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Within the second-quantization framework, we develop a formalism for describing a spatially
multimode optical field diffracted through a spatial mask and show that this process can be described
as an effective interaction between various spatial modes. We demonstrate a method to calculate
the quantum state in the diffracted optical field for any given quantum state in the incident field.
We also give several additional examples of how the theory works, for various quantum input states,
which may be easily tested in the lab; including two single-mode squeezed vacuums, single- and
two-photon inputs, where we show the diffraction process produces two-mode squeezed vacuum,
number-path entanglement and a Hong-Ou-Mandel-like effect—analogous to a beam splitter.

I. INTRODUCTION

Gaussian spatial modes, in comparison with plane
waves, offer a more accurate description of optical beams
[1]. Although plane waves are mathematically simpler,
they are less powerful in describing the diffraction and
the spatial structure of optical fields. Classical diffraction
properties of Gaussian beams are relatively well under-
stood, and numerous works have been carried out, both
in theory and experiment [2-9]. The quantum properties
of diffracted Gaussian beams, or other paraxial beams,
have received less attention, although some of previous
works are found in Refs. [10-26]. For example, com-
plementary work by Lupo et al. [27] shows that diffrac-
tion through an iris can be described as a memory chan-
nel, which has applications to quantum communication,
while our work focuses on classical and quantum behav-
iors of very specific Gaussian beams, with multiple spatial
modes, for use in quantum imaging and related technolo-
gies. Though many previous analyses do take multiple
Gaussian modes under consideration, a clear and sys-
tematic description of the interaction amongst Gaussian
modes is lacking. By Gaussian-mode interaction we mean
all physical processes in which the output spatial mode
decomposition is altered from its input decomposition.
The assumption, taken in many cases, that Gaussian
modes interact in the same way as plane waves, is gener-
ally not valid because it essentially ignores the multi-
mode structure of Gaussian modes. Gaussian modes
are a natural choice to describe propagation of optical
beams with finite cross section. Indeed, if the squeezed
states generated in different Gaussian modes have dif-
ferent squeezing angles, then the interaction among the
states in the various modes can worsen rather than im-
proving the overall squeezing. Recent work further con-
firms the deficiency of using plane waves to analyze quan-
tum states of light, and motivates us to investigate the
quantum behavior of Gaussian beams [28-30].
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To understand the quantum behavior of Gaussian
beams, we must understand how quantum states in dif-
ferent Gaussian modes interact with each other. Perhaps
the simplest interaction between Gaussian modes can be
introduced by applying a spatial mask on the beam axis
and seeing how this would change the quantum states.
Through this relatively simple model, we can establish a
method to analyze more complicated problems.

In Sec. II, we use classical electrodynamics to analyze
the Gaussian beam and the interactions among different
orders of Gaussian modes. In Sec. III, we present the
quantum description of states in Gaussian beams and
their interactions. In Sect. IV, we will consider three
examples of applying our formalism to describe propaga-
tion of various quantum input optical fields through an
iris mask. The first one uses two single-mode squeezed
vacuums as input, which has been tested experimentally
[28], and our predictions agree well with the experimen-
tal observations. The other examples study the cases of a
single photon, and two-photon inputs, in which case our
calculations predict the generation of a photon-number
entanglement and a Hong-Ou-Mandel-like effect, imply-
ing that an opaque spatial mask displays characteristics
of a regular but lossy optical beam splitter.

II. CLASSICAL ELECTRODYNAMIC
DESCRIPTION OF GAUSSIAN BEAM SPATIAL
MODES

For an optical beam, the electromagnetic field satis-
fies Maxwell’s equations in the so called paraxial approx-
imation. Furthermore, it is known that the Hermite-
Gaussian (HG) and Laguerre-Gaussian (LG) modes are
solutions of free-space wave equation in the paraxial ap-
proximation. In Cartesian coordinates the solutions are
the HG modes whereas in cylindrical coordinates the so-
lutions are the LG modes. While we focus on the LG
modes for the rest of this paper, similar arguments apply
to the HG modes. The normalized field amplitude of LG
modes can be expressed as follows:
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where r, ¢ and z are cylindrical coordinates; [ and p
are the azimuthal and radial indices, which are integers;

p=0; CIIZ‘,G =, /%ﬁiw is a normalization constant; L]‘Dl !
is the associated Laguerre polynomial; k is the wave num-

ber; w(z)=wo4/1+ (£)? is the beam waist; wo is the

beam waist at the beam focus; 2z = m;\’g is the Rayleigh
range; R(z)=z[1 + (%£)?] is the radius of curvature;
((z)=arctan(%) is the Gouy phase. See Fig. 1 for the
intensity profile of several LG modes in any z =z plane.
Along the beam axis the profile will become wider or nar-
rower with changes of the beam waist, while the shapes
of the profiles remain similar.

FIG. 1.
Upper row (from left to right): [=0,p=0,1,2; lower row:
I=1,p=0,1,2.

Intensity profile of LG modes in any z=2z¢ plane.

In free space the LG modes propagate independently
without interacting with each other; they obey the fol-
lowing orthonormality conditions,

/ U Uy 1y Tdrdd =016y (2)
Z=Z0

Notice, the orthogonality condition only holds if the inte-
gration area on the left hand side of Eq. (2) is the entire
z=zp plane.

Now, let us consider putting a spatial mask (such as
a circular iris) in the z=zy plane, shown in Fig. 2. The
iris blocks or absorbs the field at the rim and allows the
field at the opening to pass through. For LG modes,
the part of them allowed to pass through the opening of
iris no longer obeys orthogonality. Physically this means
different LG modes will interact at the plane where the

iris is placed. The interaction of modes can be described
by the following expression,

/ulypu?‘,,p,rdrd(b:Bu/,p,p/, (3)
s
where S is the surface through which the spatial mask
permits the light to pass. For a circular iris with radius

a, centered on the beam axis, placed in z=z plane, S=
{r<a;z=z2}.
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FIG. 2. The iris, with a circular opening of radius a, is
applied along the beam axis. The red curve is the Gaussian
beam width w(z) as a function of z. The iris is located at the
plane z=2zp. The center of iris is on the z axis. The amplitude
will be truncated to zero at the rim of the iris, while in the
opening of the iris the amplitude will be unchanged. As a
result the orthogonality between LG modes will be broken,
and the modes will interact at the iris plane.

