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We derive a connection between the fourth coefficient of the short-distance Taylor expansion
of the one-body correlation function, and the local three-body correlation function of the Lieb-
Liniger model of d-interacting spinless bosons in one dimension. This connection, valid at arbitrary
interaction strength, involves the fourth moment of the density of quasi-momenta. Generalizing
recent conjectures, we propose approximate analytical expressions for the fourth coefficient covering
the whole range of repulsive interactions, validated by comparison with accurate numerics. In
particular, we find that the fourth coefficient changes sign at interaction strength . ~ 3.816, while
the first three coefficients of the Taylor expansion of the one-body correlation function retain the
same sign throughout the whole range of interaction strengths.

I. INTRODUCTION

One-dimensional quantum systems are generically
more strongly correlated than their higher-dimensional
counterparts, due to the inevitability of collisions when
particles cross each other. The one-dimensional Bose
gas with contact interactions, known as the Lieb-Liniger
model, is the paradigm of such systems [1]. This model
well describes experiments with ultracold atoms in tight
waveguides and some of its correlation functions have
been experimentally probed in all interaction regimes [2—
9]. From a theoretical point of view, since the model
is integrable, its k-body correlations can in principle be
obtained explicitly at all orders k, since they are linked
to the (infinite) set of integrals of motion. In practice,
however, the exact analytical calculation at arbitrary in-
teraction strength is tremendously difficult for two rea-
sons: the coefficients of their Taylor expansion at small
distance are related to each other in a non-trivial way,
and the defining system of equations, in turn derived us-
ing Bethe Ansatz, is technically very challenging. In the
thermodynamic limit, finding an explicit expression for
the various spatially non-local, equal time correlations
from Bethe Ansatz techniques actually requires to link
them to the moments of the density of quasi-momenta,
and thus to solve a type II homogeneous Fredholm inte-
gral equation with Lorentzian kernel, whose exact ana-
lytic solution is yet unknown.

In this work, we focus on the link between non-local
correlation functions of the Lieb-Liniger model and its
integrals of motion, thus elucidating a special structure
of the ground state for this integrable model. In particu-
lar, we derive a relation, first proposed in [10], that links
the fourth coefficient of the Taylor expansion of the one-
body correlation function at short distances with various
moments of the quasi-momentum distribution and their
derivatives with respect to the coupling constant. Then,
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we use a recently-developed method [11, 12], and gener-
alize recent conjectures [12-14], to evaluate these quanti-
ties with excellent accuracy in a wide range of interaction
strengths.

The paper is organized as follows: in Section IT we
introduce the Hamiltonian of the system and the relevant
notations. We also define the notion of connection, which
is the key concept in this work, and illustrate it on simple
cases. Then, in Sec. III we derive a connection between
the fourth coefficient of the Taylor expansion of the one-
body correlation function at short distances, ¢4, the local
three-body correlation function and the fourth moment
of the density of pseudo-momenta, which is one of the
main results of this work. In Section IV, we provide new
conjectures about the moments of the density of pseudo-
momenta, and illustrate them in Sec. V where we find,
in particular, that ¢, changes sign at interaction strength
v ~ 3.8. In Section VI, we summarize our main results
and give an outlook to our work.

II. HAMILTONIAN AND DEFINITIONS

In this work, we consider a one-dimensional system of
N indistinguishable point-like bosons of mass m subject
to contact interactions, known as the Lieb-Liniger model.
We choose periodic boundary conditions, possibly real-
ized by using a ring geometry. The Hamiltonian of the
system reads
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where the first term of the right-hand side stands for
the kinetic energy, {x;} label the positions of the atoms,
0 is the Dirac delta function, ¢ = 2/a is related to
the coupling constant, with a = —a;p > 0 for repul-
sive interactions, and aip is the one-dimensional scat-
tering length related to the many-body wavefunction
by U(..., 2, ...,25, ...) X |zi—x;| —aip + .... The



usual one-dimensional coupling constant of the model is
g1p=—21/(maip) = (K /m)c [15].

The action of the Hamilonian on the Bethe ground

XN($1, ..

In Eq. (3), o are elements of the symmetry group Sy,
i.e. permutations of N elements, P[o] their parity, and
o; denotes the image of i by 0. These eigenstates are
also eigenfunctions of all conservation laws, as required
by the integrability of the model.

