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We apply a recently developed effective string theory for vortex lines to the case of two-dimensional
trapped superfluids. We do not assume a perturbative microscopic description for the superfluid,
but only a gradient expansion for the long-distance hydrodynamical description and for the trapping
potential. For any regular trapping potential, we compute the spatial dependence of the superfluid
density and the orbital frequency and trajectory of an off-center vortex. Our results are fully
relativistic, and in the non-relativistic limit reduce to known results based on the Gross-Pitaevskii

model.

In our formalism, the leading effect in the non-relativistic limit arises from two simple

Feynman diagrams in which the vortex interacts with the trapping potential through the exchange

of hydrodynamical modes.

I. INTRODUCTION

Vortex lines in superfluids are topological string-like
objects with quantized circulation and a microscopic
thickness given by the superfluid healing length. They
are the only degrees of freedom that can carry vorticity,
and the velocity field far from their core is irrotational
but non-trivial—for a textbook treatment see [1, 2]. In-
direct evidence for the presence of these objects was ob-
tained over half a century ago in superfluid helium [3, 4],
and was later followed by direct observations [5-12].

In this paper we focus on the peculiar behavior of
an off-axis vortex in a non-rotating, two-dimensional
trapped superfluid. The vortex is observed to orbit the
center of the trapped particle cloud. If the cloud is cir-
cular, so is the orbit. If the cloud is elliptical, so is the
orbit, with the same aspect ratio, as in Figure 1. For
vortices close to the cloud’s center, the orbital frequency
is independent of the orbit’s size.

The first observation of this phenomenon (known as
precession) was achieved in [13] using a nearly spherical
condensate of "Rb containing a superposition of two in-
ternal components. More recently, the authors of [14]
performed a careful analysis of the motion and preces-
sion frequency of a vortex, using a superposition of the

FIG. 1: Schematic representation of the precession of a
vortex (red dot) in an elliptical cloud.

two lowest states of ®Li confined in an elliptical cloud.
See also [15] for a similar study. There has already been
extensive theoretical study of precession [16-22] in the
regime where the Gross-Pitaevskii equation holds, and
the solution is often treated numerically.

Here we show that the same problem can be suc-
cessfully tackled using the effective field theory (EFT)
methods first introduced in [23, 24] and recently gener-
alized and developed in [25] (see also [26]). The main
idea behind EFT is to focus directly on the long dis-
tance/low frequency degrees of freedom of a given sys-
tem: one parametrizes their dynamics in terms of the
most general effective action or Hamiltonian compatible
with the symmetries, organized as a power expansion in
energy and momentum, that is, time derivatives and spa-
tial gradients. One of the advantages of this approach is
that the validity of perturbation theory relies only on
the long distance/low frequency degrees of freedom be-
ing weakly coupled, regardless of how weakly coupled the
microscopic constituents of the system are. Another is
that one is able to derive universal predictions that fol-
low purely from the symmetries and are insensitive to the
system’s microscopic physics, which might be unknown
or strongly coupled, and hence intractable.

In our particular case, we will write our EFT for a
generic relativistic superfluid, because we find it easier
to impose the relevant spacetime symmetries in the rela-
tivistic case (see also a related discussion in [27]). How-
ever, taking the non-relativistic limit will be a simple
matter of neglecting certain terms in the action explic-
itly suppressed by powers of ¢ (speed of light), and in
that limit our derivation of the precession effect will sim-
plify. Of course, this approach also allows us to compute
the relativistic corrections to the non-relativistic result,
which in principle could be important for, e.g., neutron
star physics.

In our EFT language, the phenomenon of vortex
precession is entirely due to long-distance/low-energy
physics and is insensitive to the microscopic physics of
the superfluid or vortex core. The vortex interacts with
the superfluid hydrodynamical modes, which in turn in-
teract with the trapping potential. This leads to an in-
direct interaction between the vortex and the trapping



potential. The symmetries of the system are so power-
ful that they constrain the structure of this interaction
up to a few free macroscopic parameters, which can be
measured experimentally.

Conventions: Throughout the paper we will set i = 1.
We will start with ¢ = 1 as well, but we will later re-
instate explicit factors of ¢ in order to make the non-
relativistic limit straightforward and the comparison with
data easier. We will adopt a metric signature 7,, =
diag(—, 4, +, +). The indices p, v, ... run over all space-
time coordinates, ,j,... run over spatial coordinates
only, and «, 3,... run over worldsheet coordinates.