Since in free space LG modes form an orthonormal ba-
sis, both the input signal (at 2=2;") and the output
signal (at 2=2¢") can be expressed as linear combina-
tions of LG modes, which both satisfy paraxial approx-
imation. Further, in free space on both sides of the iris
[z € (=00, 20) U (20, +00)], the orthogonality of LG modes
holds, and the iris (z=zp) is the only location where or-
thogonality breaks. Therefore the coefficient of each LG
mode will change only when the signal goes through the
iris. We express this interaction using the following set
of equations: the input beam takes the form,

Uinput(ra 9, Z):ZAl,p X ul,p(ra o Z)? (Z<Z0), (4)

L,p

where A, ;, is the coefficient of each LG mode. At the iris
the beam is partially absorbed and thus we have,

Zl,p App X upp(r, ¢, 20); (r<a,z=2)
Uiris (7, ¢, 20) =
0; (r>a,z=zp),

(5)
satisfying the boundary condition at the iris, giving the
output signal,

uiris(ra ¢7 ZO) = Uoutput (Ta ¢7 20+)7 (6)



which finally leads to,
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The quantity Bjy p,, first introduced in Eq. (3), is
the transformation coefficient between LG mode [, p and
I',p'. Solving Eqs.(4, 5, 6, 7), we get,

By pyp =Cripp ¥ expli(2p —2p" + [I] = [I'])¢(20)]. (8)

Here we express the complex quantity Bj , s in polar
form, as it more clearly shows the role of ((z), which is
the Gouy phase at the iris position. The factor Cj/ p
is real in the circular iris situation, since the cylindri-
cal symmetry prevents interaction between azimuthal in-
dexes:

242 /w?(z0)
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It is due to the limitation in the radial direction, in-
troduced by the iris, that different p modes will interact.
But due to the cylindrical symmetry of the iris, differ-
ent [ modes will remain orthogonal. Therefore, if instead
of a circular iris, other types of spatial masks (that do
not have cylindrical symmetry) are used, orthogonality
amongst | modes will be broken, and different I modes
will interact with each other. The interactions, which
are characterized by the transformation coefficient, will
be determined by the shape and position of the spatial
mask. For the remainder of this paper, we consider only
an iris spatial mask because of its simplicity. However
our theory applies to all spatial masks, and the transfor-
mation coefficients can be calculated in a similar manner.
To calculate transformation coefficients for an arbitrary
spatial mask, we can still make use of the more general
Eq. (3) instead of Egs. (8, 9), which are specifically suit-
able for circular iris mask centered on beam axis.

III. QUANTIZATION OF GAUSSIAN MODES

In free space, due to orthogonality, each mode of the
Gaussian beam propagates without interacting with an-
other. Therefore, the quantum state of each mode will
evolve independently. A pure quantum state without
mode entanglement is a product state of every quantum
state in every Gaussian mode:

l=4o00,p=+00
=TI v (10)
l=—00,p=0

The separable state forms a building block for more
complicated states. A general pure state, with or without

mode entanglement, can be expressed as a linear combi-
nation of separable states in the form of Eq. (10). Fur-
ther, a mixed state can be expressed as probabilistic sum
of pure states.

When a spatial mask such as an iris is applied to the
Gaussian beam, the quantum states of different modes
will interact. The interaction can be described as a trans-
formation of annihilation or creation operators of input
modes into operators of output modes. This transforma-
tion should be unitary, which preserves the commutation
relations of the annihilation or creation operators. How-
ever, one problem needs to be solved. Generally, spatial
masks (or other optical devices) are lossy. For example,
an iris will absorb part of the input signal at the rim. A
widely accepted procedure [31] to deal with loss in quan-
tum optics is to introduce “absorption modes” which we
denote as: Aj, As,.... To be clear, we call the original
Gaussian modes “signal modes”, since they are the ones
that may contain information, such as squeezing levels
and squeezing angles. We denote the signal modes with
simply [ and p numbers. Further, we denote with a prime
symbol on the operators of output modes to differentiate
them from the input modes. The transformation, caused
by the iris, from the operators of input modes into those
of output modes, is illustrated in Fig. 3.

Before we continue, let us explain a bit more about
the absorption modes. They serve three purposes. The
first purpose is that they describe the absorption (loss) of
the field. Since the states in output-signal modes are de-
scribed by tracing the entire output density matrix over
the absorption modes, the total energy of the signal is
generally decreased. The second purpose is that they
help to keep the transformation unitary by expanding the
dimension of the transformation matrix [32]. The reader
might remember a similar principle applies when model-
ing loss with a simple beam splitter; we must consider a
second input even if only the first input is used [31]. The
third purpose of the absorption modes is that they nat-
urally introduce the vacuum fluctuations and accommo-
date the common observation that fluctuations usually
occur with losses.

The model works in the following way. The quantum
states of the input signal modes can be arbitrary, but
quantum states in the input-absorption modes are vac-
uum. A unitary transformation transforms the opera-
tors of input-signal or absorption modes into operators of
output-signal or absorption modes; illustrated in Fig. 3.
Once we obtain output operators in terms of input op-
erators we can then calculate the quantum states in the
output-signal or absorption modes. The quantum state
in all output modes then needs to be traced over the out-
put absorption modes, and finally we obtain the reduced
density matrix that describes the quantum state in the
output-signal modes, which generally is a mixed state,
even if the input state is a pure state. Later we will give
a few examples for a variety of input states.
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FIG. 3. The iris transforms the creation and annihilation

operators of the input modes into operators of the output
modes. Since the rim of the iris blocks off part of the beam,
absorption modes (denoted as A1, Az etc.), in addition to the
original Gaussian beam modes (signal modes), are needed.
The input states in the absorption modes are vacuum. To ob-
tain the reduced density operator in the output-signal modes,
the states in the output absorption modes need to be traced
out.