The correlation functions we are interested in are the
k-body density matrices normalized to unity by choice of
the constant in Eq. (3), and such that
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due to Galilean invariance. In particular, in this work
we consider the one-body density matrix, whose series
expansion at short distance can be written as

1
pi(a; a') = ZZCz(n\x*x’l)l- (5)
=0

In what follows we will also make use of the notation

NI pg(0,...,0;0,...,0)

where n = N/L is the mean linear density, the system be-
ing of size L. Correlations g will be refered to as k-body
local correlations, they represent the probability to find
k atoms at the same place and time. It is quite intuitive
that the combined effect of geometry and interactions en-
forces gr11 < gi at finite interaction strengths, and that
gk are decreasing functions of the interaction strength.

The first aim of this work is to illustrate the fact that,
due to the integrability of the model, those correlations
are related to each other via the moments e, of the di-
mensionless density of quasi-momenta g(z; o), defined as
the solutions of the set of Bethe equations derived by
Lieb and Liniger [1] in the thermodynamic limit N — oo,
L — o0, at fixed N/L and at zero temperature:
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state |xn) of the many-body system reads

N
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the eigenvalue is the sum of Bethe rapidities \; squared,
and the ground state in coordinate representation reads
[16, 17]

and
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where « is a positive coefficient and v = 2/(na) is the
Lieb parameter, representing the natural dimensionless
coupling constant of the model. The quantities eo are
integrals of motions of the model: for exemple, e5 corre-
sponds to the thermodynamic limit of the ground-state
energy Fy = ), A2, through Ey = Nn?e;. More gen-
erally, we define Ey, = Nn?fesy, and egppq = 0 from
parity arguments.

To finish with, we define connections as functionals F
such that

]:(Cl(’)/)agk:(’Y)v{en(7)7e{n(7)7}77) =0, (10)
where ’ denotes differentiation with respect to v. We de-
note each connection by a pair of indices (I, k), where by
convention an index is 0 if the corresponding quantity
in the notation above does not appear in the functional.
This compact notation helps classifying the connections.
To illustrate this concept, we derive the first few connec-
tions from conservation laws.

The first conserved quantity is
X o
Hy = — =N, 11

the number of atoms. Trivially,

(xn|Holxn) = N(xnlxn) =N (12)

since the Bethe eigenstate is normalized to unity. On the



other hand,
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hence
co=g1=¢€9 =1, (14)

yielding the connections (0,0) and (0,1).
The second conserved quantity is

N

=Y ai- (15)

=0

and proceeding as before, we find
Ci =e1 = 07 (16)

the connection of type (1,0), in agreement with [18].
Then, from the Hamiltonian we obtain

(e[ Hlxn) = Nnles. (17)

We also evaluate
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hence the connection of order (2,2),
—2¢9 + g2 = e3. (20)

The connection of type (0,2) is obtained by applying
the Hellmann-Feynman theorem to the Hamiltonian and
reads [19]

g2 = 6127 (21)

combining the connections of orders (2,2) and (0,2) yields
order (2,0), i.e. [1§]

1
co = 5(’)/6/2 —eg). (22)
|

III. DERIVATION OF THE CONNECTION OF
ORDER (4,3)

In this Section, we derive a new connection, namely

24cy — 272 g3 = eq — el (23)

It is the connection of type (4,3) according to our nomen-
clature. .

First, we introduce an operator H, that yields, when
applied to an eigenstate (3), the fourth integral of motion
E47

Hilxn) = Edxn) (24)
with
N
Ey=)» A (25)
=1

From these definitions, by construction the higher Hamil-
tonian H, can be written explicitly as [20-22]
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where kK = é

For convenience, we introduce the auxiliary operator

~ 1 -
Q1= —Hy, (27)
K
and apply the Hellmann-Feynman theorem to it:
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The left-hand side is related to operator H, introduced
above by
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We evaluate the terms of the right-hand side sepa-
rately. First, we find

R o4
Oevlhs ) = NLog pa(: 0)

= 12Ln*c36(0) 4+ 24Ln°cy .