II. THE UNTRAPPED ACTION

We now review the main aspects of the effective the-
ory presented in [25], which will require some familiarity
with high energy ideas. The reader who is unfamiliar
or uninterested in these concepts may refer directly to
Egs. (8)—(10) below, where we report the simple action
for the interaction of superfluid modes with vortex lines.

The EFT description of a superfluid with vortices in-
volves a two-form field A, (z) for the bulk degrees of
freedom and an embedding position field X*(7,0) for
each vortex, where 7 and ¢ are arbitrary worldsheet co-
ordinates, such as proper time and physical length along
the vortex. To lowest order in derivatives and in the case
of a single vortex, the action reads [25]

S = Spuk + Skr + Sna’ + gauge fixing (1)
Shulk = /d433 G(Y) s

SKR = )\/deU A 0-X10, X" (3)

Sna = —/deO’ \/—deth(gaﬁhag,Y) . @)

Here F* = 1eMr?9,A,, is the gauge invariant field
strength for A, G is an a priori arbitrary function, A
is a coupling constant, 7 a generalized tension, and

Y = —F,F* (2)

v F,F,

9 X" 95X (5)

are two independent induced worldsheet metrics. The
local values of the superfluid number density n and (rel-
ativistic) energy density p are related to Y and G by
Y =n?, GY)=—p, (6)
so that the superfluid equation of state p = p(n) uniquely
determines the bulk action G(Y').
A homogeneous superfluid at rest with number density
n corresponds to a background field A;; = —37 €;5a".
If one is interested in studying superfluid configurations
close to such a state, one can expand the above action
in powers of perturbations of A about its background

and apply standard perturbative field theory techniques.
Since at some point we will be taking the non-relativistic
(NR) limit, it is useful to be explicit about powers of c.
Hence, we parametrize the perturbations A and B of A
as

Aoi = ndi(z) /e, Ay = ey, (—32" + B)). (7)
In this way, they both have regular propagators in the
¢ — oo limit. Indeed, choosing the 7 =t = X°/c gauge,
the expansion of the action above reads [25]

S /d%dt [ x A+ 5B - T B )
+1(1-8)V BB -V x 4)’]
- / dtdo |4 eix XF0,X 0, X7 + To) 0, || (9)
+ / dtdo [ﬁ)\(Ai&,Xi+e¢jkBk8tXi8(,Xj) (10)
on
v x fT) c2 )] ’
where w is the background relativistic enthalpy density
(~ mass density x ¢, in the NR limit), ¢, is the sound

speed, the T's are effective couplings obtained from the
generalized string tension by

+ [0, X[ (2701 ¥ - B + 2120 (B -

T(mn) = ambnaaim%’r(aa b) ) (11)
evaluated on the background, and v’ is the local string’s
velocity in the direction orthogonal to the string itself.
For non-relativistic superfluids, the constant A is related
to the vortex’s circulation I' by A = mI', where m is the
mass of the superfluid’s microscopic constituents. We
stopped the expansion at cubic order in the bulk and at
linear order on the worldsheet, since we will not need
higher order terms. The cubic term that we have kept
(second line of Eq. (8)) is known to play a role in the
classical running of T¢1) [25], and it will be important for
us as well. We also 1mphc1tly chose a gauge ﬁxmg term
for A,, that makes A purely transverse and B purely
longitudinal—again, see [25]. B can thus be identified
with the phonon field, while A is a constrained field play-
ing a role similar to that of the Coulomb potential of
electrodynamics: it does not feature propagating wave
solutions, but it can mediate long-range interactions be-
tween sources (vortex lines, in this case). It has been
dubbed the hydrophoton [24].

For convenience for what follows, we organized the ex-
panded action in this way: the first integral (Eq. (8))
collects the terms that make up the action for the bulk A
and B fields, i.e. the action describing the superfluid in
the absence of vortices. The associated propagators are

id 5” — klk‘j id C2 ZI:?Z]%]
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where the i¢ prescription is understood. The second inte-
gral (Eq. (9)) describes the motion of a free vortex line in
an unperturbed superfluid. The last integral (Eq. (10))
collects all the interaction terms between the bulk fields
and the string. In the units that we are using, A is dimen-
sionless, all the T's have units of tension (energy per unit
length), 7 is a number density, and w/c? is a mass den-
sity. All these coupling constants are finite in the ¢ — oo
limit, so the only suppressed term is the last one, which
involves an explicit 1/c? factor.