The interaction among the quantum states of all LG
modes can be described with a transformation from the
operators of input modes (signal and absorption) to the
operators of output modes. Such a transformation, as
previously argued, is unitary for spatial masks. There are
infinitely many Gaussian modes (and we need to intro-
duce infinitely many absorption modes as well). There-
fore, in the most general case, quantum states or op-
erators in infinitely many input modes are transformed
into quantum state or operators in infinitely many output
modes.

Although this might seem complicated, sometimes the
transformation can be greatly simplified when the spa-
tial mask has some kind of symmetry. For example, as
we previously pointed out, an iris has cylindrical symme-
try and LG modes with different I’s do not interact (due
to the Kronecker delta in Eq. (9), which enforces angu-
lar momentum conservation). Therefore, for a circular
iris, we need only to examine the transformation of LG
modes with the same [ but different p’s. To that end, we
introduce the column vector of annihilation operators for
input LG mode (I,p=0), (I,p=1), (I, p=2) etc. as well as
operators for input-absorption modes A1, As, A3 etc,

~ ~ ~ ~ ~ T
(al):(al,o al,l aAl aA2 ) . (11)

The creation operators are similarly,

T
(le):(&zT,o &},1 din &22 ) 7 (12)

and the output modes follow, but they are marked with
prime

N N ~ ~ ~ T
(a;):(a/w apy - d'a, da, ) , (13)

AN SEat r
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We also define the unitary transformation matrix 7,
which determines the interaction among LG modes with
same [, but different values of p.

J1:0,45
Ji;1,4,

J1:0,4,
Ji1,4,

Ji00  Jio1
Ji0  Jin

i | (1
Jia0 Jiaa oo Jpaga, Jpaga, - (15)
Ji450 Jiasn oo Jipasa; Jiasa,

The transformation of input and output operators can
be expressed in the following compact form

(@) =Ti(a@), (16)

(@) =7 (@). (17)

J;* stands for the conjugate (without transpose) of 7.
The signal-signal elements (J;.0.0, Ji:1,0, J1;0,1, etc.) in the
matrix J; determine the transformation between input
and output-signal modes. Here we make use of Bohr’s
correspondence principle. For large amplitude coherent
states in the input signal modes, the transformation be-
tween input and output-signal modes should agree with
the classical result in Eq. (7), giving,

Jl§P17p2 :Blprl»pZ’ (18)

which can be calculated using Egs. (8, 9). As for the
other (signal-absorption and absorption-absorption) el-
ements in J;, we can make use of J; being unitary.
This gives jlj;r =1, which will give equations describing
the relations among the J; elements. Of course, signal-
absorption and absorption-absorption elements might
not be completely fixed, and there might be a certain
freedom of choice. In fact, they may not need to be cal-
culated at all. We find that, in the calculations we have
done so far, we can always eliminate signal-absorption
and absorption-absorption elements using the condition
that J; is unitary.

Indeed, if one aims for completeness, one should con-
sider infinitely many LG modes. However, we do not usu-
ally have that luxury, since the dimension of the transfor-
mation matrix grows with the number of modes, and we
are forced to consider a limited number of modes. Intu-
itively, the more modes we consider, the better. But the
effect of higher-order modes often diminishes at a very
fast rate. As we show in the next section, we are able to



explain our experimental data, even if we consider only
two input signal modes and two absorption modes.

For a spatial mask with arbitrary shape, we cannot
exploit the cylindrical symmetry as we did with the iris.
However, we can still introduce similar column vector
of operators as before, but we now will need to include
various | modes together instead of only considering one
I mode at a time. We can achieve this by defining a
concatenation of column vectors of operators, such as
(@)= ((a=0)" (a1=1)" (a=—1)T ---)", in which every
element is defined in Eq. (11). The transformation ma-
trix J between input to output modes needs to be ex-
panded in similar fashion in order to accommodate dif-
ferent [ modes; and the integration area of Eq. (3) needs
to be changed as well. Then we can finally arrive at the
relation similar to Eq. (16): (a')=7(a).

Unlike the iris, a spatial mask without cylindrical sym-
metry introduces interaction between orbital angular mo-
mentum modes, which can be very useful. However the
purpose of this work is not to explore novel designs of
optical devices, but to setup a general method for ana-
lyzing a range of problems. For now, the simple iris is
enough to serve such a purpose, but we stress that our
method can also accommodate optical devices without
cylindrical symmetry.

IV. ADDITIONAL EXAMPLES OF THE USE OF
THE THEORY

A. Example 1: Squeezed-vacuum input states and
the Wigner function description

Let us consider the following model. In the two signal
LG modes of (I=0,p=0) and ({=0,p=1), we input two
squeezed-vacuum quantum states, which are defined as
5(€0) 10),—¢ p—o and S(£1) 10}, ,—;, respectively, while
in every other LG mode we input vaccum states. The

squeezing operators are defined as S(§,) :exp[% ({;dap —

§pd$?p)], with p=0, 1. The squeezing parameters are £y =
roexp(ify) and & =11 exp(ify).

Let us further consider a classical field with large am-
plitude, in the (I=0,p=0) LG mode, acting as a local
oscillator (LO) for homodyne detection. The signal and
local oscillator co-propagate with each other along the
beam axis, but they are in perpendicular polarizations.