=0 (30)

Actually, the infinity in the form of §(0) is canceled by
the analogous divergence produced by

(vl ) = 5 Eng2(0) (31)

as can be shown using the connection of order (3,2),

11 (32)
€3 = 3 (na)292 .
The latter is deduced from (0,2) above, Eq.(21), and (3,0)
that reads [18]

'72 ’
€3 = 156 (33)
We remark that conversely, starting from the sole require-
ment that Hy is divergence-free, Eq. (32) naturally fol-
lows from our derivation, which can thus be seen as a new
and independent proof of this connection. Then, (3,0) is
derived by combination with (0, 2).
An other way to derive (3,2) is as follows: due to the
contact condition, one can write

pk(xh.. S TRTY, ., T)
_Z (mﬁ_wl,xg,...,xk;x’Q,...,x§6>|x1—x’1|’7(34)
Since
p1= /dacgpg(xl,xg;x’l,xg) (35)
and

1
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where the dots represent a regular function, one finds the
general result
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or, written an other way,

2
k Y
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a higher-order connection from which (3,2) follows as a
corollary.
To finish with, we evaluate

(b ) = £Lngs (39)

Inserting (30), (31) and (39) into (28) and (29) ends
the derivation. We now comment on the physical mean-
ing of Eq. (23). The fact that g3 appears stems from

h(z) in Eq. (26), that involves three-body processes pro-

vided N > 3. The coefficient ¢4, that stems from h(l) i
related to the higher kinetic energy in that the momen-
tum operator applied to the density matrix generates the
coefficients of its Taylor expansion when taken at zero
distance.

One can even go further, combining the connection
(0,3) 23, 24],

3el eseh
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(40)

with the connection (4,3), Eq. (23), to obtain the con-
nection (4,0),

’}/626/2_’_3 2
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(41)
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given in [10] without proof. The right-hand sides of
these last two equalities involve moments of the pseudo-
momentum distribution only, and it is a general fact that
all correlations of the model are defined through connec-
tions of type (I,0) and (0,k), as a consequence of inte-
grability.

IV. CONJECTURES ABOUT THE EXACT
MOMENTS OF THE DENSITY OF
PSEUDO-MOMENTA

As illustrated above, local correlation functions are
linked to the even-order moments eg; of the density of
pseudo-momenta (we recall that odd ones are trivially
null by parity). Their exact and explicit analytical ex-
pression is not known to date, only the first few terms
of their exact asymptotic expansions in the weakly- and
strongly-interacting regimes have been computed exactly.
To go further and cover the full range of repulsive inter-
action strengths v € [0, +oo[, we generalize to arbitrary
moments recent conjectures about the ground-state en-

ergy.

A. Conjecture in the weakly-interacting regime

The first conjecture concerns the Taylor expansion of
esk in the weakly-interacting regime, and reads

—+oo

A2k,i  k+i
= Z 2 > ’7k+ /27 (42)

T
=0

ear ()

where {aay ; } are real coefficients. This is a generalization
to arbitrary k of the conjecture proposed in [13] for es.



According to Eq. (9), a trivial necessary condition is
ap,; = 0;0, where ¢ is the Kronecker symbol. The ex-
act nontrivial coefficients unambiguously found so far are
aso =1, az1 =—4/3 [1], az2 =¢(2)—1 [13], where ( is
the Riemann zeta function, a4 =2, and a4 = —88/15
[23]. Based on accurate numerics by S. Prolhac, G. Lang
conjectured as 3 =3((3)/8 — 1/2. Prolhac also proposed
aszs = a23/3 and az5 = —45¢(5)/1024 4 15¢(3)/256 —
1/32 [14]. Higher-order coefficients as; are numerically
known with high accuracy up to order i =10 [14].

Using the conjecture (42) together with the known ex-
pansion at low «, heuristically introduced in [25] and
proven in [26] (we refer to Appendix A for a derivation
of the first part),

V1—2z2
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combined with Eqs. (7), (8) and (9), we find the general
form of the first two coefficients at fixed order k,

1 2k
a2k,0 (k) = Cy, (44)

9(z; ) ~ac1

BES

where {C} denote the Catalan numbers, and
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B. Conjecture in the strongly-interacting regime

In the strongly-interacting regime, we generalize a re-
cent conjecture on es [12], by stating that the asymptotic
expansion in 1/ is partially resummed in a natural way
as

2k +o0 7T2(k+i)

2 Gt 10

NES

where Ly, ; are polynomials with rational coeflicients,
such that Lok = 1/(2k + 1) and Loy ;>1 is of degree
1—1. Using a basis of orthogonal polynomials to system-
atically find a 1/~ expansion of the moments as explained
in [11] and [12], together with the conjecture Eq. (46), we

find by identification:
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335872 5 132872192 ,
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V. ILLUSTRATIONS

In this Section, we illustrate the various results ob-
tained above. Within our approach, in order to evaluate
g3 and ¢4 with good accuracy from Eqs. (40) and (41),
it is crucial to correctly evaluate not only e; and e4, but
also their derivatives. For ey, we refer to previous studies
[12, 14], where it was found that the combination of the
weakly-interacting expansion of [14] and the conjectural
partial resummation in the strongly-interacting regime
of [12] yields excellent agreement with accurate numer-
ics. In this work, we checked that el obtained from the
conjectures in their respective ranges is also numerically
exact for all interaction strengths, as shown in Appendix
B.

