., the corresponding Forster defects are large,
0Wrr(ab) > Brr(ab), the leakage from the two-atom dark
state is suppressed. Yet, the non-resonant couplings in-
duce second-order level shifts of states |rert) and |acbt),
given by B, = B2./0w,, and Ba, = B2, /0w, respec-
tively. The dark state |t¢g) is insensitive to the small en-
ergy shift 3, of the intermediate state |r.r). But the en-
ergy shift Sqp of state |acby) perturbs the dark resonance.
If Bap is small compared to the energy splitting +B of
the bright eigenstates |i1) (see Sec. II), they will not be
populated from [tpg) under the adiabatic condition. How-
ever, during the phase gate sequence starting fr0m2state
= 43&((%@)
of state |acby) will result in the dark state accumulat-
ing the phase ¢ = OT° BabPry (t)dt ~ A’ﬁfﬁ’,
k = O(1) depends on the (t) pulse shape. For example,
K = %2 ~ 1.23 for the pulse Q4(t) = 7o sin(nt/T;),
and £ ~ 1.52 for the pulse of Eq. (B4) [x = 1 for the
square, non-adiabatic pulse Q¢(t) = Q). In order to
suppress the undesired phase shift, we assume that the

|rc1y), the small but finite population Pgry (%)

where




Forster defect dw can be tuned to compensate the level
shift Bup. In the numerical simulations of Fig. 3 we thus
set 6w = —fa. There we choose B,.(q) = B/2 and
OWyp(ab)y = 3Byr(ap), but other values of B,.,.(ap) < 0wy (ab)
yield similar results for the gate fidelities under the adi-
abatic conditions. For the non-adiabatic (square) pulse
Q, however, we observe significant population leakage to
states |aLb;) and |blai), in addition to the non-vanishing
residual population of the bright states |¢y) after the
pulse. This explains the slightly larger (by a factor of
~ 1.4) gate error for BT 2 10° as compared to the ana-
lytic estimates which take into account only the popula-
tion of the bright states.

In the numerical simulations of Fig. 3, we neglect
decay and decoherence of the qubit states [0.) and
1) and assume that all the Rydberg states |[pc.)
(p = ra,a’,bb) of atoms (c) and (t) decay with the
same rate I' = 1/7. This process is described by adding
the Lindbladian decay term L2 = Djmer 2op Llpi)pjl
to the Hamiltonian of Eq. (Bl), making it thus non-
Hermitian,

H=H- %M?. (B6)
We solve the Schrédinger equation 9, |¥) = —%ﬁ |T) for
the total state-vector |¥) of the systems of two six-level
atoms. The decay of the Rydberg states thus results in
the loss of the total population of the system (decreasing
the norm (¥|¥) due to population of states outside the
basis states). This slightly overestimates the gate error
by disregarding processes that may re-populate the qubit
states from the Rydberg states by the spontaneous decay.

In calculating the error probabilities for the phase
gate, for each two qubit input state |U(ty,)) =
|00), |01), |10), |11), we propagate the state-vector
|W(t)) of the system until the end of the sequence (¢ =
tout) involving the preparatory microwave and optical
pulses as described above. From the four output states
| ¥ (tout)), we obtain the 4 x 4 transformation matrix U,
and then calculate the average fidelity [42] of the two-
qubit gate via F' = [Tr(M MT) + |Tr(M)|?]/(20) with
M = ng U, where Ug, is the transformation matrix of
the ideal phase gate. The average gate error is identified
with the infidelity £ =1 — F.

Appendix C: Rydberg blockade gate

For comparison, we now discuss the relevant proper-
ties of the Rydberg blockade gate performed in the con-
ventional way [16] via excitation of (identical) Rydberg
states |rc ) of the control and target atoms.

Strong interatomic interactions can be provided by
either static or non-resonant dipole-dipole interaction,
which results in the energy shift of double Rydberg exci-
tation, Hgy, = hBgp |reri){rery| . The static dipole-dipole
interaction occurs between the Stark eigenstates of the

Bs |rt >
r
(|||) (||)
|1t>
I0c>—o— —o—10t>

FIG. 5. (Color online) Schematics of the conventional
Rydberg-blockade phase gate between the control and target
atoms [16]. Atoms in Rydberg states |rc) strongly interact
with each other via the static or non-resonant dipole-dipole
interaction leading to level shift Bg, (> Q) of state |rers).

atoms in a static electric field. Then atoms in such states
|r) possess permanent dipole moments g, o n?, leading
again to By, = C3/2® with C3 & n*. The dipole-dipole
exchange interaction B reduces to the van der Waals type
of interaction, By, = Cg/2%, with Cs ~ C2/dwp x n'l,
when the Forster defect dwrp o n~2 between |r.r;) and
(the nearest) |acb) is large compared to B. More pre-
cisely, we have to sum up the second order level shifts
of |rery) due to the non-resonant interaction with all the

pairs of states |acby), Co o< 3 ) 5o —

We consider again the dynamics of the two atom sys-
tem in state |rcly) during step (ii), but under the sce-
nario of dispersive Rydberg-Rydberg interaction leading
to large level shift By, of the double-excited state |rert),
see Fig. 5. The laser field with Rabi frequency €2 acts on
the transition [1) — |r) of the target atom, which is now
shifted out of resonance by the Rydberg-Rydberg inter-
action Bgy. The Hamiltonian of the two-level system is
then

Hy/h = %(Qt [rere) (rely] +Hoc.)+Bap |[1er) (rer| . (C1)

The eigenstates of Hy are |[¢1) = ([Q F Bsh] |rele) £
Qi |rere))/ve, with Q = /B2 + Q2 and v1 = 2(B3, F
QBg, + Q2), and the corresponding eigenvalues are Ay =
2(Ban Q).