Now we insert a circular iris in the neighborhood of the
beam focus point and centered on the beam axis, shown
in Fig. 5. According to our theory, both the signal and
LO are influenced by the iris in the way described in
previous sections. Introduced by the iris, the interaction
among LG modes mainly happens between (I=0,p=0)
and (I=0,p=1) modes. Therefore we can simplify the
calculation by considering only two input- (or output-)
signal modes and two absorption modes, instead of tak-
ing into account infinitely many input (or output) modes.
The diagram of this model is shown in Fig. 4. We then

move the iris along the beam axis, and numerically sim-
ulate the minimum noise measured in the homodyne de-
tection vs. the iris position, shown in Fig. 6. We can
also use different-sized irises, which are represented by
different curves. The experimental counterpart of this
simulation is investigated in Ref. [28].

_’&17:'1 ji—’

Signal { - - Signal
Input ag,1 > 11 Output
Iris |

&}h a,Al
Absorption ) . ¥ . Absorption
Input L4, I Ay ' Output
FIG. 4. Instead of taking into account of infinitely many in-

put or output modes, we consider only two input- (or output-
) signal modes and two absorption modes, because the input
states in the (I=0,p=0) and (I=0,p=1) LG modes are the
only ones that are non-vacuum, and the interaction between
the two modes far exceeds the interaction between other LG
modes.

Lens Iris  Lens
e
Local Oscillator
(x-polarized)
Squeezed Vacuum
in two Signal Input Modes Homodyne
{v-polarized) detection

FIG. 5. Model setup. The single-mode squeezed vacuum
states are in (I=0,p=0) and (I=0,p=1) LG modes, while
the local oscillator is in ({=0,p=0) LG mode. The squeezed
vacuum and the local oscillator co-propagate but are in per-
pendicular polarizations. The spatial mask consists of a one-
to-one telescope and an iris between the lenses. We move the
iris along the beam axis and find the minimum noise in each
case.

In order to gain a clearer and more intuitive view, we
now examine our model in the Wigner representation.
It is essential to understand how the iris transforms the
input Wigner function into the output Wigner function.
We first use Eq. (16) and (17) to calculate the transfor-
mation between input and output modes operators, and
obtain the transformation of quadratures,
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FIG. 6. Minimum noise in homodyne detection vs the iris
position. Different sized irises are represented by different
curves, and they are denoted by the percentage of peak trans-
mission through the iris relative to full beam transmission, as
well as the iris radius (scaled by wo). We only apply one iris at
a time. The input states in the (I=0,p=0) and (I=0,p=1)
LG modes are squeezed states with different squeezing pa-
rameters: r9=0.3, 0p=0, r1 =0.4, 6; =0.3257.
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Then we substitute the input quadratures with output
quadratures, thus completing the transformation of input
Wigner function to output Wigner function.

W(qO,Oa P0,0,490,1,P0,1,4A1,PA1,4A2, pAQ)

Eq. (19)(20)
E— W(qé,Oa p6,0» q6,1»P6,17 Qf41,P/A1a (If427 Pi42)

(21)

To make our example more general, we now replace
squeezed vacuum with displaced squeezed states as input
states: D(a0)S(€0) [0),—g p—o and D(a1)S(&1)10),—¢ =y
in (I=0,p=0) and (I=0,p=1) LG modes. The dis-
placement operator for [=0,p=1,2 mode is defined as
D(ay) :exp(apdap — apdgp). The Wigner functions of
the quantum states in the two input-signal modes are:

W(qmapm)
= % exp{—e_%" [(Dm — D) cos (61 /2)
— (@m — @m) sin (0,,,/2)]%} (22)

X exp{—ezr"” [(gm — Gm) cos (0m/2)
+ (pm - pm) sin (Qm/2)}2},

where ¢, py are the quadratures of mode (l_:O,p:m)
and m=0,1, and (jm:%(am + a%))ﬁm:ﬁ(_am +
o)), &€m ="m exp(ify,). For absorption modes the input

states are vacuum, whose Wigner functions are:

1
W(qmpn):;eXp(—qi —p2), (23)

where n= Ay, A5. Since the total input state is a product
state of states in each of the four input modes, the total
input Wigner function is:

W (40,0, 10,0, 90,1, P0,1,qA1, DAL, QA2 DA2)

=W (q0,0,20,0)W (q0,1,P0,1)W (qa1,pa1)W (qaz,pa2)-
(24)

We keep the input state fixed and change the position
of the iris along beam axis. The change in iris position
changes the matrix elements of J;—¢ in Egs. (19, 20),
which in turn changes the output states in three ways:
(a) the squeezing and anti-squeezing level changes, (b)
the squeezing angle changes, and (c¢) the state displace-
ment (from vacuum) changes. The Wigner functions of
the input state (as well as output states) of different iris
positions are plotted in Fig. 7. It is also worth noting
that, despite the input-signal states in this example be-
ing pure states (displaced squeezed-vacuum states in each
of the two LG modes), the output-signal states are gen-
erally mixed states. This is mainly because we obtain the
reduced density operator for the signal modes by tracing
the total density operator over the absorption modes.
As a result, the output states are no longer pure mini-
mum uncertainty states. To verify this we can simulate
the squeezing and anti-squeezing noise in each output
LG mode vs. the iris position; shown in Fig. 8. For a
minimum-uncertainty squeezed state, the squeezing and
anti-squeezing noise should add up to 0 dB, which means
the squeezing and anti-squeezing noise curve for of the
same mode should be symmetric about the horizontal
axis in Fig. 8. This is obviously not the case, which
verifies that the output-signal state is not a minimum
uncertainty state in either LG mode. The noise mea-
surement in Fig. 8 is achievable in an experiment. For
instance, we can make use of homodyne detection and
adjust the local oscillator to be in one particular single
output LG mode with a spatial light modulator. Notice
the noise measurement described in Fig. 6 is different.
In that previous case, the local oscillator co-propagates
with the signal and both of them are influenced by the
iris; after the iris the local oscillator consists of multiple
LG modes instead of a single mode. We would like to em-
phasize that every example is applicable for any suitable
detection scheme without being limited to homodyne de-
tection. For example in section C. below we predict a
Hong-Ou-Mandel-like effect for which coincident detec-
tion is required and not homodyne.