More important, we benchmark the conjectures on the
fourth moment. In Fig. 1 we plot e4 from the conjec-
tures Eq. (42) and Eq. (46) over the experimentally rele-
vant range v € [0, 10] and find excellent agreement with
the numerical integration of the Bethe Ansatz equations
(6)-(8). The coefficients used in the weakly-interacting
regime are found by fitting data at v < 1 and the whole
curve thereby obtained closely follows numerical solution
of the Bethe equations for interaction strengths v > 1,
validating the conjecture. However, our numerical data
is not accurate enough to guess the analytical exact value
of the unknown coefficients a4 ; for i > 2.

While no discrepancy between the conjecture from the
strongly-interacting regime Eq. (46) and numerical solu-
tion of the Bethe Ansatz equations is seen on this graph,
by looking at e} shown in Fig. 2, one sees that the large-y
expansion displays spurious oscillations at intermediate
interactions, hence an appropriate combination of both
conjectures at weak and strong coupling is needed to
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FIG. 1. (Color online) Dimensionless fourth moment of the
distribution of quasi-momenta e4 as a function of the dimen-
sionless interaction strength ~. Analytical result from the
conjecture (47) (solid, blue) is in excellent agreement with
independent accurate numerics from the authors (red and
black dots) for all interaction strengths. The conjecture in
the weakly-interacting regime Eq. (42) with appropriate co-
efficients (black, dashed) reproduces numerical calculations
with excellent accuracy up to intermediate interactions.
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FIG. 2. (Color online) Derivative of the dimensionless fourth
moment of the distribution of quasi-momenta e4 with respect
to the dimensionless interaction strength v as a function of
the latter. Using the analytical results either from the con-
jectures (47) (solid, blue) at strong interactions or Eq. (42)
(dashed, black) at weak interactions, one finds an excellent
agreement with accurate numerics (black dots) for all inter-
action strengths.

recover agreement with numerical calculations over the
whole range of interaction strengths.

We have also checked that our numerical data for es
and ey, when used in Eq. (40), yield g3(v) in close agree-
ment with accurate approximate expressions obtained in
[23] by fitting on the numerical solution of Egs. (7), (8),
(9) and (40), as illustrated in Appendix C. Having per-
formed all these verifications, we plot in Fig. 3 the co-
efficient ¢4 as a function of v from numerical calcula-
tions and the conjectures on e and es. We find that
cy changes sign at v = 7. ~ 3.8. We evaluated the
value with more accuracy as 7. = 3.8160616255908 . ..
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FIG. 3. (Color online) Dimensionless coefficient ¢4 as a func-
tion of the dimensionless interaction strength ~y, as predicted
from the conjectures (solid, blue) and (dashed, black), com-
pared to accurate numerics (red dots). A sign inversion occurs
around v = 3.8.
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FIG. 4. (Color online) Dimensionless coefficients ¢z, ¢4 and c3
(resp. black, blue, red and from bottom to top) as predicted
from conjectures, as functions of the dimensionless interaction
strength ~.

by comparing two independent numerical solutions of
the Bethe Ansatz equations, with agreement of all dig-
its up to this order. This change of sign had already
been predicted, based on numerical analysis in [27], that
suggested 1 < 7. < 8. In Fig. 4 we plot the known
coefficients co, c3 and ¢4 as functions of . They are
also known by direct calculation in the Tonks-Girardeau
regime of infinite interaction strength, where their values
are co = —72/6, c3 =72/9 and ¢4 = 7*/120 respectively,
in agreement with our results in the limit v — +o0, but
higher-order terms are known as well in this regime, such
as ¢ = —117%/1350. .. [28-30]. Note that very high in-
teraction strengths are needed to approach the value in
the Tonks-Girardeau regime up to a few percents, thus
it is quite difficult, for the observable p;, to reach this
regime experimentally.