III. MODELING TRAPPING

Now that we have set up the formalism, we can per-
form our analysis. Let us forget for the moment about
the presence of the vortex and focus on the superfluid
only. To describe the spatial confinement of the super-
fluid, we introduce a position-dependent action term for
the superfluid modes. In line with the EFT approach,
we write the most general trapping term that, at lowest
order in derivatives, is compatible with the symmetries
of our system:

Spp = — / dPrdt VY, 1,7) (13)

where
v
g 2-VxA4 (14)
1-V-B

is the superfluid velocity field, and for now £(VY, @, ) is
a generic function of its arguments, with units of energy
density. .

Noting that ¥ = a?[(1 = V- B)? — L(B — V x 4)?]
and expanding in perturbations of Y and u, we get new
interaction terms for A and B of the form

Str—>/d3xdt{ﬁv(§:’)w.g+ %(é—ﬁxgﬂ

— Lo (D) (B -V x A) (B -V x A (15)
where
L O€ L o
YO = guge 19

both evaluated on the background (VY = 7, @ = 0). No-
tice that V' has units of energy, and p;; of mass density.
We are assuming that the trapping mechanism does not
involve a breaking of time reversal, and we are thus set-
ting to zero terms with odd powers of #. If this assump-
tion is violated—say, as in the case of magnetic trapping
of charged particles—then the second line in Eq. (15)
should be replaced with a linear term in @. Lastly, we
have kept only the lowest order terms for any combina-
tion of derivatives (time or space) and fields (A or B).

This truncation is all we need to compute lowest-order
results in perturbation theory.

In the standard Gross-Pitaevskii approach, the con-
finement of the superfluid is modeled with an interaction
between a trapping potential V;,(Z) and the superfluid
density only. This amounts to considering the particular
case of £(Y, 1, ¥) = Vi (£)VY. Our trapping action (13)
is a more general starting point. Notice, however, that to
lowest order in perturbation theory and if we neglect the
velocity dependence of £, the two approaches coincide.

To first order in V' and p;;, the action (15) provides an

external source for the B field. This is given by
Jp(z) = —aVV(Z) . (17)

From standard Green’s functions theory, the expectation
value for B in the presence of a source is

Skdw
@) = [ GEHCHBIm .y

and one easily finds

B =2 v . (19)

2
wcey

Since there are no linear sources for fT, this implies that
the superfluid density in the presence of (weak) trapping
is
vy = (1- 2y 20
w@) =¥ =a(1-25v@) . e
It is interesting to note that, to this order in perturba-
tion theory, the geometry of the density field is the same
as that of the trapping potential, in the sense that the
two have the same level surfaces. This is due to the
derivatives entering Jp and Y: they compensate for the
non-locality of the propagator, effectively turning the in-
teraction with the trap into a contact term.

Our result in (20) is completely general, valid for any
relativistic superfluid. In the non-relativistic limit one
has w ~ mnc?, where m is the mass of the microscopic
constituents of the superfluid, and the expression above

simplifies to
n(@) — 7 <1 - V(f)) , (21)

2
mc2

which matches the standard result obtained in the
Thomas-Fermi approximation—see e.g. [1].!

Since we have been working to first order in the trap-
ping potential, Eqgs. (20) and (21) can be trusted only
when V (Z) can be treated as a small perturbation, which

I In the Gross-Pitaevskii approximation one also has ¢ = u/m
and p = nUp, where p is the chemical potential and Up is the
coupling of the non-linear interaction.



FIG. 2: Non-linear corrections to Egs. (20), (21). The
crossed circles depict the trapping potential V (&), the

wavy lines propagators of B , the dots self-interactions
of B, and the square the density n(Z).

is certainly not the case close to the edge of the cloud.
However, the spatial point about which we are expanding
is arbitrary, and so our expansion is really an expansion
in small variations of V, or, equivalently, small gradi-
ents (in units of the healing length). Following standard
renormalization group (RG) logic, we can thus rewrite
Egs. (20) and (21) as differential equations, whose non-
linear solutions are valid to all orders in V. They formally
correspond to resumming an infinite series of tree-level
diagrams, which for the case at hand are those of Fig-
ure 2. In particular, in the non-relativistic case one can
rewrite (21) as

5, dn av
c;(n) = (22)
If one knows the equation of state of the superfluid, and
thus ¢2(n), one can integrate both sides and find the fully
non-linear relationship between n(Z) and V(Z). For in-
stance, in Gross-Pitaevskii theory one has ¢ o n, and
thus the linearized solution (21) is in fact valid to all or-
ders in V, in agreement with standard results. For more
general (and realistic) equations of state, there can be
sizable nonlinear corrections.