Now we will show a rather surprising result, namely
that the spatial mask behaves like a multi-port beam
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FIG. 7. First column from the left: Input displaced-squeezed state Wigner function. Top row: LG mode =0, p=0; bottom
row: LG mode [=0,p=1. The input states are displaced squeezed-vacuum with displacement parameters g =1.5 exp(mi) and
a1 =2exp(1.57i), and squeezing parameters ro=0.5, 0o =0.257, r1 =0.8, 61 =0.757. Second column: Output quantum state
Wigner function when iris is located at z=—zr (one Rayleigh range before the focus). Third column: Output quantum state
Wigner function when iris is located at z=0. Fourth column: Output quantum state Wigner function when iris is located at
z=2zp. Iris radius is wo. This provides evidence that moving the iris is rotating the squeezing angles via the Gouy phase. Note
that the input-signal states shown in this graph are pure states, while the output-signal states in both LG modes are mixed

states.
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FIG. 8. Noise of squeezing and anti-squeezing of {=0,p=0
and [=0,p=1 LG modes vs. iris position, which is shown
in the units of Rayleigh range. The parameters of the in-
put states and iris size are the same with the parameters de-
scribed in the caption of Fig. 7. Notice that the squeezing and
anti-squeezing noise curve for of the same mode are not sym-
metrical about the horizontal axis (0dB noise level line) for
displaced-squeezed input states. This is because the quantum
state in each LG mode is no longer a minimum uncertainty
state.

splitter with loss. To elaborate this point, let us con-
sider the following situation. In the case of the input
states of a beam splitter being two single-mode squeezed-

vacuum states with identical squeezing parameters, it is
well known [31] that the output state will be a two-mode
squeezed state, if the beam splitter is perfectly 50:50.
Now, let us use an iris instead of a beam splitter. We
put identical single-mode squeezed-vacuum states in both
input LG modes (I=0,p=0) and (I=0,p=1). After the
states go through the iris, we then calculate the probabil-
ity of detecting ng, and ng,; photons in the output LG
modes (I=0,p=0) and (I=0,p=1), shown in Fig. 9b.
For comparison, we show the probability in the input
modes as well in Fig. 9a. We can see in the input modes,
since the quantum state is a product state of two single-
mode squeezed-vacuum, the probability is non-zero only
at even ngo and ng,;. If the state in the output modes
is indeed a two-modes squeezed state, the probability
is non-zero only at ngo=mnp,1, namely ngo=mng1=0,
19,0 ="n0,1 =1, no,0 =n0,1 =2, etc. However, one impor-
tant visible change from the two single-mode squeezed-
vacuum states to a two-mode squeezed-vacuum state is
that the two-mode joint probability P, o=1,n0,=1 is zero
in the former and non-zero in the latter [32]. This is in-
deed the case, as we can see in Fig. 9, which verifies our
conjecture—a hole is like a beam splitter. We can also see
that the Fig. 9b does not give a ideal two-mode squeezed
state, this is because the iris is imbalanced (the different
modes have different radial profiles) and lossy, as opposed
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FIG. 9. The joint probability Ppn,,ne, VS Mo VS. My 4 in
(a) input LG (1=0,p=0) and (I=0,p=1) modes, and (b) the
same two LG modes in the output. The squeezing parameters
of the squeezed-vacuum states in the input modes are ro =r1 =
1,00 =01=0. The iris is placed at z=0 and the radius of the
iris is 0.8339wo. Note that the non-zero probability for the
one-one block provides evidence that the iris has converted
the two separable squeezed-vacuum inputs into an entangled
two-mode squeezed-vacuum output.

to a perfect 50:50 beam splitter.

We can see how P j=1,n, =1 and P ;=3 n, ;=3 Would
change with the iris size in Fig. (10a, 10b). Both of them
reduce to zero when iris is completely closed, where the
output state is reduced to vacuum. Notice Py, j=1,n,,=1
and Py, ,=3,n,,=3 also reduce to zero in case of large iris
size, where the output state is reduced to the same as
the input the state (a product state of two single-mode
squeezed-vacuum states). The non-zero P, =1n,,=1
and P, ,=3n,,=3 are what give the distinct feature of
two-mode squeezing, which is most visible when the iris
is neither too large nor too small, which is where the
maximal interaction between LG modes (I=0,p=0) and
(1=0,p=1) takes place.

We can also investigate the covariance of the pho-
ton numbers in the two input modes or the two output
modes, which is defined as [32],

Cov(no,0,m0,1)=(n0.0m0,1) — (n0,0) (no,1) - (25)

For single-mode squeezed-vacuum states in the two in-
put modes, the covariance is obviously zero since the
state in each mode is independent. However, in the out-
put modes of the iris, we should see generally non-zero
covariance due to the beam-splitter-like interaction intro-
duced by the iris, if indeed that interaction produces en-
tangled two-mode squeezed vacuum. In this case, where
we consider only LG (I=0,p=0) and (I=0,p=1) modes
and two other absorption modes, the output covariance
is