VI. CONCLUSIONS AND OUTLOOK

In conclusion, in this work we have derived an exact
relation linking the fourth coefficient of the Taylor ex-
pansion of the one-body correlation function at short
distances and the local three-body correlation function
of the Lieb-Liniger model. This connection can be recast
in a form where ¢4 is expressed in terms of moments of
the density of pseudo-momenta. We have investigated
the fourth moment e4 in detail and provided new con-
jectural expressions that are extremely accurate in the
whole range of interaction strengths. Both analytically
and numerically, we find that ¢4 changes sign around
v =3.8.

In outlook, it would be interesting to investigate the
link between c¢5 and the coefficient of the first sublead-
ing, high-momentum 1/p% term of the momentum dis-
tribution n(p) of the gas, beyond the well-known Tan
contact (i.e. the coefficient of the leading 1/p* term).
Knowing more terms of the Taylor expansion of ¢g; and
n(p) also allows to probe in a finer way the validity of
the Renormalization Group-Luttinger liquid approach by
comparing their predictions at large distances or short
momenta [10]. In the perspective of taking an harmonic
trapping into account, it also allows to discuss the va-
lidity of the Local Density Approximation [18] by com-
parison with exact numerics [31]. To this aim, the equa-
tion of state from the 1/ expansion is accurate in the
strongly-interacting regime, while the conjecture thereby
deduced is also accurate at intermediate v [32]. The at-
tractive regime of the super-Tonks-Girardeau gas may
also provide new insights [33, 34]. To finish with, the
equivalence between Eq. (40) and an other one derived
in [35, 36], that does not involve the momenta ey, but re-
quires solving other Fredholm integral equations instead,
checked numerically so far, still awaits rigorous proof. It
shall provide an interesting alternative way to tackle con-
nections, especially in out-of-equilibrium situations. An
other approach from field theory, based on an appropriate
non-relativistic limit of the sinh-Gordon model, has also
shown remarkable efficiency already [37, 38] as compared
with previous Bethe Ansatz results [19, 39, 40]. The full
characterization of the local correlations g seems, how-
ever, especially challenging and insightful. Even the con-
nection (0,3) has not been derived yet based on Bethe
Ansatz techniques only.
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Appendix A: Derivation of the semi-circular law

In this Appendix, we provide a new derivation of
the semi-circular law verified by the density of pseudo-
momenta at very small interactions, i.e. the dominant

term of the solution to Eq. (7) in the limit o — 0, that
reads

V1—22

2o

9(z; @) ~p«1 (A1)

This derivation is based on the methods of Ref. [41].
First, the kernel of the integral equation is rewritten as

2 _/+°°
a?+(y—2?  Jow

Then, the Fourier integral theorem, stating that

dp e=*Plcos[p(y — 2)]. (A2)

+oo +oo
1(2) 1/ dyf(y) / dpcoslp(y — 2)], (A3)

27 —00 —o0

is applied to g to transform Eq. (7) into

—+00 1
2/0 dp (1—e_ap)/_1dyg(y; a) cos(py) =1 (A4)

after a few simplifications.

To go further, g(y; @) is expanded over the basis of
Gegenbauer polynomials {U,}, that are orthogonal on
[—1,1], as

+oo
9(y;0) = V1—y2 Y An(a)Uaa(y).
n=0

(A5)

Thus, to lowest order in a, Eq. (A4) becomes

+oo 1
Za/ dp p/ dyv/1 —y?Agcos(py) =1, (A6)
0 —1

and using the property

1
/ dy\/1 — y? cos(py) = ﬂjljgp),
1

(A7)

where Jp is the first Bessel function, Eq. (A6) becomes
+oo
27era/ dpJy(p) = 2wAp =1, (A8)
0

and one obtains Eq. (A1) as announced.

Appendix B: Test of the conjectures for e

In Fig. 5, we plot €}, from the conjectures with known
coefficients from [12, 14] and compare with accurate nu-
merics. The agreement is pretty satisfying over the whole
range of interactions.

Appendix C: Test of our numerical data for g3

In Fig. 6, we compare the local three-body operator
g3 obtained numerically and accurate expressions from
Ref. [23]. The agreement is excellent.



FIG. 5. (Color online) Derivative ey of the dimensionless en-
ergy as a function of the dimensionless interaction strength -,
as predicted from the conjectures (solid, blue) and (dashed,
black), compared to accurate numerics (red dots).
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FIG. 6. (Color online) Dimensionless three-body local correla-
tion function g3, as a function of the dimensionless interaction
strength ~ obtained numerically (dots) compared to the three
accurate expressions in [23] (solid lines, black, red and blue)
in a wide range of interaction strengths.