IV. VORTEX PRECESSION IN 2D

We will now study the motion of a single vortex in a
trapped superfluid. In the field theoretical approach, this
is done by integrating out the superfluid’s bulk modes
(the A and B fields). This results in an effective interac-
tion between the vortex line and the trapping potential,
which, in our formalism, is at the origin of the observed
precession of the vortex.

For simplicity we consider the cylindrical case only,
that is, a three-dimensional superfluid trapped only along
the (z,y) = ¥, directions. We parametrize our vortex
as a straight line, X(t,z) = (X(t),Y(t),2), and we as-
sume that its distance from the center is much smaller
than the typical transverse size of the cloud. Moreover,
we will work in the non-relativistic limit, which is the
relevant one for experimental questions. (The EFT lan-
guage allows one to compute relativistic corrections with
little extra work; we present such corrections in the Ap-
pendix.) To this end, we will assume that the second

FIG. 3: Feynman diagrams representing the
non-relativistic interactions between the vortex
worldsheet (plane) and the trapping potential (crossed
circle), mediated by phonons (wavy blue line) or
hydrophotons (dashed red line).

line of Eq. (15) is a relativistic correction, i.e. it is se-
cretly suppressed by inverse powers of ¢, since it describes
a direct coupling of the trap to the superfluid velocity;
this can come, for example, from Doppler-like effects [28],
which are indeed suppressed by inverse powers of ¢. Thus,
we assume
pij(T) = Vi (@), Vg~ V. (23)

We emphasize however that for magnetic trapping of
charged particles this assumption should be lifted, and
in fact the second line in (15) should be replaced by a
linear coupling to .

So, in the ¢ — oo limit, the only surviving interaction
terms for A and B in (8), (10) and (15) are the cubic
vertex as well as the sources

Ja(z) = nA62(ZL — X)2 (24)
jB (l‘) = [ (ﬁ)\eabXb — 2T(01)8a) 52(51_ - X)
- ﬁaav(fL)} j(i ) (25)

where from now on the indices a,b run over z,y.

Now consider integrating out A and B along the lines
of the field theoretical methods of [25]. At tree level this
amounts to replacing them in (8) with the solutions to
their classical equations of motion. The corresponding
corrections to the vortex effective action are of the form

3
SR = [t TACRIGER I 20
° (2m)*
3
SR = [ Gt THCRIGHRITR® . (21)
¢ (2m)*
These will both have mixed terms that make the vor-
tex interact with the trapping potential, corresponding
to the diagrams in Figure 3. To compute these, we
can neglect the time-derivative term in Jg, since there
is already a one-derivative kinetic term for the string
in (9), and thus any O(V) corrections to it can be ne-
glected in first approximation. On the other hand, there



is no position-dependent potential for the string in the
free string action—the only breaking of translational in-
variance comes from the trapping potential—so whatever
position-dependent O(V') non-derivative term we get will
be the leading source of “forces” for the string.

In conclusion, we can simply restrict to the (Fourier-
space) sources

Ta(k)=2aA(2m)26(w)d(k,)e~ FrX | (28)
T (k) =—i(2m)3(w)o (k)1 [2Tjone X +av (£1)] .
(29)

If the source for B is substituted into Eq. (27), it pro-
duces the following contribution:
. 2T, -
S@X] > =0 / dtdz V(X) . (30)

S

o nA . 2T _,
SERF] = / dtdz [’;eabxaxb + %vo{) +

and studying the motion of the vortex is now reduced to
a straightforward problem of point particle mechanics in
two dimensions. Note that the last term is non-local, in
the sense that it involves values of V' away from X. Itis
effectively a long-range interaction between the trapping
potential and the vortex.
The equations of motion read

?eabXb —0,Ver(X) =0, (33)
where the vortex’s effective potential energy (per unit
length) is

B 2T(01)

2
mcy

Vet (X) V(X)-

A2 / , V(@ +X)
— Ty ————> .
8m2m?2c? z2
(34)
Things become more transparent if we consider a vor-
tex close to the center of the cloud. In that case, we can
expand Vig for small X and, to quadratic order, we get
S 1 2T o1)
Ve (X) >~ —- XX | —20,0,V (0
W) = —5xex| 2 a,a,v(0)
nA? 0aOpV (T 1)
— | Pz, 22 35
8m2m2c2 / oL z3 (35)
(We are assuming that the linear terms vanish—that is
for us what defines the ‘center’ of the cloud.) There

2 This is not a general phenomenon: when integrating out gapless
modes, one in general expects to get long-range interactions.