Cov(no,0,m0.1)= 03,0,0,003,0’0,1 sinh? o cosh? 7
+ 03,0,07103,071)1 sinh? rq cosh? ry
2 : .
+ 20070’0»000,0,0,10070’071 sinh T0 sinh 1
X (sinhrg sinh 7y + cosh g coshry cos[4((20) + 0y — 61]),
(26)

where 2 is the iris position and Cj p,’s can be cal-
culated using Eq. (9). We can see in Eq. (26) the joint
effect on the covariance by the Gouy phase ((zg9) and
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FIG. 10. (a) Png o=1,n0,;=1 and (b) Pny q=3,n =3 Vs. iris size
(scaled by wo) for the output states. The squeezing param-
eters of the squeezed-vacuum states in the input modes are
ro=r1=1,00=601=0. The iris is placed at z=0. If the out-
puts were two, separable, squeezed vacuums, then the one-one
probability (a) and the three-three probability (b) would be
identically zero, regardless of iris radius. The fact that both
these terms are nonzero supports the idea that the output is
entangled two-mode squeezed vacuum. In our beam splitter
analogy the effective beam splitter is closest to 50:50 when
the iris size is about the beam waist in radius.

the squeezing angles 6y and 6, of the two input squeezed
states. If 0y and 6, are different to begin with, we can
counteract such difference by altering the iris position zq
to change the Gouy phase. We can see how the covari-
ance would change with iris radius in Fig. 11.

To sum up, when applied to a Gaussian beam, the
spatial mask behaves very much like a multi-port beam
splitter with loss. If the input quantum states are dis-
placed squeezed states, the spatial mask alters the dis-
placement, which is a classical phenomenon; the spatial
mask also alters the squeezing levels and angles, which
is a non-classical phenomenon. Note that even though
the input squeezed states are pure, minimum uncertainty
states, the output states are generally mixed states with
Wigner functions similar to displaced squeezed thermal
states. The spatial mask also behaves similarly to a
beam-splitter transforming a product state of two single-
mode squeezed vacuums into, to an extent, an entangled
two-mode squeezed state. Although this transformation
is not perfect, since the spatial mask is lossy and imbal-
anced compared to a 50:50 beam-splitter, there can be
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FIG. 11.  Covariance of output LG modes vs. iris radius.
The squeezing parameters of the two, separable, squeezed-
vacuum states in the input modes are ro=r1=1,00=0;=0.
The iris is placed at z=0. We can see the covariance between
the two output modes is peaked at the radius of the iris being
0.8339wo, which is the iris radius we use in Fig. 9b. Also the
reader might be interested to know that so long as the squeez-
ing parameters in LG (I=0,p=0) and (!=0,p=1) modes are
the same, the covariance always peaks if the iris is placed at
z=0 with a radius of 0.8339wp. In our beam splitter anal-
ogy, if the outputs were again two, separable, single-mode
squeezed vacuums, the covariance would be identically zero
for all iris radii, which is clearly not the case. If the iris acted
like a perfect 50:50 beam splitter, the covariance would be
1+ sinh?(2r)~3.29 [32]. However due to loss and mode mis-
match it peaks here at 0.65. Again it peaks when iris radius
is about beam waist where LG (I=0,p=0) and (I=0,p=1)
mode overlap is maximal.

no doubt that even a device as simple as an iris should
be treated quantum mechanically like a beam splitter.

B. Example 2: Single photon in one input state
and generation of number-path entanglement

In this example we input a single-photon state in
signal mode (I=0,p=0) and a vacuum state in signal
mode (I=0,p=1) as well as absorption modes Aj, As.
(The input states for absorption modes are always vac-
uum.) Therefore the total input state in four modes is
11)1—0.p=0 ® [0)1—g p=1 @ [0) 4, ®0) 4,, shown in Fig. 12.
For the vacuum state, the corresponding Wigner function
is again,

Wymo(gp)=> e+, @)

where N is the photon number. For the single photon
state, the corresponding Wigner function is [31]

Wn=1(¢q,p)= - exp[—(q* + p*)|L1(2¢> + 2p%), (28)

where Ly is the N* order Laguerre polynomial. The
overall Wigner function (for LG signal modes (I=0,p=0)
and ({=0,p=1) and absorption modes A; and As) is

poTTTTT T E e ul

Input iReduced Output |
State: " i Density Matrix: |
Signal Mode Signal Mode i i

1) (1] L=lr= st |
[1) (1] _’ - ‘e i
Signal Mode Signal Mode Pl=0,p=0,1{
(I=0,p=1) (I=0,p=1) ’ T

0) (0]} == f=—==p |
Iris

Absorption

|0> (Ol Mode A,

Absorption

Mode A
|0) (O] i

(The absorption
modes are
traced out.)

FIG. 12. As in the previous example, we consider two signal
modes: LG mode (I=0,p=0) and (I=0,p=1), along with
two absorption modes A1, A2. The input state is a product
state of single photon in (I=0,p=0) mode and vacuum in
other modes: [1),_, ,_®10),_; ,—; ®1[0) 4, ®|0) 4,. After the
two output absorption modes are traced over, the reduced
density matrix of the two output-signal modes, g ,—o,1, is
given in Eq. (36). We show in the Fig. 13 that the output
state has number-path entanglement, created by the iris.

therefore,

W (q0,0,20,0,90,1,P0,1,4A1, DAL, GA2, PA2)
=Wn=0(90,0,P0,0)Wn=1(g0,1,P0,1) (29)
x Wi=0(qa1,pa1)Wn=0(qaz,pa2).
Using the same method in the last example we calculate
the Wigner function of output modes. We then can cal-
culate the Wigner function for either output mode, for

example, LG mode (I=0,p=0), by tracing over the other
modes:

VVl:O,p:O(Q(I),O?pE),O)

=/W(qé,o,pé,mq(’),pp&,uqf417pi41,q2127p212)

X dQ6,1dp/o,1de41dpfq1 dq;xzdpfaxz (30)

=(1- |Jl:o;0,0|2)WN:0(CI6,0aPf),o)
+ [ J1=0:0,0 2WN=l(Q6,07P6,0)~

Therefore, in the output-signal LG mode (I=0,p=0), the
reduced density operator is,