1. Adiabatic driving

For a smooth 2m-pulse Q4(¢), the initial state |rqls)
is adiabatically connected to the |¢_) eigenstate with
eigenvalue A_, and non-adiabatic transition to |¢4) is
suppressed for Qi < Bex. During the pulse, the pop-
ulation of the double-excited Rydberg state |r.ry) is
Pry =~ %, which returns back to |r.1;) at the end
of the pulse, Q(t = Ty) — 0.

The situation is thus similar to that of the resonant
exchange interaction studied in the main text, but there
are also important differences. Since the adiabatically

connected eigenstate [¢)_) has non-zero energy A_(t) ~

_21?3(;)’ at the end of the Q(t) pulse, state |r.l;) ac-




quires the phase ¢ = fOTt A_(t)dt. If both € and By, are
well-defined, this phase is known and can be amended,
as described in [23]. [In the present context, correct-
ing the phase shift ¢ involves splitting during step (ii)
the 27 pulse Q4 (t) into two smooth 7m-pulses Qél)(t) and

ei¢Q§2) (t) with the relative phase difference ¢, and then,
after step (iii), applying to the target qubit the operation
Zy = [0.)(0¢] + e |1,)(1;|.] But if there is an uncer-
tainty in the interaction strength, Bs, — Bgp + 6 B with
0B ~ 0;Bgh|z=z,02, due to uncertainly dx in the inter-
atomic distance xg, it will cause phase errors of the target
qubit, 6¢ ~ Q6B /B2,. Furthermore, during the pulse
Q) the pair of atoms in state [1)_) occupy the double Ry-
dberg excitation |rcr) with a finite probability Pgry and,
hence, experience a mechanical force F = —l0, A_|s—z0,
where the = dependence of A_ stems from By,.

2. Square pulse of specific amplitude

Perhaps surprisingly, the rotation errors can in prin-
ciple be avoided even when using non-adiabatic, square
2m-pulses )¢ on the target atom, as was studied in detail
in Ref. [50]. The time-dependent state of the two-level
system described by Hamiltonian (C1) can be written as
[(t)) = c1(t)|rcls) + er(t) |rere), with ¢1(0) = 1 and
¢-(0) = 0 corresponding to |¥(0)) = |r.1¢). Neglecting
the decay I' < €Oy, the general solution for the amplitudes
of state-vector |1 (t)) is given by [34]

Bsh
§)

ci(t) = e |cos(3Qt) —i—="sin(3Q1) |, (C2a)

, Q _
c(t) = e—“ﬂf)—d’cﬁt sin(10t), (C2b)
where ¢(t) = %Bsht and ¢y is the laser phase. Our goal
is that ¢, (t = T}) = 0 at time T} = 27/€y of the resonant
2m pulse. We thus require that %QTt = 27k (k € N).
We obtain Q; = \/431@—52%1’ which is largest for k£ = 1:

O = %Bsh. The final phase of state |r.1¢) would then
be ¢ = /3w, which should be amended as described
above. Notice, however, that if there are pulse tim-
ing/amplitude errors and/or uncertainly in By, the aver-

aged (over a small time interval At ~ /() residual Ry-
2

dberg population of the target atom will be Pry o~ QQTE.
sh

Hence, this method is even less robust with respect to

uncertainties of parameters than the adiabatic methods

above.

3. Gate error estimates

Let us summarize the above results. In Table III
we show the error probabilities during step (ii) of the
blockade gate, for the four two-qubit input states. For
the gate performed with a smooth (adiabatic) pulse €,

TABLE III. Error probabilities during step (ii) of the
Rydberg-blockade gate, for four two-qubit input states.

Input state Decay error® Rotation error® Phase error

|005) 0 0 0
|0c1¢) & 0 0
[1.0¢) o 0 0
R el v e e

@ For the control and/or target qubit in state |1)
b Only for non-adiabatic (square) pulse Q

and assuming compensation of the interaction phase ¢,
the averaged over all the inputs error is again F =~

12 |Q, T iB?
gate. Choosing 0y = aB with @ < 1, we obtain F ~ n%
with n ~ i—g. If we also include the phase error of the gate
due to uncertainty in the dispersive Rydberg-Rydberg in-
teraction strength, this coefficient would increase accord-

ingly, n ~ Z—g + %%.

=l [i + & } , as in the main text for the dark-resonance
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