(We used the fact that for a non-relativistic superfluid
w ~ n-mc?). Once again, the derivatives entering the in-
teractions of B cancel the non-locality of its propagator,
and the net result is a purely local interaction between
the vortex and the trapping potential?.

The cubic interaction (V- B)(V x A)2 of Eq. (8) in the
presence of a non-trivial V' can instead be thought of as
a modification to the hydrophoton propagator (see the
second diagram in Fig. 3), which plugged into Eq. (26)
gives

»3)2 .4 2 = v
(A)r 2 n°\%c el s V(E@EL+X)
(31)

Up to terms that do not depend on the vortex position,
the complete NR vortex effective action is therefore

A2 . V(#EL+X)
8m2m2c2 /d T z2 ’ (32)

(

are now two qualitatively different cases, depending on
whether 9,0,V (0) vanishes or not.

A. Harmonic trapping (9,9,V(0) # 0)

In the case of approximately harmonic trapping,
V(#L1) is quadratic close to the center of the cloud, so
0,05V (0) does not vanish. Then the first line in (35) is
nonzero, and the integral in the second line has a loga-
rithmic divergence at £, = 0:

/deJ_MQ(xJ') = —0,0,V(0) - 2 loga+... (36)
S

where a is an arbitrary UV cutoff length, and the dots
stand for terms that are finite for a — 0. As usual with
UV log divergences, by dimensional analysis they must
be accompanied by the log of a physical infrared scale.
In the integral above, the only (implicit) candidate for
such a scale is the typical transverse size of the cloud
R ; our perturbation theory breaks down there, thus
making the extrapolation of such integrals beyond that
point nonsensical. We find

/ d%ﬁ“a%f“) — 0.0,V (0) - 2rlog(R. Ja) . (37)
1

so the second line of (35) can be thought of as a renor-
malization of the first.

In particular, following standard RG ideas, we can
parametrize Vg in terms of a running coupling T(o1)(q)



evaluated at a typical momentum g ~ 1/R :

To1)(1/RL)

Ver(X) = = ==0—=20,0,V (0) X°X", (38)
s (39

where
Tony (@) =~ 2 tog(at) (40

and £ is a physical microscopic scale, which we expect to
be of the order of the healing length, but whose precise
value has to be determined from experiments. Notice
that this result matches precisely the running of Tg)
found in [25] via somewhat different methods.

If we parametrize the harmonic trapping potential in
the usual elliptical form,

V(ZL) = % (wixQ + w§y2) +0(r) (41)

the equations of motion (33) reduce to

X(t):wp%Y(t), Y(t):_%%xu), (42)

whose solutions are elliptical orbits with the same orien-
tation and aspect ratio as the trapping potential, with
angular frequency

3r
wp = Wczwmwy log(RL/?). (43)
(We used that A = mI in the NR limit.) This matches
the standard results derived by more traditional methods
[16, 17, 19]. Nonetheless, we emphasize the generality of
our result: it does not rely on the Gross-Pitaevskii model
or the Hartree approximation.

In fact, one can go further and make (43) completely
predictive. Recall that at this level £ is a free param-
eter whose value has to be determined by experiment.
However, if we consider the combination

X = Wp/wWay (44)

and compare the values it takes for different trapping
potentials (‘1” and ‘2’), the £ dependence cancels out and
we get

3T o Ry
87TC§ gRJ_,Q '

X1— X2 = (45)

B. Flatter trapping potentials (9,0,V (0) = 0)

The case of flatter trapping potentials—i.e. such that
0,0,V (0) = 0—is easier to study: the first line in (35) is
zero, and the integral in the second line is convergent at
Z; =0.

Consider then parametrizing the trapping potential as
V(fl) :mcg-f(fJ_/RJ_) N (46)

where R, is again the typical transverse size of the cloud,
f is a dimensionless function generically with order-one
coefficients (but vanishing second derivatives at the ori-
gin), and the overall prefactor follows from consistency
with Eq. (21). For the integral in (35), we now simply
have

a0V (ZL) mc?
/d2$1_ bxi = = Rii ' fab ) (47)

where f; is a constant symmetric tensor with order-one
entries.