PiZo.p=0=1 = Ji=0:0,0]*) 10) (O + [Ji—0;0,0/* |1} (1] .
(31)

With a similar calculation, we find in the output-signal
LG mode (I=0,p=1), the reduced density operator is,

PiZo.p=1=(1 = [Ji=0;0,1*) [0) (O] + [Si=0;0,1 % 1) (1] .
(32)

From Egs. (31, 32) we can immediately see that if we
fire a single photon in the (I=0,p=0) mode and vacuum



in the (I=0,p=1) mode, that the photon will have a
| J1=0:0,0/? chance of staying in the (I=0,p=0) mode at
the output and a |Ji—g.0.1|* chance of switching to the
(1=0,p=1) output mode. Similarly, it is not difficult to
find that if we fire a single photon in the (I=0,p=1)
mode and vacuum in the (=0, p=0) mode, that photon
will have a |J;—o.1,1|? chance of staying in the (I=0,p=1)
mode at the output and a |Ji—o.1,0/?|=J1=0,0,1|> chance
of switching to the (I=0,p=0) output mode. We will
take another look at this result in example 3.

However, only looking at each output mode separately
does not give us the insight of correlation between modes.
To achieve that we need to consider the reduced density
operator for both the output-signal LG modes (I=0,p=
0) and (I=0,p=1), this state is generally mixed, and
perhaps more interestingly, contains number-path entan-
glement, which again is also created when a single pho-
ton strikes an ordinary 50:50 beam splitter. To see this,
let us examine the Wigner function in two output-signal
modes:

Wi=0,p=0,1(40,0> 20,0+ 0.1 P0.1)
1
= ) exp|— (QE)Q,O + Q(I)z,o + Q62,1 + qg,l)]
X [(1 — | Ji=0:0,01* = [Ji=0:0,11%)
+ | J1=0:0,0 2Ll(QQ(l)Z,o + 2Q(l)2,o) (33)
+ |J1=0:0.1 2L1(2(I(/]2,1 + 2(1(/)2,1)
+ 2J1=0,0,047=0:0,1 (Po,0 — 190,0) (P01 + D) 1)

+ 2Jllo;o,ojl:O;0,1(p6,o +if16,o)(176,1 - ipéu) .

The quantum state corresponding to the Wigner Func-
tion given in Eq. (33) is a mixed state of (a) the vacuum
state,

[61) =10)1—0,p=0 ® |0);—0 p=1 > (34)

with probability of 1 — |Jl:0;070|2 - |Jl:0;071|2, and (b) an
entangled state of the form,

Jl*—O'O 1

— Uy, O . . ® 1 . _

\/(|Jl:0;0,0|2+|Jl:0;0,1|2)| i0p=0 @ Mizo=1
Jr .

+ l;0,0,0 _

V([ J1=0,0,0% + [Ji=0:0,1 %)

|p2) =

|1>l=0,p=0 ® ‘O>l=0,p=1 ’
(35)
with probability of |Ji—0.0.0|% + |Ji=0.0.1|>. Therefore the

reduced density matrix for the output-signal LG mode
(1=0,p=0) and (I=0,p=1) is,

Picop=01=1 = Ji=0:0.01* = [Ji=0:0,11%) |¢1) (¢1|

36
+(|J1=0:0,01% + | J1=0.0.1]%) |h2) (2] . (36)
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One can verify this result by calculating the Wigner
function of pj°, _,,; and comparing it with Eq. (33).
Other works have also been done to demonstrate the en-
tanglement generation using spatial masks [33-35]. One
can examine the violation of the Clauser-Horne (CH) Bell
inequality [36, 37] of the entangled state |¢2). The more
CH combination drops below —1, the easier the viola-
tion can be observed [38]. Therefore by plotting the
minimized Clauser-Horne combination vs. iris position,
shown in Fig. 13, we can quantitatively determine the ex-
tent of the entanglement, which is generated by the iris,
that can be observed.
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FIG. 13. Minimized Clauser-Horne combination vs iris po-

sition for different sized irises. The CH combination is min-
imized in phase space. Notice that the minimized CH com-
bination is below —1, proving the Bell inequality is violated.
The more CH combination drops below —1, the easier the
violation can be observed. In our beam splitter analogy it is
well know [32] that a single photon incident on a 50:50 beam
splitter produces the entangled state, %(H) |0) 42 |0) 1)).

C. Example 3: Single photon in each of two input
states and a Hong-Ou-Mandel-like effect

It is well known that when two identical photons are
inputted into two separate modes of a beam splitter, pho-
ton bunching occurs. We show here the iris produces a
similar effect on two LG modes. Now let us input a sin-
gle photon state in mode (I=0,p=0) and another single
photon state in mode (I=0,p=1). Photon detectors are
used to detect the photon numbers in the two output-
signal LG (1=0,p=0) and (I=0,p=1) modes, then the
photon detector count signals are fed into a correlator.
The setup diagram is shown in Fig. 14. We then repeat
this experiment multiple times so that we can measure
the probability of detecting a single photon in each of the
output-signal modes, which is refereed to as the coinci-
dence probability. The goal is to produce a spatial mask
version of Hong-Ou-Mandel (HOM) effect [39]. Previous
works have already been done to demonstrate the HOM
effect in multiple spatial modes experiments [40-42].

Let us first examine the case where, apart from being



Input
State: iSjgnal Mode

|1> <1| (I:[]‘p:ll)'
Signal Mode

(I=0,p=1)
1) (1]} e

Absorption
Mode A;

Signal Mode
(I=0.p=0) >D

Signal Mode

(I=0,p=1) >D

(The absorption
modes are
traced out.)

Iris

0 {O]

Absorption

Mode A
|0) (0] _2>

FIG. 14. Single-photon state in both of the two input-signal
modes: LG mode (I=0,p=0) and (I=0,p=1), and vacuum
state in the two input-absorption modes Ai, A2. There-
fore the total input state of the four modes is: [1),_, _, ®
1110, p=1 ®10) 4, ®[0) 4,. The coincidence probability of the
two output-signal modes is given by the probability of the
photon detectors receiving one photon each.

in different modes, the single photon state in mode (I=
0,p=0) and the single photon state in mode (I=0,p=1)
are completely distinguishable. This distinguishability
can be caused by many reasons, such as the two photons
having orthogonal polarizations or large frequency differ-
ence or large time delay when they are fired. In this case
when the two photons are completely distinguishable, the
two photons will not interfere and the case can be viewed
simply as two independent experiments combined: (a)
input one photon in mode (I=0,p=0) and vacuum in
other modes; (b) input one photon in mode (I=0,p=1)
and vacuum in other modes. Therefore we can sim-
ply use the analysis in example 2, and the coincidence
probability is the probability that both photon staying
in the same modes at the output plus the probability
that both photons switching to the other modes, which
is Jgi0,0* 1.1+ 1Jos,012 % [ o012 = TG00 0G0 1 + [Jos1.0/*-

In the case the two photons are completely indistin-
guishable, the coincidence probability can be calculated
by the following procedure: (a) similar to Eq. (29), we
find the total input state Wigner function:

W (q0,0,10,0,90,1,P0,1,qA1,PA1, A2, DA2)
=Wn=1(490,0,P0,0)Wn=1(q0,1,P0,1) (37)
X Wn=0(qa1,p41)Wn=0(qa2,p42);

(b) and we find the total output state Wigner function

W (40,0,0,0: 40,1+ P0.15 da1> Pars dazs Pao) using the trans-
formation described in Eq. (19) and (20); (¢) and we find

the reduced density matrix for the output-signal modes

by tracing over the absorption modes:
Wi=0,p=0.1=0,p=1(40,0, P0,0> 90,1>P0.1)
=/W(qé,o,pé,mq6,17p6,1,qlmp'Auqhz,phz) (38)

X dq;udP/Aldq;mdp;xz%
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FIG. 15. Coincidence probability vs. iris position. Lines of
different colors represent different iris sizes, denoted by the
percentage of transmitted beam intensity through the iris at
focus point (relative to full beam intensity) as well as iris
radius (relative to wo). The solid lines represent the indistin-
guishable photons inputed in two signal modes as opposed to
the dashed lines representing the distinguishable photons. We
can see that for the iris of same size and placed at the same
position at the beam axis, inputting indistinguishable photons
always leads to a higher coincidence probability than distin-
guishable photons. This we call a Hong-Ou-Mandel bump,
and it is a hallmark of two-photon interference.

(d) and we find the Wigner function for state of single
photon in each output-signal mode, which is the state
when coincidence is detected peoincidence =|1);_¢ =0 (1l®

|1>1:o,p:1 (1]:

/ / / /
Weoincidence (Q0,0a Po,0: 490,15 Po,1 )

(39)

=Wn=1(20,0-0,0) X Wn=1(401,10,1);
(e) and we find the coincidence probability by project-
ing the output reduced density matrix onto the state
Peoincidence and calculating the trace:

Pcoincidence

:tr[pfi(),p:(),l |1>1:o,p:0 <1| ® |1>1:0,p:1 <1|]
:/Wl:oyp:();lzo,pzlWcoincidencedq(ljyodpgj,odq(/),1dp6,1

=J50.0J00.1 + 1Joi0l* + 2J00,00:1,11 01,0/
(40)

Therefore, the coincidence probability for in-
distinguishable ~ photons  Jg, 0Jg.1 1 + [Jogol* +
2J0:0.0J0:1.1|J0:1,0, is greater than coincidence proba-
bility for distinguishable photons Jg.o 0J5.11 + [Jo:1,0/%,
since Jo.0.0, J0:1.1, |Jo.1,0/> >0, as shown in Fig. 15.

Therefore in the iris version of HOM effect, when pho-
tons in the two input-signal modes are made to be indis-
tinguishable, the coincidence probability rises. This is in
contrast with the beam splitter version of HOM effect,
in which the coincidence probability falls when photons
in two input ports are made to be indistinguishable. In



short, the iris produces a HOM “bump” while the beam
splitter produces a HOM “dip”.

The physical interpretation of the “bump” is that,
while a beam splitter introduces a 7 phase shift on the
reflected beam, the spatial mask in our case does not
produce any phase shift when the same two LG modes
in the incident and diffracted beams are considered.
This fermion-like anti-bunching behavior has been more
thoroughly investigated in Ref. [43].

V. CONCLUSION

We have analyzed the Gaussian beams both classically
and quantum mechanically. We have developed a clear
method to calculate the interaction between quantum
states in various Gaussian modes. While we focus on the
mode interactions introduced by an iris, it is straight-
forward to extend our method to other spatial masks
or other optical devices. The framework we established
allows us to analyze arbitrarily many Gaussian modes in-
cluding various orbital angular momentum LG modes as
well as HG modes. We verified our theory via our exper-
iment, in which we generated squeezed states in various
LG modes and found that the experimental data agreed
with our numerical simulation. We finally gave three ex-
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amples to show some interesting phenomenon that can
be easily tested in future experiments. These exam-
ples are displaced (and non-displaced) squeezed-vacuum
input states, along with single and double photon in-
put states. These examples predict that the diffraction
process gives rise to photon-number entanglement and
a Hong-Ou-Mandel-like effect, which implies the spatial
mask behaves in ways similar to an ordinary beam split-
ter. As we pointed out, the purpose of this work is to
setup a general method for analyzing quantum states in-
teraction between Gaussian modes, which can be useful
in many ways, including: creating a specific quantum
state in higher-order modes from lower-order modes, cre-
ating entanglement between modes, optimizing overall
squeezing, designing specific interaction between differ-
ent OAM modes, etc.
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