If we align the x and y axes with the eigenvectors of
fab, the equations of motion (33) read

(6) = [ 2 v 0). y(o:_%,/g;m, (48)

whose solutions now are elliptical orbits with aspect ratio

\/fyy/ frz and angular frequency

3 T
Wp:m?}?ivfmfyy- (49)

This is in perfect agreement with the results recently
found in [29] by more traditional methods.

Notice that for the harmonic potential (41), the typ-
ical transverse size is R ~ cs/wy ~ ¢s/w, (assuming
Wy ~ wy), so (43) and (49) scale in the same way with
R, and T, but the harmonic case (43) has a logarithmic
enhancement that the anharmonic case lacks.

Notice also that the f,; tensor defined in (47) depends
not only on the specific function f that defines the trap-
ping potential, Eq. (46), but also on how the integral in
(47) is cut off at &} ~ R, . At the edge of the cloud,
our perturbative approximations break down, so we can-
not predict at present what is the most physical way to
implement this cutoff. For the time being, we therefore
leave f,, undetermined; it is plausible that RG ideas like
those that led us to Eq. (22) might help us understand
how an integral like (47) is made finite in the IR.

V. DISCUSSION

We close with some comments on our results and pos-
sible generalizations.

First, notice that our effective action for the vortex
line, Eq. (32), is valid for any trapping potential. This
means that our result can also be applied to homogeneous
superfluids “in a box,” such as those realized in [30-32].
Our analysis in Section IV B indicates that even for po-
tentials that are arbitrarily flat near the center, the vor-
tex will still exhibit precession with an angular frequency
scaling as w, ~ I'/R? | which is a well-known result (see



FIG. 4: Leading relativistic vortex/trap interaction.
The red dashed line is again a hydrophoton propagator,
and the crossed circle an interaction with the trapping
potential.

g. [33, 34]). Moreover, the orbits near the center are
always elliptical (or circular), regardless of the shape of
the cloud.

Second, notice that the effective string potential (34)
is negative definite (on general grounds the coupling T{1)
is expected to be positive [25]). This can lead to instabil-
ities once the interactions of the vortex with phonons are
taken into account; for instance, at non-zero temperature
we expect the phonon thermal bath to create an effective
friction for the precessing vortex, making it slowly mi-
grate to regions of lower and lower effective potential,
that is, away from the center of the cloud—see e.g. [18].
It would be interesting to use our EFT to quantify the
effect. In particular, the inclusion of finite temperature
effects should not require too much effort.

Lastly, one could generalize our results to systems with
trapping along the z-direction as well. There are experi-
mental indications that vortices in that case get bent by
the trap [14], and it would be interesting to see how that
effect arises within our EFT.

n? )\202

Seg[X] D —

3)\2 2

_ / dtdo / A2z el (7, +X)x; oL

71-22

Together with Eq. (32) and replacing m — w/nc?, this
|

o n\ .
Seff[X} = /dtda {%GabXaXb +
n3\2c?
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Appendix: Relativistic corrections

Using the EFT methods outlined in the main text, with
a minimal amount of extra work we can compute the rel-
ativistic corrections to the results of Sect. IV. Neglecting
terms involving time derivatives and the string’s veloc-
ity for the same reasons as before, the only new terms
we should consider in the action read (see Egs. (15) and

(23))

, n e el
SD/ddxdtﬁUij(xl)(VxA) (Fx AV, (A1)

with

Uij (1) = V(Z1)di; — Vij(Z1) , (A.2)
and which, combined with the source (28) for A, can give
a vortex/trapping potential interaction mediated by A as

in the diagram of Figure 4.

After straightforward algebra, the new contribution is
found to be

(2m)4 quJ_
d

1

(

new term gives the complete relativistic vortex action

Lo mdAZe V(Z +X)
VX)) + ——s [ Pz —— 2
(X)+ 82w 2 / oL z?
b .d

/d% ebecdy, (7, +X)xi“}.

IJ_



It is interesting to note that, in the absence of cou-
pling of the trapping to the superfluid velocity, i.e. for
Vap = 0, the relativistic result is formally equal to the one

in Eq. (32), since the relativistic correction in Eq. (31)
cancels exactly. The same considerations of Section IV
apply to this action.
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